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Some effort has been undertaken over the last decade to provide condi-
tions for the control of the false discovery rate by the linear step-up procedure
(LSU) for testing n hypotheses when test statistics are dependent. In this pa-
per we investigate the expected error rate (EER) and the false discovery rate
(FDR) in some extreme parameter configurations when » tends to infinity for
test statistics being exchangeable under null hypotheses. All results are de-
rived in terms of p-values. In a general setup we present a series of results
concerning the interrelation of Simes’ rejection curve and the (limiting) em-
pirical distribution function of the p-values. Main objects under investigation
are largest (limiting) crossing points between these functions, which play a
key role in deriving explicit formulas for EER and FDR. As specific examples
we investigate equi-correlated normal and 7-variables in more detail and com-
pute the limiting EER and FDR theoretically and numerically. A surprising
limit behavior occurs if these models tend to independence.

1. Introduction. Control of the false discovery rate (FDR) in multiple hy-
potheses testing has become an attractive approach especially if a large number of
hypotheses is at hand. The first FDR controlling procedure, a linear step-up proce-
dure (LSU), was originally designed for independent p-values (cf. [1]) and has its
origins in [3] (cf. also [14]). Meanwhile, it is known that the LSU-procedure con-
trols the FDR even if the test statistics obey some special dependence structure.
Key words are MTP; (multivariate total positivity of order 2) and PRDS (positive
regression dependency on subsets). More formal descriptions of these conditions
and proofs can be found in [2] and [13]. In view of testing problems with some
ten thousand hypotheses as they appear, for example, in genetics, asymptotic con-
siderations become more and more popular. The first asymptotic investigations
concerning expected type I errors of the LSU-procedure, as well as for the cor-
responding linear step-down (LSD) procedure for the independent case, can be
found in [7] and [8]. A first theoretical comparison of classical stepwise proce-
dures controlling a multiple level « [or familywise error rate (FWER) in the strong
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sense] based on asymptotics is given in [5]. Moreover, attempts to improve the
LSU-procedure and interesting investigations based on asymptotics can be found,
for example, in [9, 10] and [16].

The LSU-procedure is based on the critical values «;., =ia/n,i =1,...,n,in-
troduced in [15] in a different context. Based on ordered p-values
Pl < -+ < pnn, the LSU-procedure rejects the corresponding hypotheses
Hiy, ..., Hyy, where m = max{i: pj;; < «;.,}. The corresponding LSD-pro-
cedure rejects Hy.y, ..., Hy.y, where r = max{i: pj.,;, <aj, forall j =1,...,i}.
Since m > r, the LSU-procedure may reject more hypotheses than the LSD-
procedure, never less. In this paper we restrict attention to the LSU-procedure,
which can be rewritten in terms of the empirical c.d.f. (e.c.d.f.) F}, (say) of the p;’s.
Setting t* = sup{r: F,,(t) > t/a}, H; is rejected iff p; < t*. The rejection curve
re(t) = t/a will be called the Simes-line. Note that «;., = r(;l (i/n). The thresh-
old ¢* will be called the largest crossing point (LCP) between the e.c.d.f. and the
Simes-line and plays a crucial role in this paper.

FDR control for a multiple test procedure is defined as follows. Let V,, denote
the number of falsely rejected null hypotheses and let R,, denote the number of all
rejections. Then the FDR (depending on the underlying parameter configuration
U € O, say) is defined by

v,
FDR, (%) =E
(D) [anl}

and is said to be controlled at level « if

sup FDR,,(¢) < a.

He®
The ratio V,,/[R,, Vv 1] is the false discovery proportion (FDP). In the case of inde-
pendent p-values both LSU and LSD control the FDR at level «; more precisely,
if ¥ € © is such that exactly ny hypotheses are true and the remaining n; =n — nyg
ones are false, for both LSU and LSD, the actual FDR is bounded by ngo/n. Under
weak additional assumptions, we have in this setting for the LSU-procedure

no
FDR, (¢) = —«a.
n

Different proofs for this fact can be found in [1, 7, 13] and [16].

In [8] the expected number of type I errors (ENE), that is, ENE, (¢}) = E[V,],
of LSU and LSD was investigated for the case that all hypotheses are true and
p-values are independent. In this case the limiting ENE for n — oo equals /(1 —
a)? for LSU and /(1 — «) for LSD. Moreover, in [7] the expected type I error
rate (EER) defined by EER,,(¢) = E[V,,/n] was studied if a proportion 1 — ¢ of
hypotheses is totally false, that is, with p-values equal to zero with probability 1.
For independent p-values, it was shown in [7] under quite general assumptions
that for both LSU and LSD

ﬁ] =(1-VI—a)’/a=a/s+a>/8+ 0@ ~a/4.

lim sup IE[
n

e 1 1C)
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The worst case for the EER appears if the proportion of true hypotheses tends
tol=0—-+1—-a)/a=1/2+a/8 + O (a?), and, for small values of «, the
expected type I error rate is then approximately o/4.

In this paper we investigate the behavior of EER and FDR of the LSU-procedure
based on dependent test statistics if the number of hypotheses tends to infinity. It
will be assumed that test statistics are exchangeable under the corresponding null
hypotheses. The main issue will be the calculation of the limiting values of the
actual EER and FDR in some extreme parameter configurations, where a propor-
tion ¢, of hypotheses will be assumed to be true and the remaining hypotheses
will be assumed to be totally false. These configurations are least favorable for the
EER, that is, EER becomes largest under these configurations if ¢, is given. The-
oretical results on least/most favorable configurations for the FDR (configurations
where the FDR becomes largest/smallest) under dependence remain a challenging
open problem. However, simulations indicate that extreme configurations (ng hy-
potheses true, n; hypotheses totally false) are first candidates for least favorable
configurations and therefore of special theoretical interest. Until now, not many
results are available concerning the behavior of EER and FDR under dependence.
A brief discussion on expected type I errors for single-step procedures based on
exchangeable test statistics and range statistics can be found in [6].

In Section 2 we develop a general theory for the computation of the limiting
EER and FDR assuming that exchangeable test statistics of the type T; = g(X;, Z)
are at hand. The results heavily depend on the limit behavior of the e.c.d.f. of the
underlying p-values given the value z of the disturbance variable Z. Generally,
the limiting e.c.d.f. F5, (say) of dependent p-values differs substantially from that
of independent p-values. Formulas for the limiting e.c.d.f. and crossing point de-
termination are summarized in Lemma 2.1. For ¢, — ¢ # 1, limiting EER and
FDR are computed in Theorems 2.1 and 2.2 in terms of the set of largest cross-
ing points (LCP’s) between F, and the Simes-line. The case ¢, — 1 is more
complex because limiting LCP’s can be zero. For the latter case, we derive some
important technical results for the FDR in Lemmas 2.2 and 2.3 supposing that the
c.d.f. of a proportion of p-values is linear in a neighborhood of zero. The limiting
EER and FDR are then computed in Theorems 2.3 and 2.4. Moreover, we give
an example where the FDR is exactly the same as in the independent case. By
utilizing the results of Section 2, we investigate equi-correlated normal variables
in Section 3 and jointly studentized z-statistics in Section 4. The corresponding
formulas for the limiting EER and FDR are given in Theorems 3.1 and 3.2 and
Theorems 4.1 and 4.2, respectively. A surprising behavior of the FDR occurs if
these models tend to independence and the proportion of false hypotheses tends
to 0; see Theorem 3.3 and Theorem 4.3. Some figures in Sections 3 and 4 illustrate
the limiting behavior of EER and FDR. The numerical and computational effort
for these graphs was enormous. A few concluding remarks are given in Section 5.
Short proofs are in the main text, while more technical proofs are deferred to the
Appendix.
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2. Exchangeable test statistics: general considerations. We first consider
the following basic model with exchangeable test statistics. Let X;, i =1,...,n,
be real-valued independent random variables with support X.. Moreover, let Z be
a further real-valued random variable, independent of the X;’s, with support Z and
continuous c.d.f. Wz. Denote the c.d.f. of X; by W;. Suppose the c.d.f. W; depends
on a parameter ¥; € [y, 00), where ¥y is known. Without loss of generality, it will
be assumed that ¥y = 0. Consider the multiple testing problem

H; :9; =0 versus K;:9; >0, i=1,...,n.

Suppose that 7; = g(X;, Z) (with support 77) is a suitable real-valued test sta-
tistic for testing H; such that 7; tends to larger values if ©%; increases. In Sec-
tion 3 we consider statistics of the type T; = g(X;, Z) = X; — Z and in Section 4
T; =g(X;,Z) = Xi/Z; see Examples 2.1 and 2.2 below. The sets X, Z and T are
assumed to be intervals. For convenience, we assume in this section that g is con-
tinuous, strictly increasing in the first and either strictly monotone or constant in
the second argument. Moreover, let g; denote the inverse of g with respect to the
first argument of g, that is, g(x, z) = w iff x = g1 (w, z). If g is strictly monotone
in the second argument, we denote the inverse of g with respect to the second
argument by g, that is, g(x, z) = w iff z = go(x, w).

In the case that H; is true, the c.d.f. of X; (7;) will be denoted by Wx (W) and
Wyx is assumed to be continuous. For Z = z, we define p-values p; = p;(z) as a
function of z by

2.1 pi(z) =1—Wr(g(xi,2)), i=1,...,n.

The ordered p-values are given by p;,(z) = 1 — Wr(g(Xp—i+1:4,2)). Under
Ho=('_, H;, the e.c.d.f. of the p-values is denoted by F},(:|z).

REMARK 2.1. It is important to note that, given Z = z, the p-values p;(z),
i=1,...,n, can be regarded (a) as conditionally independent random variables
1 — Wr(g(X;, z)) with values in [0, 1], or, (b) under Hy, as realizations of condi-
tionally i.i.d. random variables with a common c.d.f. Fs(+|z) (say). In the latter
case, given Z = z, it holds that F},(-|z) = Fx(-|z) in the sense of the Glivenko-
Cantelli theorem. Therefore, we refer to F, as the limiting e.c.d.f. [of the p-values
pi(2)]. Inview of (2.1), we get Foo(7]2) = P(pi(z) <t) =1 = P(Wr(g(Xi,2)) <
1—1)=1-P(g(X;,2) < Wy ' (1—1)) =1— P(X; < g1(W; '(1—1),2)), hence,
since Wy is assumed to be continuous,

(2.2) Foo(tlz)=1— Wx(g1(WT_1(1 —1),2)), te(0,1).

For the sake of simplicity, it will be assumed that the model implies that
Foo(t|2) is continuous in ¢ € [0, 1] and differentiable from the right at + = 0 with
Foo(Olz) =0 for all z € Z.
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In the case that a proportion ¢, = ng/n of hypotheses is true and the rest is false,
that is, ng hypotheses are true and n; = n — ng hypotheses are false, we make the
following additional assumption in order to avoid laborious limiting considerations
as ; — oo under K;. It will be assumed that under an alternative K; :9; > 0, the
parameter value %; = oo is possible. Moreover, for ©¥%; = oo, it will be assumed
that the p-value p; has a Dirac distribution with point mass in 0. We refer to this
situation as the D-EX(¢,;) model. As briefly mentioned in the introduction, under
suitable assumptions, EER becomes and FDR seems to become largest if ; — oo
for all i with ¥; € K;. In order to calculate upper bounds for EER and FDR, we
therefore restrict attention to the D-EX(¢;,) model which rarely (never) appears in
practical applications. If one is interested in EER and FDR under other parameter
configurations, one may put a prior on the % ’s under alternatives K;, which results
in a mixture model as considered, for example, in [9] or [16]. This makes things
slightly more complex and will not be considered in this paper. In the D-EX(¢,)
model, the e.c.d.f. of the p-values will be denoted by F, (+|z, &,).

The following two examples fit in the D-EX(¢,) model and will be studied in
more detail in Sections 3 and 4, respectively.

EXAMPLE 2.1. Let X; ~N(0,1),i =0,...,n, be independent standard nor-
mal random variables and let T; = 9; + /0 X; — JpXowithd; >0,i=1,...,n,
where p € (0, 1) is assumed to be knownand p =1—p. Then T = (Ty, ..., T,) is
multivariate normally distributed with mean vector ¢+ = (91, ..., ?,), Var[T;] =1
fori =1,...,n, and Cov(T;,Tj) = p for 1 <i # j < n. Consider the multi-
ple testing problem H;:9¥; =0 versus K;:3%; >0, i =1,...,n. This setup in-
cludes the well-known many-one multiple comparisons problem with underly-
ing balanced design. For p € (0, 1), the distribution of T is MTP, so that the
Benjamini—-Hochberg bound applies; cf. [2] or [13]. Note that Z is replaced by
Xo and Wx = Wx, = Wr = ®, where ® denotes the c.d.f. of the standard nor-
mal distribution. Suitable p-values for testing the H;’s are given by p; = p;(xg) =
1 — W +V/pxi — J/Px0), i =1,...,n. Again, we add ¥; = oo to the model
such that p; =0 as. if ¥; =00,i =1,...,n. We denote this D-EX(¢,) model by
D-EX-N(¢p).

EXAMPLE2.2. LetX; ~ N(9;,0%),i=1,...,n,beindependent normal ran-
dom variables and let vS?/a2 ~ x2 be independent of the X;’s. Without loss
of generality, we assume o> = 1 and the c.d.f. of \/vS will be denoted by F,, .
Again we consider the multiple testing problem H;:v; = 0 versus K;:v; > 0,
i=1,...,n.Let T; =X;/S,i=1,...,n. Then T = (T, ..., T,) has a multi-
variate equi-correlated z-distribution. The c.d.f. (p.d.f.) of a univariate (central)
t-distribution will be denoted by F;, (f;, ) and a B-quantile of the #,-distribution
will be denoted by ¢, g. Here Z is replaced by S, Wx = @, Ws(s) = Fy, (s/4/v)
and Wr = F; . Suitable p-values (as a function of s) are defined by p;(s) =
1 — F;,(x;/s). Again we add ¥}; = oo to the model such that p; =0 a.s. if ¥, = oc.
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We denote the corresponding D-EX(¢,) model by D-EX-t(&,). It is outlined in
[2] by employing PRDS arguments that the Benjamini—Hochberg bound applies in
this model for @ € (0, 1/2).

The following obvious lemma gives explicit expressions for F, (as a conse-
quence of the Glivenko—Cantelli theorem, cf. (2.2) in Remark 2.1) and character-
izes crossings with the Simes-line in the D-EX(¢,) model.

LEMMA 2.1. Given D-EX(&,) with lim,— o0&y = ¢ € (0, 1], the limiting
e.c.d.f. of the p-values is given by

Fooltlz, )= (1 =) +¢(1— Wx(g1(W; ' (1—-1),2))),  te(0,1).

Moreover, Fx, crosses (or contacts) the Simes-line, that is, Fso(t|z,¢) =t/a for
some t € (@(1 =), a) iff Wy (1 = 1/@)/8) = g1(W; ' (1 = 1), 2). If Foo(t]2) is
strictly decreasing in z for allt € (x(1 — ¢),a) and if Fxo(t|z,¢) =t/a for some
t* e (a(l —¢),a), then

z=z2(t*10) = g2 (Wi ' (1 = ¥ /) /2), Wi (1 —1%)).

Note that Foo (¢|2) = Foo(t|z, 1). Analogously, we set z(t) = z(t|1).

Figure 1 illustrates the enormous impact of the disturbance variable and a large
correlation in the D-EX-N(¢;,) model on the LCP determining the number of rejec-
tions. In this example, for xg = 0.0 only the (totally) false hypotheses are rejected,

while for xo = —2.0 we obtain 38 false rejections.
1.0 1.0—
=3
0.8— 0.8—
o
. — -
k]
0.6— 0.6— #
0.4— 0.4— 7
>
0.2— 0.2— &
OT—T T 1T T T T 1T T T T 1T T 1T ] YT T 1T T T T 1T T T 1 T T T ]
00 02 04 06 08 10 00 001 002 003 004 005

t t

F1G. 1. The Simes-line for « = 0.05 and two realizations of the e.c.d.f. Fy(-|xg) together with
Foo(+|x0) in the D-EX-N(&,) model for n =50, &, = 0.9, p = 0.95 and xy = 0.0 (left picture with
t €0, 1]), xo = —2.0 (right picture with t € [0, 0.05]).
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REMARK 2.2. Under the assumptions of Lemma 2.1, the Glivenko—Cantelli
theorem yields

lim sup |F,(tlz, &) — Fool(tlz,0)| =0 almost surely for all z € Z.

=30 4c(0,1]

Moreover,

ElFx(t|Z,¢)]= / Foltlz,0)dP%(2) =1 —¢ + ¢t forallz € [0, 1].

For lim,,_, o0 {, = ¢ € (0, 1], define
(2.3) 1(z|¢) = sup{t € [a(1 —¢), a]: Fo(t|z, &) =1/a}.

If there exists an € > 0 such that Foo(¢|z, &) > t/a forall ¢t € [t (z|¢) —€,1(2]0))
and Fo(t|z,¢) <t/aforallt € (¢(z]¢),t(z|¢) + €], then £ (z|¢) will be called the
largest crossing point (LCP) of Fo(:|z, ¢) and the Simes-line. The set of LCP’s
will be denoted by C;. Moreover, set D; = {z € Z:1(z|¢) € C¢}. Note that there
may be some tangent points (TP’s) #(z|¢) defined by (2.3) with Fo(¢]z,¢) <t/«
in a neighborhood of #(z|¢). However, it will be assumed that PZ(D;) =1.In
practical examples, C is a finite union of intervals. For ¢ € (0, 1), we always have
a well defined LCP or TP #(z|¢) > a(1 — ¢) > 0. For ¢ = 1, the LCP may be O for
a large set of z-values, which makes the calculation of the limiting EER and FDR
subtler.

In the following we make use of the notation

Vo |, _ [V
FDR”(§H|Z):E[RHV1’Z_z], FDRn(En)—IE[anl],
FDRo(¢]2) = lim FDR, (]2). FDRo(¢) = lim FDR, (),

and the corresponding expressions for EER. Moreover, the notation V,(z), R,(2)
will be used if Z = z is given.

2.1. All LCP’s greater than zero. We first consider the case ¢ € (0, 1).

THEOREM 2.1.  Given D-EX(g,) with lim, 0§y =¢ € (0, 1), forall z € Dy

2.4) fim 2@ _ GO
n—o0 n o
2.5) lim L(Z) —1— M a.s
n—>00 Ry(z) v 1 1(z]¢)

PROOF. With a similar technique as in the proof of Lemma A.2 in [7], it can
be shown that the proportion of rejected hypotheses R, (z)/n converges almost
surely to 7(z|¢)/c. This fact immediately implies (2.4) and (2.5). O
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REMARK 2.3. Under the assumptions of Theorem 2.1,

n—-oo n o
T Va@ T e=0)
7 FDRoo(¢12) _E[nli“o‘o RV 1} BT TSN

In view of the general assumption PZ(DC) =1, z can be replaced by Z in (2.4)
and (2.5).

It remains to calculate EER,(¢) and FDR, (¢). This may be done in two ways.
The first is to integrate (2.4) and (2.5) with respect to PZ . In this case the main
problem is the computation of ¢ (z|¢ ), which can be cumbersome. In general, 7 (z|¢)
cannot be determined explicitly. The second possibility seems more convenient
and is summarized in the following theorem.

THEOREM 2.2. Under the assumptions of Theorem 2.1, suppose that Fo(t|2)
is strictly decreasing in z fort € (a(1 —¢),a). Let Cc 1 ={t/a — 1+ ¢ :t € C¢},
Ceo={l —a(l =¢)/t:t € C;} and denote the c.df. of lim, . V,(Z)/n and
limy, 00 Vi (2)/(Ry(Z) vV 1) by G 1 and G¢ 2, respectively. Then

(2.8) Gei(w)=1—Wz(z(e+1-29)[¢)) forueCe1N(0,2),

a(l —¢)
29)  Geow)=1-Wz(z ﬁ\; forueCean(0,0),
hence, EER and FDR, can be computed via
EERw(0) = [

C(ql

udGe1(u) and FDROO(§)=/ udGeo(u).

Ceon

PROOF. Let¢ € (0,1)andt € Cy N(a(1—¢),a). From (2.4) in Theorem 2.1,
we get

V,
{Z € D;: lim n(@)

n—oo p

>§—(1 —g“)a.s.}z{zeD;:z<z(t|§)}.

Hence, the substitution u =7 /a — (1 — ¢) yields that for all u € C¢ 1 N (0, )

Vi
Wz(z(a(u+1-20)¢)) = PZ({Z € D¢ : lim @ > é —(1—=2¢)as. })

n—oo n
=1-G¢1(w),
which is (2.8). Similarly, we obtain from (2.5) in Theorem 2.1 that

Vi@ el=0)

_ ) s iff 1),
"% RV 1 : as.iffz<z(ro)

Therefore, similar arguments as before yield that G > is given by (2.9). [
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The latter result is a key step for the computation of EER.,(¢) and
FDR(¢). In practical examples it remains to determine the sets C¢ 1 and C¢ >
and to evaluate the corresponding integrals.

2.2. Some LCP’s equal to zero. If an LCP is equal to zero, the behavior of the
FDR heavily depends on the gradient in zero of the c.d.f. of the p-value distribu-
tion. The next two lemmas cover the finite case.

LEMMA 2.2. Let x € (0,1), 0 <y < 1/a, no,n € N, ng < n and let
&1, ...,&ny bei.i.d. random variables with values in [0, 1] with c.d f. Fg satisfying

Fe(t) =yt for all t € [0, a]. Furthermore, let §,,41, ..., &, be random variables
with values in [0, 1], independent of (§j:1 < j <ng). Forc; =ia/n,i=1,...,n,
define R}, = max{k < n:&., < ck} and V= |{i € {1,...,n0}:& < cp/}| (with
cg, = —o0 for R} = —00). Then

744 no
2.10 E 2 ) = —ya.
( ) <R;l v 1 n ve

PROOF. For 1 <i < ng, denote the (n — 1)-dimensional random Vector
(gl,...,gi_l,si+1,.. ,&,) by £, define for 1 < k < n the sets D (a) =

{ékn | > Chgls s érg )1 1 > Cn} and set D(’)(a) @, DY (&) = Q. Then the
left-hand side of (2.10) (cf., e.g., Lemma 3.2 and formula (4.4) in [13]) is equal to

—ZP(& Scn)+zz|:P($l <cj-1) P(Sljfcj)j| (D(l)l(a))

i=1j=2

Noting that P(§; < ¢,;) = ya forall 1 <i <ng and P(§; <c¢;)/j = ya/n for all
1 < j < n, the assertion follows immediately. [

As an application of Lemma 2.2, we insert a surprising example.

EXAMPLE 2.3. Under the general framework of this section, suppose the X;
follow an exponential distribution with scale parameter A = 1 and location parame-
ter ¥; and Z follows an exponential distribution with scale parameter A = 1 and lo-
cation parameter 0, and consider the model 7; = g(X;, Z)=X; — Z,i=1,...,n
Under H;:9; =0, the c.d.f. of T; is given by W7 (¢t) = exp(¢)/2 for t <0 and
Wr(t) =1 — exp(—t)/2 for t > 0, while the p-values (as functions of the ob-

served z-value) are given by p;(z) =1 — Wr(x; —z), i =1, ..., n. This results
in
2exp(—2)t, if0<t<1/2,
Foo(tlz) = { exp(—2)(2 —2) !, if 1/2 <t <u(z),

1, ifu(z) <t <1,
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with u(z) = 1 — exp(—z)/2. For convenience, we restrict attention to the case
a < 1/2.In order to apply Lemma 2.2, set F¢ (1) = F(t|z) and note that p;(z) has
c.d.f. F¢ if H; is true. Therefore, supposing that no hypotheses are true and ny =
n — ng are false with fixed but arbitrary 9%; > 0, we obtain with y (z) = 2exp(—z)
and ¢, = no/n that FDR,,(¢,|2) = ¢,y () for all z > 0. Integrating with respect
to PZ finally results in

FDR, (6) = Gt [ (24P () = Gy

It may be astonishing that the Benjamini—Hochberg upper bound for the FDR is
attained for all parameter configurations although the 7;’s are dependent. Notice
that the MTP; property holds in this setting so that the Benjamini-Hochberg bound
for the FDR applies. This is a consequence of Propositions 3.7 and 3.8 in [12],
because the p.d.f. of the Exp(A) distribution is PF, for any A > 0; see [11], page 30.

The next result extends Lemma 2.2 and is a helpful tool in the case that LCP’s
are in 0.

LEMMA 2.3. Under the assumptions of Lemma 2.2 but only supposing that
Fe(t) =yt forall t € [0, t*] for some t* € (0, ], let Ap,(t*) = {F,(t) <t/aVt e
(t*, al}, where F,, denotes the e.c.df. of &1, ...,&,. Then, setting r = max{i €
No:ia/n <t*},

V/
(2.11) E(R, Lae )) _OyaP(Dg)(a)).

PROOF. Itis clear that A, (*) = {R/, < r}; hence, for r > 0, the left-hand side
of (2.11) is now equal to

P i P i =>Cj i
—ZP<&<cr>P (DD (@)) +ZZ[ (S;CJ U (5?])} P(D | (@)).

i=1j=2

The assertion follows similarly as in the proof of Lemma 2.2. [

The following theorem, the proof of which is in the Appendix, is an important
step for the understanding of the limiting behavior of both EER (or ENE) and FDR
given a fixed value Z = z such that the LCP is in O.

THEOREM 2.3. Given D-EX(&,) with limy, o0 & = 1, let 7 € Z be such that
Foo(t|z) < t/a forallt € (0, a]. Setting vy (z) = lim,_, o+ Foo(t2)/t, it holds that
(2.12) EER(1]z) =0,

(2.13) FDR (1|2) = ay (2).
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REMARK 2.4. In [8] the distribution and expectation of V,, were computed
for uniform p-values under the assumption that all hypotheses are true. Assuming
¢, =1 for all n € N, the nesting method in the proof of (2.13) together with the
technique in [8] can be used to prove

) _ @ y(@) < 1/a
Jim E[V,@1= 1 (1—ay(2)?’ ’
00, y(z) =1/a.
It is important to note that this formula is only valid for ¢, = 1. If n; tends to
infinity with lim,,_, o n1/n =0 and y(z) > 0, then lim,,_, oo E[V,,(2)] = 00

To complete the picture for { = 1, the next theorem puts things together.
THEOREM 2.4. Given D-EX(&,) with lim, .« &, = 1, suppose that Foo(t|2)

is strictly decreasing in z for t € (0, «). Moreover, let G1,1 and C1,1 be defined as
in Theorem 2.2 and let Eg ={z € Z:t(z|1) =0} and E1 = Z \ Eg. Then

(2.14) EEROO(1)=/ udGi.1(u),
Ci1
(2.15) FDROO(1)=PZ(E1)+a/ y(2)dP%(2).
Eo

PROOF. Using the disjoint decomposition Z = Ey + E1, we obtain

EER (1) = hoo/ Yu@ ypzy

— [ lim V"—(Z)dPZ(z)-i—/ lim ”(Z) PZ(2)
n Eln_)

EO n—oo
= A1 + A (say).
Now, Theorem 2.3 immediately yields A; = 0, and in analogy to the arguments
in the proof of Theorem 2.2, we get that A, = fcl A0} udGi,1(u). Therefore,
(2.14) is proven. Applying the same decomposition (together with Theorem 2.3)

to FDR. (1) and observing that lim;,—, o, V;,(z)/(R,(z) V 1) =1 if z € E| [similar
to (2.5) with ¢ = 1] finally proves (2.15). O

3. Exchangeable normal variables (Example 2.1 continued). In the D-EX-
N(¢&,) model, assuming that the proportion ¢, of true null hypotheses tends to 1,
we obtain from Lemma 2.1 that the limiting e.c.d.f. of the p;’s given X¢ = xg is
given by

Feol(tlxo) =1 —®(® (1 —1)/V/D+p/pxo)  forallze(0,1),

and Foo(0lxg) = 1 — Foo(l|xg) = 0. Note that Fyo(t|xg) = P(V/PX —
A/Pxo > ui—;), where X denotes a standard normal variate and u, denotes
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the corresponding «-quantile. Moreover, it is limy; o(9/01) Foo(t|x0) =
lim;41(9/07) Foo (f]x0) = 0, and Fio(+|xp) is convex for 0 < ¢ < ®(xo/,/p) and
concave for ®(xo/,/p) <t < 1. Furthermore, F(t|xo) is strictly decreasing in
xo for t € (0, 1) and lim,, | ¢ Foo (¢|x0) = 1.

Assuming that lim,,—, » {; = ¢ € (0, 1], the limiting e.c.d.f. is given by

Foo(t|x0, &) = (1 = &) + § Foo(tx0).
Hence, for ¢ € (0, 1] and given t € (0, o), Foo(t|x0,¢) =1t/ iff

G xo=x0(t10) =vp/p® (1 —t/a)/5) =@~ (1 = 1)/ /.

For ¢ € (0, 1), we get lim; | 4(1—¢) X0(2|¢) = +00 and lim;4q x0(2]) = —00.
Moreover, Foo(+|x0, ¢) starts above the Simes-line so that there is at least one CP
in (0, 1). In fact, there may be one, two or three points of intersection in (0, 1). For
¢ =1, we get in contrast to ¢ € (0, 1) that lim, g xo(#|¢) = lim; 4 X0 (2¢) = —00.
The limiting e.c.d.f. Foo(-|x0) = Foo(:|X0, 1) starting with Fio (0|x9) = 0 may have
no, one or two CP’s in (0, 1).

In order to determine the set of LCP’s, the following derivations are helpful. Let
u=>"1(1—1) and let

(32 dlxo.£)=(1—0)+¢(1— (/7 +p/ox0)) — (1 — dw)/a

denote the distance between the transformed F,,-curve and the transformed
Simes-line. Then the conditions

(3.3) d(ulxo,¢) =0,
0

(3.4) a—d(u|xo, 2)=0
u

are necessary and sufficient for a TP (F touches the Simes-line). Note that con-
dition (3.4) is equivalent to

35 ue{u12(x0) = —x0/v/p £ v/B/pyx2 — 2In(/p/@)))).
If there exists a real solution u™* of (3.3) and u™ = uz(x0) = —xo//P — v/ P/p X

\/xg —2In(/p/(ag)) for given values of xg,p,¢, then we define #, =
1 — ®™). If such a solution u* exists in case of ¢ € (0, 1), define #; as
the smaller solution of Fuo(t|xg,¢) = t/a. Then the set of LCP’s is given by
Cr = (a(l —¢),11) U (2, ). Note that for ¢ = 1 there exists a unique TP such
that the set of LCP’s is given by C; = {0} U (72, @). Furthermore, for ¢ € (0, 1),
there may be no such TP. In the latter case, formally interpreted as t; = », we have
Cy = (x(1 = ¢), a). For example, such a situation occurs in the case p > (ozg“)2

and @ € (0, 1/2] iff d(u2(xg)lxo. €) = 0 for xy = —/2In(y/5/ (@)
The (discontinuous) case #; < f looks somewhat paradoxical. In this case, de-
pending on the observed xg, either a small proportion 71 € ((1 — ¢),#1 /) or a




1444 H. FINNER, T. DICKHAUS AND M. ROTERS

larger proportion 7y € (f2/, 1) of hypotheses will be rejected although the dis-
tance between the corresponding x¢ values may be small. This occurs, for example,
fora = 0.1, ¢ =0.9999.

The following two theorems give formulas for EER,, and FDRy,. The first
theorem covers ¢ € (0, 1), the second one ¢ = 1. The proof of Theorem 3.1 can
be found in the Appendix, while the proof of Theorem 3.2 is a straightforward
application of Theorem 2.4.

THEOREM 3.1. Given model D-EX-N({,) with limy,—.o &, = ¢ € (0, 1), the
set of LCP’s is Cy = (a(1 —¢), 1) U (2, ) for ty <ty and C¢ = (a(1 = ¢), ) for
t1 =t (i.e., no TP) and

EER,(¢) = 21!

l‘] o 1
+/17 D (xo(at|C))dt + D (xo(at|l))dt,

h/a

FDRo (¢) = (22 —Zl)CD(x (“(1 — 5)\ >)

11—z

4 a(l —¢) ¢ a(l —¢)
#fy o(o(FT= )tz [ oM7) )
wherezi=1—a(1—=2¢)/t; ,i=1,2.

THEOREM 3.2. Given model D-EX-N(&y,) with lim, . &, = ¢ = 1, the set of
LCP’s is Cy ={0} U (12, ) and

1
EERoo (1) = 2P (x0(1218)) /e + P (xo(ar|?)) dt,

n/a

FDR (1) = ®(x¢(122)).

REMARK 3.1. For ¢ = 1, we obtain an upper bound for xo(#2|¢) and
FDR (1), respectively, if p <1 — «?. From the derivations before Theorem 3.1,
we get xo(12|1¢) < xy = —/2In(y/p/a) and consequently, FDR (1) < ®(xy).
This is helpful for the numerical determination of xo(#2|¢).

The following interesting and maybe unexpected result, which will be discussed
in Section 5, concerns a discontinuity for £ = 1 and p — 0. The proof is given in
the Appendix.

THEOREM 3.3. Given model D-EX-N(&,) with lim, ¢, =¢ =1and o €
0, 1/2],

(3.6) lin(r)l FDRoo (1) = ®(—v/—2In(e)).
p—0%



DEPENDENCY AND FDR: ASYMPTOTICS 1445

EER_(0) EER_(0)
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FI1G. 2. EERx(¢) in the D-EX-N(&y,) model for « = 0.05 and ¢ = 0.1, 0.2, 0.3, 0.4, 0.5 (left
picture) and ¢ = 0.6, 0.7, 0.8, 0.9, 0.95, 0.975, 1 (right picture).

Figures 2 and 3 display EER(¢) and FDR,(¢), respectively, for various val-
ues of ¢ for p € [0, 1]. For p — 0, EERx(¢) tends to (1 — ¢)/(1 — ) as ex-
pected (cf. [7]) and for p — 1, EER4(¢) tends to f«. Moreover, it seems that
EER(¢) is increasing in p with largest values for large p and ¢. If p is not too
large (< 0.9), EER(¢) is largest for ¢ =~ 1/2. For ¢ € (0, 1), FDR tends to the
Benjamini—Hochberg bound for p — 0 and p — 1. For p = 1, we have total de-

FDR_(C)
0.05—

0.04—
0.03—

o.oz—\J

0.01 e —

0.0 I L L L 0.0 T T 17 T 7 T 17T
00 02 04 06 08 10 00 02 04 06 08 10
P (Correlation) P (Correlation)

F1G. 3. FDRo(¢) in the D-EX-N(¢,) model for a« = 0.05 and ¢ = 0.1, 0.2, 0.4, 0.6, 0.8, 0.9 (left
picture) and { =0.95, 0.96, 0.97, 0.98, 0.99, 0.995, 0.999, 0.9999, 0.99999, 1 (right picture).
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pendence so that FDR,, (&) = ¢, in the D-EX-N(¢,,) model. For large values of ¢,
the computation of FDR,(¢) is extremely cumbersome. The main reason is that
the TP’s are very close to 0 so that an enormous numerical accuracy is required.
Finally, it is interesting to note that for ¢ = 1, FDRy (1) reflects the limiting be-
havior of the true level of Simes’ [15] global test for the intersection hypothesis.
Our results imply that this global test has an asymptotic level greater than zero for
all correlations p € [0, 1], which is a new finding.

4. Studentized normal variables (Example 2.2 continued). In the D-EX-
t(¢,) model with lim,, . &y = ¢ =1, Fo(+]5) is given by
Fos(tls)=1—@(sF; (1 —1)) =1 — ®(st, 1)

Note that Fo(f|s) is decreasing in s for t < 1/2 and increasing in s for
t > 1/2. Moreover, (0/0t)Foo(tls) = s@(sty,1—1)/f:, (tv,1—;), hence, we get
lim; | (0/01) Foo(t]s) = lim;41(9/01) Foo (2|s) = 0. Moreover,

32 ) fo, @t1—1)
~5 Foo(t]s) >0 iff — 5%, <h BT
ot ftv (tv,l—t)
This condition is equivalent to
2 -1
v+1 Lot
Sztv’l_[ > <1 + e ) tv71_[.
% v

Hence, for ¢ < 1/2, F(t|s) is convex for ¢ < min{1/2, F; (—a(s,v))} with
a(s,v) = (v + 1)/s2 — )72 and concave otherwise. For ¢ > 1/2, Foo(t]s)
is convex for t < max{1/2, F; (a(s,v))} and concave otherwise. Notice that
Foo(1/2]s) = 1/2 for all s > 0. As a consequence, for o < 1/2, Fx, crosses the
Simes-line at most if F; (—a(s, v)) < 1/2, which happens if <+ 1)/v.

Given the D-EX-t(¢,;) model with lim,_, » ¢, = ¢ € (0, 1], the limiting e.c.d.f.
is given by

Foo(tls, 0) = (1—¢) +¢(1 — @(sF; ' (1 —1))).

For convenience, we restrict attention to « € (0, 1/2] in the remainder of this sec-
tion. For ¢ € (0, 1], we have Fo(t|s, ) =t/a iff

(1 —1/a)/¢)
F'(1—1)

s=s(]0) =

where s(¢|¢) > 0 iff + < «(1 — ¢/2). Therefore, LCP’s are only possible in
[tu, o] with 1, = a(l —¢) and #, = a(1 — ¢/2). Notice that lim,,, s(t[¢) =
lim;4,, s(¢]¢) = 0 for ¢ = 1, while lim, |, s(¢|¢) = oo and lim;4, s(¢|¢) = O for
¢ €(0,1). For ¢ € (0,1), the set C; of LCP’s consists of one or two inter-
vals denoted by (x(1 — ¢),#1) and (£, (1 — ¢/2)). If there exists a TP we
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have #| < tp and the TP is #p; otherwise t; = ;. In the case ¢ = 1 the exis-
tence of a TP (denoted by #,) is guaranteed and the set of LCP’s is given by

= {0} U (2, ¢/2). Hence, the situation is quite similar to the D-EX-N(¢,)
model in Section 3 except that there are no crossing points at all in [#,, «]. With
u= sz_l (1 — t), the distance function between Fs, and the Simes-line is defined
by dy(uls, ) =1 —-¢)+¢(1 — ®(su)) — F;,(—u)/o. Necessary and sufficient
conditions for a TP (F touches the Simes-line) are now given by

a
dy(uls,£)=0 and e dy(uls,¢) =0,
u

which are equivalent to a ®(—su) = F; (—u) and sa@(su) = f;, (u).
We summarize the behavior of EER and FDR in the following two theorems in
analogy to the results of Section 3.

THEOREM 4.1. Given model D-EX-t(¢,) with lim,_ ¢, = ¢ € (0, 1) and
a € (0, 1/2], the set of LCP’s is Cr = (a(1 — ¢), 1)) U (2, (1 — ¢ /2)) forty <t
and C¢ = (a(1 = ¢),a(1 = ¢/2)) for ty =1, (i.e., no TP) and

LEy (VVs(n]0)

) —
EER(¢) =

o
t1 Ot
+/ o (Vos(ar]0)) de

1-¢/2

+ Fy, (Vvs(ar|?))dt

h/a

1—
FDRoo(¢) = (22 — 21)F v(ﬁ (“( ) z))

1 -z

R ()
[ (T e
where zi =1 —a(1—=¢)/t; ,i=1,2,andz3=¢/(2 — ).

THEOREM 4.2. Given model D-EX-t(¢,;) with lim, 008, =¢ =1 and a €
(0, 1/2], the set of LCP’s is Cy = {0} U (r2, /2) and

1
EER (1) = 2y, (v0s(6l0) fa + | L En/sGario) d

FDR (1) = Fy, (Vs (1210)).

Finally, for ¢ = 1, we consider the case that the degrees of freedom v tend to
infinity. Heuristically, this means that the model tends to independence. In contrast
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to the normal case of the previous section, the solution is more difficult. The reason
is that one has to find suitable asymptotic expansions for f; and F; given in [4].
Application of these expansions yields the following result, the proof of which is
given in the Appendix.

LEMMA 4.1. Let @ € (0, 1/2] and define
s=s,(x)=1— v 2(=Inex)? + 0™ ?),  x€(0,1/2].

Then, given model D-EX-t(¢,) with limy,_, &, = ¢ = 1, it holds for sufficiently
large v that Fxo(¢|sy(x)) has (i) two CP’s for all x € (0, @), and (ii) no CP for all
x € (o, 1/2].

Application of this lemma yields the same limit of the FDR for ¢, — 1 and
v — 00 as in Theorem 3.3; cf. the discussion in Section 5.

THEOREM 4.3. Let o € (0,1/2]. Then, given model D-EX-t({,) with
limy, —, o é‘n:L

“4.1) Vlgrolo FDR (1) = ®(—v—21In(x)).

PROOF. The result follows by letting x — « in Lemma 4.1 and by applying
the central limit theorem. Setting s, = s, (®v), we get

lim FDRy (1) = lim P(S <s))
V—00 v—00

— lim P(sz—v - vsg—v)

V—>00 \/ﬁ - \/ﬂ
= lim P(VS2 — Y /2 +0(1))
T yvSo00 \/ﬁ -

— o(—y=2In@)). 2

In analogy to Section 3, Figures 4 and 5 display EER(¢) and FDRy,(¢), re-
spectively, for various values of ¢ and v. It seems that EER.(¢) is decreasing
in v. For v — 00, EER(¢) again tends to the value (1 — ¢)/(1 — «@¢) as ex-
pected; see [7]. Note that EER,(¢) is already close to this limit if v is not too
small. As expected, for ¢ ~ 1/2 and v not too small, EER.(¢) is largest. Except
for ¢ = 1, the FDR tends to the Benjamini—Hochberg bound ¢« for increasing de-
grees of freedom. The limit for v — 0 is not clear. In the latter case the density
of the ¢-distribution becomes flatter and flatter and the computation of FDRy, (&)
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F1G. 4. EER(¢) in the D-EX-t(¢,) model for « = 0.05 and ¢ = 0.1, 0.2, 0.3, 0.4, 0.5 (left
picture) and ¢ =0.6, 0.7, 0.8, 0.9, 0.95, 0.975, 1 (right picture).

becomes extremely difficult. As in the D-EX-N(¢,,) model with ¢, — 1, FDR (1)
reflects the limiting behavior of the true level of Simes’ [15] global test for the in-
tersection hypothesis and again, our results show that it is asymptotically greater
than zero for all v > 0.

FDR_(C) FDR_(C)
0.05— 0.05—
0.04— 0.04—
0.03— 0.03—
0.02— 0.02—
0.01— 0.01—]
0.0 T T T ] | T T T T T |
0 10 20 30 40 0 20 40 60 100
U/ (degrees of freedom) U (degrees of freedom)
F1G. 5. FDRwo(¢) in the D-EX-t(¢n) model for o« = 0.05 and ¢ = 0.1, 0.2, 0.4, 0.6, 0.8, 0.9 (left

picture) and ¢ = 0.9, 0.95, 0.99, 0.999, 0.9999, 1 (right picture).
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5. Concluding remarks. The investigations in this paper show that the false
discovery proportion FDP=V,, /[ R, V 1] of the LSU-procedure can be very volatile
in the case of dependent p-values, that is, the actual FDP may be much larger (or
smaller) than in the independent case. The same is true for V,,, V,,/n, R,, and R, /n.
Under mild assumptions, the e.c.d.f. of the p-values converges to a fixed curve
under independence (cf. [7]), which implies convergence of V,/n and R,/n to
fixed values. On the other hand, the shape of the e.c.d.f. of the p-values under
exchangeability heavily depends on the (realization of the) disturbance variable Z;
cf. Figure 1. In the latter case, the limit distribution of V,,/n and R, /n typically
has positive variance.

It is often assumed that there may be some kind of weak dependence be-
tween test statistics (cf., e.g., [16]), being close to independence in some sense.
The results in Theorems 3.3 and 4.3 and the numerical calculations reflected
in Figures 3 and 5 suggest that for large n and ¢, — 1 small deviations from
independence (small p or large v) may result in a substantially smaller FDR
than the Benjamini—Hochberg bound. However, simulations for small p and
large v show that FDR, (&,) approaches its limit FDR (1) only for unrealisti-
cally large values of n if ¢, — 1. For example, in the D-EX-N(¢,) model with
o = 0.05, n = 100,000 and p = 0.1, we obtained FDR,, (1) ~ 0.0417 by simula-
tion. For p = 0.01, we got FDR,,(1) &~ 0.05. A possible explanation may be that
lim,,_, g+ FDR; (1) = «, limy, oc FDR, (1) = «, hence, the order of limits plays a
severe role. Moreover, for small p, it seems that n has to be very large such that
the e.c.d.f. reproduces the shape of Fi, close to 0. For ¢ < 1, the FDR, curves in
Figures 3 and 5 reflect the FDR for realistically large n (e.g., n = 1000) very well.
The reason is that the shape behavior of F, close to 0 is not that crucial as for
=1

Example 2.3 shows that the FDR under dependence may also have the same be-
havior as in the independent case. Therefore, it seems very difficult to predict what
happens with EER, FDR and FDP in models with more complicated dependence
structure, for example, in a multivariate normal model with arbitrary covariance
matrix. In any case, results of the LSU-procedure, or more generally, of any FDR
controlling procedure, should be interpreted with some care under dependence,
taking into account that the FDR refers to an expectation and that the procedure at
hand may lead to much more false discoveries than expected.

In the models studied in Sections 3 and 4, the EER becomes smallest if #; — 0"
for all i € I} and tends to ¢, EER, (1), where I} = {j: K; > ©;}. It is not clear
for which parameters 1%; the FDR becomes smallest. However, if ©%; — 07 for all
iel, — ¢ €(0,1), the FDR tends to ¢ FDR(1).

Finally, with slight modifications of the methods developed in this paper, one
can also treat statistics like 7; = |X; — Z| or T; = | X;|/Z. Somewhat more effort
will be necessary if the disturbance variable Z is two-dimensional as, for example,
inT; =|X; — Z1l/Z».
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APPENDIX: PROOFS

PROOF OF THEOREM 2.3. The assumptions concerning Fo, imply that
lim,,_, 5 R, (z)/n = 0 almost surely. Noting that V,,(z)/n < R,(z)/n foralln e N,
(2.12) is obvious.

In order to prove (2.13), we nest F, between two c.d.f.’s being linear in a
neighborhood of zero. To this end, let t* € (0, @] be fixed, B = [0, t*), mg(t*) =
infrep\(0) Foo(t]2)/1, my(t*) = sup,ep\ (o) Foo(t]2)/1, and

Fe(t) =me(t™)t - 15(t) + Foo(t[2) - 1 (1),

Fu(t) = my ()t - 15(t) + max{m, (t*)t*, Foo(t|2)} - 1¢(2).
This results in Fy(t) < Foo(t]z) < F,(¢t) for all t € [0, 1]. For n € N, let the event
A, (t*) be defined as in Lemma 2.3. Then

_ Va(2) Vn(2)
FDR;, (¢nl2) = E<m1An(t*)> + E(mhg(r*))
= A, + A, (say).

With r, = max{i € Ng:iae/n < t*}, we obtain similarly to the arguments in the
proof of Lemma 2.2 that

Vi (2) )
Ay, =E( ——1 <
n (Rn(Z) v {Ry (z)<ry}
& P(piR) < ja/n)
=no :
J

[P(DS" (@) — P(D (0))].
j=1
Due to the pointwise order of Fy, Fo, and F,,, we get
Lame(t*)eP(DE (@) < Ap < Gumu (t9)aP(DD (),
Eume(t*)aP(D{ (@) + Ay < FDR, (8112) < Zum (t*)aP(DD () + A

Since ¢, — 1, P(Dﬁj)(a)) — 1 and P(A,(t*)) — 1 for n — oo, we obtain
Ap— 0 and my(t*)a < liminf,_, o FDR,(¢,]z) < limsup,_, . FDR,(¢,]2) <
my,(t*)a. The assertion now follows by noticing that lim«_ o+ mg(t*) =
lim«_, o+ my (t*) = y(z). O

PROOF OF THEOREM 3.1. Denote the p.d.f. corresponding to G 1 by g¢ 1
and notice that C; 1 = (0,11 /a — (1 —=¢))U(r2/a — (1 —¢), ¢). From Theorem 2.2,
we get

f/e—(1-%)
EER(¢) :/0 uge1(u)du + )ug;yl(u)du.

n/a—(1-¢
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Since xo(11|¢) = xo(21¢) and lim;4¢ x0(2[5) = —00, we get
EER o (¢) = (11/a — (1= ©)(1 — ®(xo(t110))) +¢
—(2/a— (1 =0)(1 = xo(1112)) — (/e — (1 = ¢)) —

f/a—(1-¢)
+t2/0{—(1—§)—|—/0 D (xo(e(u+1—20)¢))du

¢
P 1— d
L, lole 1 —0)1) d

l2—1

D (x0(1112))
/o 1
+ /1 | @Woletondi+ [ @oteio)dr

tz/ot

In order to compute FDR,(¢), note that, for z € (0, z1) U (22, ¢),

Gea(@)=1- ‘D(x(’(a?—_z{) m)

where z; =1 —a(l —¢)/t; , i =1,2. In view of lim; 4(1—¢) Xo(t|¢) = 00, it is
G¢2(z1) = G 2(22), G¢2(0) =0 and G 2(¢) = 1. Denoting the corresponding
p.d.f. of G¢ > by g¢ 2, we obtain

71 ¢
FDRoo(¢) = /0 2gc2(2)dz + / 2ge2(2)dz
22

=21G¢2(21) +¢G2(8) — 220G 2(22)

_ /OZI Geo(2)dz — /Zj Gea(2)dz
=(zz—Zl)q’(x0(afl—_zf) §>)
ok o=k )
. a(l — c) dz.
[[oolF=21)) D

PROOF OF THEOREM 3.3.  For any p € (0, 1), there exists a unique solution
(u, x0) = (up, x0,p) (say) of (3.3) and (3.4). In view of (3.5) and the shape of F,
(up, X0,p) satisfies

(A1) up==x0,/5/p = \/P/o\/x3 , — 2 (VD /).
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Notice that o € (0, 1/2] implies u, > 0 and therefore, xy , < 0. Now, for § €
(0, ), we consider xg = x0(8§) = —+/—21In(8) < —+/—21In() = x¢() in order to
bound xo,, from below for p — 0T. Since u,, has to be a real number, we obtain
from (A.1) that lim sup p—0+ X0,p < X0(@). Defining

—%00) and w=w(p,8)=u('0’8)

NG J7
we get from (3.2) that d(u|xg, 1) = ®(—w) — ®(—u)/a. Hence, d(u|xg, 1) > 0
iff ®(—u)/P(—w) < «. Employing the asymptotic relationship ®(—x)/¢p(x) ~
1/x (x = oo) for Mills’ ratio, we get

U=u(p, )= n %xo(a),

Q(-u) woew) w
O(—w) uew) u

exp((w? — u?)/2).

Since exp((w(p, 8?2 — u(p, 8)2)/2) = § < a independent of p and lim,,_, o+ w(p,
8)/u(p,d) =1, we conclude that lim,_, o+ xo,, = xo(@) = —+/—2In(a). This fi-
nally implies (3.6) and completes the proof. [

PROOF OF LEMMA 4.1. For s? < (v + 1)/v, the unique point of inflec-
tion of Foo(¢s) on (0, 1/2) is given by t*(v|s) = F;, (—a(s, v)) with a(s,v) =
(v + 1)/s2 — v)1/2, Hence, it suffices to show that

Foo(t* W]y (x)) ]y (x)) > % (vsy(x)) /o for x € (0, @)

for sufficiently large v and that the derivative of Foo(-|s,(x)) in t = ¢t*(v]s, (x)) is
less than 1/« for all x € («, 1/2] for sufficiently large v. Therefore, the assertion
follows if

Fi, (—a(sy(x),v))

(A.2) vli)rgo B (s, (a6, (). ) <« for x € (0, ),

(A3) lim —Jn@S@ V) @ 1)),

V=00 5, (X))@ sy (x)a(sy(x), v))

For x, € (0, oo) with limv%ooxf/v = B € [0, oo], it is shown in [4] that

[, (xw) . Fr(—x)
lim ——— = lim ——
V—> 00 (p(xv) V—00 Q)(_xv)

=exp(B/4).
Note that for u — oo and s — 1, it holds that (Mills’ ratio)

Fi(—u) _ Fy,(—1) o)
®(—su)  D(—u) plsu)

We easily get limvﬁooa(su(x),v)“/v = limy_ o0 a(sy(x), V)2(1 — s,(x)?) =
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—41In(x). As a consequence, (A.2) follows by noting that

I Fy, (—a(sy(x),v))

1m

V=00 @ (—sy(x)a(sy(x), v))

[Ftv(—a(su(X),v)) p(a(sy(x),v)) ]
D (—a(sy(x),v)) @(sy(x)a(sy(x),v))

= exp(—4In(x)/4) lim exp(—%am(x), (1 - su<x>2>)

= lim
V—>00

= l exp(2In(x)) = x.
X

An analogous calculation yields (A.3). Hence, Lemma 4.1 is proved. [
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