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Let M be a compact Riemannian manifold. A self-interacting diffusion
on M is a stochastic process solution to

1 t
aXi =dWi(X0) - (/0 VVy, (X,)ds) dr,

where {W;} is a Brownian vector field on M and V,(y) = V(x, y) a smooth
function. Let pu; = % fé dx, ds denote the normalized occupation measure
of X;. We prove that, when V is symmetric, ;; converges almost surely to
the critical set of a certain nonlinear free energy functional J. Furthermore,
J has generically finitely many critical points and u; converges almost surely
toward a local minimum of J. Each local minimum has a positive probability
to be selected.

1. Introduction. Let M be a C*° d-dimensional, compact connected Rie-
mannian manifold without boundary and V: M x M — R be a smooth function
called a potential. For every Borel probability measure ;x on M, let Vu: M — R
denote the smooth function defined by

(1) Vi) = fM V(x, wyp(du),

and let V(V ) denote its gradient (computed with respect to the Riemannian
metric on M).

A self-interacting diffusion process associated to V is a continuous time
stochastic process living on M solution to the stochastic differential equation
(SDE)

N
@ dX,=) F(X)odB; —3V(Vu)(X)dt,  Xo=xeM,
i=1

where (B!, ..., BN) is a standard Brownian motion on RY, {F;} is a family of
smooth vector fields on M such that

N
3) Y Fi(Fif)=Af

i=1
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[for f € C*°(M)], where A denotes the Laplacian on M; and

1 t
@) w=- / 5x, ds
t Jo

is the empirical occupation measure of {X;}.

In absence of drift [i.e., V(x, y) = 0], {X;} is just a Brownian motion on M.
If V(x,y) = V(x), then it is a diffusion process on M. However, for a general
function V, such a process is characterized by the fact that the drift term in
equation (2) depends both on the position of the process and its empirical
occupation measure up to time ¢.

Self-interacting diffusions (as defined here) were introduced in [3], and we refer
the reader to this paper for a more detailed definition and basic properties.

It is worth pointing out that equation (2) presents some strong similarities with
the following class of SDE:

5) dY,=dB; — (/tv'(Ys—Y,)ds)dt,
0

whose behavior has been the focus of much attention in the recent years (see, e.g.,
[9, 10, 12, 14, 21, 24] or [22] for a recent overview and further references about
reinforced random processes). The main differences being the following:

(i) The SDE (2) lives on an arbitrary but compact manifold, while (5) lives
on R or RY.
(i1) The drift term in (5) depends on the nonnormalized occupation measure

t
tiy = / Sx, ds.
0
A major goal in understanding (2) is

(a) to provide tools allowing to analyze the long term behavior of {u,}; and,
using these tools,

(b) to identify (at least partially) general classes of potential leading to certain
types of behaviors.

A first step in this direction has been achieved in [3], where it is shown that
the asymptotic behavior of {u;} can be precisely described in terms of a certain
deterministic semi-flow W = {{;},>¢ defined on the space of Borel probability
measures on M. For instance, there are situations (depending on the shape of V')
in which {u;} converges almost surely to an equilibrium point peo of ¥ (o 18
random) and other situations where the limit set of {i,;} coincides almost surely
with a periodic orbit for W (see the examples in Section 4 of [3]).

The present paper adresses the second part of this program. The main result here
is that

Symmetric interactions (i.e., symmetric potentials) force {u:} to converge
almost surely toward the critical set of a certain nonlinear free-energy functional.



1718 M. BENAIM AND O. RAIMOND

This result encompasses most of the examples considered in [3] and enlightens the
results of [3] and [4]. It also allows to give a sensible definition of self-attracting
or repelling diffusions.

The organization of the paper is as follows. Section 2 defines the class of
potentials considered here, gives some examples and states the main results.
Section 3 reviews some material from [3] on which rely the analysis. Sections
4,5, 6 and the Appendix are devoted to the proofs.

2. Hypotheses and main results. We assume throughout that V is a C3 map
(this regularity condition can be slightly weakened (see Hypothesis 1.4 in [3])) and
that

HYPOTHESIS 2.1 (Standing assumption). 'V is symmetric:
Vix,y)=V(y,x).

Recall that A denotes the Riemannian probability on M. We will sometime use
the following additional hypothesis:

HYPOTHESIS 2.2 (Occasional assumption 1). The mapping

(6) Viix— VAlx) = /M Vix, y)A(dy)

1s constant.

This later condition has the interpretation that if the empirical occupation
measure of X; is (close to) A, then the drift term V(V u;)(X;) is (close to) zero. In
other words, if the process has visited M “uniformly” between times 0 and ¢, then
it has no preferred directions and behaves like a Brownian motion.

Notation. Throughout we let C°(M) denote the Banach space of real-valued
continuous functions f : M — R, equipped with the supremum norm

I flloo = sup | f(x)].
xeM

Given a positive function g € C O(M), we let (-, -) ¢ denote the inner product on
C%(M) defined by

(u,v)g = /M u(x)v(x)gx)r(dx).

When g = 1, we usually write (-, -); (instead of (-, -)1) and || f||x for o/{f, f)a.

The completion of C°(M) for the norm | f||;, is the Hilbert space L2(}).
We sometimes use the notation 1 to denote the function on M taking value one
everywhere; and

L3 =1t ={he L?()): (h, 1), =0}.
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We let M (M) denote the space of Borel bounded measures on M and P (M) the
subset of Borel probabilities. For u € M(M) and f € C O(M), we set

™) uf = /Mﬂxm(dx)
and
®) il = supllef |- f € COM), 1| flloo = 1).

We let M(M) denote the Banach space (M(M),| - |) [i.e., the dual of cO(m)]
and My, (M) [resp. P, (M)] the metric space obtained by equipping M (M) [resp.
&P (M)] with the narrow (or weak*) topology. In particular, #,, (M) is a compact
subspace of M,,(M). Recall that the narrow topology is the topology induced by
the family of semi-norms {x — |wf|: f € CO(M)}. Hence, p, — p in My, (M) if
and only if 1, f — wf forall f e CO(M).

Everywhere in the paper a subset of a topological space inherits the induced
topology.

The operator V. The function V induces an operator
VM (M) — CO(M),
defined by

©) Vi) = /M V(x, y)u(dy).

If g € L?(1), we write Vg for V(gA), where gA stands for the measure whose
Radon-Nikodym derivative with respect to A is g.
The following basic lemma will be used in several places:

LEMMA 2.3. (i) The operator V : M;(M) — CY%(M) and its restriction to
L%()) [defined by g — V (g))] are compact operators.

(i) V maps continuously Py, (M) into C O(M).

PROOF. (i) Let u € Ms(M). Then [|[Villoo = [[VIlloolptl and [V u(u) —
V)| < (sup,epy |V (e, 2) — V(v,2)])|i|. Therefore, the set {Vu:|u| <1} is
bounded and equicontinuous, hence, relatively compact in C%(M) by Ascoli’s
theorem. This proves that V is compact.

By definition, V|L2(%) is the composition of V with the bounded operator
ge L?*(W) — gl € My(M). It is then compact.

(ii) Let {i,,} be a converging sequence in #, (M) and p = lim,,_, oo i,. Narrow
convergence implies that V u,, (u) — V u(u) for all u € M. Since, by (i), {V u,} is
relatively compact in C O(M), it follows that Vu, — Vu in CO(M). O
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2.1. The global convergence theorem. Let Il = Iy :Py,(M) — P, (M) be
the map (we use the notation ITy for I1 when we want to emphasize the
dependency on V') defined by

(10) I (p)(dx) =&V ) (x)A(dx),

where & : CO(M) — C%(M) is the function defined by
e— S

(11) E(Hx) =

Jue TOxdy)’

The limit set of {{1;} denoted L({u,}) is the set of limits [in &, (M)] of convergent
sequences {fy }, tx —> 00.

The following theorem describes L({u;}) in terms of II. It is proved in
Section 4.

THEOREM 2.4. With probability 1, L({j1;}) is a compact connected subset of
(12) Fix(IT) = {n € P (M) : p = TI(p)}.

This clearly implies the following:

COROLLARY 2.5. Assume I1 has isolated fixed points. Then {;} converges
almost surely to a fixed point of TI.

REMARK 2.6. By Theorem 2.10 below, I1 has generically isolated fixed
points. Hence, the generic behavior of {u,} is convergence toward one of those
fixed points.

2.2. Fixed points of I1. With Theorem 2.4 in hand, it is clear that our
description of self-interacting diffusions (satisfying Hypothesis 2.1) on M relies
on our understanding of the fixed points structure of IT.

Let

B ={feCOM):(f,1); =1}
and
Bo={feCO(M):(f,1); =0}

Spaces 8By and B; are, respectively, a Banach space and a Banach affine space
parallel to By.
Let

X=Xy:8;1— Bo
be the C* vector field defined by
(13) X(f)=—f+EWV]).

The following lemma relates fixed points of IT to the zeroes of X.
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LEMMA 2.7. Let p € (M). Then, u is a fixed point of I if and only if u is
absolutely continuous with respect to A and 'Zl—’; is a zero of X. Furthermore, the
map

j :Fix(IT) — X~ 1(0),

|—>du
K=

(14)

is a homeomorphism. In particular, X ~'(0) is compact.

PROOF. The first assertion is immediate from the definitions. Continuity

of j follows from the continuity of £ and Lemma 2.3(ii). Continuity of j T

immediate since uniform convergence of { f,,} € C%(M) clearly implies the narrow
convergence of { f,A} to fA. O

We shall now prove that the zeroes of X are the critical points of a certain
functional. Let £l+ be the open subset of B defined by

+_ .
B = {f € B 'xlgnf/[f(x) > 0}
and let J = Jy : {Bl+ — R be the C™ free energy function defined by
(15) J()=5(VE a+ (flog())a

REMARK 2.8. It has been pointed out to us by Malrieu [20] that the free
energy J occurs naturally in the analysis of certain nonlinear diffusions used in
the modeling of granular flows (see [6, 20]); and by Hofbauer [16] that a finite-
dimensional version of J appears in the analysis of some ordinary differential
equations in evolutionary game theory.

The following proposition shows that the zeroes of X are exactly the critical
points of J and have the same type (i.e., sinks or saddles).

PROPOSITION 2.9. Given f € B;, let T(f):C°(M) — By be the operator
defined by

(16) T(f)h=fh—(f h)f.
One has:
(i) Yu,v e By,

D*J(f)(w, v) = (u, v)1/7 + (Vu, v} =((Id + T(f) o V)u, ), .
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(1) Bo admits a direct sum decomposition

Bo=By(f) D By(f)® By(f).
where:

(@) By (f), By(f), By(f) are closed subspaces invariant under (Id +
T(f)oV);

(b) BG(f)={uecBo:(Id+T(f)oV)u=0}and Id+T(f)oV restricted
to B (f) or By(f) is an isomorphism,

(c) Both B (f) and B5(f) have finite dimension;

(d) The bilinear form D*J(f) restricted to By (f) [resp. BG(f), resp.
B, (f)] is definite negative (resp. null, resp. definite positive).

(iii)) We have
DJI(f)=0 <+— X(f)=0,
and in this case, for all u € By,

DX(f)u=—(Id+T(f)oV)u.

PROOF. (i) For all u € 8By,

(7) DJ(fHu=(Vf +log(f)+ 1,u)y =(Vf +log(f),u).

Therefore,

1
D*J(f)(u,v) = <Vu + ?u, v> = (Vu,v)) + (u,v)17,
A

which gives the first expression for D%J( f). Since, for all u, v € By,

(18) (THOVu,vy1p = (Vu,v)n — (f, Vu)r (L, v)s = (Vu, v)y,

we get the second expression for D2J (f).

(i) Let K denote the operator T(f) o V restricted to L%(A). Then K is
compact (by Lemma 2.3) and self-adjoint with respect to the inner product
(-, )1/ [by (18)]. It then follows, from the spectral theory of compact self-adjoint
operators (see [19], Chapters XVII and XVIII), that:

(a) K has at most countably many real eigenvalues.

(b) The set of nonzero eigenvalues is either finite or can be ordered as |c{| >
[c2] >« -+ > 0 with lim; oo ¢; = 0.

(c) The family {#,.} of eigenspaces, where ¢ ranges over all the eigenvalues
(including 0), forms an orthogonal decomposition of L%(A).

(d) Each #, has finite dimension provided ¢ # 0.
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We now set B;(f) = H1, By (f) = ©Hy, where d ranges over all eigenvalues
>1and B3(f) = (B§(f) ® By (£)* N B.

(iii)) From (17), and by density of By in L%(k), DJ(f) =0 if and only if
Vf +log(f) € R1. Since f € 81, thisis equivalentto f =&(V f). Now,

(19) DX(f)=—1d—=TEWV[f)oV.
Hence, DX(f)=—1d —T(f)oV when X(f)=0. O

Let f € X~1(0) or, equivalently, u = fA € Fix(IT). We say that f (resp. i) is
a nondegenerate zero or equilibrium of X (resp. a nongenerate fixed point of I1)
if the space B((f) in the above decomposition reduces to zero. The index of f
(resp. 1) is defined to be the dimension of B (f).

A nondegenerate zero of X (fixed point of I1) is called a sink if it has zero index
and a saddle otherwise.

Let Cé‘ym(M x M), k > 0, denote the Banach space of C*¥ symmetric functions
V:M x M — R, endowed with the topology of C* convergence. The following
theorem gives some sense to the hypothesis (made in Theorems 2.12, 2.24 and 2.27
below) that fixed points of IT are nondegenerate. However, we will not make any
other use of this theorem. The proof is given in the Appendix.

THEOREM 2.10. Let § denote the set of V € nym(M x M) such that Tly has
nondegenerate fixed points. Then §, is open and dense.

REMARK 2.11. The key argument that will be used in the proof of the
genericity Theorem 2.10 is Smale’s infinite-dimensional version of Sard’s theorem
for Fredholm maps. This result by Smale is also at the origin of the Brouwer degree
theory for Fredholm maps initially developed by Elworthy and Tromba [13].
A consequence of this degree theory (applied to X) is the following result:

THEOREM 2.12. Suppose that every u* € Fix(I1) is nondegenerate. Let Cy,
k > 0, denote the number of fixed point for I1 having index k. Then

Y (D=1

k>0

2.3. Self-repelling diffusions. A function K : M x M — R is called a Mercer
kernel, if K is continuous, symmetric and defines a positive operator in the sense
that

(Kf, f1.=0

forall f € L2()).
If, up to an additive constant [the dynamics (2) are unchanged if one replaces
V(x,y) by V(x,y) + B8], V (resp. —V) is a Mercer kernel, we call {X;} [given
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by (2)] a self-repelling (resp. self-attracting process). The following result and the
examples below give some sense to this terminology (see, e.g., Examples 2.15,
2.16 and 2.19).

THEOREM 2.13. Suppose that, up to an additive constant, V is a Mercer
kernel. Then:

(1) J = Jy is strictly convex.
(i1) Fix(IT) reduces to a singleton {u*} and lim;_, o t; = u* almost surely. If
we, furthermore, assume that Hypothesis 2.2 holds, then u* = \.

PROOF. It follows from the definition of J, Proposition 2.9 and Theorem 2.4.
O

EXAMPLE 2.14. Let C be a metric space, v a probability over C and
G : M x C — R a continuous bounded function. Then

K(x,y)=fCG(x,u)G<y,u>v(du>

is a Mercer kernel. Indeed, K is clearly continuous, symmetric and

2
(K. = [ ([ 6w sor@n) vaw =0
Note that when C = M and v = A, then K = G? as an operator on L2(}).

EXAMPLE 2.15. (i) Let M = §¢ c R?*! be the unit sphere of R+ and
let K(x,y)=(x,y)= Z?ill x;yi. Then K is a Mercer kernel [take C = {1,...,
d + 1}, v the uniform measure on C, and G (i, x) = /d + 1 X x;].

EXAMPLE 2.16. Let A denote the Laplacian on M and {K,(x, y)} the Heat
kernel of ¢®!. Fix T > 0 and let K = K,. The function G(x, y) = Kip(x,y)
is a symmetric C* Markov kernel so that K is a Mercer kernel in view of the
Example 2.14 (take C = M and v = X).

EXAMPLE 2.17. The example above can be generalized as follows. Let
{P:}:>0 be a continuous time Markov semigroup reversible with respect to some
probability measure v on M. Assume that P;(x, dy) is absolutely continuous with
respect to v with smooth density K;(x, y). Then for all positive T, K; is a Mercer
kernel.

EXAMPLE 2.18. (i) Let M = T4 = R?/(2nZ)¢ be the flat d-dimensional
torus, and let k : 79 — R be an even [i.e., k(x) = k(—x)] continuous function.
Set

(20) K(x,y)=K(x—y).
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Given k € Z4, let
Q1) p = /d k(e ¥ (d)
T

be the kth Fourier coefficient of k. Here k - x = Zle k;x; and A is the normalized
Lebesgue measure on T ~[0,27[?. Since v is real and even, k_x = k; = Ki. If
we furthermore assume that

VkeZ? k>0,
then K is a Mercer kernel, since

(Kf. for=_ kil fil?
k

forall f € L?(1) and f; the kth Fourier coefficient of f.

EXAMPLE 2.19. A function f:[0,00[ — R is said to be completely
monotonic if it is C* and, for all r > 0 and k > 0,
dkf
—DF==_(r) > 0.
IO
Examples of such functions are f(t) = Be~"/°" and f(t) = B(c® + 1)~ for
o#0,a,8>0.
Suppose M C R*, and K(x,y) = f(|lx — y||*), where f is completely
monotonic and || - || is the Euclidean norm on R”. Then it was proved by
Schoenberg [25] that K is a Mercer kernel.

Weakly self-repelling diffusions. When V is not a Mercer kernel but can be
written as the difference of two Mercer kernels, it is still possible to give a
condition ensuring strict convexity of J.

We will need the following consequence of Mercer’s theorem:

LEMMA 2.20. Let K be a Mercer kernel. Then there exists continuous
symmetric functions G" : M x M — R, n > 1, such that

T n n
K(x,y)= lim (G, G )
uniformly on M x M. Here G"} stands for the function u — G"(x, u).

PROOF. The kernel K defines a compact positive and self-adjoint operator
on L?(1). Hence, by the spectral theorem, K has countably (or finitely) many
nonnegative eigenvalues (C]%)kzl and the corresponding eigenfunctions (ex) can
be chosen to form an orthonormal system. Furthermore, by Mercer’s theorem
(see Chapter XI-6 in [11]), K(x,y) =>; cl.ze,- (x)e; (y), where the convergence
is absolute and uniform. Now set G (y) = G (x,y) = Y_7_, cie;(x)e;(y). O
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To a Mercer kernel K, we associate the function Dk : M x M — R™* given by

Kx,x)+K(y,y)
2

Phen=| - K]

(22)
— lim S[G" — G"|2
- nlpgo 27X ylias
where the (G") are like in Lemma 2.20.

Note that Dk is a semi-distance on M (i.e., Dk is nonnegative, symmetric,
verifies the triangle inequality and vanishes on the diagonal). We let

diamg (M) = sup Dg(x,y)
x,yeM

denote the diameter of M for Dg.
Another useful quantity is

I n2
K(x,x) = Tim |G"]3.
We let

diagg (M) = sup K (x, x).
xeM

REMARK 2.21. Note that diamg (M) < 2diagg (M). But there is no obvious
way to compare diamg (M) and diagg (M). For instance, if K is the kernel given
in Example 2.19, then

diamg (M) = £(0) — f<iu£) I — y||2> < diagg (M) = £(0),

while
diamg (M) =2 > diagg (M) =1,

with K the kernel given in Example 2.15.

THEOREM 2.22. Suppose that, up to an additive constant,
(23) V=vVt—_v-,

where V™ and V~ are Mercer kernels.
If diamy - (M) < 1, or diagy- (M) < 1, then the conclusions of Theorem 2.13
hold.

PROOF. First note that Jy(f) = 3(V* £, f) + J_y-(f), and since f
(VT £, ), is convex, it suffices to prove that J_y - is strictly convex. We can
therefore assume, without loss of generality, that V' = 0. Or, in other words, that
—V is a Mercer kernel. We proceed in two steps.
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Step 1. We suppose here that V (x, y) = —(G,, G), for some continuous sym-
metric function G : (x, u) — Gy (u). By Proposition 2.9, proving that D2 Jy( f)is
definite positive reduces to show that Id +T(f)V =1d —T(f )G? has eigenvalues
>0, or, equivalently, that T(f)G? has eigenvalues <1.

Let A be an eigenvalue for T(f)G? and u € By a corresponding eigenvector. Set
v = Gu. Then

T(f)Gv = Au.
This implies that v = 0 (because u £ 0) and that
(24) GT(f)Gv = Iv.

Thus, using the fact that G is symmetric,

(T(f)Gv, Gv), =A[vl;.

That is,
(25) Var ¢ (Gv) = A[lvl3,
where
Var ¢ (u) = (T(f)u, u);
(26) 2
= /M uz(x)f(x)k(dx) — (/Mu(x)f(x)k(dx)> .
Now
27)  Vary(Gv)=1% /MxM(G”(x) — Gu(»)’ f (@) f(Ad)A(AY).
On the other hand,
(Gv(@) = Gv(y))* = (Gy — Gy, v)3
<G = GylI* vl
=2(D_v(x, »)’Ivll3.
Thus,
(28) Var ;(Gv) < (diam_y)?[[v|2.

Combining (25) and (28) leads to A < (diam_y)% < 1.
To obtain the second estimate, observe that [by (26)]

Var(Gv) < fM«Gx, )2 (1)A(dx)

< ol [ 161 £ )r(dx) = diagy WD,



1728 M. BENAIM AND O. RAIMOND

Step 2. In the general case, by Lemma 2.20, we have V(x,y) =
lim;,_, o V" (x, y) uniformly on M x M, where V" (x, y) = —(G%, G;)A.

Hence, assuming diam_y (M) < 1, we get that diam_y»(M) < 1 for n > ng
large enough. Then, by step 1, there exists @ > 0 such that, for all n > ny,

D> Jyn(u, u) = (u+ TV u,u)1/p > alullf
for all u € By. Passing to the limit when n — oo leads to
D> Jy (u, u) > al|ullf ;.

The proof of the second estimate is similar. [

EXAMPLE 2.15 (ii), (continued). Suppose M = §4 c R+ and

d+1
Vi, y)=ax(x,y)=ax Yy xy
i=1
for some a € R. The kernel K = sign(a)V is a Mercer kernel, and diagx (M) = |a|.
Hence, by Theorem 2.22, u; — A a.s. fora > —1.
This condition is far from being sharp since it actually follows from Theo-
rem 4.5 in [3] that

a>—-d+1) <= ur—>»xr a.s.

EXAMPLE 2.18 (ii), (continued). Let v be an even C? real-valued function
defined on the flat d-dimensional torus (see Example 2.18) and

Vix,y)=v(x —y).

As a consequence of Theorem 2.22, we get the following result which
generalizes largely Theorem 4.14 of [3]. It also corrects a mistake in the proof
of this theorem.

PROPOSITION 2.23. Let (vi)yczd denote the Fourier coefficients of v as
defined by (21). Assume that

Z inf(vg, 0) > —1.
kezd\{0}

Then u; — A almost surely.

PROOF. Integrating by part 3 times, and using the fact that v € C3, proves that,
for all k € Z4, |vg| < ﬁ, where ||k|| = sup; |k;| and C is some positive constant.
Hence, the Fourier series

vy (x) = Z vek*

{keZd - ||k|| <n}
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converges uniformly to v. Set

v (x)=— Z v X
{keZd\{0} : v; <0}
Then v(x) = v (x) — v (x) +vp, V=VT — V™ + vy, where VT (x,y) =
vT(x —y)and V™ (x,y) =v~ (x — y) are Mercer kernels. Clearly,
diagy-(T)=v" ()=~ > w
{k£0: vi <0}
and the result follows from Theorem 2.22. [

2.4. Self-attracting diffusions. The results of this section are motivated by the
analysis of self-attracting diffusions (i.e., —V is a Mercer kernel), but apply to a
more general setting.

Recall that u* € Fix(IT) is a sink if w* is nondegenerate and has zero index
(thus, it corresponds to a nondegenerate local minimum of J). We denote by
Sink(IT) the set of sinks.

The following result is proved in Section 5.

THEOREM 2.24. Let u* € Sink(IT). Then
P|: lim p, = ,u*] > 0.
I— 00

The next theorem is a converse to Theorem 2.24 under a supplementary
condition on V that we now explain.

From the spectral theory of compact self-adjoint operators (see, e.g., [19],
Chapters XVII and XVIII), L?(1) admits an orthogonal decomposition invariant
under V,

L*(W)=E)®E} ®E,,
where E ?, stands for the kernel of V and the restriction of V to E ;,L (resp. the
restriction of —V to Ey,) is a positive operator.

Let 7, and 7_ be, respectively, the orthogonal projections from L2(1) onto E ‘}L
and Ey, . Set

(29) Vi=Vomny and V_o=—-Vomn_
sothat V=V, —V_.

HYPOTHESIS 2.25 (Occasional assumption 2). V, and V_ are Mercer
kernels.

Recall that u* € Fix(T1) is a saddle if u* is nondegenerate and has positive
index. The following theorem is proved in Section 6.
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THEOREM 2.26. Assume that Hypothesis 2.25 holds. Let u* € Fix(IT) be a
saddle. Then
P[ lim p, = u*} =0.
11— 00

COROLLARY 2.27. Suppose that Hypothesis 2.25 holds and that every u* €
Fix(IT) is nondegenerate. Then there exists a random variable (oo such that:

(1) lim;— o0 by = oo a.S.,
(i) P[teo € Sink(IT)] =1 and
(iii) for all u* € Sink(IT),

Plitoo = n*]1> 0.
PrOOF. It follows from Theorems 2.4, 2.24 and 2.26. [

2.5. Localization. In this section we assume that Hypothesis 2.2 holds. In this
case, A is always a fixed point for I1, hence, a possible limit point for {u;}. We
will say that the self-interacting diffusion “localizes” provided P[u; — A] = 0.
We have already seen (see Theorems 2.13 and 2.22) that self-repelling diffusions
and weakly self-attracting diffusions never localize.

THEOREM 2.28. Suppose that Hypothesis 2.2 holds. Let

(30) p(V) =inf((Vu,u)s:u € L§O), llull; = 1}.
Assume that p(V) > —1, then
3D P|:lim /Lt=)»:| > 0.

[—00
Assume that p(V) < —1 and that Hypothesis 2.25 holds, then
(32) P[ lim u, = )L} =0.

11— 00

PROOF. Under Hypothesis 2.2, £(VA) = 1. Then, by Proposition 2.9,
D*J(1)(u, v) = —(DX(Du, v); = (u+ Vu, v),.
The result then follows from Theorems 2.24 and 2.26. [

EXAMPLE 2.18 (iii), (continued). With V as in Example 2.18(ii),

po(V)y= inf .
keZd\{0}

EXAMPLE 2.16 (ii), (continued). Suppose V(x,y) = aK.(x,y) for some
a <0and 7 > 0, where {K;};~0 is the Heat kernel of ¢®!. Then p(V) = ae™*7,
where A is the smallest nonzero eigenvalue of A. Note that there exist numerous
estimates of X in terms of the geometry of M.
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3. Review of former results. We recall here some notation and results
from [3] on which rely our analysis. There is no assumption in this section that
V satisfies one of the Hypotheses 2.1 or 2.2. The only required assumption is that
V is smooth enough, say C> (see [3] for a more precise assumption).

The map IT defined by (10) extends to a map I1: M (M) — P (M) given by the
same formulae. Let F': My(M) — M (M) be the vector field defined by
(33) F(u)=—p+ I(w).

Then (see [3], Lemma 3.2) F induces a C* flow {®;},;cr on M;(M).
The limiting dynamical system associated to V is the mapping

U:R x Py (M) - My(M),
(t, 1) = W () = O ().
Because @ is a flow, W satisfies the flow property
(35) Wips (1) = Wp o Wy ()

for all t,s e R and u € P(M) N ®_;(P(M)). Furthermore (see Lemmas
3.2 and 3.3 of [3]), W is continuous and leaves & (M) positively invariant:

(36) W (P(M)) C P(M) forall t > 0.

(34)

The key tool for analyzing self-interacting diffusion is Theorem 3.2 below
(Theorem 3.8 of [3]), according to which the long term behavior of the sequence
{s} can be described in terms of certain invariant sets for W. Before stating this
theorem, we first recall some definitions from dynamical systems theory.

Attractor free sets and the limit set theorem. A subset A C #,,(M) is said to
be invariant for W if W;(A) C A for all t € R. Let A be an invariant set for W.
Then W induces a flow on A , W|A defined by taking the restriction of W to A.
That is, (V|A); = ¥, |A.

Given an invariant set A, a set K C A is called an attractor (in the sense of [7])
for W|A, if it is compact, invariant and has a neighborhood W in A such that

(37) lim dist, (W, (1), K) =0

uniformly in u € W. Here dist,, is any metric on £, (M) compatible with the
narrow convergence.

An attractor K C A for W|A which is different from @ and A is called proper.
An attractor free set for W is a nonempty compact invariant set A C Py, (M)
with the property that W|A has no proper attractor. Equivalently, A is a nonempty
compact connected invariant set such that W|A is a chain-recurrent flow [7].

REMARK 3.1. The definitions (invariant sets, attractors, attractor free sets)
given here for W extend obviously to any (local) flow on a metric space. This will
be used below.
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The limit set of {i1;} denoted L ({u,}) is the set of limits of convergent sequences
{1y}, tk = oo. That is,

(38) L)) = {ws:s =1},

t>0

where A stands for the closure of A in P, (M).

THEOREM 3.2 ([3], Theorem 3.8). With probability 1, L({u:}) is an attractor
free set of .

This result allows, in various situations, to characterize exactly the asymptotic
of {i;} in term of the potential V and the geometry of M. We refer the reader
to [3] for several examples and further results. Among the general consequences
of Theorem 3.2, the two following corollaries will be useful here.

COROLLARY 3.3. Let A C Py (M) be an attractor and
(39) B(A) = {,u € Py(M): tl_i)r(r)lodistw(\llt(u), A) = 0}

its basin of attraction. Then the events

(40) (L) NB(A) £} and {L{m)) C A}

coincide almost surely.
For a proof, see [3], Proposition 3.9.

COROLLARY 3.4. With probability 1, every point u* € L({{4;}) can be written
as

@1 W= ﬁ oy TP,

where p is a Borel probability measure over P,,(M). In particular, if V is C¥, then
w* has a C* density with respect to X.

This last result follows from Corollary 3.3 as follows: Let

(42) Cn(f/’w(M))={/{P(M)H(M)p(du)ipe?(?w(M))},

where P (Py(M)) is the set of Borel probability measures over Py, (M). It is
not hard to prove that Crj(#y,(M)) contains a global attractor for W; that is, an
attractor whose basin is #,,(M). Hence, L({u:}) C Cri(Py(M)) by Corollary 3.3.
For details, see [3], Theorem 4.1.
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4. Convergence of {/;} toward Fix(IT). This section is devoted to the proof
of Theorem 2.4. Hypothesis 2.1 is implicitly assumed.

4.1. The flow induced by X. Recall that JB;L ={f € B1:f > 0}, where
B ={feCOM):[ fdr=1).

PROPOSITION 4.1. The vector field X given by (13) induces a global smooth
flow X = {CDIX} on B1. Furthermore:

@) QDZX(f) € £1+f0rallt >0and f € £1+
(i) Forall f € JBIJ“ andt >0, J(<I>,X(f)) < J(f) if f is not an equilibrium.

PROOF. The vector field X being smooth, it induces a smooth local flow ®*
on B;. To check that this flow is global observe that

I=f+EVHILioy =N fllipig + 1.
Hence, by standard results, the differential equation

af
2 = HEVD

generates a smooth global flow on L'()) whose restriction to B; is exactly ®.

(i) For f € B, [Vflloo < [Vlloo- Thus, X(f)(x) = —f(x) + & for all
x € M, where § = e 2IVllo_ Tt follows that ®X(f)(x) > e~/ (f(x) —8) + 8 >
§(1—e ) >0forallt>0.

(ii) For f € £1+ ,let Kt JBIJ“ — R be the “free energy” function associated to
the potential V f

Kr(g)=(Vf g)+ (g log(g)x.

The function K¢ isa C *° strictly convex function and reaches its global minimum
at the “Gibbs” measure £(V f). Indeed, a direct computation shows that, for
he JB(),

DK (g)-h={(log(g)+ V[, h)
and for & and k in By,
D*K ;(g)(h, k) = (h, k)1/q.

Thus, DK y(g) =0 if and only if g =&(V f) and Dsz (g) is positive definite for
all g. Then, since

(43) DKy(g)-[g—&E(VHI=[DKs(g) —DKs(EWVN]-[g =&V

by strict convexity, we then deduce that

(44) DKy(g)-[g=§(VHH]=0,
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with equality if and only if g =&(V f).
Now observe that DJ(f) = DK ¢(f). Hence, by (44),
DJ(f)-X(f)=0

with equality if and only if X (f) = 0. This proves (ii). U
4.2. Proof of Theorem 2.4.

LEMMA 4.2. The map i :C(Py(M)) — 58?' c CO(M) defined by i(u) =
dp

7 IS continuous.

PROOF. Let u, = fj)(M) I[I(v)p,(dv) € Cr(Py(M)) be such that pu, — u
(for the narrow topology). By the Lipschitz continuity of V, the family {§(Vv):v €
& (M)} is uniformly bounded and equicontinuous. Hence, the sequence of densi-
ties f, = [ 2(M) E(Vv)p,(dv), n > 0, is uniformly bounded and equicontinuous.
By the Ascoli theorem, it is relatively compact in CO(M). It easily follows that
fo—> f=%incOm). O

LEMMA 4.3. Let K C $, (M) be a compact invariant set for V. Then for all
nekKandt eR,

DX 0i(n)=ioW ().

PROOF. Note that for all 4 € Cp(P(M)), X oi(u) =i o F(u) from which
the result follows since K C Cry(#(M)) is invariant. [

To shorten notation, we set here L = L({u;}). Recall that L C C(P (M))
(Corollary 3.4) and that L is attractor free for ¥ (Theorem 3.2).

LEMMA 4.4. i(L) is an attractor free set for .
PROOF. This easily follows from the continuity of i (Lemma 4.2), compact-
ness of L and the conjugacy property (Lemma 4.3) (cf. to Corollary 3.10 in [3]).
g

COROLLARY 4.5. i(L) is a connected subset of X ~1(0).

Before proving this corollary, remark that it implies Theorem 2.4 since
i~ (X~1(0)) = Fix(ID).

PROOF OF COROLLARY 4.5. The proof of this corollary relies on the
following result ([2], Proposition 6.4).
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PROPOSITION 4.6. Let A be a compact invariant set for a flow © = {®;};cr
on a metric space E. Assume there exists a continuous function V: E — R such
that:

(@) V(O;x) <Vx)forx e E\Aandrt>0.
b)) V(O,;x)=V(x) forx e Aandt e R.

Such a 'V is called a Lyapounov function for (A, ®). If V(A) has empty interior,
then every attractor free set K for © is contained in A. Furthermore, V|K
('V restricted to K) is constant.

Set E=i(L),® = ®X|i(L), A =X"'0)Ni(L) and V = J|i(L). Then A
is a compact set (Lemma 2.7), and V is a Lyapounov function for (A, ®) by
Proposition 4.1. By Lemma 4.4, i (L) is an attractor free set. Therefore, to apply
Proposition 4.6, it suffices to check that J(X~'(0)) has an empty interior. This
is a consequence of the infinite-dimensional version of Sard’s theorem for C*°
functionals proved by Tromba (see Theorem 1 and Remark 7 of [29]). Thus,
Proposition 4.6 proves that i (L) C X —1(0).

THEOREM 4.7 (Tromba [29]). Let B be a C*° Banach manifold, X a C*
vector field on B and J : B — R a C* function. Assume the following:

(@) DJ(f)=0ifandonly if X(f) =0.
() X~10) is compact.
(c) Foreach f € X~ 10, DX(f):Tf8B — T¢B is a Fredholm operator.

Then J(X~1(0)) has an empty interior.

The verification that Tromba’s theorem applies to the present setting is
immediate. Indeed, assertion (a) follows from Proposition 2.9 and assertion (b)
from Lemma 2.7. Recall that a bounded operaror T from one Banach space E to a
Banach space E» is Fredholm if its kernel Ker(T') has finite dimension and its range
Im(T') has finite codimension. Hence, assertion (c) follows from Proposition 2.9.
This concludes the proof of Corollary 4.5. [

5. Convergence toward sinks. The purpose of this section is to prove
Theorem 2.24.

5.1. The vector field Y = Yy. Inorder to prove Theorem 2.24, it is convenient
to introduce a new vector field

Y =Yy:C'M) > cO(M),
f=—f+VE(S),
as well as the stochastic process {V;};>¢ defined by

(46) Vi=Vite.

(45)
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The reason for this is, roughly speaking, the following. The measure u; is singular
with respect to A, while ®X is defined on a space of continuous densities. This
is not a problem if we are dealing with qualitative properties of L({i,}) (like in
Theorem 2.4) since we know (by Corollary 3.4) that L({i;}) consists of measures
having smooth densities.

Proving Theorem 2.24 requires guantitative estimates on the way {u;} ap-
proaches its limit set. We shall do this by showing that {V;}s>0 “shadows” at
a certain rate the deterministic solution to the Cauchy problem

f=Y()

with initial condition fo = V;.

LEMMA 5.1. The vector field Y induces a global smooth flow &Y = {CD,Y } on
CY%(M). Furthermore:

() VOX(f)=@Y(Vf)forall f e By andt cR.
(i) V maps homeomorphically X ~1(0) 0 Y~1(0), sinks to sinks and saddles
to saddles.

PROOF. The vector field Y is C°° and sublinear because [|Y (f)|lco < | flloo +
IV |lso- It then induces a global smooth flow.

(i) Follows from the conjugacy Vo X =Y o V.

(i1) It is easy to verify that V induces a homeomorphism from X ~10) to
Y ~1(0) whose inverse is £. Let f € X~!(0) and g = V f. Then with the notation of
Proposition 2.9, DX (f) = —(Id+T(f)oV)and DY (g) = —(Id+V oT(&(g)) =
—(Ud+V oT(f)).

For all @ € R, let

EY={ueL*>), T(f)Vu =au},

H®={ueL*), VT(f)u = au).
The operators T(f)V and VT(f) are compact operators acting on L2(%). The
adjoint of T(f)V is VT(f). This implies that, for « # 0, E¥ and H® are
isomorphic, with V : E* — H% having for inverse function éT( f). Therefore, if

f is nondegenerate (resp. a sink, resp. a saddle) for X, then V f is nondegenerate
(resp. a sink, resp. a saddle) for Y. [

5.2. Proof of Theorem 2.24. We now follow the line of the proof of
Theorem 4.12(b) in [3]. We let F; denote the sigma field generated by the random
variables (Bl:s <e',i=1,...,N).

LEMMA 5.2. There exists a constant K (depending on V) such that, for all
T >0ands >0,

K
Y —t
(7) P[OQ?ET Vs = ®) (Voo 2 815 | < 5rpe™.
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PROOF. Givent > 0ands >0, let &(s) € M(M) be the measure defined by

t+s
(48) fw) = [ O, M) ar

Let us first show the following:

LEMMA 5.3. There exists a constant K (depending on V) such that, for all
T>0andé >0,

K _
(49) P[ sup ||v8t<s>||ooza|3~;}swe g

0<s<T

PROOF. According to Theorem 3.6(i)(a) in [3], there exists a constant K such
that, for all § > 0 and f € C*°(M),

K
(50) P[ sup |8z(s)f|Zélﬂ]sa—zllfllgoe_’-

0<s<T

Note that this also holds for all f € C O(M) (fora larger constant K) since f can be
uniformly approximated by smooth functions. By compactness of M and Lipschitz
continuity of V, there exists a finite set {x1, ..., x;;,} € M such that, for all x € M,

1)
Vv ) -V [ 5 5 e
IV(x,y)—Vxi, y)l T

for some i € {1, ..., m}. Therefore,

sup [[Ver(s)llo = sup  sup [[Ve (s)(xi)|l +8/2.

0<s<T i=1,...m0<s<T
Hence,

P[ sup [1Ver()lloo = w,}

0<s<T
8
<p| swp sup fa(o)Vyl = 5| ]
i=1,...m0<s<T 2
2
- 4mK (V5 "
Since M has dimension d, m can be chosen to be m = O(5~%) and the result
follows. [J

—t

Note that for all u € M,
dV,(u)
dt

=—Viu)+V(u, X.)

= [VF () + V(8x, — M(en)] w).
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Thus, using the fact that V F(u) = Y (V 1), we obtain

t+s
Vs () — V() = / VF (o) ) dr + Ve, () ()
t+s
- / Y (Vo)) dr + Ve (s) ()
t

= [ YVin@ar + ves @
for all u € M. In short,
(51) Viey — Vi = /0 Y(Vir) dr + Ve(s).
Let v(s) = || Vigs — Y (V) oo Then for 0 <s < T,
(52) v(s) < /OS 1Y (Vigr) = Y (@) (V) oo dr +0§£T Ve (s)lloo-

Now, for ¢, » > 0, both V4, and CI>Z/(V,) lie in VP, (M), which is a compact
subset of CO(M) (by Lemma 2.3). Therefore, by Gronwall’s lemma,
(53) sup_v(s) <e"" sup [[Ver(s) oo,
0<s<T 0<s<T
where L is the Lipschitz constant of Y restricted to V £, (M).
Then, with the estimate (53), Lemma 5.2 follows from Lemma 5.3. [

The following lemma is Theorem 7.3 of [2] (see also Proposition 4.13 of [3])
restated in the present context.

LEMMA 5.4. Let A C CO(M) be an attractor for &Y with basin of attrac-
tion B(A). Let U C B(A) be an open set with closure U C B(A). Then there exist
positive numbers 8 and T (depending on U and {®Y}) such that

. . K _, .
(54) P[tl_l)n;odlst(Vt,A) 20] > <1 — 8d+2e ) x P[As>t: Vs, e U],

where K is given by Lemma 5.2 and dist(-, -) is the distance associated to || - || co-

LEMMA 5.5. Let € P (M), f =V and U aneighborhood of f in CO(M).
Then for all t > 0,

(55) P[V; e U]> 0.
PROOF. Let Qs (resp. Qv ) denote the space of continous paths from R™

to M (resp. RY), equipped with the topology of uniform convergence on compact
intervals and the associated Borel o -field.
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Let B; = (B,l, ey BtN ) be a standard Brownian motion on R". We let P denote
the law of (B, :t > 0) € Qp~ and E the associated expectation.
Let {W}} be the solution to the SDE

N
(56) AW =Y " F(W})odBl: Wi =Xo=x € M.
i=1

Then W* € Q2 is a Brownian motion on M starting at x. Let

t .
M(t) = exp</0 > AV Vi w) (W), Fi(Wy))d By
(57) "

t
-4 [ I9ononFas),

where, for all path w € €2,

1 t
(58) @) = [ 80, ds

Then, {M;} is a martingale with respect to (Qgwn, {o0(Bs,s < )};=0,P), and by
the transformation of drift formula (Girsanov’s theorem) (see Section IV 4.1 and
Theorem IV 4.2 of [17]),

(59) P[V; € Ul =P[V e € Ul =E[M(e) Ly u, w)ev)]-

By continuity of the maps V : (M) — CY9(M) (Lemma 2.3) and w € Qpy
U (w) € Py (M), the set U = {w € QL: V. (w) € U} is an open subset of 3. Its
Wiener measure P[W € U] = P[V . (W) € U] is then positive. This implies that
EIM(eN Ly, wyevy] >0. O

The proof of Theorem 2.24 is now clear. Let u* be a sink for T1. Then
V* = Vu* is a sink for Y according to Lemma 5.1, and Lemmas 5.4 and 5.5
imply that

P[V; - V*] > 0.
On the event {V;, — V*},
L({pr}) C{p € Fix(IT): Ve = V*}.

Note that u € Fix(IT) with Vu = V* implying that © = u*. Therefore, on the
event {V; — V*}, we have lim;_, o, t; = w*. This proves Theorem 2.24.
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6. Nonconvergence toward unstable equilibria. The purpose of this section
is to prove Theorem 2.26. That is,

(60) Pl — pn*1=0,

provided u* € Fix(IT) is a nondegenerate unstable equilibrium and Hypothe-
sis 2.25 holds.

The proof of this result is somewhat long and technical. For the reader’s
convenenience, we first briefly explain our strategy.

e Set h; = Vu,. To prove that u; /~ u*, we will prove that h; 4 h*. We see h; as
a random perturbation of a deterministic dynamical system induced by a vector
field Y. The vector field Y is introduced in Section 6.2. It is defined like the
vector field Y (see Section 5) but on a subset #X of CO(M) equipped with a
convenient Hilbert space structure (Section 6.1).

e The fact that * is a saddle makes /* a saddle for Y. According to the stable
manifold theorem, the set of points whose forward trajectory (under ¥) remains
close to 4™ is a smooth submanifold W} (h*) of nonzero finite codimension.
We construct in Section 6.3 a “Lyapounov function” n which increases strictly
along forward trajectory of Y off Wit (h*) and vanishes on W (h™).

e The strategy of the proof now consists to show that n (k) 4 0 [since pu; — u*
implies n(h;) — 0]. Using stochastic calculus (in HK), we derive the stochastic
evolution of 7(h;) (Section 6.5) and then prove the theorem in Sections
6.6 and 6.7.

In the different (but related) context of urn processes and stochastic approxima-
tions, the idea of using the stable manifold theorem to prove the nonconvergence
toward unstable equilibria is due to Pemantle [23]. Pemantle’s probabilistic esti-
mates have been revisited and improved by Tarres in his Ph.D. thesis [27, 28].

The present section is clearly inspired by the work of these authors.

6.1. Mercer kernels. Recall that a Mercer kernel is a continuous symmetric
function K : M x M — R inducing a positive operator on L?(}) (.e., (K f,
f)x = 0). The following theorem is a fairly standard result in the theory of
reproducing kernel Hilbert spaces (see, e.g., [1] or [8], Chapter III, 3).

THEOREM 6.1. Let K be a Mercer kernel. Then there exists a unique Hilbert
space HX c CO(M), the self-reproducing space, such that:

() Forall e M(M), K e #XK.
(i) Forall wand v in M(M),

(61) (K, Kv)g = / K (x, y)u(dx)v(dy).

(iii) K(L*(A)), {Kx, x € M} and K (M(M)) are dense in #X .
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(iv) Forall h € #X and n € M(M),

(62) pwh=(Ku,h)g.

Moreover, the mappings K : Ms(M) — HE and K :CO(M) — 3K are linear
continuous and for all h € X

(63) Ihlloo < IK 12 1Rk
Hence, the mapping ix : #X — CO(M) defined by ix (h) = h is continuous.

From now on and throughout the remainder of the section, we assume that
Hypothesis 2.25 holds and we set
(64) K=V,+V_,
where V, and V_ have been defined by (29). According to Hypothesis 2.25,
V4 and V_, hence, K are Mercer kernels.

PROPOSITION 6.2. (i) One has the orthogonal decomposition (in HX)

HE =HV @ H"-.

(ii) Let m+ and = be the orthogonal projections onto H"+ and onto HV-
(note that 7= = w4 restricted to JX). Then for all h € HK,

(65) Ihl% = Il Rl5, + 7RI .

(iii) V(M(M)) = K(M(M)) and for all x € M(M) and h € #X,
(66) (Vie,h) g = pn™h — pr~h.

PROOF. We have the orthogonal decomposition (in HEY K(L20)) =
Vi(L2(L) @ V_(L*(V) (since (V4 f,V_g)k = (Kmyf, Kn_g)x = (Kmy f,
7_g); = 0). This implies the orthogonal decomposition #X = #'+ @ V-,

because #'+ and H"- are, respectively, the closures of V4 (L?(1)) and of

V_(L*(W) in HK (since (Vi f, Vig)v, = (Vi f.ghr = (Kmy fimpg)s = (Vi f,
V4 g)k). Assertions (ii) and (iii) easily follow. [J

REMARK 6.3. Let (¢;); be an orthonormal basis of #X such that, for all i,
e; belongs to HV+ orto #V- and we set €; = +1 when ¢; € H"+. Then we have

Vilx,y) = Z]le,-::tlei (x)ei(y),
K(x,y) =Y ei(x)ei(y),

Vix,y) =) eiei(x)ei(y),
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the convergence being uniform by Mercer theorem (see, e.g., Chapter XI-6 in [11]
or [8]).

LEMMA 6.4. The mappings V : Mg(M) — HX and V :CO(M) — #K are
bounded operators.

PROOF. This follows from the fact that, for every u € M(M) and every
fecn,

IVilk = n®2K < 1K lloo X |12
VA% < 1IKlloo X 1 f 1% 0

6.2. The vector field Y = Yy. We denote by Jf({( the closure in FK
of V(Mo(M)) = K(Mo(M)) and we set HK = V1 + #E, the closure of
V(Mi(M)) = K(M(M)). Equipped with the scalar product (-, -) k., #[ and F#K
are, respectively, a Hilbert space and an affine Hilbert space.

We let ¥ = Yy : JflK — ,}f(f be the vector field defined by

(67) Y(h) = —h+ VE(h).

Observe that Y is exactly defined like the vector field Y (introduced in the
Section 5.1) but for the fact that Y is a vector field on J(’IK [rather than on C°(M)].

Recall that we let ® denote the smooth flow on M (M) induced by the vector
field F defined in Section 3 [equation (33)]. The proof of the following lemma is
similar to the proof of Lemma 5.1.

LEMMA 6.5. The vector field Y induces a global smooth flow ® on RIK M).
Furthermore:

(i) VO, (1) =®; (V) forall p € My(M) and 1 € R.
(1) V maps homeomorphically Fix(IT) to Y —1(0), sinks to sinks and saddles to
saddles.

6.3. The stable manifold theorem and the function n. Let u* be a nondegen-
erate unstable fixed point of IT and let
(68) h* =Vu*.

By Lemma 6.5, 4™ is a saddle for Y. Therefore, there exists constants C, A > 0 and
a splitting

(69) JfOK = H'® H,
with H* #£ {0}, invariant under D® such that, for all 7 > 0 and v € HY,
(70) ID®; (h*)lx = Ce*llv]Ik
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and
(71) ID®_,(h*)v|x = CeM|vl|k.

REMARK 6.6. Let, for @ € R, H* = {u € L?(A), VT(h*)u = au}, where
T(f) is the operator defined in Proposition 2.9. From the proof of Lemma 5.1,

it is easy to see that
HLl — @ HO{

a<—1

and

H = P H°.

a>—1
In particular, H* has finite dimension.
The stable manifold theorem. Let (hi,h}) € H® x H" be such that h* =
hi + k. By the stable manifold theorem (see, e.g., [15] or [18]), there exists a

neighborhood Ny = Ny @ Ny of h*, with N (resp. M) a ball around A in H?,
(resp. hj, in H") and a smooth function I' : My — Ay such that:

(a) DI'(h})=0.
(b) The graph of I':

Graph(I') = {v+ T (v):v € N},

equals the local stable manifold of i*:
Wi (h*) = {h e HE V>0, d,(h)e M
and lim ®;(h) :h*}
t—00
={heHE V>0, D,(h) € M}

(c) Wji.(h*) is an invariant manifold. That is, for all # € R,
O, (WE(h)) N Ny C Wi .(h).
The function n. Let r:No = Ny & Ny — Wi .(h*) and R: Ny — R be the
functions defined by
r(hg +hy) = hs + T'(hy)
and
R(h) = llh—r()k-

Then r and R are smooth and R vanishes on W}, (h*).
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LEMMA 6.7. There exists T > 0 and a neighborhood N1 C Ny of h* in ](’IK
such that, for all h € N1, &Dr(h) € M and
(72) R(®7(h)) = R(h).

PROOF. Using (70), we choose T large enough so that, for all v € HY,
(73) ID®7(W)vllk = 4]k

Hence, there exists a neighborhood Nj C My of h* such that, for all & € N,
&7 (h) € My, and for all v e HY,

(74) |ID®T(h)vllk > 3l|vk.
One may furthermore assume that, for all 2 € Ay (taking . small enough),
(75) | D(r o @7)(h) — D(r o ®7)(h*)||x < 1.
Now, one has
(76)  ®7(h) — D7 (r(h)) — DOT(r(h)(h —r(h)) =o(llh — r(W) | k).

Using first the invariance of W (h*), then (76) with the fact that D(r o
CTDT)(h*)v = Dr(h*)DCTDT(h*)v =0forall ve H*, we get

r(@r(h) — 7(r () = r(Pr () — r(®7(r (1))
= D(ro ) (r(W)(h — (W) +o(llh —r(h)| k)
=[D(r o &7)(r(h)) = D(r o 1) (h*)I(h — r(h))
+o(lh —rh)lk).
Thus, using (75), (76) and the previous equation, we obtain the upper-estimate
| ®7(1) —r(@7(h) = DO7(r(m) (h — ()|
<|h=rWlk +o(llh —rMlk).
This yields, using (74),
1P7(h) —r(®r(W)llx =21k —r(h)lk +o(lh —r(h)|x).
We finish the proof of this lemma by taking ] C M, a neighborhood of 2*, such
that for every h € Ny, o(|h —r(h)||k) = —|lh —r(h)|gx. U

Let My C N} be a neighborhood of 4#* such that, for every & € N, and every
te€[0,T], ®_;(h) € N1 (T being the constant given in the previous lemma). For
every h € Ny, set

T -
(77) n(h) = fo R(®_,(h)) ds.

Then 7 satisfies the following:
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LEMMA 6.8. (i) n(h) =0 for every h € No N Wi .(h™).
(1) nis C2on M.
(iii)) For every h € N,

Dn(h)Y (h) = 0.

(iv) For every positive €, there exists Ny C N> and D > 0 such that, for all
hea\ff,uandvinﬂ’({{,

D7 n(h) — Dy jn(h*)| <€ x lullk x [[v]k.
D2 n(h*)| < D x ullg x ||vllk-

(v) D2 n(h*) =0 implies that u € H*.
(vi) There exists a constant Cy such that, for all u € Jf({{ and h € N,

|Dn(hu] < Cy x llullx x ~/n(h),
2n(h) Dy (h) = (Dun(h))* = —Cp x lull% x n(h)*2.
PROOF. (i) and (ii) are clear. We have, for & € N>,
Dn(h)¥ (h) = lim — 1 —(n(®s () = n(h)

T

= hm ( / R(®,(h))dt — R(®_,(h)) dt)

T—s
=R(h) — R(CD_T(h)) >0 (by Lemma 6.7).

This shows (iii). Assertion (iv) follows from the fact that 7 is Cc2. _
For h e M, ue ]65( and s € [0, ¢], we set hy = ®_;(h), uy = D®_;(h)u and
vy = D2, ®_;(h). Then hy € Ni C My and

T
(78) Dy(hyu = 2/0 (hy — r(hy). (Id — Dr(hg))us) ds
T
D2 n(h) = 2/0 |(1d — Dr(ho))us > ds
T
(79) - 2/ (hy = r(hy). D2, r(hy))g ds

—|—2/ —r(hy), (Id — Dr(hy))vs)y ds
Using the Cauchy—Schwarz inequality, (78) implies
T
(80) Dyl < dn(h) x [ " |(1d = Drih))us [ ds.

which implies the first estimate of assertion (vi).
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Since r(h*) = h* and hy = h* for all s, (79) implies
T
= 2
(81) Divun(h*) = 2/0 |(1d — Dr(h*))D®_s(h*)u| % ds.

Since Dr(h*) is the projection onto H* parallel to H* one sees that Di LN =0

if and only if Dd_ (h*)u € H" for all 5. This proves (v) after remarking that, for
s=0,DO_;(h*)u =u.

We now prove the last estimate of (vi). Equations (78), (79) and (80) imply the
relation

2n(h) D} n(h) — (Dyn(h))*
T
= —an(h) [ (b= r(h). D, (0] ds
T
+4r](h)/0 (hs —r(hy), (Id — Dr(hs))vs)K ds

The last estimate of (vi) follows after using the Cauchy—Schwarz inequality. [J

6.4. Semigroups estimates. In the following, D> denotes the L2-domain of the
Laplacian on M. For h € CY(M), set Aj,: Dy — L%()) defined by

(82) Apf=—Af+(Vh,V[),
and Qp,: L*(\) — D, such that
(83) —OnAnf=f— &M,

Let Pﬁ’ be the Markovian semigroup symmetric with respect to uy = &(h)A and
with generator Aj. Note that Oy, can be defined by

(84) onf = /O PUf — pnf)dr.

LEMMA 6.9. There exists a constant K| such that, for all f € C (M) and
h e 3 satisfying |hlloo <1V lloo, Qnf € C'(M) N D, and

(85) IVOnh flloo = Kill flloo-

PROOF. The proof of Lemma 5.1 in [3] can be easily adapted to prove this
lemma. [J

We denote by C1 1(M?) the class of functions f € CO(M?) such that, for all

1<k,l<n, Wa_ylf(x y) exists and belongs to CO%(M?), where (x )k 1S a system
of local coordinates. For f € cl1(M?), we define V®2f eCUTM xTM) by

VO £ ((x,u), (3, 0)) = (V, ® Y, )f(x »)

—Z“ a,f( )
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in a system of local coordinates. We also define Tr(V®? frecC O(M), the trace of
V&2 f, by (d denotes the dimension of M)

Tr(VE ) (x) = i 20
N = 9xk ayk

Jx,x).
This definition is, of course, independent of the chosen system of local coordinates.

REMARK 6.10. Lemma 6.9 implies that, for all f € CO(M?) and h € J(’lK
satisfying [|/2]|co < ||V [loo, we have Qf* f € C!(M?) and

(86) IVE2 05 flloo < K1l flloo-
This estimate implies that
87) ITe(VE2 Q52 oo < dKTIIflloo-

LEMMA 6.11. There exists a constant K> (= Klz) such that, for all f €
CO(M), hy and hy in #K satisfying ||hillse V 1h2]loc < |V lloo, we have

(88) IV Qi f = VO fllo < Kall Fllsoll VA2 — VA [l

PROOF. Setu = Qp, f. Then
—Apu=f— (M), fi
and since Ap,u — Ap,u = (V(hy — hy), Vu),
Ony f = =0y (Apyu — ((h1), f)3)

= —0nAnu

=—0ny Ayt + Oy [,
where h = ho — hy and f, = (Vh, Vu). Thus,

Ohy f = On f —(E(h2), On, [y, + Ony fi
and
VO, [ =VOn f=V0nfi

Lemma 6.9 implies that

IV Oy fill oo < Kill filloo

and

IV O flloo = Kill flloo-
We conclude since || fillooc < IVAlloo IV Ohy flloo. O
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REMARK 6.12. Lemma 6.11 implies that, for all f € CO%(M?), h; and h» in
H[ satistying [[h1lloo V 72l < |V llo, We have

(89) Y20y — 01)) ¥ f oo < K31 fllool V2 — VA1 ||

This implies that

(90) I T (VE2(Qny — On)) ¥ f) oo < AR f lloo | V2 — Viy ||,

6.5. Ité calculus. Set h; = V . Given a smooth (at least C2) function
RxM— R,
(t,x) — Fi(x),
1t6’s formula reads
9D dF;(X;) =0, F(Xy)dt + Ap, Fr (X;) dt + dM;,
where M is a martingale with ({-, -); denotes the martingale bracket)

d
dt
Set Q; = Oy, and F;(x) = %Q,f(x) for some f € CO(M). Then (91) [note that

1to’s formula also holds if (¢, x) — F;(x) is C! in ¢ and for all ¢, F; € D5, which
holds here] combined with (83) gives

1
M7y, = t—znvmx,)nz.

1 H, hy), — f(X
0 d( o) =y EORLZIED | gy,
where H; is the measure defined by
d

©93) Hif == Quf O +1(5.00) F X0,
M7 is a martingale with
(94) 27 M= IVO f (XD
Using the fact that

iM f= FXe) = e f

dt"’ t ’

together with the definition of the vector field F, (92) can be rewritten as [recall
that F(u) = —u + IT(w) and that TT(u) = E(V u)A]

F(u) f
t

1 Hzf f
dt—d(;Qtf(X,)>+ ) dt +dM; .

(95) dutf =
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Note that there exists a constant H such that, for all r > 0 and f € CO(M ),
|H; f| < H|| f]loo (see Lemmas 5.1 and 5.6 in [3]).
Let v; be the measure defined by

1
(96) vif =mif + -0 f (X0, fec®m.

Then | — v¢| — 0 and

o7 dv f =

k)

F(Vz)f di + f
t
with N; the measure defined by N; f = H,f + t(F(u;) — F(vy)) f. Since F is
Lipschitz, there exists a constant N such that, for all 7 > 0 and f € CO(M),
(98) IN: fI < NI flloo-
For every 7 > 1, set g; = Vv;. Then using the fact that V F () = Y (V ),

Y N V.
(99) dg(x) = (g’t LS ;2 dt+adM;”,

where Vi (y) = V(x, y).
Note that (g/);>1 is a Jf({( -valued continuous semimartingale. We denote its

martingale part M;, with M,(x) = VX - M lv *. In the following, (e;) denotes
an_orthonormal basis of #X like in Remark 6.3. Then M, = > Mt"e,-, with
M| = (M;, e;) k. Using the fact that, for all u € My(M),

(M, Kj)x = f M, () (dx),

we have
d

S Kk, = [ [ S M) oy

- // 3 X AVOVa(Xy), VO Vy (X)) pu(d) (dy)

1
=5 x IV Qs (Vi) (X%

This implies that, for & in #"+ or in #"-,
d 1 5
(100) —({{M.,h)k); = = x [VOsh(X,)]
ds S
and

d i agi tfj
(101) ﬁ(M M)y =—= 2 x (VQsei(Xs), VQsej(Xy)).
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LEMMA 6.13. There exists a constant Cy such that, for every s > 1,

(102) E[lM,l1%] < C1.
PROOF. We have

d 29 _ d i i
7o ELIM; I% ] = ZgE[(M M)

1
=5 x E[Z ||VQse,-(Xs)||2}

= 12 x E[Tr(VE2 Q%K) (X;, X;)]

since K =) ;¢; ® ¢;. We conclude using Remark 6.10 and taking C; =
dKP|IK |oo. O

6.6. A first lemma. Let L be a positive constant we will fix later on. Set
N = 1n(81)1g,en,, Where N is like in Lemma 6.8. Let N be a neighborhood of
w* (for the narrow topology). For every ¢t > 1, set S; = inf{s > 1, n; > Lz/s}
and U;N = inf{s > ¢, us ¢ N} (note that for ¢ large enough, {S; < U;N} ={u; €
N} N {S; < oo}). The purpose of this section is to prove the following:

LEMMA 6.14. There exist a neighborhood N of u*, p €10,1] and T} > 0
such that, for all t > Ty,

(103) PIS; AU < 00| B,]1> p,
where By is the sigma field generated by {Bé ii=1,...,N,s <t}.

PROOFE. We fix € > 0. Since V: P, (M) — #X is continuous and |v; —
we| = 0, there exist 71 large enough and N, a neighborhood of u* such that,
for all t > 11, u; € N implies that v, € V_l(e/\f2 ), where Ny is the neighborhood
defined in Lemma 6.8. In particular, 1, € N, implies that g; = Vv; € N

For every neighborhood N C N, of u* and every s € [¢, U 1, ns = n(gs). Then
It6’s formula with formulas (99) and (101) gives

Dn(gs)Y (g5) Dn(gs)(VNy)

dn(gs)zfds—i— 2 ds +dM]

(104) ds

+5 ZD i1(8s) X (€;V Qyei(Xs), €,V Qs (X)) x

where V Ng(x) = NgV, and M" is the martingale defined by
(105) dM] = Dn(gs) dM;.
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We now intend to prove that
(106)  E[n(gg,ny»)1Bi] = n(g) = —Ce/t + (K*/DP[S; AU = 00| By],

where C and K* are positive constants. In order to do this, we bound from below
the four terms in the right-hand side of (104).

Lemma 6.8(iii) implies that Dn(gs)?(gs) > 0. Using Lemma 6.8(vi) and
inequality (98), it can be easily seen that there exists a constant N, such that,
fors e [t, U],

|Dn(gs)V Ny| < Nyvn(gs)-

Then

/W Dn(gsmvs Dug VNS /oo ds.
f S

We choose 15 > 11 large enough such that, for all t > 17,

(107) LN f 5/2 <-

This gives an estimate of the second term. Since the third term is a martingale
increment, after taking the expectation, this term will vanish.
We now estimate the last term. For s > 0, set

(108) Ly =Y D?n(gs) x {6V Qysei(Xs). €,V Qse;(Xy))
ij
and, for u € (M) and x € M, set

(109) (w, X)—ZD jn(h ) X (€iVQypei(x), €;VQyuej(x)).
ij

Lemma 6.8(iv) implies that, for s € [¢, U;’v ] (to prove this upper-estimate, one can
use a system of local coordinates and use the fact that K =) ; ¢; ® ¢;),

Ty — T(py, Xl <€ x Y IVQser (X1

i
<ex Tr(VEQEK) (X,).

Thus, |I's — I'(us, X5)| < C1 x €, where C is the same constant as the one given
in Lemma 6.13.

LEMMA 6.15. T :2,(M) x M — R* is continuous.

PROOF. We only prove the continuity in @. For 4 and v in (M) and x € M,

I'(u, x) =T (v, X)—ZD ) (g (e, x) — i (v, ), u (1, x) +uj (v, X)),
ij
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where u; (i, x) =€;VQyei(x). Using Lemma 6.8(iv),
(. x) = T, x)| < D x (Te(VE*(Qvy — Ov,)2K) (x)) /2

X (Tr(VE2(Qy, + Qv B K) (1)) /2.
Remarks 6.10 and 6.12 imply that
[T (e, x) =T, x)| = D x 2d K2 K[| K lloo X [VV L = VV V],
which converges toward 0 as dist,, (1, v) — 0. The proof of the continuity in x is
similar. [
Lemma 6.15 implies that we can choose the neighborhood N C M of u* such
that, for all s € [t, UV ],
(110) I (s, X5) = T(1™, Xo)| <e.
We now set I'*(x) = I'(u*, x). Thus, we now have
[s = (Oy = T(is, X5)) + (T s, Xs) — T*(X5)) + T (Xy)
> —(C1+1) x e +T*(Xy).
Finally, using (107) and (111) (with the convention 7 SAUN = 0 when §; A
UN =o0),

(111)

(24 C)e
t
1 ® . ds
+§E \/t‘ r (XS)S_ZJ]'{S,/\U[’NZOO}|£Z .

For all s, set K(s) = ugI'*. Since T'*(Xy) = K (s) + sK'(s) (recall that pu; =
% o 8x, du), integrating by parts, we get

o . ds_ @ K (s)
/; F(XS)S_z__ +2/z ) ds.

E[nStAU;N|°(BZ] — N = —

t

Since u — ul'™ is continuous, we can choose the neighborhood A of ©* such
that, for all u© € N,

|ul™* — K*| < €/3,
where K* = p*I"*. Then, on the event {S; A U;N =oco}, forall s > ¢,
|K(s) — K*| <€/3

and

00 d K*—¢
(X))o > —.
S

t

Thus,
(112)  E[ng, .y 18] — 11 = =B+ C)e/t + (K*/DPIS; AU = 00| B,].
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LEMMA 6.16. The constant K* = [ T*(x)u*(dx) is positive.

PROOF. We first remark that, for all f and g in C°(M),
(VO £,V Qi & = (f — W f, On+g)u

= /Oo(f — W PE (g — 1)) . dt

= / Pz/z(f — 1 f), P?/z(g — 1) dt
Using this relation, we get that

= ZD%jn(h*) X €V Qneei, €;V Qprej) v
- f ZD 0% x (6 (Plse; — ei). € (Ples — ie)), o dt

:/0 /Dzn(h*)(uf,uf) Hdx) x di,
where

= Z €i (P} ei(x) — p*ei)e;

=V (P} ()

[Pt 1 (x) denotes the measure defined by P} /z(x) f= Pﬁ‘/*z fx)]

If K* =0, then for all x € M and t > 0, u} € H® since Diun(h*) = 0 implies
u € H*. Thus, for all x e M, V, — Vu* € H®, and for all x and y in M,
Vy — Vy € H*®. Therefore, for every u € Mo(M), Vi € H*. This proves that
J(’O C H 5 and H" = {0}. This gives a contradiction since the dimension of H*
is larger than 1. [J

On the other hand,
E[ng, ny18:] — m <EIL*/S: AU |Bi].
Therefore,
(113)  L%E[t/S; AUY|B,1= -3+ C1)e + K*P[S; AU = 00| B/],
and, since
PIS; AU < o00|B,1>E[t/S AUYN B,
we have
K*— B3+ Ce
Tk
Choosing € < K*/(3 4+ C), this proves the lemma. [J

(114) PLS; AUY < 00| 8B,] >
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6.7. A second lemma. We choose N, p and T like in Lemma 6.14. Set

(115) H = {liminfn, > 0}.

LEMMA 6.17. There exists T, > 0 such that, for all t > T,, on the event
{Sl‘ < U[N}’

(116) P[H|Bs,] > 5.

PrROOF. Fixt > 0. Set

. 1 s dMm{
(117) I, = inf (—/ )
selS . UMIN2 s, /M
and
(118) T; = inf{s > S;, ny, = 0}.

On the event {S; < U;N} N{Il; > —%}, fors € [S;, Ty A U;’v],
t

_ s Dn(gu)Y (gu) s Dn(gu)(VN,)
Vs =0 S 2u/n(gu) du /st 2u?n(gu) du

1 [sdM, ;
+5f 2/ ZD,I(g»dM My,

Using (vi), we have

/

d . . C C
3D} /) 2 (M M)y 2 = X TV 0 K) =

for some constant C;]. This implies that there exists a constant k such that

k L

Ns .
Vi = ﬁl RN/

Therefore, for ¢ > T large enough, ,/ns > —

4\/_ Thus, fort > T,

hm mf\/_ >
«/S_t

and
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Now, on the event {S; < U;N},
R e (T e
<————|8Bs | = sup —(= | —)>——|Bs
S e cetsod \2ds ) T2/

48, S d(M, ]
<—xE Bs, |,
=" Us an, |17S

by the Doob inequality. For s € [$;, U;N 1,

d(M")s =Y Din(gs)Djn(gs)d{M', M),
i,J

2 ZDzn(gv)Djn(gv)<Evavet(X ), EjVQYej(X ))s-
ij

Lemma 6.8(vi) implies that (recall that K =) ; ¢; ® €;)

d
ds

1 c
(M), < —C2 x ng x THVE2QO2K) (X,) < —2,
N S

with C = C1C$. Thus, fSVt d<4 L < S and on the event {S; < U }, we have

Pl I B
[’ 2@’ S’}—

We choose L such that C/L2 < 1/2. Then for t > T>, on the event {S; < U;N},
1

C

> —

PIH|Bs | =PI, > — B
[H|Bs,] > [1_ 2\/?,‘ 5,}_

This proves the lemma. [J

6.8. Proof of Theorem 2.26. We fix N,p,T; and T» like in Lemmas
6.14 and 6.17. Let A = {3, U;N = oo}. Then for t > T =T Vv T3, using Lemmas
6.14 and 6.17,

P(H|8B/] > E[11H115[<UIN|£,]
E[P[H|B5, |15, v |B:]
I xPIS < U181

> 3(p —PIUY < 00| B;)).

%

v

On one hand,

lim P[H|B;]=1g a.s.
—00
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On the other hand,
zl_1)rg10 ]]_{UIN:OO} =14 a.s.
and
E[|1a — P[UY = o0|8B,1|]] <E[|14 — P[A|B/]|]
+E[|P[A]8B,]1 - PIU;" = o0|B,]|]
< E[|Ta — P[AIB]]] + E[[Ta — L;y

]

which converges toward 0 as t — oo. Thus, lim;_, P[U;N < 00|B;] =1 4c in L!
and

(119) 1y >3(p—1a)  as.

This implies that a.s., A C H. But since H C {4y 4 n*} and {u; — u*} C A, we
have {u; — w*} C {us # w*} a.s. This implies that P[u; — p*]1 =0.

=OO}

APPENDIX

Recall that we let § denote the set of V € nym(M x M) such that [Ty has
nondegenerate fixed points. Our purpose here is to prove Theorem 2.10. That is,

that § is open and dense.

Openess. We first prove that § is open. Let V* € §. Then the zeros of Xy«
are isolated (by the inverse function theorem) and since (X vo)~1(0) is compact
(Lemma 2.7), Xy+_'(0) is a finite set. Say, Xy+—10) = {f1,..., fa}-

By the implicit function theorem applied to the map (V, f) — Xy (f), there
exist open neighborhoods U; of f;, W; of V* and smooth maps R; : W; — U; such
that:

@ Xy(f) =0« f=R;(V), forall V eW,, fel,,
(®) Ri(V*) = fi,
(c) DXy (f) isinvertible at f = R; (V).

It remains to show that there exists an open neigborhood of V* W C (; W; such
that, for all V € W, equilibria of Xy lie in |JU;. In view of (a) and (c) above,
this will imply that W C 4, concluding the proof of openess. Assume, to the
contrary, that there is no such neighborhood. Then there exists V,, — V* and
fn € B1\ U, Ui such that Xy, (f,) =0. That is,

(120) Fn =8V fn).

Then by Lemma 2.3, we can extract from {V*f,} a subsequence {V*f, }
converging to some g € CO(M). Now, [ Vi fp — Vfulloo < IV — V*[loo. Thus,
Vi fur — 8- Equation (120) then implies that f,, — f =£&(g) and f =&(V* f).
Hence, f € J; U;. A contradiction.
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Density. We now pass to the proof of the density. Recall that if Z is a smooth
map from one Banach manifold to another, a point & € 8B; is called a regular value
of Z, provided DZ(f) is subjective for all f € Z~!'(h). Here, saying that 0 is a
regular value for Xy is equivalent to saying that Xy has nondegenerate equilibria.

Let 85 = 8 N CK(M), BE = Bo N C¥(M) and B,* = B, N C*(M). For all
vV eck (M x M), let Zy : Bf“k — !B’g denote the C*° vector field defined by

sym

Zy(f)=V[f+log(f) —(Vf +log(f).1).

Remark that, for all / € i)’é‘,

DJy(fh=(Zy(f),h).

Hence, by Proposition 2.9, Xy and Zy have the same set of equilibria and O is a
regular value for Xy if and only if it is a regular value for Zy .
Given h € JBg, let V[h] be the symmetric function defined by

VIhl(x,y) =V(x,y) = h(x) = h(y).

One has

Zyim(f)=Zy(f) —h.

Therefore, h is a regular value of Zy if and only if O is a regular value of Zyy or,
equivalently, a regular value of Xy .

We claim that Zy is a Fredholm map. That is, a map whose derivative D Zy (f)
is a Fredholm operator for each f € £1+’k (see Section 4 for the definition of
a Fredholm operator). Hence, by a theorem of Smale [26], generalyzing Sard’s
theorem to Fredholm maps) Rz, is a residual (i.e., a countable intersection of
open dense sets) set. Being residual, it is dense. Therefore, for any € > 0, we can
find h € Rz, with ||h| o« < €. With this choice of #,

IV = VIhlllck <€

and Xy, has nondegenerate equilibria. This concludes the proof of the density.

To see that DZy (f) is Fredholm, write DZy (f) = Ao Bo C, where C : JBé‘ —
C*(M), B:C*(M) - C*(M) and A: C*(M) — £(I)‘ are, respectively, defined by
Ch=f-(Vh)+h,Bh= %h and Ah=h — (h,1).

The operator C is the sum of a compact operator and identity. Hence, by a clas-
sical result, (see, e.g., [19], Theorem 2.1, Chapter XVII) it is Fredholm. Operators
B and A are clearly Fredholm since Ker(B) = {0}, Im(B) = C¥(M), Ker(A) =R1
and Im(A) = 0‘86‘ . Since the composition of Fredholm operators is Fredholm ([19],
Corollary 2.6, Chapter XVII), DZy (f) is Fredholm.
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