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CLASSIFICATION OF PSEUDO-UMBILICAL SLANT SURFACES IN
LORENTZIAN COMPLEX SPACE FORMS

Yu Fu and Zhong Hua Hou

Abstract. In this paper we prove that slant surfaces in a non-flat Lorentzian
complex space form must be Lagrangian. By applying this result, we com-
pletely classify pseudo-umbilical slant surfaces in Lorentzian complex space
forms. Our classification results state that there exist two families of pseudo-
umbilical slant surfaces in Lorentzian complex plane C?, three families in
complex projective plane C P2, and three families in complex hyperbolic plane
CH?.

1. INTRODUCTION

Let J\Z/f(4c) be a simply-connected indefinite complex space form of complex
dimension n and complex index i. Here, the complex index is defined as the
complex dimension of the largest complex negative definite subspace of the tangent
space. If i = 1, we say that M} (4c) Lorentzian. The curvature tensor R of M (4c)
is given by

. RX,Y)Z = c{(Y, )X — (X, 2)Y + (JY, Z)J X
D (JX, Z)JY +2(X,JY)JZ}.

Let C™ denote the complex number n-space with complex coordinates z1, ..., zy,.
The C™ endowed with g; ,,, i.e., the real part of the Hermitian form

S n
(1.2) bsn(z,w) =— Zz‘kwk + Z Zjwyj, z,we C",
k=1 j=s+1

defines a flat indefinite complex space form with complex index s. We denote the
pair (C",gs) by C? briefly, which is the flat Lorentzian complex n-space. In
particular, C? is the flat complex Lorentzian plane.
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Consider the differentiable manifold:
522”+1(c) ={z¢€ (C?'H; binti1(z, 2) = > 0},

which is an indefinite real space form of constant sectional curvature c. The Hopf-
fibration

782" (¢) = CP]'(4¢): 2 — 2 - C*

is a submersion and there exists a unique pseudo-Riemannian metrix of complex
index one on C'P*(4c¢) such that 7 is a Riemannian submersion.

The pseudo-Riemannian manifold C' Pj* (4c) is a Lorentzian complex space form
of positive holomorphic sectional curvature 4c.

Analogously, if ¢ < 0, consider

H22”+1(c) ={z¢€ (CS'H; b1 nt1(z, 2) = < 0},

which is an indefinite real space form of constant sectional curvature c¢. The Hopf-
fibration

7 H3" " (¢) — CH} (4c) : 2+ 2z - C*

is a submersion and there exists a unique pseudo-Riemannian metrix of complex
index one on C'H{'(4c) such that 7 is a Riemannian submersion.

The pseudo-Riemannian manifold C H{' (4c) is a Lorentzian complex space form
of negative holomorphic sectional curvature 4c.

It’s well-known that a complete simply-connected Lorentzian complex space
form M7 (4c) is holomorphic isometric to C}, C P (4c), or CH} (4c), according
to c=0, ¢ > 0 or ¢ < 0, respectively.

A real surface in a Kahler surface with almost complex structure J is called
slant if its Wirtinger angle is constant (see [2, 3, 13]). From J-action point of views,
slant surfaces are the simplest and the most natural surfaces of a Lorentzian Kahler
surface (M, g, J). Slant surfaces arise naturally and play some important roles in
the studies of surfaces of Kahler surfaces in the Lorentzian complex space forms,
see [14].

In last years, the geometry of Lorentzian surfaces in Lorentzian complex space
forms has been studied by a series of papers given by B. Y. Chen and other ge-
ometers, for instance [1, 5-13, 15]. Lorentzian geometry is a vivid field of mathe-
matical research that represents the mathematical foundation of the general theory
of relativity-which is probably one of the most successful and beautiful theories of
physics. For Lorentzian surfaces in Lorentzian complex space forms, especially,
Chen [7] proved a very interesting result that Ricci equation is a consequence of
Gauss and Codazzi equations. This indicates that Lorentzian surfaces in Lorentzian
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complex space forms have much interesting properties, which is quite different from
surfaces in Riemannian complex space forms.

A submanifold is called pseudo-umbilical if its shape operator with respect to
the mean curvature vector is proportional to the identity map (see [2] for details).
Pseudo-umbilical submanifolds are a natural generalization of minimal submani-
folds. In [4], Chen completely classified pseudo-umbilical submanifolds in Rie-
mannian complex space forms. The non-flat minimal slant surfaces in C? were
completely classified by Arslan-Carrazo-Chen-Murathan [1].

In this paper, we study pseudo-umbilical surfaces in Lorentzian complex space
forms and give a complete classification of pseudo-umbilical slant surfaces in
Lorentzian complex Euclidean plane C2, Lorentzian complex projective plane C P?
and Lorentzian complex hyperbolic plane C H?.

2. PRELIMINARIES

Let M be a Lorentzian surface of a Lorentzian Kahler surface M equipped with
an almost structure J and metric g. Let (, ) denote the inner product associated
with g.

We denote the Levi-Civita connections of M and M by V and V, respectively.
Gauss formula and Weingarten formula are given respectively by (see [2, 3])

(2.1) VxY =VxY +h(X,Y),

(2.2) Vxé=—A¢X 4+ Dx¢

for vector fields X, Y tangent to M and £ normal to M, where h, A and D are the
second fundamental form, the shape operator and the normal connection. It’s well
known that the second fundamental form A and the shape operator A are related by

(2.3) (h(X,Y),§) = (AeX,Y)

for X, Y tangent to M and £ normal to M.

A vector v is called spacelike (timelike) if (v, v) > 0((v,v) < 0). A vector v
is called lightlike if it is nonzero and it satisfies (v, v) = 0.

For each normal vector £ of M at x € M, the shape operator A¢ is a symmetric
endomorphism of the tangent space 7, M. The mean curvature vector is defined by

1
(2.4) H= §trace h.
A Lorentzian surface M in M} is called minimal if its mean curvature vector

vanishes at each point on M. A Lorentzian surface M in M? is called quasi-
minimal if its mean curvature vector is lightlike at each point on M. And, a



1922 Yu Fu and Zhong Hua Hou

Lorentzian surface M in M? is called pseudo-umbilical if its shape operator A
satisfies

AH:pI,

where p is a nonzero function and I is the identity map. .
For a Lorentzian surface M in a Lorentzian complex space form M2, the Gauss
and Codazzi and Ricci equations are given respectively by

(2.5) (RIX,Y)Z, W) = (R(X,Y)Z,W) + (h(Y, Z), h(X,W))
_<h(X7 Z)v h(Yv W)>7

(2.6) (R(X,Y)Z)* = (Vh)(X,Y, Z)— (Vh)(Y, X, Z),

2.7) (RP(X,Y)€,m) = (R(X, V)&, m) + ([Ae, A) X, Y),

where X, Y, Z, W are vectors tangent to M, and Vh is defined by

(28) (Vh)(X,Y,Z)=Dxh(Y,Z) - hVxY,Z)—h(Y,VxZ).
3. BAsiC RESULTS FOR LORENTZIAN SLANT SURFACES

Let M be a Lorentzian surface in a Lorentzian Kahler surface (M?, g, .J). For
each tangent vector X of M, we put

(3.1) JX = PX + FX,

where PX and F'X are the tangential and the normal components of JX.
On the Lorentzian surface M there exists a pseudo-orthonormal local frame
{e1, e2} such that

(3.2) (e1,e1) = (ea, e2) =0, (e1,e2) = —1.
It follows from (3.1), (3.2) and (J X, JY) = (X,Y) that
(3.3) Pey = (sinhf)e;, Pey = —(sinh6)es

for some function 6. This function @ is called the Wirtinger angle of M.

When the Wirtinger angle 6 is constant on M, the Lorentzian surface M is
called a slant surface (cf. [3, 13]). In this case, 8 is called the slant angle; the slant
surface is then called 6-slant.

A 0-slant surface is called Lagrangian if & = 0 and proper slant if 6 # 0.
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If we put
(3.4) es = (sech 0)Fey, e4 = (sech 0)Fes,

the we find from (3.1)-(3.4) that

(3.5) Jei = sinh feq + cosh fes, Jeg = —sinh fey + cosh fey,
(3.6) Jez = —coshfe; — sinh fes, Jeqs = — coshfes + sinh fey,
(3.7) <63, 63> = <e4, e4> = 0, <63, e4> = —1.

We call such a frame {ey, €2, €3, eq} an adapted pseudo-orthonormal frame for the
Lorentzian surface M in M?3.
We need the following lemmas (see [13]).

Lemma 3.1. If M is a slant surface in a Lorentzian K ahler surface MZ, then
with respect to an adaped pseudo-orthonormal frame we have

(3.8) Vxer =w(X)ey, Vxer = —w(X)ea,
(3.9) Dxes = ®(X)es, Dxey = —P(X)ey
for some 1-forms w, ® on M.

For a Lorentzian surface M in M2, we put

(3.10) h(ei, ej) = h?jeg + h4je4,

)

where {ey, eo, e3, €4} is an adapted pseudo-orthonormal frame and % is the second
fundamental form of M.

~ Lemma 3.2. ([13]) If M is a 6-slant surface in a Lorentzian Kahler surface
M?%, then with respect to an adaped pseudo-orthonormal frame we have

(3.11) wj — ®; = 2h}; tanh 0,
(3.12) ApxY = Apy X,
(3.13) Acsej = hijer + hijes,  Ag,ej = hizer + hiyes,

forany X,Y € TM and j = 1,2, where w; = w(e;) and ®; = ®(e;).
4. A FUNDAMENTAL THEOREM OF LORENTZIAN SLANT SURFACES

For Lorentzian slant surfaces in M (4c), we have the following result
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~ Theorem 4.1. Every slant surface in a non-flat Lorentzian complex space form
M?(4c) must be Lagrangian.

Proof. ~ Assume that M is a ¢-slant surface in a Lorentzian complex space
form MZ(4c). Let {e1, ez, e3,e4} be an adapted pseudo-orthonormal frame on M.

By applying (3.2) and the total symmetry of (h(X,Y"), F'Z), we obtain
@1 h(ei,e1) = BFe; + AFea, h(ei,e2)
. = aFe; + BFes, h(eg,ez) =yFe; + aFey

for some real-valued functions «, 3,~, A. Then it follows from Lemma 3.1, (4.1)
and Codazzi equation (2.6) that

(R(e1,e2)er)t = (Ve h) (e, e2) — (Ve,h)(e1, 1)
= e1(a)Fey + e1(B)Fea + a®1Fey — 3P Fe

(4.2) —eo(B)Fer —ea(N)Feg — fPoFey + APoyF ey
+2wso(BFe; + AFes),
(R(ez,er)ea)™ = (Vesh) (e, e2) = (Ve h)(e2, e2)
43) = eg(a)Fey + ex(B)Fea + a®yFey — Py Feqy

_61(7)F31 - el(OC)F€2 —yP1Fe; + adiFeqy
—2wi (yFer + aFey).
On the other hand, by applying (1.1) and (3.5)-(3.6) we have

(4.4)(R(el, eg)el)l = 3c¢(sinh @) Fey, (R(ea, el)eg)l = 3c¢(sinh @) Fes.

Thus, combining (4.2)-(4.4) and comparing coefficients give

(4.5) “3esinhf + e1(a) — ea(B) + a®y — GPg + 20uws = 0,
(4.6) e1(B) — ea(N) — BP1 + APg + 2 wo = 0,
@4.7) “3esinhf + () — e1(a) — BBy + a®y — 20w = 0,
(4.8) ea(a) —ei(y) + a®y — vy — 29wy = 0.

Combining (4.5) with (4.7) we obtain
(4.9) —6¢sinh 0 + 2a(P1 —wy) — 20(P2 — wq) = 0.
From Lemma 3.2 and (4.1) we have

(4.10) wp — ®1 =20sinhf, wy— Py = 2asinhb.
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Consequently, (4.9) becomes
—6¢sinh§ = 0,

which implies that 8 = 0, from the assumption ¢ # 0 . ]

Theorem 4.2. Every pseudo-umbilical slant surface in a Lorentzian complex
space form M?Z(4c) has constant Gaussian curvature c.

Proof. Let M be a pseudo-umbilical 6-slant surface in a Lorentzian complex
space form MZ(4c). There is a pseudo-orthonormal local frame field {é;, &>} such
that

(4.12) (é1,€1) = (€é9,69) =0, (é1,69) = —1,

(4.12) H = —h(éy, é).

Assume that h(éq, é2) = aFé; + 3Fé, for some real-valued functions &, 3. Since
M is not minimal, without loss of generality, we assume & is not vanishing. By
putting e; = Géy, e = &~ 1é,, we have

(4.13) <61, 61> = <62, 62> = 0, <61, 62> = —1,

(4.14) h(el, 62) = Feq + BFes,
where 3 = Ba 1. Similar as in the proof of Theorem 4.1, we have
h(el, 61) = ﬁFel + )\Feg, h(el, 62)
(4.15)
= Fe; + fFey, h(es, e2) =~vFe; + Fes.
Then the mean curvature vector is given by
H = —h(el,eg) = —F61 — ﬂFeg.

It follows from (2.3), (3.4), (3.7) and (4.15) that

—28 cosh? —(1+ cosh? 0
(4.16) An = < —(A —|—ﬁﬁ2) cosh? 0 (—Qﬁﬁ;)shQ 0 > '
Hence, from the assumption that M is pseudo-umbilical, we have
(4.17) 1+8y=0 A+p82=0.
On the other hand, it follows from (4.15) and Gauss equation (2.5) that
(4.18) K = c+ (—f + \y) cosh? 6.

Substituting (4.17) into (4.18), we find K = ¢. This completes the proof of Theorem
4.2. [
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5. CLASSIFICATION OF PSEUDO-UMBILICAL SLANT SURFACES IN (Cf

In this section we completely classify pseudo-umbilical slant surfaces in C2.

Theorem 5.1. Up to rigid motions of C2, every pseudo-umbilical slant surface
in C? is given by one of the following two families.

(1) A flat Lagrangian surface defined by

1 . 1 A
L(x,y) _ (26 (zb—l—b)a:—f—( 1+4)y + _e(zb—b)aa—I—(l—i—z)y7 2_be(zb+b)m+(—1+z)y
1 . A
__e(zb—b)m—l—(l-i—z)y)
2
with b € R\ 0.

(2) A flat #-slant surface defined by

( ho \{ h2 6+ o’ a—i—i)x—i—( sinh 6 \/cosh29+a2 a—l—i)y
sinh 0+ | cos - = = - - - — =
L= ((1+ie 4 2 42

a® a . . 2 a? a .
(binh@— cosh? g —— ——i—z)x—i—( — sinh 0+14/ cosh” 0+ — — ——i—z)
+( m + TLZ) 4 2 4 2

(blnh9+\{co>h29+ —_—— 4 —i—Z)x + —snlhe — HCOShQG + a_ _a +Z
(1+49)e 4 2 4 2
a/ a 2 2
(blnhe— cosh? 0 —— —+2)x+ —Slnh9+ cosh 9+—__ +Z
+(n +mi)e 4 2

with m = — %~ and n = — wenliht ,where ¢ € R and c € R\ 0.
a®+ (a2+4)4/4 cosh? 6+a2

Conversely, locally every pseudo-umbilical Lorentzian #-slant surface in C? is
congruent to the two families of surfaces defined above.

Proof. Let M be a pseudo-umbilical §-slant surface in C2. Since (4.17)
implies that 3 # 0, M is not quasi-minimal. In this case, it follows from (4.10)
and (4.17) that (4.5)-(4.8) become

(5.1) e2(B) —wi — Pwr =0,
(5.2) e1(B8) + 2Be2(B) — Bwi — 33%ws + 43%sinh 6 = 0,
(5.3) e1(B) — [Pwy — 38wy +43%sinh § = 0.

Substituting (5.1) and (5.3) into (5.2) yields

(5.4) 48wy = 0.
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Since (6 # 0, we have w; = 0. Then (5.1)-(5.3) become

(5.5) e2(0) = Pwa, e1(B) = BPws — 437 sinh 0.

we divide it into two cases:

Case (A): ( is a constant, say b. In this case, it follows from (5.5) that w, =
sinh @ = 0, which implies that M is Lagrangian. Therefore we have V.,e; = 0 for
i,7 = 1,2. There exist local coordinates {z, y} such that

d 0
(56) g:—d$®dy—dy®dx, — = e1, — = e9.

oz oy
By applying (4.15), (4.17) and Gauss formula (2.1), we obtain that the immersion
satisfies

(5.7) Lyy = ibL, — ib* Ly,

(5.8) Lyy =iL, +ibLy,
1 .

(5.9) Ly, = —gsz +iL,.

Equations (5.7) and (5.8) reduce to

(5.10) Lyzyw = 2ibLyy + 2b° L,

whose characteristic polynomial equation is given by

(5.11) r3 — 2ibr? — 2b%r = 0.

After solving this equation, we obtain the immersion in the form

(5.12) L(z,y) = A(y)e™*7 4+ B(y)e™ 0" + C(y)

for C2-valued functions A, B and C. Substituting (5.12) into (5.7)-(5.9), we find
(5.13) Ay) = c1e T B(y) = ceMY, Cly) = s

for constant vectors ¢; in C%, where i = 1,2, 3. Combining these with (5.12) shows
that the immersion is congruent to

(5.14) L(z,y) = c1e@H0et(=140y 4 o) o(ib-b)z+(1+i)y

By applying (5.6),(5.14) and the Lagrangian condition, we obtain

1

(5.15) {c1,61) = (ca, c2) = (c1,ica) =0, {e1,¢9) = ~255
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Hence we may choose ¢; = (g,3;) and ¢z = (3, —3). Combining these with
(5.15) yields Case (1).

Case (B): 3 is not constant. In this case, it follows from the first equation of (5.5)
and Lemma 3.1 that [3tey, ea] = 0. Therefore there exist local coordinates {z, y}
such that

0 0
_1 —_ = -1 _— =
(5 6) O /8 €1, ay

Using these local coordinates, (5.5) implies that

(5.17) Bz = By — 4Fsinh 0.

€9.

Solving equation (5.17), we have

(5.18) B = f(x+y)e?sinhbly—2)

for a nonzero function f depending on variable = + y. Hence, the metric tensor is
given by

(5.19) g=—f""&+y)e*" Y (dr @ dy + dy ® du),

and the Levi-Civita connection of g satisfies

0 fo o . 3} 3} 3} fy o . d
20) Vo — =(—I2 1 o6inhg) =, Vo — s 2 — (LY osinhg) L.
(5.20) 5% O ( f sinh6) Oz’ %5 Oy 55 Oy ( f sinh6) dy

Moreover, it follows from (4.15), (4.17) and (5.16) that
o 0 7 0 7 0 b o 0

=0, V

Morar) = Fa: ~Fay "ara,)
(5.21) 0 0 o 0 0 0
Sy A = 2 )=-F—+F—.
Ox * oy’ h(ﬁy’ ﬁy) Ox * oy

By applying (5.20), (5.21) and Gauss formula (2.1), we have the following PDE
system:

(5.22) Ly, = (—f—; + i +sinh @)L, — (i + sinh 0)L,,
(5.23) Ly = (i —sinh 0) L, + (i + sinh 0)L,,

(5.24) Ly, = —(i —sinh @)L, + (—% + 1 —sinh 0)L,,.
The compatibility condition of this system is given by

(5.25) (E)y =0.

f
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Solving this equation gives

(5.26) = ¢ let@ty)

for some constants a € R and ¢ € R\ 0. Hence (5.18) and (5.19) become
(527) ,8 _ C—le(a—QsinhG)m—f—(a—i—Q Sinﬁ’)y7
(528) g= —66(2 sinhf—a)z—(2 sinh@-l—a)y(dx ®dy + dy ® d(L‘),
Using (5.26), combining (5.23) with (5.22) and (5.24), we have

(5.29)  Lyp+ Lyy=(—a+2i)Ly, Lgy+ Ly = (—a+2i)L,.
After solving these two equations in (5.29), we obtain

(530) Ly =Pz —y)el 8@ L, = Q(a—y)el 2H)H)

for vector-valued functions P, @ in C2. Substituting the two equations in (5.30)
into (5.22) and (5.24) respectively, we have

(5.31) P+ (% — sinh§)P = —(i +sinh §)Q,
(5.32) Qu — (% +sinh0)Q = (i — sinh 0) P,

By differentiating equation (5.32) with respect to 2 and using (5.31) and (5.32)
again, we obtain

2

(5.33) Quo — 2sinh 0Q, — (1 + %)Q — 0.
Solving this linear equation (5.33) gives
a2 a2
(534) (sinh9+ cosh? 0+ —) (z—y) (sinh@— cosh? 0+ —)(ac—y)
= c1e 4 + coe 4

for constant vectors ¢; and co. It follows from (5.32) and (5.34) that

2
a
(’L + sinh 0) 9 a2 a (sinh9+ \[cosh2 0+ Z) (z—y)
P =—ci———({/cosh”0+——_)e
! cosh? 6 ( 4 2)
T “)
(’L + sinh 0) ) a2 a sinh @— | cosh? 0+ Z (z—y)
+cg——=(1\/cosh” 0+—+—)e .
2 cosh? 0 ( 4 2)
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Hence the second equation of (5.30) becomes
Ly

- 2 )
(sinh 9+Jcosh2 9+a—— g—i—i)x—i—( — sinh 6’—\/(:osh2 9+a_ —g—i—i)y
— cie 4 2 4 2

(5.36)

('h@—\{ h2 o g—i—i)yc—l—(—sinhé’—l—\/coshQ6’—i—a—2—g—i—i)
e sin cosh? 0+ 4—2 1 B y.

By integrating equation (5.36), we obtain that the immersion is congruent to

— 2
I = Cg@(SinhH—l—\{coshQB-f—az—g-i-i)Jﬁ +( — ginh 6 — 1/ cosh? 9+%—g+l)y

2 2
(537) sin \{ sh? a——ﬁ i ) 24+ —sin \{ sh? a——g )
+C4e( h 6 cosh? 6 — a4 ) 2+ —sinh 04| cosh? 6+ 1 2+z)y

+A(x),

where A(z) is a vector-valued function and

c1 C2

, C4= .
—sinh@—ﬂcosh%’—i—%—%—i—i —sinh0+\/cosh20+§—%+i

By applying (5.35) and substituting (5.37) into the first equation of (5.30), we find

C3—

Al(z) = 0.
Hence A is a constant vector and the immersion is congruent to

L(x,y)

(sinn J W2t — = 4i)z+( —sinh \/ n2g+ 2 i)
sin S —_— == —Sin — COS —_— =
(538)  —cperNTITTY 127

2

(sinh B—JCOShQ 0+ a g—i—i)x—i—( —sinh 6’—i—\/cosh2 0+ a_2 — g—i—i)y
Tege 4 2 4 2 )

It follows from (5.28) and (5.38) that

C
= =0 - _
<63763> <C4,C4> ) <C3,C4> @2+ 4’

(5.39) acsinh 0

<Cg, ’iC4> = — 5 .
(a? + 4)\/4 cosh” 0 + a?
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If we put

c acsinh 0

T | n=-— )
a® +4 (a2 4+ 4)V/4 cosh? 0 + a2

then we may choose ¢3 = (1 + 4,1+ i) and ¢4 = (—m + ni,n + mi), combining
these with (5.38) yields Case (2).

On the other hand, the converse can be verified by a long straightforward com-
putation. This completes the proof of Theorem 5.1. ]

6. CLASSIFICATION OF LORENTZIAN PSEUDO-UMBILICAL SLANT SURFACES IN
CP}(4) and CH?(—4)

The following results classify all the pseudo-umbilical slant surfaces in Lorentzian
complex projective plane C'P?(4) and Lorentzian complex hyperbolic plane CHZ (—4).

Since the proofs of Theorems 6.1 and 6.2 require similar arguments, we will
prove them together. Let ¢ be the constant sectional curvature of the ambient space,
that is e = 1 for CP?(4) and e = —1 for CHZ(—4).

Theorem 6.1. Let M be a Lorentzian pseudo-umbilical -slant surface in
CPZ(4). Then M is Lagrangian, with Gaussian curvature 1, and the immer-
sion is congruent to o L, where 7 : S5(1) — CP{(4) is the Hopf-fibration and
L : M — S3(1) € C} is locally one of the following three families of surfaces:
(1) A Lagrangian surface defined by

1 1 21D o,
L(s,t) = 7(2 cosh(— a2 _|_475)@e(5+z)s7
a?+4 2 | 1 — beas |
. 1 aQ\b\ (244 ) abe® + q
2 Slnh(§ a,2 + 4t)me 2 '5)57 —9 — m)
with a,b € R\ 0.

(2) A Lagrangian surface defined by

lele®
L(s,t ( h(v/1 — 2t) ,
(s,1) = V1-— cos \ cos(cs) |
sinh(v/1 — ¢?t) ele® K —1+ ctan(cs))
\ cos cs) |”

with 0 <| ¢ |< 1 and c € R.
(3) A Lagrangian surface defined by

1

L(s,t :7<—i+tan cs),sin(v/c2 — 1t

(5:0) = s (cs),sin(v/Z 1t
PE] PE]

[cle ,cos(Ve? — 1t)&>

| cos(cs) | | cos(cs) |
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with | ¢ |[> 1 and c € R.

Theorem 6.2. Let M be a Lorentzian pseudo-umbilical -slant surface in
CH?(—4). Then M is Lagrangian, with Gaussian curvature -1, and the immersion
is congruent to 7 o L, where w : H3(—1) — CHZ(—4) is the Hopf-fibration and
L: M — H3(—1) € C3 is locally one of the following three families of surfaces:
(1) A Lagrangian surface defined by

be®® vaZl|b a;
<2. abe™ +a 2(:osh( 2 + 41) a* | b e(§+2)87
a2+ 4 beas — 1 | 1 — beos |

/a2 A
QSinh(% a2 _’_475)&6(%—1—1)3)

| 1 — beos |

L(s,t) =

with a,b € R\ 0.
(2) A Lagrangian surface defined by

“is

| cos(es) |

sinh(/ 1—6275)&)

Ls,t)= | cos(es) |

1
i _ 2
m(z ctan(cs), cosh(v/1—c?t)
with 0 <| ¢ |< 1 and c € R.
(3) A Lagrangian surface defined by

L(s,t)= ! - <sin( A1) ————— [cle ,cos(V 2 —1t) z—tan(cs))

c2 — | cos(cs \ cos cs) |”

with | ¢ |[> 1 and c € R.

Proof.  Assume that M is a Lorentzian pseudo-umbilical 6-slant surface in
CP}(4) or CHZ(—4). From Theorem 4.1, we conclude that M/ must be Lagrangian.
Then similar as in Theorem 5.1, we have

(6.1) B#0, w1 =0, esB)=7pws e1(B)=Lws.

Suppose that 3 is constant. Since 3 # 0, from the third equation of (6.1) we have
wy = 0. This implies that M is flat, which contradicts to Theorem 4.2. Hence
£ is nonconstant. It follows from the third equation of (6.1) and Lemma 2.1 that
[B~te1, ea] = 0. Therefore there exist local coordinates {z, y} such that

(6.2) — =37"te;, =— =eo.
By (6.2), the third and the fourth equations of (6.1) imply that

(6.3) By = Be-
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From (6.3) we may assume 5 = f(x + y), where f is a nonconstant function
depending on x + y. Therefore the metric tensor is given by

(6.4) g=—f"Hax+y)(dr®dy + dy @ dx),

and the Levi-Civita connection is given by

0  fz0 g o Ko
65  Vagso= f oz’ Ve oy 0, V%a T foy
Moreover, it follows from (5.21) that
o 0 0 0 o 0
69 h(%v%)_‘]%_ 3y’ (%’8_31)
' 0 0 o 0 0 0
—J%JrJay, h(a_y’a_y)__‘]%+‘]a_y'

It follows from (6.5), (6.6) and Gauss formula (2.1) that lift L : M? — C? of the
immersion of M into CP?(4) for i = 1 and CH?(—4) for i = 2, satisfies

fa

(6.7) Loy = (—7 + )Ly —iLy,
(6.8) Ly =iLy+iL,+ef 'L,
(6.9) Lyy = —iLy + (i — %) ’-
If we put

(6.10) s=x+y, l=x—vy,

then f is a function depending only on s, and (6.7)-(6.9) become

f/

6.11 Lgs = (i st 3 iy
f/
(6.12) Ly =(i— ﬁ)Lt’
i E
The compatibility condition of this system is given by
/
(6.14) Ly =er

f
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Solving this nonlinear autonomous ordinary equation, we obtain two kinds of solu-
tions, which are given by

_ h,a5)\2
(6.15) flo) = LS
and
(6.16) f(s) = 2% cos®(cs + d),

where a, b, c € R~ 0 and d € R. It should be noted that we can let d = 0 by
replacing s by s — d/c.

Solving (6.12) gives
(6.17) L(s,t) = A(t) f(s)"2e™ + B(s)

for vector-valued functions A, B in C3, where i = 1 or 2. Substituting (6.17) into
(6.11)-(6.13) gives

"o - ' o €
(6.18) B" = (i— ﬁ)B + ﬁB,
€ o f /
"o f/2 €
(6.20) A" = (m “ot 1)A.
It follows from (6.18) and (6.19) that
(6.21) B(s) = c1e(=2i — f'f 1)

for constant vector c¢;.
We note that, from (6.4), (6.10) and the Lagrangian condition, the immersion L
should satisfy the following conditions:

1
<L87 Lt> = <L87’L.Lt> = 07 <L87 LS> = T35\
(6.22) . 2/(s)
<Lt7Lt> = 2f(8)7 <L7L>:€

Depending on two different kinds of solutions of f, we divide it into two cases.
Case (A): f takes the solution in the form (6.15). Without loss of generality, we
may assume f(x + y) > 0 by choosing the sign of the constant b. Substituting
(6.15) into (6.20) and (6.21) gives

2

(6.23) A"(t) = ("’Z F1)A(D),
(6.24) B(s) = cre(—2i — W ay

beas — 1



Slant Surfaces in Lorentzian Complex Space Forms 1935

Solving (6.23) gives

a2 a2
(6.25) At) = CQC\/T+1t + 636_\/T+1t.

Substituting (6.15), (6.24) and (6.25) into (6.17), we find that the immersion is
congruent to

2
L(s,t) = (ch\/%ﬂt n Cge—\/%ﬂt) Me(%—f—i)s
(626) ‘ 1 — bets ‘
abe®® + a

9 = =
+cie(—2i T

),

where ¢1, cp and c3 are constant vectors in C3 or C3 depending on ¢ = 1 or —1,
respectively. It follows from (6.26) that the conditions in (6.22) reduce to

8 p—
Ceve) =g =0 i) =0,
(627) <C27 C2> — 07 <Clv C3> = 07 <Cl7 'L.C3> _ 07
(cs,c3) =0, (co,c3) = T2 (c2,ic3) = 0.

Case (A.1): e = 1. In this case, c1, ¢z, c3 € C3, we may choose

1 1

cl1 = (0,0, 1), Cy = 7(1, 1,0),
244 2(a? +4
(6.28) . (% +4)
3= ———(1,-1,0).
2(a® +4)

Combining these with (6.26) gives Case (1) of Theorem 6.1.
Case (A.2): e = —1. In this case, ci, co, c3 € C3, we may choose

(1,0,0) L _(0,1,1)
C1 = yUU), = —F—=(U, 1, 1),
244 2(a?+4
(6.29) . (% +4)
3= ——o (0,1, -1).
2(a® +4)

Combining these with (6.26) gives Case (1) of Theorem 6.2.

Case (B): f takes the solution in the form (6.16). By applying a suitable translation
in s, we may assume d = 0. Substituting (6.16) into (6.20) and (6.21) respectively
gives

(6.30) A'(t) = (1 = A)A(1),

(6.31) B(s) = c16(—2i + 2ctan(cs)).
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Solving (6.30) gives

coeV1=Et 4 gVt if0<|c|<1;
(6.32) A(t) =4 cat +c3, if[c|l=1;

cosin(ve? — 1t) 4+ cgcos(Ve? — 1t), if |c|>1

for constant vectors ¢, ¢ and cs.
Case (B.1): 0 <| ¢ |< 1. Substituting (6.16), (6.31) and the first equation of (6.32)
into (6.17), we find that the immersion is congruent to

— i V2%
(6.33) L(s,t) = (coeV ™t + cze” I_CQt)ﬁ + c16(—2i + 2c tan(cs)),

where ¢1, ¢o and c3 are constant vectors in (C% or (C% dependingon e =1 or —1,
respectively. It follows from (6.33) that the conditions in (6.22) reduce to

€ _

<Cl, C1> = —m7 <Cl7 62> - 07 <Cl7 ’iC2> — 07

(634) <CQ C2> -0 <Cl7 C3> - 07 <Cl7 ’iC3> — 07
) ) 5 ]

(es, ca) =0, (e2ren) = gy ferien) =0.

Case (B.1.1): € = 1. In this case, ¢, ca, c3 € C3, we may choose
1 — 1 —
(635) 1= 2\/—(0 0 1)7 2 2(1—02)(17170)7 CB_QM(L 170)
Combining these with (6.33) gives Case (2) of Theorem 6.1.
Case (B.1.2): ¢ = —1. In this case, c1, ca, c3 € C3, we may choose
e — 71 p—

(6.36) 1= 2\/—(1 0,0), c gm(o’l’l) QW(QL 1).

Combining these with (6.33) gives Case (2) of Theorem 6.2.
Case (B.2): | ¢ |> 1. Substituting (6.16), (6.31) and the third equation of (6.32)
into (6.17), we find that the immersion is congruent to
(6.37)

/2 PPRE]
L(s,t) = (casin(v/¢? — 1t)+e3cos(V e — 1t))%+615(—21+2 tan(cs)),
where ¢1, cp and c3 are constant vectors in C3 or C3 depending on ¢ = 1 or —1,
respectively. It follows from (6.37) that the conditions in (6.22) reduce to

e .
(c1,01) = e (c1,¢2) =0, (c1,ic2) =0,

€ .
(638) <627 62> == M7 <Clv C3> - 07 <Clv 163> - 07
(c3,c3) = c (c2,¢3) =0, (cg,ic3) =0.

2(c?2—-1)’
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Case (B.2.1): ¢ = 1. In this case, ¢, cg, c3 € C3, we may choose

L 100 L (0,1,0)
C - ) ) ) C - T ) ) )
BV T RE@ )
(6.39) X
(= ——=(0,0,1).
2(c?2—1)

Combining these with (6.37), we obtain Case (3) of Theorem 6.1.
Case (B.2.2): ¢ = —1. In this case, c1, c2, c3 € C3, we may choose

— 001 100
C = ) ) ) C - ) ) )
YoV 1 2T 2@ -0
(6.40) )
3= ——(0,1,0).
2(c?—1)

Combining these with (6.37), we obtain Case (3) of Theorem 6.2.

Case (B.3): | ¢ |= 1. Substituting (6.16), (6.31) and the second equation of (6.32)
into (6.17), we find that the immersion is congruent to

| coss |

where ¢1, ¢y and c3 are constant vectors in (C% or (C% dependingon e =1 or —1,
respectively. From (6.41) and the third condition of (6.22), we find that

(6.41) L(z,y) = (cat + c3) + c1e(—2i + 2 tans),

(6.42) (ca,c2) =¢/2.

Combining this with (6.41), we find the condition (L, L) = ¢ does not hold. There-
fore this case is impossible. This completes the proof of Theorem 6.1 and Theorem
6.2. [
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