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‘We show that the centred occupation time process of the origin of a sys-
tem of critical binary branching random walks in dimension d > 3, started
off either from a Poisson field or in equilibrium, when suitably normalized,
converges to a Brownian motion in d > 4. In d = 3, the limit process is a
fractional Brownian motion with Hurst parameter 3/4 when starting in equi-
librium, and a related Gaussian process when starting from a Poisson field.
For (dependent) branching random walks with state dependent branching rate
we obtain convergence in f.d.d. to the same limit process, and for d = 3 also
a functional limit theorem.

1. Introduction and main result. We study the fluctuation behavior of the
occupation time in a single point of a system of critical binary branching random
walks with a state-dependent branching rate (BRW). BRW consists of particles
which move independently on Z¢ in continuous time according to a given random
walk kernel a. The branching rate at a site depends on the number of particles
there: if there are k individuals at x, a branching event in x occurs at rate o (k).
The particle which is chosen to branch then leaves either two or zero offspring
at its current location, each possibility occurring with probability 1/2. The classi-
cal case of independent branching with constant branching rate p corresponds to
o (k) = pk. We assume further on that the branching rate function o is not =0 and
Lipschitz:

(1.1) lo(m) —o(n)| <clm—n|,
which especially implies
(1.2) o(k) <ck for some 0 < ¢p < 00.

We denote by &;(x) the number of particles present at location x at time ¢. We
assume that the transition rate matrix a(x, y) = a(0, y — x) governing the individ-
ual motion of particles is symmetric, irreducible and has finite second moments,

Received April 2005; revised September 2006.
1Supported in part by DFG Schwerpunkt “Interagierende stochastische Systeme von hoher Kom-
plexitit.”
AMS 2000 subject classification. 60K35.
Key words and phrases. State dependent branching random walk, occupation time, functional
central limit theorem.

2063


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/009117907000000150
http://www.imstat.org

2064 M. BIRKNER AND 1. ZAHLE

which implies

(L3) (Qiji,j=1,...d= ( Z a(0, x)xixj) is finite and invertible,
i,j=1,...d

xeZd i, j=1,...,

where x = (x;);=1,...q- We have > a(0, x)x = 0 by symmetry, and we can as-
sume without loss of generality that a is stochastic, thatis, ), a(0, x) = 1. Denote
the continuous time transition probabilities by a; (x, y).

It is well known that the independent BRW in d < 2, starting from any initial
condition with bounded local density, suffers local extinction, that is, & (x) — 0
in probability as ¢ — oo for any x € Z¢. For translation invariant, ergodic initial
distributions with finite intensity, this can be found in, for example, [17]. It can be
extended by the comparison argument in the proof of (5.1) in [13].

On the other hand, in d > 3, there exists a one-parameter family of extremal
invariant probability measures Ay, ¥ > 0, parametrized by the expected density:
JEMX)Ay(dE) = ¥. Each Ay is shift-invariant, and {&(x):x € 74t > 0} under
Ay is ergodic with respect to space- and time-shifts. See references below Theo-
rem 2.3.

Let us denote the distribution of a Poisson field on Z¢ with homogeneous inten-
sity ¢ by F(¢), that is, under #€(¢), the random variables &(x), x € 74, are i.i.d.
Poisson(9). If L(&y) = H (D), we have L(&;) — Ay weakly as t — oo.

First we present the main result for the case of independent branching [i.e.,
o (k) = pk]. Let L (&) € {FH (D), Ap}. By ergodicity, the occupation time of any
point x € Z¢ satisfies

1 (T
?/ £&(x)dt —©  almost surely as T — oo.
0

Thus, a natural question concerns the random fluctuations of the occupation time
around its asymptotic limit. This is the content of our main result:

THEOREM 1.1 (Independent branching). 1. If (&)s>0 is started in the (unique
extremal) equilibrium distribution Ay with intensity © > 0, then the processes

N 1 Nt
(1.4) X! :=m/0 (£,(0) —®)ds, >0,

converge in distribution as elements of C ([0, 00), R) (denoting the set of continu-
ous functions on [0, 00) with values in R) toward a Brownian motion in d > 4 and
to a fractional Brownian motion with Hurst parameter 3/4 in d =3 as N — oo,
where the norming is given by

SRS
I

vl

£3/4,
(1.5) ha(t) = [ Jtlogt,
NG
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The covariance of the limiting process X is given by

Cov(Xy, X;)
V2 _
37_[3/2 (det Q) l/zﬁp[t3/2+s3/2 - |t _S|3/2]7 d:35
=1 Q2n)"2(det Q)" 29p x (s A1), d=4,
o o0
|:2/ duau(0,0)—i-p/ duuau(0,0):|19x(s/\t), d=>>5.
0 0

2. The same conclusions hold if L(&y) = H (D), and d > 4. In the case L(&y) =
H () and d =3, the processes XN converge toward a Gaussian process X with
covariance given by

2+/2
Cov Xy, X = 22 (@et )20
(1.6) 3773/2
’ 1 1
X [t3/2 + 532 — §|t —sP? - E(t +s)3/2:|.

The normalizations &4 are dictated by the requirement of a nontrivial covariance
function for the limit process, and this in turn is determined by the decay properties
of the transition probabilities of the underlying random walk a; see the calculations
in Section 3.3. Note that with p = 0, BRW becomes a system of independent ran-
dom walks, and has the family #(?), ¢ > 0, of shift-invariant extremal equilibria.
In the situation p = 0, we see from Theorem 1.1 that under the normalizations used
in Theorem 1.1 the limit process X is trivial in d < 4 and a Brownian motion in
d > 5. This is in keeping with a “metatheorem” that the introduction of branching
shifts “critical dimensions” by 2: In a system of independent random walks, the
occupation time requires normalization by 3/4 ind =1, /fTogf in d =2 and /1
in d > 3 in order to obtain a nontrivial limit (see [12]).

While for nonbranching random walks, the nonclassical norming is due to re-
currence properties of the individual particles, the behavior in our case is governed
by the recurrence properties of families: The equilibrium of a BRW can be de-
composed into a Poisson system of “clans” of particles with a common ancestor
(see, e.g., [28]), and such a clan will visit the origin infinitely often if and only if
d <4 (see [26], Theorem 1). This allows in the case of independent branching, at
least on a heuristic level, also to understand the different normings. Substituting
the probabilistic representation of the Palm distribution at O at time 7 from [26],
Proposition 1 for “a typical clan which contributes to the occupation time up to
T, we see that the expected contribution per clan is

T t
(1.7) / dt / ds ar11—25(0,0),
0 A

where A = 0 when L(&) = #() and A = —o0 when L(&)) = Ay.Ind =3
this grows like \/T , hence, we expect of the order 7'/ \/T = «/7 clans to con-
tribute. So due to independence of clans, the fluctuations should indeed be of order
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VT (VT)'/? = T3/4 In d = 4, this grows like log T, so T/ log T clans should con-
tribute, suggesting fluctuations of the order log /T /log T = /T logT.Ind > 5,
(1.7) is bounded, corroborating the classical norming.

It is remarkable that the correlations introduced by the branching are strong
enough that in d = 3, the limit process itself depends on the initial condition, not
only on its density. Even though &, starting from #(2), converges in distribution
to Ay, the “building up” of equilibrium is reflected in the different covariance
structure of the renormalized occupation time process.

Note that the centred Gaussian process (X;) with covariance given by (1.6) can

be represented as X; = (B,(3/ 9 + B(_S,/ 4)) / V2, where (Bt(3/ 4)),€R is a fractional

Brownian motion with Hurst parameter 3/4 and BéS/ Y_0 (see [3]). On the level
of variances, this can be seen as follows. By (3.14) and (3.18),

A N H) N 0 Nt Nt 00
Var™’ (X,") — Var X)) = 2N3/2/0 du/o dv/wrv dra,(0,0).

Lemma 3.3 implies that the right-hand side is equal to Cov®®) (xN X tN ) up to
negligible terms. Hence,

1
V2

It remains an intriguing question to explain this representation from the point of
view of building up a family structure in the branching random walk.
For state dependent branching in d > 3, Proposition 3 in [8] shows that

(1.8) Ay =w-lim L7 (&)
—o0

Var* @) (x V) %VarA(ﬂ)( xY +x", )

exists for any ¢ > 0. Ay is a shift-invariant equilibrium and satisfies EA» [Eo(x)] =
# and EA? [(£0(x))?] < oo. We denote 0" := EA? [0 (£9(x))], which is indepen-
dent of x because of the shift-invariance of Ay. By (1.2) and the assumption o # 0,
we have agq € (0, 00).

In the case d = 3 with start in the Poisson field we can prove a functional CLT
for the occupation time in zero. For d > 4, we show f.d.d.-convergence of the
renormalized occupation time.

THEOREM 1.2 (State dependent branching). 1. In d = 3 the processes
(XtN)tzo defined in (1.4) with L(&y) = H (V) and with the norming given in (1.5)
converge in distribution as elements of C([0, 00), R) toward a Gaussian process
X with covariance given by

24/2

_ —1/2 __¢€q
Cov(X;, X;) = 3732 (det Q) Oy

(1.9) | |
x [13/2+s3/2 5l — 52— §(t+s)3/2]
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2. In d > 4 the processes (X,N)rzo defined in (1.4) with L(&y) € {H (D), Ay}
and with the norming given in (1.5) converge in f.d.d.-sense toward a Brownian
motion X with covariance

Cov(X;s, X)
(1.10)
2m)~2(det Q) 2050 x (s A1), d=4,
— o0 o0
- [219/ du a, (0, 0)+a§q/ du uay, (0, 0)] x(sAt), d=5.
0 0

REMARK 1.1. For the state dependent branching case, we can at present not
prove tightness in d > 4 due to a lack of manageable higher moment formulas. We
conjecture that in the case d = 3, when starting in equilibrium, the limit process
would again be fractional Brownian motion. In order to prove this using the tech-
niques employed in the present paper, we would require an equivalent of the main
result from [28], namely, a spatial renormalization result for the equilibrium, in
the state dependent case (see the proof of Lemma 3.2). While we believe this to be
true, the techniques used in [28] depend on infinite divisibility, and can thus not be
readily adapted.

Corresponding functional central limit theorems for the occupation time of re-
versible interacting particle systems are well known; see, for example, [19, 24], or,
more generally, [20] for central limit theorems for additive functionals of reversible
Markov processes. In the nonreversible situation of independently branching sys-
tem, nonfunctional versions of central limit theorems have been obtained in [14].

In order to obtain tightness in d > 4 (independent case), we have traded re-
versibility for infinite divisibility, which opens the possibility of rather explicit
calculations. 4th moment calculations are feasible, although cumbersome, because
of the independence of families founded by different particles.

A program similar to ours has been carried out by Bojdecki, Gorostiza and
Talarczyk in [6] and [7] in the case of independent branching in a somewhat dif-
ferent scenario with completely different techniques: They consider critical bi-
nary branching particles in R, where the individual particle moves according to a
symmetric «-stable process, with o € (0, 2], and obtain the following results: for
o < d < 2w, starting from a homogeneous Poisson process, the occupation time
requires a nonclassical norming and converges to sub-fractional Brownian motion
[the centered Gaussian process with covariance given by (1.6)], whereas the limit
process is Brownian for d > 2« (with a logarithmic correction to the norming in
the boundary case d = 2«). Bojdecki, Gorostiza and Talarczyk have also consid-
ered the scenario with a heavy-tailed offspring distribution, see [4] and [5].

Our set-up is different in the following respect: we allow for a state dependent
branching rate, we consider the lattice instead of continuous space, and we focus
on the occupation time of a single point, whereas Bojdecki, Gorostiza and Talar-
czyk consider the integral of the particle system against test functions from §(R9).
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As to the techniques, Bojdecki, Gorostiza and Talarczyk rely on computations of
Laplace functionals and Fourier analysis, while, in our case, the discreteness of
space allows to use martingale decompositions of the occupation time, and to em-
ploy techniques from the field of interacting particle systems (similar to [19] and
[24]). Our scenario, namely, individual motion with a finite second moment, com-
bined with critical binary branching, corresponds to the case o = 2. This invites
to conjecture that if we used an individual motion which is in the domain of at-
traction of an «-stable law (with general o € (0, 2]), we would find the same «-
dependence of regimes as Bojdecki, Gorostiza and Talarczyk. On the other hand,
our Theorem 1.1, part 1 suggests that in the scenario of [6], starting off from an ex-
tremal equilibrium for the branching system instead of a Poisson process, the limit
process should be a fractional Brownian motion. This has, in fact, been proved by
Mitos, [23], using techniques similar to [6].

The rest of this paper is organized as follows: We collect some well-known facts
about random walks and branching random walks in Section 2. Convergence and
asymptotic Gaussianity of finite-dimensional distributions is proved in Section 3:
in the case d > 4 we decompose the occupation time into a martingale plus an
asymptotically negligible remainder term (Section 3.1), in the case d = 3 we “dis-
till” a white noise out of the fluctuations of the particle system and represent the
occupation time as an integral with respect to this noise (Section 3.2). In order to
prove tightness, we use moment estimates.

2. Preliminaries.

2.1. Formulas related to random walks. The underlying motion process has
generator

Lfx) =Y a,y(f) - f&x).

yezd

The continuous time transition probabilities a;(x, y) solve the backward equa-
tion a%at (x,y) = La;(-, y)(x). We denote the transition semigroup by S; f (x) :=
Zy ag (xv y)f(y) Let

o0
guyr=ﬁ ar(x. y) di
be the Green function and
o0
&@y»=£ eMay(x, y) dt

the resolvent. We denote the Green operator by § f(x) := ., g(x, y) f(y). The
function x — g(x, 0) is a solution of —L¢ = §p and x — g, (x,0) a solution of
AP — Lo = &p. Define

t
m@J%=A%@JM&
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the Green function of the random walk killed at time ¢. The function (¢, x)
uy(x,0) solves (3 — L)¢ = 8¢, po(x) = 0. The Dirichlet form of the underlying

random walk is 3°, , a(x, y)(¢(y) — ¢(x))* =2(¢. (~L)@) for ¢ € £r(Z).
Note that our assumptions on a imply the local CLT

xS;lg{((%)S + 1) a4, (0, x) — pt(O,x)|:l +§;—k/zpk<%>”

— o(t_(d+s_2)/2),

2.1

where Py is a polynomial of degree 3k and

xTo~1x )
2t '
The local CLT for discrete time random walks can be found in [10] as Corol-
lary 22.3. From that one can derive the corresponding result for continuous time.
This can be done similarly to [1], page 113, where a result on the Galton—Watson

process is transferred from discrete time to continuous time. Specifically, we need
the following form of the local CLT:

(2.2) a;(0,0) = Q1) det(Q) "2 + 0(t7/?) as t — 00.

From this, one can conclude that ||g(-,0)[13 = [5° ds [5° dt as+/(0,0), so that
g(-,0) € £2(Z%) in case d > 5, whereas ||g1/n (-, 0)[|5 ~ Clog N in case d = 4.

pi(0,x) = 2rt)"*(det 0)~'/? exp(—

2.2. Basic results on branching random walk. A convenient choice of the state
space for a branching random walk (as well as many other “spatially homoge-
neous” particle systems), going back to Liggett and Spitzer [22], is

X= { W an integer-valued measure on Z4: Z y)ux) < oo},

xez4

where y is a strictly positive function on Z? satisfying 2 yezd a(x, y)y(y) <
My (x) for some constant M > 0. Note that the dependence of X on the partic-
ular choice of y is irrelevant for our purposes, as any random (& (x)), ¢z« satisfy-
ing sup, E[£(x)] < oo automatically has P(§ € X) = 1 irrespective of y. A formal
construction of the independent BRW (&;);>0 as an X-valued Markov process can
be found, for example, in Section 1 of [17]. The BRW with state dependent branch-
ing rate is constructed in Section 2.2 of [8]. The generator is given by

LEE) =) Y E@alx,y)(FE) - F&)
53 xeZd yezd
2 o (£(x))
+ ) 3

(FE" N+ F(EYT) —2F ()

xezd
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with %Y =& — 8, +8,, £ T =& + 8, and £~ = & — §,. The branching random
walk with state dependent branching rate (§;);>0 with initial condition &y € X can
be constructed as the unique solution to

_ Na s
£ (x) = o) + y;[ /[o,,]xN 1E,_(») = n) N> (ds dn)

- f 1(6_(x) = n) N5 (ds dn)]
[0,¢1xN

l(és_(x) >n, o ¢s- () > u)NH(ds dn du)

26— (x)

—/ 1<SS(x)Zn,MZLt)Nx’_(dsdndu)
[0,/1xNx[0,1] c285—(x)

for all x € Z¢, t > 0. Here, N*¥, x # y, are independent Poisson processes
on [0,00) x N and N*t, N*~ x e 74, are independent Poisson processes on
[0, c0) x N x [0, 1], all independent of &g. N*Y has intensity measure a(x, y) dt ®
dt, N*T, N*~ have intensity measure (c3/2) dt @ d¢ ® du (dt, du are Lebesgue
measures, £ is counting measure). For fixed &y, (§;) is adapted to the filtration gen-
erated by these Poisson processes. See, for example, [8], Lemma 1 and Remark 3.
Define

g/
[0,¢1xNx[0,1]

N©Y ;=/ 1(6,—(x) = n) N (ds dn),
[0,¢/1xN

Nf’i::f 1<§s(x)zn,Mzu)l\_/x’i(dsdndu)
[0,/ xNx[0,1] 265 (x)

(with the obvious interpretations: N*** counts the number of births at x, N*~
counts the number of deaths at x, N*¥ counts how many times a particle jumps
from x to y). Thus, we can rewrite

) =E@) +NT=N"THY (N =N, xezdt>0.
yF#X

Immediately from the independence properties of the driving Poisson processes N
we get the following:

LEMMA 2.1. Assume that sup, E[& (x)z] < 00. The compensated processes
~ t
NP = N~y [ & ds,
0

5 t
No* = N - %/0 o (& (x)) ds
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are pairwise orthogonal, square integrable martingales with compensators given

by
~ t - - t
(W5, =a(x, y) fo £ () ds, (N ), = (N*7), = 1 fo o (& (x)) ds.

For f; € £1(Z%), put
(2.4) F&) = (fi.§ =90 = ) fix)(EX) —v).

xeZd

Note that this sum is well defined if sup, E|§(x) — ¢ < oo.
By compensating the driving Poisson processes, we obtain the following:

LEMMA 2.2. Let f:[0,00) x Z9 — R satisfy sup, 7 (| fil1 + 19, fill1 +
ILfi]l1) < oo, and let Fy be defined by (2.4). Then we have

0 + LYFi(§) =((3; + L) f1,§ — V),

for t €10, T, and the martingale M, == F;(&) — Fy(&) — fé(as + L) Fy (&) ds,
0<t <T,can be represented as

t ~ B : )
M; = Z A fs(x)(dN;C,-l—_dN;V’_)_{_ Z /O(fs(y)_fs(x))dN;C’y.

xezd x,yeZd

We state some basic properties of a critical (finite variance) branching random
walk in d > 3 which we will need in the following. Let a(x, y) = %(a(x, y) +
a(y, x)) be the symmetrized transition kernel. (In our case d = a.)

PROPOSITION 2.3. Assume that a is transient. Then for each ¥ > 0,
there exists an extremal invariant probability measure Ay € P (N (Z4)) with
[&O)Ay(dE) = 0. Each Ay is translation invariant. If L (&y) € {FH (D), Ay},

1 t
[ reras = [ r@nsae  inty

for linear bounded, local functions f.

REMARK 2.1. In case of independent branching Ay is unique and the con-
vergence also holds almost surely.

For the independent branching case, the earliest version, in a discrete genera-
tions setting, appeared in [21], Satz 5.4 and Satz 5.5. A corresponding statement for
a continuous-time model (which differs from our definition of a branching random
walk only insofar as birth and motion are coupled) is contained in Theorem 6.3
and Theorem 6.4 of [15]. A proof of Proposition 2.3 can also be obtained from
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the proof of Theorem 2(a), Case 1 in [17] by specializing to p = 0. Results in this
spirit are well known, see, for example, the references given for Theorem 0 in [2],
which states the corresponding results for two “continuous relatives” of branch-
ing random walk, namely, branching Brownian motion and the Dawson—Watanabe
superprocess.

For Proposition 2.3 in the state dependent branching case, we refer to Proposi-
tion 3 in [8], where Ay is constructed as the weak limit of the system started in the
Poisson field, and Theorem 1 in [9], which proves convergence of time averages.

3. Finite-dimensional distributions.

PROPOSITION 3.1. Let L(&y) € {H (D), Ap}. As N — 00, the processes xN
defined in (1.4) converge in finite dimensional distributions to a Gaussian process
X (whose covariance structure depends on d, v and the choice of the initial con-
dition, as specified in Theorem 1.1 and in Theorem 1.2).

The rest of this section is devoted to the proof of Proposition 3.1 in the various
cases.

3.1. The case d > 4. Our strategy is as follows: similarly to the technique
applied in [24], we are looking for a function G (§) that satisfies LG (§) = (£(0) —
¥) + “small error” in order to obtain a representation of the form

centered occupation time = martingale + “small error term”.

We then use a general functional central limit theorem to treat the martingale term,
while we use second moment estimates to show that the error term becomes small.
Put

GrE) =) &lx, 0)(5(x) — D),

xezd
where g, is the resolvent of the underlying random walk. By Lemma 2.2, we have
(3.1 (Ald = L£)G(5) =§(0) — 0.

Again by Lemma 2.2,
t
(32) M’ :=G(&) — G(&) — fo £G;(&,)ds

(3.3) = Y (22,0 = & @ 0N+ Y grx, )N = N7)

x,yezZd xeZd

is a martingale. Using (3.1), we obtain a representation

t t
f (6(0) — 9)ds = —G;.(&) +Gx(§0)+?»/0 Gy (&) ds + M

(3.4)
=: R?‘ + M,k.
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_1pl/N —1a41/N
We choose A = 1/N and we study the terms hy(N)™ "Ry, and hg(N)™ M,
separately in two steps.
Martingale part: Using Lemma 2.1, we have

t
(MUY =3 (gl/N(y,O)—gl/N(x,O))Z/O a(x, y)&(x)ds
x,yezd
(3.5) ver t
+ Z gl/N(x,O)Z/ o(&(x))ds.
xeZ4 0

Case 1: (d > 4) The martingale N~'/?M Ilv/tN has globally bounded jumps

(g0(x,0) < g(x,0) < |Iglloo < 00), furthermore, the jump size tends to O as
N — 00. (3.5) yields, for any fixed ¢ > 0,

—1/2 4 1/N _ _ 21,
(NT"My ") > alx, ) (gyn(G»,0) — giyn(x, 0)) N Jo Es(x)ds

x,yezd

1 Nt
+y gl/mx,O)zﬁfo o (& (1)) ds

xezd

Ly const-1.
N—o00

This can be seen as follows. We decompose in both terms the sum over x € Z¢ into
the sum over a ball with a large but fixed radius and the sum over the complement
of this ball. For each point x inside the ball, we use that (1/N) fON "&,(x)ds and
(1/N) fON’ o (&5(x)) ds converge to ¥t respectively o*gqt in L1 by Proposition 2.3.
For x outside the ball, we estimate E[o (§;(x))] < c2? and we use that g is in
05(Z%) for d > 4. Then the sum over the complement of the ball is small if the
radius is large enough. This proves that the r.h.s. converges in L!, so, in particular,
it converges in probability.

Using Proposition II.1 in [25], we conclude that (N ~'/2M Ilv/tN
distribution to the law of a Brownian motion.

Case 2: (d = 4) Here we have to slightly modify our approach because the
Green’s function is no longer in 0>(Z*). Instead, we note that

):>0 converges in

1 2
E g1/N(x,0)° —> const. > 0
IOgN rezd N—o0
and that
! 2
] > alx, y)(g1yn (. 0) — gi/n(x,0))
og N J
Xx,YEZ

2
= @(gl/N(', 0), (=L)g1n (-, 0))
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2 1
= (gin(,0),80 — —gin (0
1OgN<81/N( ), 80 Ngl/zv( )>

2
0,0) <——g(0,0 0.
g1/n( )_logNg( )Nj;o

p

log N

We then argue analogously to the case above that (ﬁM Il\,/tN),zo converges in

distribution to a Brownian motion.
Error part: Let us first consider Ay as the initial condition. We estimate
EA?[(G).(£0))?] in order to treat the remainder term. By Lemma 3.3, we have

E*?[(G1.(60)°]
= Y gu(x,0)8.(y,0) Cov™ (&(x), &0 (»))

x,yeZd

o0 o
=19/ dte_)"f dse™S Z a;(x, 0)as(x, 0)
0 0

xeZzd

3.6) TR N -
+i/ dte_M/ dse_“/ du Z a;(x,0)as(y, 0)a,(x,y)
2 Jo 0 0 7d

e A+ oy [
_ /0 d /0 dse {ﬂaz+s(o,0>+7 /0 dua,+s+u(o,0>}

00 Geq 00
:/ dre—“r{ﬁa,(o, 0)+%f dv ay (0, 0)}.
0 r

For d > 4, we estimate, using (2.2)

EA [(G(80)%] < C(l + foo dre M2 4 r‘d/2+1))
1

(0]
§2C(1 +/ dre—“r—d/2+2>
1

to find that
_apidr _CC

N TN TN N 0.

C o0
EM[(NTY2G n(80))%] < N+C/1 e Ny

The case d =4 can be treated analogously:

EA (N Tog N) 1261y (60))H] < —— + —= f e

/ “ NlogN logN Ji '

Thus, the second term of R; in (3.4) converges to 0 in L? after norming with
hg(N), so, in particular, it converges to 0 in probability. By the time-stationarity
of (&) started from Ay, we see that also the normed first term in (3.4) converges
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to O in probability. Finally, the remaining integral term can be estimated in the
following way:

1 1 Nt
ha(N) N Jo

Ay

Gin(s)ds

< B |ha(N) ™ Gy o)l — 0.

Putting things together, we conclude that (hg (N )*lRll\,/tN),Zo —0as N - o0 in
the sense of finite-dimensional distributions.
Now consider Poisson initial conditions. Note that

EXO(Gi60)* =0 T gir 02 =0 [ ds [ dueHa, 0.0,

xeZzd

a term which already appeared in (3.6). For the first term in (3.4), note that, by
Lemma 3.3,

E*D(G,.(6))°]
= Y gu(x,008.(y,0) Cov*P (& (x)& (1))

x,yeZd

o0 o0
=19/0 als/O due6Hq. . (0,0)

o0 o0 t
+ fo ds /O du /O dr M0G0, 0B Do (5, (0)].

Estimating EXAD)[o (&:—+(0))] < c»¥, we obtain again a term which already ap-
peared in (3.6). Since this estimate is uniform in ¢, we get immediately conver-

gence of the last term in the definition of R}V/tN in (3.4) to zero.

3.2. The case d =3. The decomposition (3.4) of the occupation time in a
martingale term and a remainder term as for the case d > 3 can not be used in
the case d = 3: First, N~/ 4G1 /N (&) does not become small in L?, second, as the
limit process cannot be a Brownian motion, the Rebolledo-type arguments we used
above would not help anyway.

Our approach, again inspired by [24], is to instead “distill” a white noise out
of the space—time fluctuations of the ergodic branching random walk system, and
to express the normalized occupation time process as a linear functional of this
approximate white noise. Technically, for a (momentarily fixed) time horizon T,
we decompose the occupation time in a term M % and a remainder term, where M %
is the final value of a martingale (MtT) (<T-

Recall u,(x,0) = fé as(x,0)ds and define

UTE) =" ur—i(x,0)(&(x) — 9).

xeZ3
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Now
t
(3.7) Ml =Ul &) - Ul (50) — fo @ + LU &) ds

is a martingale, and as (d; — L)u;(-,0) = (-, 0), we obtain, using Lemma 2.2, the
following decomposition of the occupation time:

T
fo (6,(0) — 9) ds = ML + UT (&)

Being interested in N —3/4 fON T(és (0) — ¥)ds, we find ourselves obliged to study
N=3/4MYT and N340 (&).

LEMMA 3.2. Let L(&)) € {Ay, H (D)} for the case of independent branching
or L(&y) = H (V) for the case of state dependent branching. The processes

(NAMYDyrs0 and  (NT4UNT (£0)) 750

converge jointly in the sense of finite-dimensional distributions to independent
Gaussian limits.

PROOF. We first consider (N_3/4U(§VT(§0))TZ(). If we start from a Poisson
field, that is, £(&) = H (), N-3/4*UNT will converge in finite-dimensional dis-
tributions to the zero process: The norming with N ~3/4 is too strong in this case,
as can be seen, for example, from

NTPE*OLUFT G 1=N"29 3 unr(x, 02 = 0N ).
xeZ3

On the other hand, if L£(&)) = Ay, the norming will be adequate. In the inde-
pendent branching case the processes N ~/4UNT will have a nontrivial Gaussian
limit. Heuristically, if we could simply replace a, (0, x) by its local CLT analogue,
we would find

N=UNT (5)

_ 3 Z " B NT
= o(x) — 9] A as (0, x)ds

xeZ3

(3.8) ~ NN [Eo(x) — 9]

xeZ3

NT T H—1
x/ (2ns)73/2(det Q)*l/2 exp(—xg—x> ds
0 s

= N7 3" [8(x) — Pler (x/V/N),

xeZ3
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where o7 (x) = /i 2r)~32(det 0)~1/? exp(—* 2

T 0 p( o )dr. If, furthermore, @1
were a Schwartz function, we could conclude using Theorem 1 in [28]. The method
of proof used there can be adapted to our situation; technical details can be found
in [11], Lemma B.1.

Now let us consider M 1]\}/; . Using Lemma 2.2, we can write [we abbreviate
us(x) :=ug(x,0)]

t ~
Mf = ¥ /0 (o (y) — ur—s () AN

x,yeZ3

t - t ~
+ 2 [ur@aist = ¥ [Curmany,
xeZ3 0 xeZ3 0

Now we replace t and T by NT and multiply by N—3/4

which yields
NT4MNT = Z((N, T) + Z2(N, T) — Z3(N, T),
where

NT ~ v
ZY(N,T)=N"3* Y /0 (uNT -5 (V) —unT—5 (X)) AN,
x,y€Z3

NT 3
ZWNT) =N Y [ v ait,

xeZ3

NT .
Z3(N,T)=N"3/* > / UnNT—s(X) AN,
0

xeZ3

We proceed in two steps. In the first step we investigate Z1 (N, T') and in the second
step we consider Zo(N, T) and Z3(N, T).

Step 1: The term Z{(N, T) converges to zero in probability, since the second
moment converges to zero:

2 3/2 NT 2
ELZI (N, T) 1= 0N 3 a(x,y) /0 (N5 (y) — unt—s () ds
x,yeZ3

s NT - )
— 9N Z a(x,y) A (us(y) —us(x))"ds

x,yeZ3

NT
=2ﬁN—3/2/0 (g, (—Luy))ds
=290N3/? v 80 —as(-,0))d
- 0 <u57 0 as(a )) s

NT
< 219N_3/2/ ug(0)ds <9N~"2Tg(0,0) — 0.
0
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Step 2: Now we consider the remaining terms Z>(N,T) and Z3(N,T). We
define a random field Yy 7 on LZ([O T] x R3) via

(nroo) =N [ / ARV (s, 2)
N4 / dN“/_x+/ dZ(p(s,z),
xeZ3 /N

Where LZJN 1s determined by |z|y € Z3/+/N and z € |z|y + Qu, with Qy =
—— —] . Thus, we can write

2J_ 2/N
Zo(N,T)=(YNn,T,VN.,T),
where

N (5,2 =N 3wy (VNX)Lay (2).
x€Z3 /N
Next we wish to show that Yy r converges toward a white noise Yr on
[0, T] x R3 (with covariance measure given by agq /2 times the Lebesgue mea-
sure). Furthermore, for large N, the CLT suggests that vy 7 should be similar to

T—s
vr (s, 2) :=/0 pr(z,0)dr,

where p,(x, y) := Qur)~3/?(det Q) 1/? exp(—%). Thus, we expect
Z>(N,T) =~ (YT, vr), which shows the Gaussian nature. We proceed in two parts
to justify these heuristics:

Part 1: Here we show that (YN T @) = (YT,90) as N — oo when ¢ €

(1 /208 «([0, T] x R?). The index 1 aﬂ indicates that this is the L2-space cor-

responding to ioﬁq times the Lebesgue measure on [0, 7] x R3. We write [¢||
for the norm of ¢ in this space. Y7 is a space—time white noise based on %agq

times the Lebesgue measure on [0, T] x R3, thatis, a Y7 : o = (@, YT) is a linear
isometry from L2 (1208 e ([0, T] x R3) to the space of Gaussian random variables

equipped with the L2-norm. See, for example, Chapter 1 of [27] for background
on white noises.
First we consider test functions consisting only of finitely many steps: Let
m(k)
B9 ¢@s,x)= Z 1o g g ()14 () = Z Loy (x) Z 1k 4y (5),

k=1

where Ay,..., A, C R3 are disjoint (say, bounded closed parallelepipeds) and

k ko ok ik k k
rp SISy <y S STy <y Let

VARES LD WA G+ QUINYNT k=1,
xeZ3//N
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Then (Z,N)nggT = (Z,N’l, e ZzN’n)OSng is an R"”-valued martingale. The as-
sumptions of Proposition II.1 in [25] are fulfilled since:
(i) We observe for k # [ that

(ZVK, ZN =NV AN (x + Qu))A(AIN (x + Q)
x€Z3 /N
Nt 1
X /o 50 (& (v/Nx))ds
which converges in probability to 0 since
E[(ZN*, ZM1),] < Jea9t N T2
x #{x € Z3 VN : Ay N (x + Qn) £ 2, AN (x + Q) # 3},

which is O if N is large enough since A and A; are closed and disjoint.
For k = [, we calculate

Nt
(ZNk ZNKky o N2 Z (,\(Akm(x+QN)))2/ %a(és(«/ﬁx))ds
xeZ3 /N 0
> botaAt,

which can be seen by the following argument:

2
E[(Nl/z > (A(Akﬂ(x+QN)))2fN G(SS(WX))ds—oqu(Ak)t> }
xeZ3//N 0

Nt Nt
(3.10) = > N7 ds| du

x,y€(Z3 /N N)NAg 0 0
E[(0 (6 (VNx)) = 05") (0 (5u(VNy)) = o5h)] + 1w,

where ry — 0 as N — oo. Proposition 1 of [9] yields

sup
z€Z3

as s, u — 00.

EH* O £(£)8 (s u( + )] f FdAy ] gdAy| —>

From this and shift-invariance of & we can conclude that the expression on the
r.h.s. of (3.10) converges to zero.

(ii) We observe that Z™X has jumps of size N /4, such that condition (ii) of
Proposition II.1 in [25] is obviously fulfilled.

By Proposition II.1 in [25], we can conclude
(3.11) (zN1 .z s (Zb Lz,

N—o0
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where {Z*} are independent Brownian motions with variance parameter
1 _eq
505 MAg).
For ¢ defined in (3.9), we obtain
n m(k) n m(k)

(Ynr,0) = ZZ<Z —Zk>N—;ZZ<Z Zflu.

k=1 I=1 K k=1 I=1
The limit is a sum of independent normal random variables by (3 11). Therefore,
the limit is normal with variance ) }_, Zm(k) 1 qk(Ak)(tl -1 ) and, hence,

(Yn1,90) — (Y1,0).
N—oo

Then we can extend the convergence statement to all ¢ € L? (1209 ([0, T1x RY),

since the functions of the form (3.9) are dense in L?> eq ([0, T] x R3) and since

(1/2)ay
(for ¢ : R? — R such that ¢? is Riemann integrable)

T
1'EY,2=leqf/ 2)2dsdz = |2
Jim By o) =G0yt | et 97dsde= ol
The last assertion can be seen by the following calculation (note that

Elo (Ens (v/Nx))] does not depend on x):
E[(Yn.7. )]

2
N1/2 f ds / dzqo(s,z)} N3E[o(éns(V'Nx))]
xeZ3/JN *x+2y

- 2
NS / ds/ dzgo(s,z)} NioS4ry  (withry — 0)
xeZ} VN T

% / ds/ dzqo(s,z):|[N3/2/ dw(p(s,w):|+rN,
xeZ3 /N N s

which is a Riemannian sum for %O'gq fOT Jr3 @>(s,z)dzds. This completes the
proof of the assertion.

P . .
Part 2: Now we show that (Yy 7, vy, — vr) N—> 0, in fact we will show that
— 00

(3.12) E[(Yn.T,vn.7 — v7)?] —> O.

N—o00

We have

E[{(YN,T,UN,T — UT>2]

xeZ3 /J—
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3E[o (Ens (VNX))]
< Le9N3/2
x Z;/ff ds(/ dr/HQN dz(N3/2aN,(JNx,o)—p,(z,O)))2
czﬁN3/2x Z%:f/ ds(/ dr. +/T ' >
Sczz?N3/2xezg/\/_/ {[/ dr . ]+[/8T_Sdr...ﬂ.

Now note that

2
N2y f ds[f a’rf dZN3/2aNr(«/ﬁx,0)}
xeZ3 VN +QN

=N Y [

er3/«/—
=N"12Tlune (-, 0)]3 < C/e,

Ne

2
dr a,(V'Nx, O)]

where we use for the last estimate that

(-, 0)[15 = Z/ dr/ ds ay(x, 0)ay (x, 0)

xeZd

t
=2 / dr / ds ar4s(0,0) ~ const. X /1
0 r

by (2.2). Similarly,

N2 / ds[/ dr/ der(Z’O)i|2

xeZ3 /N
2
= N32T Z |:/ drf dzpr(z,O)]
x€Z3 /N
2
<NT Y |QN|/ dz(/ dr pr(z, 0))
xeZ3 /N *+Qy

£ £
:T/ dzf drf ds py(z,0) ps(z. 0)
R3 0 0
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& &
- 2T/ dr/ ds pr1(0,0) < C/G,
0 r
where we used the Cauchy—Schwarz inequality.
In order to treat the remaining term we use that [see, e.g. 2.1)]

(3.13) IN32an, (V' Nx,0) — p,(z,0)| < Ce ¥ (N)

1+ | /7
uniformly in N, r € [, T], x € Z3/«/ﬁ, z € x + Qp, where Y (N) — 0 as
N — oo. (Note that this requires only a second moment assumption on a.) This
yields

N3/2er’Z/\/—/ ds|:/ ar /x+QN dz(N3/2aNr (\/ﬁx, 0= prc. O)):|2

C 2
< N2 (N)*T (f ar [ dep )
xeZ3 N x+QN +1zl2/r

32 2 C:T \°
vyt $ ([ dz1+|z|2/T>
x€Z3/N N

< N3y (N)*T3C2 Q] dz (1+1z1>/T)2
xez?/\/_ A

=CTY WP [ dz 1+ = 0,
R3 N—o0

Combining, we see that limsupy_, . E[{(Yn.T7,vN.T — vr)z] < C./e, now let
& — 0 to obtain (3.12).

Thus, we have shown that Z>(N, T') converges to a Gaussian limit. Z3(N, T)
can be treated completely analogously, and as it involves only integrals with re-
spect to (N,°7), x € Z3, and the martingales N*-~ and N** are all pairwise
orthogonal, we see that Z>(N,T) and Z3(N,T) converge jointly to (indepen-
dent) Gaussian processes. Thus, (N =34 M 11\\,’% ) converges as N — oo to a Gaussian
process.

Finally, a remark on the joint convergence of UNT and MNT when starting
from the invariant distribution Ay is in order: Note that U ,{,VTT (o) depends only
on the initial condition, whereas M7 is a function of the driving martingales
N¥* x e 73 Scrutinizing the proof the reader will find that even conditional on
£ =1, MNT will converge to the same Gaussian process, as long as 7 is such that
L(& & =n) = Ay as t — o0o. Note that Ay-a.a. initial conditions &y have this
property because Ay is an extremal equilibrium in the classical branching case.
The argument can be made precise by considering a joint characteristic functional
of MNT and UNT and then conditioning on &. O



FUNCTIONAL CLT FOR BRANCHING RANDOM WALK 2083

3.3. Covariance computation. First we need a second moment formula for
branching random walks.

LEMMA 3.3. Foru <v, x,y € Z%, we have the following moment formulas:

E* e, (0)&,(y)] =092 + 9ay_u(x,y)

+ /0 ty—us2r (6, VEX [0 (64—, (O)]dr,

EA? £, (0)E, (0)] = 92 + Dapy (x, y) + Lo f ar(x, y)dr.

PROOF. In [8], Lemma 4 one can find the moment formula, but only for the
process in different space points at the same time. To obtain the formula for dif-
ferent times u# < v, simply condition on the configuration &,, then use the Markov
property and the first moment formula from Lemma 4 in [8], finally use the second
moment formula from the same lemma. Moreover, we use that E# @) [o (Eu—r(x)]
does not depend on x. [

Now we compute the covariance of the limit of the renormalized occupation
time.

PROPOSITION 3.4. The variance of the limit of the renormalized occupation
time is

E XY xM
V2 _
W(det 0) P32 4 P32y — 5P,
V2 d=3,u= Ay,
242 1 )
W(detQ)_l/Zo'gq[ﬁ/z 7 5“ _ 5P E(t n s)a/z],
Nooo d=3,1u=H®®),

2m)"2(det Q) V2051 x (s A1), d=4,ue{Ay, D)},

o0 e o0
[219/ du ay (0, 0)+079q/ du uay (0, 0)] X (s A1),
0 0
d>5,ne{Ay, H(D)}

PROOF. The proof is split up into different cases. We assume s < ¢ throughout.
Let us first consider the situation £ (&p) = #(¥). By Lemma 3.3, we have

EHO[xNxN| =

Ns Nt (0
s [ au [ avcov e, 0).5.0)

D
ha(N)?

Ns Nt
(3.14) - / du [ dvap_(0,0)
0 0
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1 Ns Nt UAV
+7f du/ dv/
ha(N)? Jo 0 0

X ajy—u|+2- (0, OEH* P[5 (&, 0p— (0)]
=11+ 1.

Case 1:Letd =3. Wehave 0 < I} <9 N~>/2(Ns) [5°a,(0,0)dr = O(N~/?),
so that this term is asymptotically negligible. Fix ¢ > O for the moment. By (2.2),
we can find K > 0 such that a,(0,0) < (1 4+ &)c3r /2 and E* [ (£,(0))] <
(1+ e)a:;’q for r > K, where ¢3 = (27)~3/2(det Q)*1/2. Thus, we can bound I, by

2(1 4 &)%0ytcs [Ns—K Ns u dr
e [N [ [
N3/2 0 0 (v—u+2r)?2

(1 +8)201, 3 /Nf / /u dr
3.15 d d —
(3.15) + =5 N2 u v D 0—ut2)n

+ O(N~1/?).
The first term in (3.15) is equal to

2(1 4 &)%0ylcs [Ns—K Ns 1 1
S T -
N3/2 0 wrk - L= (+u)l/?

41+ &)odesT 2
= Tzﬁ[—g(NS — I/l)3/2 - Kl/zu

2 1 u=Ns—K
— Z(Ns+u)? + =Qu + K)3/2]
3 3 u=0
—(l +8)2 eqC3(4 23/2)s3/2
N—o00
Analogously, the second term in (3.15) is equal to

2(14¢)2053c3 [Ns—K
N /0 dufiv =)' = (40 RN
u=Ns—K

2 2
— Z(Nt+u)?+ Z(Ns + u)3/2]
3 3 u=0

e 5(1 +e)’05cs (2632 — (1 — 5)*% — (1 + )37 — 2 = 23/%)53/2).
Combining these terms and letting ¢ — 0, we see that

limsup 1> < 303! (1% + 572 = 30 = )2 = 3+ 977).
N—o00
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liminfy_, » I2 can be analogously bounded from below, concluding the proof in
this case.

Case 2: Let d =4. We have 0 < I} < z?(NlogN)_l(Ns)foooar(O, 0)dr =
O(1/log N), so that this term is again asymptotically negligible. Arguing as in
case 1, we can now bound /, from above by

2(1 + 8)2(7;(164 Ns—K Ns u dr
Akelofles [0 g [
NlogN Jo utk  Jo (v —u+2r)?

1 +¢)? Ns— d
(3.16) L UFe)oya o) ca du/ dv/ !
NlogN  Jo 0 (v—u+2r)?

+0((log )™,
where c4 = (277)"2(det Q)~'/2. The first term in (3.16) is equal to

14+¢)2cH Ns—K Ns 1 1
d+e)oycq du/ dv( _ )
0 u

Nlog N +K v—u v+u
14 6)26%¢, [Ns—K

_(+e)oycq du(log(Ns — u)
Nlog N 0

—log K —log(Ns + u) +log(2u + K))

1 2 __¢€q
= M[—(Ns —u)log(Ns —u) —u—ulogK

NlogN
— (Ns +u)log(Ns +u)
+u+ @+ K/2)logu + K) —ul'=) ¥
— (1+ e)zang,s as N — oo.

Now the second term in (3.16) is bounded above by

(1+8)20'§q64 /-Ns—Kd /Nt dv
T — u
0

2N log N Ns V—1U
1 2 _.¢q
— M[—(Nt —u)log(Nt —u) — u
2N log N

+ (Ns — u)log(Ns —u) +u]"={*~

B (1+ e)zagqa;

AN logN {Ntlog(Nt) — (N(t —s) + K)log(N(r — s) + K)

+ KlogK — Nslog(Ns)}

N—o0
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Thus, letting ¢ — 0, we see that limsupy_, o, [2 < of,qcm in this case. Again

liminfy_, o I can be bounded analogously, completing this part of the proof
Case 3: Let d > 5. We have

29 Ns Ns 9 Ns Nt
I = — du/ dvay,_,(0,0) + —/ du dvay,_,(0,0)
N 0 u N 0 Ns
29 Ns 00 Ns o)
= — du/ dra,(0,0) + O(N_l/ du dva,—, (0, 0))
N Jo 0 0 Ns

o0
= Zﬁs/ dra,(0,0)+ O(1/N).
0
We decompose 1> as

2 Ns Ns u
== f du / dv / dr ay—us2r (0, )EX [0 (£, (0))]
(3.17) 0 u 0

Ns Nt u
_ H (D)
-y fo du /N o /0 dr ay—us2r (0, OB D [g (,_, (O))].

The second term in (3.17) is bounded by
C

Ns—1 Nt o0
— dv/ dra,(0,0) + — f duf dvf dra,(0,0)
N Ns v—Uu
=ON"H+0oN>7?
by (2.2).

Choose K large enough such that EX (o (&-(0)] < (1 + s)agq forallr > K
The first term in (3.17) can be bounded by

2(1 €q Ns Ns u—K
% /K du / dv /0 dr ay—ps20(0,0) + O(N~
u
o s N(s—u) v+2Nu—2K
:(1+g)aﬁq/ du/ dv/ dra,(0,0)+ O(N™")
K/N 0 v

e o0 o0 e 0.¢]
— (L +&)oyls /0 dv / dr a,(0,0) = (1 + &)oyls /0 duuay (0, 0).
v

Letting ¢ — 0, we see that limsup,_, ., of the first term in (3.17) is bounded by
€q [ele]
Ty

s fo° duuay,(0,0). Since the liminf can be bounded analogously, we are done
with the case d > 5.

Now let us consider the situation £(£p) = Ay. Then we have, by Lemma 3.3,

Ay NoN 9 Ns Nt
EAv[xNxN| = hd(N)Z/ du [ dvap(0.0

Ns Nt
(3.18) 2hd(N)2/ du/ dv/lv ¥ dra,(0,0)

= I] +12.
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The computations for d =4 and d > 5 are entirely analogous to those above, and
will be omitted. Let us briefly comment on the case d = 3 in this situation. 7 is
again negligible, and choosing K large enough, we can now bound I, from above
by

2(1+¢&)oyles /NsK /Ns dv
- VvV - du [
N3/2 0 u+k (v—u)l/2

(1+¢&)oglcs /NS—K i Nt gy
0

. —1/2
N3/2 Ns (v—u)1/2+0(N )

2(1 4+ ¢ o’eqc Ns—K )
:%/0 du[(Ns =)' + (Nt —w)' 1+ 0N~

4
— (L +e)oyles(t3? 4532 — (1 — 5)3/?).
N—oo 3

We conclude the proof as above. [

4. Proof of Theorem 1.1. Here we complete the proof of Theorem 1.1. In
view of Proposition 3.1, it suffices to check that the sequence X N N eN,is tight
(e.g., in the space of all continuous processes, equipped with the norm of locally
uniform convergence). In order to do so, we use the well-known criterion on mo-
ments of increments, stating that a sequence of processes X is tight (and, further-
more, any limit point has continuous paths) if there exist «, 8 > 0 such that, for
each ty > 0,

4.1) E[IXN —xN“1<c@ —s)'tFP

holds uniformly in N and 0 <s <t <1t (see, e.g., [18], Corollary 14.9).
For d > 4 and independent branching, with « =4 and 8 = 1, this is the content
of the following lemma.

LEMMA 4.1. Let d > 4 and pn € {H(V), Ay}. Then in the independent
branching case for each tog > 0 there is a C = C(ty, v, d) such that, for all
0<s <t <ty we have

Nt 4 2 2 2
_ CN-(logN)~(t —s)~, d=4,
EMK/NS (£u(0) ﬁ)d”) ]5 {CNz(t—s)z, d>>s.

Obviously, this lemma requires 4th moment computations. We do this by a
“bookkeeping of trees” similarly as in [16] for superprocesses. We refer to [11],
Lemma 4.1 for details. See also [7], proof of formula (3.36) for a related approach
using Laplace transforms.

In the case d = 3 it turns out that second moments [¢ =2, 8 = 1/2 in (4.1)]
suffice. The corresponding estimate is provided in the following lemma.



2088 M. BIRKNER AND 1. ZAHLE

LEMMA 4.2. Letd =3 and n € {H(V), Ay}. For each ty > 0, there exists a
constant C = C(ty, ©) such that

EA(XN — XM <Cc@ -5  Yo<s<t<i

holds uniformly in N.

PROOF. We begin with the independent case. Note that for any initial distrib-
ution u we have
Nt Nt

1
0B — XV = [ du [ dvCov(e,(0).6,0),

thus, we see from Lemma 3.3 that E*¥@[(XN — xN)2] < EAv[(XxN — XN)?]
and it is, hence, sufficient to consider the stationary initial distribution Ay. By
stationarity, we can assume without loss of generality that s = 0, r < #y. Put
@(r) := Cov? (£,(0), £(0)). We have 0 < ¢(r) < C(1 A r~'/?) by Lemma 3.3
and (2.2). This allows to estimate (and the same is true in the state dependent case)
EA (X} — X0)?]
2 Nt Nt
t t
= 2N1/2f du/ dve(N (v —u))
0 u

t
< 2tN1/2/ dw o(Nw)
0

1 t 1
<2CN1/2{t21 Nt <1)+t1(Nt > 1 [—+/ ds }}
< (Nt <1) ( ) N ln nn

= 2Ct3/2{(Nt)1/21(Nt <D+ WNn)"VP1(NE > 1)

2
+ (I/N)_I/ZI(NZ‘ - l)(z(t/N)l/Z _ N) }
<6Cr3/2,
For the state dependent case, we observe (again by Lemma 3.3)

E*O1x - x )’

([ - )

1
ha(N)?

Nt Nt
f du / dv (E* (g, (0)€,(0)] — 92)
Ns Ns
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2 Nt Nt
= d dv| day—,(x,
I (V)2 st u/M v( ay—u(x,y)

+f o2 (5 DEP Do 5, (O)]dr, )

2 Nt Nt u
<— du/ dv(ﬁ‘a s,y +c 19/ ay— X, dr),
hd(N)2 /]‘Vs . v—u(x,y) 2 0 v—ut2r(X,y)

which can be estimated as in the independent case. [J
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