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Eigenvalue Problems for Fractional p(z,y)-Laplacian Equations with
Indefinite Weight

Nguyen Thanh Chung

Abstract. In this paper, we consider a class of eigenvalue problems for fractional
p(z,y)-Laplacian equations with indefinite weight in fractional Sobolev space with
variable exponent. Under some suitable conditions on the growth rates involved in
the problem, we establish some results on the existence of a continuous family of

eigenvalues using variational techniques and Ekeland’s variational principle.

1. Introduction

In this paper, we are interested in a class of eigenvalue problems for the following fractional

p(z,y)-Laplacian equation

Loyt + [u|f@ 20 = AV (2)[u] @24, z€Q,
u=0, x € 09,

(1.1)

where Q € RY, N > 2 is a bounded domain with Lipschitz boundary, p: Q@ x @ — R is
continuous, ¢, € C (), V: Q — R is an indefinite weight function in the sense that
it is allowed to change sign in €2, A is a positive constant and L, ,)(-) is the fractional

p(z,y)-Laplace operator, i.e.,

|u(z) — u(y) P2 (u(z) - u(y))
Ep(a:,y)u = pV/g‘2 ‘x — y’N-i-sp(x,y) dy7 S & (07 1)

Throughout this paper, we assume that

Np(z,x)

(1.2)  p(z,2) < q(x) <ps(e) = N = sple.a)’

N _
p(z,y) =ply,x) < > Va,yeQ,

where p%(z) is the so-called critical exponent in fractional Sobolev space with variable
exponent. In the constant exponent case, the operator L, ) defined above is known as
the fractional p-Laplacian. On the other hand, we remark that it is a fractional version

of the well known p(z)-Laplacian. Recently, great attention has been focused on elliptic
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equations involving fractional operators, both for pure mathematical research and in view
of concrete real-world applications. This type of operator arises in a quite natural way in
many different contexts, such as, among others, the thin obstacle problem, optimization,
finance, phase transitions, soft thin films, conservation laws, multiple scattering, minimal
surfaces, material science, .... The fractional Laplacian also provides a simple model to
describe certain jump Lévy processes in probability theory. The cited results turn out to
be very fruitful in order to recover an elliptic PDE approach in a fractional framework, we
refer to some interesting papers [5,11}12,{18,2528] and the monograph of Bisci et al. [13] for
a thorough variational approach of fractional Sobolev spaces and corresponding nonlocal

problems.

In recent years, the study of differential equations and variational problems involving
variable exponent conditions has been an interesting topic. The interest in studying such
problems was stimulated by their applications in elastic mechanics, fluid dynamics and
the mathematical models of stationary thermo-rheological viscous flows of non-Newtonian
fluids. For more information on modeling physical phenomena by equations involving
p(x)-growth condition we refer to [2,[27]. We know that the p(x)-Laplacian operator
where p(-) is a continuous function possesses more complicated properties than the p-
Laplacian operator, mainly due to the fact that it is not homogeneous. There has been
many works devoted to the existence of solutions for variable exponent problems, both on
bounded domain and unbounded domain, we refer to [1}3,[10}/14},/16,20-22,[26]. In [4L9],
the authors considered the existence, nonexistence and properties of solutions for p(z)-
curl systems or p(x,t)-curl systems arising in electromagnetism. A natural question to
see what results can be recovered when the p(z)-Laplace operator is replaced by the

fractional p(z,y)-Laplacian of the form £ To our best knowledge, Kaufmann et

p(z,y):
al. [19] and Pezzo et al. [24] firstly introduc(ed )some results on fractional Sobolev spaces
with variable exponent W#4(*):P(*:¥)(Q)) and the fractional p(x,y)-Laplacian. There, the
authors established compact embedding theorems of these spaces into variable exponent
Lebesgue spaces. As an application, they also prove an existence result for nonlocal
problems involving the fractional p(z,y)-Laplacian. In [8], Bahrouni et al. obtained some
further qualitative properties of the fractional Sobolev space W#4(@)p(z.y) () and the
fractional p(z,y)-Laplacian Ly, . After that, some studies on this kind of problems are

performed by using different approaches, see [6},7,29].

In this paper, we are motivated by the results on the p(x)-Laplacian problems with
weight introduced in [1}/14}20-22] and some results on the theory of fractional Sobolev
spaces with variable exponent due to Kaufmann et al. [19] and Bahrouni et al. [8]. In [21],
Mihailescu et al. studied an eigenvalue problem with non-negative weight for the Laplace

operator on a bounded domain with smooth boundary in R, N > 3. They showed the
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existence of two positive constants A\, and \* with A\, < A* such that any A € (0, \,) is not
an eigenvalue of the problem while any A € [A\*, +00) is an eigenvalue of the problem. Some
similar results for a class of p(x)-Laplacian problems involving multiple variable exponents
can be found in |22, in which the authors considered the problem with indefinite weight.
We also refer to [1,14}20] for some further studies on the topic. Our aim is to study a class
of eigenvalue problems with indefinite weight for fractional p(z,y)-Laplacian equations.
The situation here is different from those performed in the previous papers in the sense
that we deal with problem (|1.1)) in a fractional framework. We also consider problem ([1.1])
in both cases the nonlinear term is sublinear or superlinear at infinity. Finally, it should
be noticed that the obtained results here also complement and generalize Theorem 5.1
of [8] and Theorem 1.4 of [19]. The main tools which will be used in this paper comes

from some variational techniques and Ekeland’s variational principle [17].

2. Preliminaries

We recall, in what follows, some definitions and basic facts about the setup for gener-
alized Lebesgue spaces Lh(x)(Q) and fractional Sobolev spaces with variable exponent
w§ a(@)p (“T’y)(Q), where 2 is a bounded domain in RY, with a smooth boundary 992. In
that context we refer to the books of Diening et al. [15] and Musielak [23], the papers of

Edmunds et al. [16], Bahrouni et al. [§], Kaufmann et al. [19] and their references. Set
C(Q) = {h;h € C(Q),h(x) > 1 for any = € Q}.
For h(z) € C4+(Q), we define the variable exponent Lebesgue space L"®)(Q) by

L)) = {u; u is a measurable real-valued function,/ u(z)|"®) dz < oo} .
Q

The Luxemburg norm on this space is given by the formula

u(z) h(z)
|| () = inf ,u>0,/ — dr <15.
Ql H
It’s well known, that (L*®)(Q);|- | h(z)) 18 a separable, uniformly convex Banach space.

(LM@)(Q); | - |h(z)) 1s called a generalized Lebesgue space. Moreover, its conjugate space is
LV@)(Q), where 1/h/(z) + 1/h(z) = 1. For u € LM®)(Q) and v € L"#)(Q), one has the
following Holder type inequality

1 1
e | e ds) < (G5 + 52 ) el < 2adaco oo
where h™ := mingh(z) and A/~ := mingh'(z). Moreover, if hi,he,hy € C1(Q) and

1/hi(x) + 1/ho(z) + 1/h3(z) = 1, then for any u € LM@)(Q), v € L@ (Q) and w €
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L") (Q) we have

/ uvw dx
Q

Note that L"®)(Q) «— LM (Q) for all functions h; and hy in C(Q) satisfying
hi(x) < ha(z) for any x € Q. In addition this embedding is continuous.

(2.2)

< (1 Ly 1) [l oy [0y ]
> hl_ h2_ hg hi(x)1YV1ha(z) h3(x)*

An important role in manipulating the generalized Lebesgue spaces is played by the
modular of the L% (Q) space, which is the mapping Ph(z): LM#)(Q) — R defined by

(1) = [ ul"

If (uy), u € LM®(Q) and h* := max g h(z) < +oo, then the following relations hold

€
true
- +
(2.3) ulpe) > 1 = Juliy < pre) (W) < [uli,
+ —
(2.4) ey <1 = Julp < o) (W) < Julie,

[Un, — ulpy — 0 if and only if  pjy(p)(un —u) = 0.

Proposition 2.1. (see [16]) Let hy and hy be measurable functions such that hy € L>(RY)
and 1 < hy(x)ho(x) < 400 for a.e. x € RN. Let u € L"@(RN), w # 0. Then we have
the following assertions

|h1(a¢

<1 i < ) < |ul™
|tlhy (2)ha (@) < = |u|h1(w)h2(z) = ““ ’hQ(;p) = ‘u|h1(w)h2(x)’

hy hi(z hy
[l @hae) 21 = [l ooy < 1™ 0 < 1l oy
In particular, if h1(x) = hy is a constant, then it holds that

h ik
et 1‘112(9;) = ‘u|h1h2(x)‘

For the convenience of the readers, we recall some definitions and basic properties of
variable exponent Sobolev fractional spaces. For a deeper treatment on these spaces, we
refer to [8,/19,24].

For a smooth bounded domain € in RY, we consider two continuous functions p: Q x
Q — (1,4+00) and q: Q — R. We assume that p is symmetric, i.e., p(x,y) = p(y, z) for all
z,y € Q and

l<p™:= min _p(z,y) <plr,y) <p":= max _p(z,y) < +oo,
(z,y)EQXQ (z,y)EQXQ

1 <q :=ming(z) < q(z) < ¢" = maxq(x) < +o0.
e z€)
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For s € (0,1), the fractional Sobolev space with variable exponent via the Gagliardo
approach X = W#5@)2(@)(Q) is defined as follows

_ (z.y)
X = {u el (9)7/QXQ P |z — y|N+sp(@y) dxdy < 400 for some >0 p .

Let

— p(z,y)
(U] p(z,y) = inf {u > 0,/ [u(z) — u(y) dzdy < 1}
Q

be the variable exponent Gagliardo seminorm and define

ul| x = [U}S,p(x,y) + |ulg(a)-

Then X equipped with the norm || - ||x is a Banach space. For u € X, we set

Ju(z) — u(y) Py /
= dzd (=) q
p(u) /QXQ iz — y[N+p(@y) vy + o [ul v

and
[[ullp = inf {u >0,p <“> < 1} :
1
It’s well known that || - ||, is a norm which is equivalent to the norm || - ||[x. Due to
Lemma 3.1 in [19], (X, || - [|x) is a separable and reflexive Banach space.

To take into account the boundary condition in problem (1.1) we consider the space
Xy = WS’Q($)’p(w’y)(Q) that is the closure of C§°(€2) in X. Then Xy is a separable and

reflexive Banach space under the norm

||u|| = [u]s,p(m,y)'

Proposition 2.2. (i) If 1 < [u]s (s, < +00, then

- [uz) = u(y) =
([U]s,p(z,y))p S /QXQ ’33 - ?/|N+8P(9ﬁay) dwdy S ([U]s,p(x,y))p

+

(11) If [u]s,p(ac,y) <1, then

+ Ju(z) — u(y)[") -
(s < /stz o — gV repas) WS ([Wlsp@n)” -

In the following lemma, we give a compact embedding result into the variable exponent

Lebesgue spaces.
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Proposition 2.3. (see [19]) Let Q C RY be a Lipschitz bounded domain and s € (0,1).
Let q(z), p(x,y) be continuous variable exponents with sp(x,y) < N for all (x,y) € Q x Q
and q(x) > p(z,z) for all x € Q. Assume that r: Q — (1,400) is a continuous function

such that
Np(z, )

Pie) = e

>r(x)>r >1

for all z € Q. Then, there exists a constant ¢ = c¢(N,s,p,q,7,Q) such that for every
ue X = W1@rEY)(Q), it holds that

|ulp 2y < cllullx.

That is, if 1 < r(z) < pi(z) for all z € Q then the space X is continuously embedded in
Lr(‘”)(Q). Moreover, this embedding is compact. In addition, when one considers functions
u € Xo = Wet@PEv)(Q) it holds that

|ulp(z) < cllull.

Proposition 2.4. (see [8]) For the operator L, ,y: Xo — X{ defined as in the beginning
of the paper, we have

wlz) — ul)PE=2(u(z) — u 2) —
<%m%@=£mlu W)l W&&g@gwm o)

dxdy

for all ¢ € Xo. Moreover, under the conditions of Proposition [2.3], the following assertions
hold true:

(i) Ly(z,y) is a bounded and strictly monotone operator.

(ii) Lpay) i a mapping of type (S4), i-e., if up — u in Xo and
lim sup( Ly () Un — Lp(z,y) U, Un — u) =0,
n—o0o

then u, — u in Xg as n — oo.

(i) Lp(z,y) s a homeomorphism.

3. Main results

In this section, we will state and prove our main results. We denote by c¢; general positive

number whose value may change from line to line.
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Definition 3.1. We say that A € R is an eigenvalue of problem (|1.1)) if there exists
u € Xo \ {0} such that

| [u(z) —uly)PD () — uly))(ele) — ) ;o
QxQ

‘x — y‘N‘FSp(x?y)

—i—/ |12y do — )\/ V(2)|u|" ™ 2upde = 0
Q Q

for all ¢ € Xg. It is clear that if A is an eigenvalue of problem ([1.1)) then the corresponding
eigenfunction ¢ € X \ {0} is a weak solution of problem ([1.1).

Our first result concerns problem ((1.1)) in the sublinear case, we establish the existence

of a continuous family of eigenvalues for problem (|1.1)) in a neighborhood of the origin.

Theorem 3.2. Let the functions p,q: Q@ — R be such that condition (1.2]) holds. Moreover,
we assume that the functions p: Q@ x Q@ — R, and ¢,r,0: Q — R satisfy the following

conditions:
(Hy) 1<r(z)<p” <pt < N/s<o(x) for all z € Q;

(Hy) V € L°®)(Q) and there exists a measurable set Qg CC Q of positive measure such
that V(x) > 0 for all x € Q.

Then there exists X > 0 such that any X € (0, ) is an eigenvalue of problem (1.1]).

Proof. For each A > 0, let us consider the functional Jy: Xy — R associated with prob-
lem (1.1)) by the formula

Ia(u) = @(u) = AU (u),

where

_ p(z,y) 1
O(u) = / [uz) — u(y) dxdy +/ —— |u]?®) dg,
axa P( o q(z)

2,y — [V

= [ Y& @ g,
)= [ d.

From conditions (H;)—(Hz2) and Proposition for all u € Xy, we get

W (u) <

2
il r(z)
r_’V|J(x)Hu‘ }

o(z)/(o(x)—1)
- 7|V|a (@) |ulyy @) (o)1) i [ulo(eyr(z)/(o(@)-1) < 1,
BVl oy o1 I lo@r)/e@-1) 2 1

We also deduce from (H;) that a(z) = o(z)r(x)/(c(z) — 1) < pi(x) and f(x) =
o(x)r(z)/(o(x) — r(x)) < pi(z) for all x € Q and by Proposition the embeddings
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Xo — L*®)(Q) and X, — LP®)(Q) are continuous and compact. Thus, the functional .Jy
is well-defined on Xy. The proof of Theorem [3.2]is divided into the following four steps.

Step 1. We prove that Jy € C'(Xo,R) and its derivative is

K- [l =u) P u(e) — u))(ol@) = o))

QAxQ |x—y|N+3p(x’y)

—i—/ |u|‘1(z)_2u<,0dx—>\/ V(2)|u|" ™ 2up da
Q Q

for all u, € Xy. This means that weak solutions of problem (|1.1) can be found as the

critical points of the functional .Jy in the space Xj.

First of all, using the same method as in the proof of |8, Lemma 4.1], we can show
that ® € C1(Xy,R) and

O (u) () = /ng |u(z) — u(y) P2 (u(z) — uly))(e(z) — o(y)) dudy

o ’x — y’N+5P(1‘:y)

+ / |12y da
Q

for all u, p € Xp.

Now, we will prove that ¥ € C'(Xy,R), that is, for given u € X we show that for all
» € Xop, it holds that
v - v
Wt 1) ()

lim t = W'()(9),

and U': Xy — X is continuous, where we denote by X the dual space of Xj.
Indeed, by conditions (Hj)—-(Hz), for |t| < 1 using Holder’s inequality (2.2)) and Propo-
sitions and it implies that

[ |v@tu+ tor® 2w to)e] do < [ V@l + ol ol do
Q Q

< /Q |V (@)[(|ul + )" o] dee
r(x)—l‘

<3|V (@) |o || |u] + "
V(@) || lul + ] T(x)/(r(x)_l)lwlﬂ()
rT—1
< 3V lo@w |lul + [l 0 12150
< 400,
where 7 = + if ||u| + |<pHr($) >1and 7= — if ||u] + ]cpHT(w) < 1 since Xo < LP@)(Q),

X — L"@®(Q) and V € L7@(Q).
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For all ¢ € Xy, using Lebesgue’s convergence theorem, we get

U(u+tp) — ¥(u)

lim
t—0 t
d V(x)
= S W(uttyp :</ ””‘Pr(x)dx>
dt ( ) =0 dt Q T’(x) | ‘ t=0
:/ 4 (/ 4 )|u+ts0!’°(‘”) da d:cZ/V(%)IU“@OI”(””’_Z(UH@MD dx
qdt \ Jq r(x) t=0 Q =0

= /QV(x)|u\T(g”)2ucpd£C = U (u)(p).

Since the embedding Xy — LA®)(Q) is continuous, there exists ¢; > 0 such that
l¢ls(z) < c1ll¢ll for all ¢ € Xo and by conditions (Hy)—(Hz),

V() ()] = ' /Q V(@) [ul @ 2up di| < /Q V(@) [uf @] de

< 3|V‘U(x)’u‘:zm_)1‘90’ﬁ(x) < 301|V‘a(x)’u‘:zm_)l”¢u

for any ¢ € Xo, where 7 = + if [uf,(;) > 1 and 7 = — if |u[,(;) < 1. Combining this
with the linearity of ¥ we deduce that ¥/ € X{. Note that the map u > |u|"®) =2y from
L"@)(Q) into L'@)/("(#)=1)(Q) is continuous. For the Fréchet differentiability, we conclude
that U is Fréchet differentiable and

' (u)(p) = /Q V(@)@ 2upde, Vu,p € Xo

and thus Step 1 is completed.

Step 2. We prove that there exists A > 0 such that for any A € (0,)), there exist
constants R, p > 0 such that Jy(u) > R for all u € Xy with [Ju| = p.

Indeed, since a(x) = o(z)r(z)/(c(z) — 1) < p*(z) for all z € Q, the embedding
X — LY®)(Q) is continuous, there exists ¢z > 0 such that

|ula@) < collull, Vue Xo.

Hence, by relation (3.1)), for any u € Xy with ||u|| = p small enough,

u(z) — u(y)[P@y) / 1 V(z)
J u:/ dzdy + uq(x)dﬂsk/ur(m)dl‘
A= e oo ) — gl “HE Jo Gy o 7
2c 2

T - 1 + ch -
2 r 2 T
v = 2y
r— | |J(ac)”u|| T r— | |0(a:)p

— (1 - 2¢h
=p ( per - A 2 |V|O'(:II)> .

G -

1
> —fullP” = A
p
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Putting .
AR
20t 2¢5 V]
then for any A € (0, ) and u € Xo with ||u|| = p, there exists R = pP" /(2p™) such that
Jra(u) > R > 0.
Step 3. We prove that there exists ¢y € Xy such that pg > 0, ¢o # 0 and Jy(tpg) < 0
for all ¢ > 0 small enough.

> 0,

Indeed, condition (Hj) implies that r(z) < min{p~,¢~} = p~ for all x € Qp. In the
sequel, we use the notation ry :=inf g r(x). Let €9 > 0 be such that ry +€ <p~. We
also have since r € C(y) that there exists an open subset Q1 C Qg such that

Ir(x) —rg | <€, Ve
and thus
r(z) <ty +e<p, Vxel.

Let g € C§°(Qp) such that Q1 C supp(po), wo(z) =1 for all x € Q1 and 0 < g < 1

in Qy. Then, using the above information, for any ¢t € (0,1) we have

ltpo(z) — to(y) PEY) / 1 V(z)
Ty (t :/ dody + | ——1|t Q(x)da:—/\/ too|"®) de
M000)= [ byl =y W [yl o () 70

- / lpo(x) — o (y)[P=Y) t /
< — dxdy + — % 4(®) gy
P~ Jagxa, o —y|[Ntep@y) q- Qo| o
o [ VS @) @) gy
Qo r(z)
o D Qo x Qo |§C - y|N+sp(a:,y) Qo
)\trg+eo
S [ V@l e
Ty Q1

Therefore, Jy(twy) < 0 for 0 < t < /770 —€0) with

W Jo, V@0l da
+ x)— (z,y)
o foQ loo () —po (y) [P1*>Y dxdy—i—fﬂ \900"7(33) dx

|z—y|N+sp(e.y)

0<d<ming 1,

The above fraction is meaningful if we can show that

/ lpo(x) — woly) Py
QxQ

|z — y|N+sp(@y)

dxdy +/ 0|7 daz > 0.
Q

Indeed, it is clear that

/ ool @ de < / ool"® da < / ol da.
(951 Q Q
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On the other hand, the space Xy is continuously embedded in L™ (£2) and thus, there
exists c3 > 0 such that |po|,— < c3|l@oll, which implies that ||pg|| > 0. Combining this
with or the claim follows at once.

By Step 2, we have

inf J > 0.
weinl o W

We also deduce from Step 2 that, the functional Jy is bounded from below on B,(0).
Moreover, by Step 3, there exists ¢ € X such that Jy(tp) < 0 for all t > 0 small enough.
It follows from Step 2 that

202

1 -
Ialw) 2l ullP" = AT Vg lul

which yields

—00 < ¢y = inf Jy(u)<O0
u€B,(0)

Let us choose € > 0 such that 0 < e < inf,epp, (o) /a(u) — inf, 5 (0 )J,\(u). Applying
the Ekeland variational principle [17] to the functional Jy: B,(0) — R, it follows that
there exists u. € B,(0) such that

In(ue) < inf  Jy(u) +€,  In(ue) < Ia(u) + €llu —uell, u # ue,
u€B,(0)

then we infer that Jy(ue) < infucop, (o) Jr(u), and thus ue € B,(0).
Let us consider the functional Iy: B,(0) = R by Iy(u) = Jy(u) + €|ju — uc|. Then u,
is a minimum point of I, and thus

I)\(ue + 7_90) - I)\(ue)
t

>0

for all 7 > 0 small enough and all v € B,(0). The above information shows that

Ix(ue + 79) — JIn(ue
e 78] Z Al 4 ) > 0.

Letting 7 — 07, we deduce that
Ji(ue) (@) +ellel = 0

and we infer that ||J}(uc)||x; < e. Therefore, there exists a sequence {u,} C B,(0) such
that

(3.2) In(up) = c=

inf Jy(u) <0 and Ji(u,) — 0 in X asn — occ.
u€B,(0)

Is is clear that the sequence {u,} is bounded in Xy. Now, since X is a reflexive
Banach space, there exists u € Xy such that passing to a subsequence, still denoted by

{un}, it converges weakly to u in Xj.
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Step 4. We prove that {u,} which is given by (3.2]) converges strongly to u in X, i.e.,
limy, 00 ||tn — ul| = 0.

By conditions (H;)—(Hs), using Holder’s inequality (2.2) and Propositions and
we deduce that

<2 Mun’q(ﬂf)%un’

/ |un|q(‘”)*2un(un —u)dz
Q

Up — Ul g(a

o)) )
+_

< 2|un|g(gg)1|un — ufy()

—0 asn— o

and

‘/ V(@) [un )" 20y (up — u) da
Q

<3Vlo()

‘unlr(x)72un’ ‘un - u‘ﬁ(az)

r(z)/(r(z)-1)
r_
< 3V]o(@) (1 + lunlr(z)l) |tn — ulg(a)
—0 asn— oo,

where B(z) = o(z)r(x)/(o(z)—r(x)). Moreover, by we have limy, o0 J} (un ) (U —u) =
0, 1i.e.,

un (2) — U (V) PEV 2 (wn () — un(y) ((un (@) — u(@)) — (unly) — u(y)))
/vaXQ |I’ _ y|N+Sp(x,y) dxdy

+ / [t |9 =20y, (uy, — w) da — )\/ V(@) |[un|" @ 2up (up — ) do — 0 as n — oo,
Q Q

which yields

[n (@) = wn () [P 2 (un () — un(y)) (un(@) — u(2)) — (ualy) — u(y)))
I P ety
(3.3) lim £, ) (un)(uy —u) = 0.

n—o0

Since {uy} converges weakly to u in Xo, we also have that lim, e Lz, (4)(un —u) =
Combining this with (3.3 we get

(3.4) lim (ﬁp(%y) (un) — ﬁp(x7y) (u))(un — u) =0.

m— 00

Relation and Proposition show actually the sequence {u,} converges strongly
to u in Xo. Thus, in view of (3.2), we obtain Jy(u) = ¢, < 0 and J{(u) = 0. This
means that u is a non-trivial weak solution of , i.e., any A € (0, ) is an eigenvalue of
problem . Theorem is completely proved. O
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Now we will prove the second main result for problem (|1.1)) regarding the superlinear
case. We also consider V' as an indefinite weight in the sense that it is allowed to change

the sign in the domain 2. Let us define the subsets of X as follows:

X = {u € Xo: / V(z)|u|"® dz > 0} ,
Q

Xy = {u € Xo: / V(z)|u"® de < o} :
Q

and
z)— p(z,y) .
] ®(u) : fﬂxﬂé)@,yv%dxdy+f9|1t|“ )
(3.5) A" = inf . Ay = inf ’
wexy Y(u) uexy fQ 2)[u[r@ dz
w(z)—u(y)|P@:y) .
* S P (u) < foQ % dxdy + fQ ]u|‘1( )
Ho= up 9 Mx = up
ueXy W (u) ueXy fQ V(x)|u|"®) dz

Theorem 3.3. Let the functions p,q: Q — R be such that condition (1.2]) holds. Moreover,
we assume that the functions p: Q x Q@ — R, and q,r,0: Q — R satisfy the following

conditions:
(H3) 1 <min{p~, ¢} <max{pT,q¢"} <r(z) <pi(x) forallz €Q, and r™ —1/2 <r~;
(Hy) V € L°®)(Q) is a changing sign function such that o € C(Q) and

Np(z,x)

a(m)>max{ Np(o.2) + splw.2)r(@ Ve

H,_/

Then we have

(i) A* and p* are the positive and negative eigenvalue of problem (1.1) respectively,
satisfying p* < pe <0 < Ap < A¥;

(i) A € (—o0,u*) U (A", +00) is an eigenvalue of problem (1.1 while any X € (ps, \s) is
not an eigenvalue.

Proof. Note that if A is an eigenvalue of problem ([1.1) with weight V' then —\ is an
eigenvalue of problem with weight —V'. Hence, it is sufficient to prove Theorem
only for A > 0 and we will consider problem only in the set XJ defined as before.
For this case, the proof of Theorem is divided into the following four steps.
Step 1. We prove that A, > 0.
By relation , it follows that
r rt r

3.6 — A <N < — A\ = — )\,
(3:6) max{p*, ¢t} min{p~, ¢~} p-
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and 0 < A, < A\* since min{p~, ¢~} = p~ and max{p™,q"} < r~, see conditions (1.2)) and
(H3).
We will prove that

e
37) ||u||J5fﬂeX; V)
(3.8) W) _ | .

[l +oo,uexg ¥(w)

Indeed, first of all, we will prove (3.7) holds. Using Hoélder’s inequality (2.1)) and Propo-
sition for all u € Xy we have

2 r(z 2 r7
|W(u)| < F|V‘a(z)“u‘ ( )L,(z)/(o(m)_l) < F|V|a(z)‘u|a(:ﬁ)>

where 7 = — if [ulq) < 1 and 7 = + if |ulym) > 1 and a(z) = o(z)r(z)/(o(x) — 1).
By condition (Hy), we have 1 < a(z) < pi(z) for all z € Q, that is, Xy is continuously
embedded in L*®)(Q), so there exists ¢4 > 0 such that

2¢cy

(3.9) O (u)| < “= Vo llull””

—
For all u € Xy with [Ju|| < 1 by relation (3.9), we infer that
[u(z)—u(y)[PEy) 1
P (u) B fQXQ p(;fy:;]szyNﬂp(z,y) dxdy + fQ m‘mq(x) dr

U(u) N ‘:((:Zc)) |u|"(®) da

w(z)—u(y)PEv)
(3.10) - Joxe p(L,;)fx_;&Lsp(x,y) dzxdy

fQ V(z) ‘u’r(m) dx

r(z)

r +_p—
Jul” "

>
264]9Jr | 14 | o(x)

which helps us to get relation (3.7) because of (Hg3), that is, p™ < r~.
On the other hand, since 7+ — 1/2 < r~, there exists a constant # > 0 such that
rt —1/2 <6 <r~, which givesus r* —1 <r~ —1/2 < 0 and

(3.11) 1+60—rt>0, 20r~ —0)<2(r" —0) < 1.

Let us take v(x) any measurable function satisfying
(3.12)

o(x) pi(x) . pi(x) 1
max{l + 00 (@) pi(x) + 0 —r<x>} <7le) < mm{p;(m> +00() T+0— r<w>}

for all z € Q and

(3.13) 0 <3+ + 1) <r.
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From relations (3.11)—(3.13)), it implies that v € L>(£2) and 1 < y(z) < o(x) for any
x € Q. Moreover, we have

N(@o(@) _ .o @ =0v@) _ g
U(ﬁ)_’y(x)<ps( ), 1< <ps(z), VreQ,

be v(z) — 1

so there exists ¢5 > 0 such that

(314)  Juloy@)o@)/o@) @) < esllul, Tule@-0@/6e@-1 < ellull, Ve e Xo.

For all u € X, by Holder’s inequality (2.1)) and (3.12) we have

W) < [ VI |l do < 2Vl

and

1/~

1/y~
’V|u|9} < (/ |V’7(z)|u|ew(z) d:n) <2 ‘|V‘7(w)
v(x) Q o(z)/(o(x)=(z))

ul?@)

a(z)/y(z)

for all u € X~ with ‘V!u\o‘w(w) > 1. Thus, by (3.14]), we infer that

/v~ /v~

o)/ o)/ (0(x)—(x))
YT 97 /7

<1+2 (H V@) ) (H [ulg, )/(U(w)—v(w))>

< co (1 Jul®" ")

VIul]py < 142V

o |17

for any u € XS' . Similarly,

rT\x)— T = 7"+_
f® e‘w/( o S 06w S L el Vue xg

Combining (3.14) with the above information, we deduce that

()] < e (1+ [l (1+ erllul ")
+_ + Jn— + /o= +_
(3.15) = co + cgerllul” = + col[ull 7+ cgerful T flul

e (1l 4 fuf20 )

for all uw € X with |lu| > 1.
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Hence,

ulz p(z,y) )
®(u)  Joxa (L ;)?x 15|1\)f‘+5Pry) dady + o, oy ul™

U(u) Q ‘:(I Ju|"(®) dz

w(z p(z,y)
Joxo z(/)l)z Wty dody

fQ r(z) |u|r(:p dx
Ll
T oog (1 ([0 4 Jlul 207 -9)

— +00

as |lul]] = +oo since p~ > 1> 2(rt —0) > 2(r~ —0) > 20y /4y~ > 20. Thus relation (3.8))
holds.

Now, we are in the position to prove that A, > 0. Assume by contradiction that
A« = 0, from we get A* = 0. Then, there exists a sequence {u,} C X \ {0} such
that

(3.16) lim

We also obtain from (3.10) that

[tn () —un )|p(x’y)
(p(un) fQXQ (,1; y)‘x y|13+517(z y) dmdy

>
(3.17) )
muunﬂp i [uel] > 1,
- - .
m,ﬁmuunﬂp Tt gl < 1.

By (Hs), we get p~ —rT < 0 and pt —r~ <0, so (3.17) implies that ||u,| — +oo as
n — oo. Using again , we get
lim (un)
n—oo W(uy,)
which contradicts and thus, we have A, > 0. The proof of Step 1 is completed.
Step 2. We prove that \* is an eigenvalue of problem .
Indeed, let {u,} C X \ {0} be a minimizing sequence for the number \*, that is,

= +OO,

O (up,)
1 li = \*
(3.18) el T (uy) =\">0.

By (3.18]), we infer that {u,} is a bounded sequence in Xj. Since Xy is reflexive, there
exists u* € X and a subsequence of {u,}, still denoted by {u,} such that {u,} converges

weakly to u* in Xy as n — oo. Since @ is weakly lower semi-continuous, we get

(3.19) lim ®(u,) > @(u).

n—0o0
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On the other hand, since the embedding Xy — L*®)(Q) is compact, the sequence
{u,} converges strongly to u* in L*®)(Q), where a(z) = r(z)o(x)/(o(z) — 1). It is
noticed that [unla@) = [ula)s [0l |y o1y 2 161750 @1 the se
quence “Unr(w)‘g(x)/(g(z),l) is bounded and {|u,|"®} converges weakly to |u*|"®) in
Le@)/@@)=-1)(Q), so we deduce that |u,|"® — |u*["@) in Lo@/(@@-1)(Q). From the

above information, it implies that

W (un) — W (u")] < /Q H:((j)) (|t |"® — Ju*|"®)) dae

2
r(x) _ 1, *|r(x)
S;:ﬂVb@ﬂWM T o)1)

—0

as n — 0o, that is,

Vi(z)
r(z)
In view of (3.19) and (3.20) we obtain ®(u*)/¥(u*) = A* if ¥(u*) > 0, ie., u* €

X\ {0}. We need to show that ¥(u*) > 0. Assume by contradiction that ¥(u*) = 0,
that is, {¥(uy)} converges to 0 or

u*|" @) da > 0.

n—o0

(3.20) lim U(u,)=¥(u*) = /Q

(3.21) lim ¥(u,)=0.

n—oo

Now, taking € € (0, A*) be fixed, by (3.18]), for n large enough,

‘(D(un) M| <e

W (un) -

(N = e)U(up) < Pun) < (A" + €)¥(uy),

which follows from (3.21)) that lim, o ®(u,) = 0. This means that u, — 0 in Xy, that
is, ||un| — 0 as n — oo and thus,
P (up)

A Gy T

which is a contradiction. Therefore, ¥(u*) > 0 and u* € X\ {0} is an eigenfunction and
A* is an eigenvalue of problem .

Step 3. We prove that any A € (A*, +00) is an eigenvalue of problem .

Let A € (A\*,+00) be arbitrary but fixed. We know that A is an eigenvalue of prob-
lem if and only if there exists uy € Xg \ {0} a critical point of Jy.
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From (3.15)), it implies that

lu(x) — u(y)[PEy) / 1 V(x)
J u:/ dxdy + uq(x)dx—/\/u”(”)dac
= oo eyl =y Ve T gyt o ()

1 - -
> el = Aes (14l 4 et =)
— +00

as ||u|| = +oo since p~ > 1> 2(r* —0) > 2(r~ —6) > 204" /y~ > 260. This follows that
J) is coercive in XJ.

By the of proof in Step 2, the functional ¥ is weakly-strongly continuous in XO+ . We
also know that ® is weakly lower semi-continuous, so by Weierstrass theorem, there exists
uy € X(;" a global minimum point of Jy. We need to prove that u) is non-trivial critical
point of Jy. Indeed, since \* = infueng ®(u)/W(u) and A > N\*, it follows that there exists
Uy € X such that ®(u,)/¥(uy) < A, that is,

JA(ﬂ)\) = q)(ﬂ)\) — )\\I/(ﬂ)\) < 0.

This means that infueng Jx(u) < 0 and thus, uy is a non-trivial critical point of Jy or
A is an eigenvalue of problem . The proof of Step 3 is completed.

Step 4. We prove that any A € (0, A,) is not an eigenvalue of problem ([L.1).

Indeed, assume by contradiction that there exists A € (0, \*) is an eigenvalue of prob-
lem , that is, there exists u) € Xar such that

' (uy)(v) = AV (ur)(v), VveX.

Thus, for v = uy € Xar we have

lux(x) — uk(y)v’(r,y) / /
- drd @dy =\ [V @) .
(322 /QXQ iz — yNrsrey) Y + o ux| " dz ; (@)|ua|"™ dz

By the definition of the set X, we have [ V(x)uy|"® dz > 0. By (3.22) and the
definition of A, and the fact that A < \., we deduce that

/ lup(x) — uy(y)[PEY)
QOxO

‘a:- — y’N+5P($7y)

dzdy + / |9 da:
Q

> /\*/ V(2)|ux|"® dz > /\/ V(2)|u|"® da
Q Q
_ / Jua(z) — un(y) )
QxQ

|z — y|N+sp(:c,y)

dxdy + / |ux|9®) dez,
Q

which is a contradiction. Therefore, the proof of Theorem [3.3]is now completed. O
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