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Attractors for a Class of Kirchhoff Models with p-Laplacian and Time Delay

Sun-Hye Park

Abstract. This paper is concerned with a class of Kirchhoff models with time delay

and perturbation of p-Laplacian type
ug (v, ) + Au(z, t) — Apu(z,t) — agAuy(z, t) + arug(z,t — 7) + flu(z,t)) = g(z),

where Apu = div(|[Vu[P=2Vu) is the usual p-Laplacian operator. Many researchers
have studied well-posedness and decay rates of energy for these equations without
delay effects. But, there are not many studies on attractors for other delayed systems.
Thus we establish the existence of global attractors and the finite dimensionality of
the attractors by establishing some functionals which are related to the norm of the

phase space to our problem.

1. Introduction

We consider the following Kirchhoff models with time delay and perturbation of p-Laplacian
type
) wy + A% — Apu — agAuy + ajuy (v, t — 1) + f(u) = g(x) in Q x RF,
) u=Au=0 ond xR,
) U(O) = Uuo, ut(o) =ur on Qa
) ur(x,t) = jo(z,t) for (x,t) € Q x (—7,0),
where Q C RY is a bounded domain with smooth boundary 9. ag >0, a; € R, 7 > 0 is
time delay, and g € L?(9).
This model can be regarded as a fourth order viscoelastic plate equation with a lower

order perturbation of p-Laplacian type and is related to one-dimensional nonlinear equa-

tion of elastoplastic microstructure flows given by
(1.5) Ut + Ugzgr — a(u920>1’ =0.

As a general form of (1.5)), many authors [8.(14L16,/17] studied the following equation with

appropriate boundary and initial conditions:

(1.6) u + aA*u — Apu — Aug + hug) + f(u) = g(z).
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Ma and Soriano [8] proved the global existence and decay of the solutions when a =
h(u;) = 0 in (L.6). Park et al. [14] improved the results in 8] by generalizing the as-
sumptions on h, that is, the function A is assumed to be a discontinuous and nonlinear
multi-valued function.

With respect to plate equations with memory of the form
t
ug + A%u— Apu + / w(t — s)Au?(s) ds — Auy = 0,
0

the authors of |1] proved the existence result and established the exponential decay rate
when the relaxation function p decays at the same rate. The interaction of the memory
term with p-Laplacian operator was first considered by them. Later, Park [12] obtained
general decay rate by weakening the conditions of kernel function u.

It is well known that the strong damping —Aw; plays an important role to obtain global
well-posedness and uniqueness of solutions due to the presence of the p-Laplacian. Most
recently, Jorge silva et al. [6] studied the nonlinear viscoelastic Kirchhoff plate equation

of the form
t
(1.7) ug — Aug + aA®u — div(F(|Vul?)Vu) — / u(t — 8)A%u(s)ds = 0,
0

where F': RY — RY is a vector field satisfying some conditions, here |Vu[P~2 is an example
of F(|Vul|). Dropping the strong damping, they proved the existence and uniqueness of
stronger solutions in the presence of the rotational inertia term —Awy, which gives the
regularity of solutions and hence enables to control the the p-Laplacian term, and showed
the memory component is enough to decay the energy of solutions. But, the energy of
solutions is stationary when g = 0 in . So, it will be needed additional dissipation to
investigate energy decay rates or the long time dynamics in terms of attractors.

The aim of this work is to investigate the existence of attractors and finite dimen-
sionality of the attractors for the Kirchhoff equations f with p-Laplacian and
time-delay and without the memory.

Since time delays arise in many applications depending not only on the present state
but also on some past occurrences and the presence of delay may be a source of instability,
partial differential equations with time delay effects have become an active area of research
(see [3,9-11] and references therein). Nicaise and Pignotti [10] investigated the wave

equation with time delay
up(x,t) — Au(z, t) + ague(x, t) + arug(x, t — 7) = 0.

They proved that the energy of the problem decays exponentially under the condition
0 < a; < ap. And then they extended the result to the time varying delay case in [11].
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For the related works of equations with time delay, we also refer |7},/13.|16] and references
therein.

It is worth mentioning that there are not much literature on attractors for delayed
systems. Furthermore, as far as we are concerned, this is the first work in the literature
that takes into account the global attractors for Kirchhoff models with p-Laplacian and
time delay. To obtain our desired results, we establish some functionals which are related
to the norm of the phase space to problem —.

The outline of this paper is as follows. In Section [2| we give some notations and
material needed for our work. In Section |3, we prove the existence of attractors for
problem 7. Finally, in Section 4| we examine the finite dimensionality of the

attractors.

2. Preliminaries

We denote the inner product in L*(Q) by (-,-) and the usual norm of LP(Q2) by | - [,-
For simplicity, we denote || - ||2 by || - ||. For a Banach space X, || - ||x denotes the norm of
X. Let A and X be the best constants satisfying Al|ul|? < ||Au||? for u € H2(Q) N HL(Q)
and A|u||2 < || Vul|? for u € HE(Q), respectively.

We present the precise hypotheses to problem f.

(H1) We assume that p satisfy
2N —2
N -2

This condition guarantees

2<p< if N>3 and p>2 if N=1,2.
H2(Q) N HY(Q) = WP Q) — HY(Q) < LX(Q).

(H2) The forcing term f: R — R satisfies

(2.1) |f(u) — f(@)] <UL+ |u|™+ |a|™)|u—1a| foru,uekR,
(2.2) —lp < F(u) < f(u)u for u € R,

here F(u) = [y’ f(s)ds, 1 >0, lo > 0, and

(2.3) 0<m< fN>5 and m>0ifl1<N<A4.

N —4
The condition (2.3)) ensures that H2(Q) — L2+ (Q).

(H3) g € L*(Q) and jy € L?(22 x (—7,0)).
(H4) The coefficients ag and a; satisfy

0 < |a1| < agA.
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2.1. Well-posedness
As in |10], we define the function z as

z(x, p,t) = w(x,t — pr) for (z,p,t) € Q@ x (0,1) x (0, 00).

Then problem (|L.1))—(1.4)) is equivalent to

(2.4) uy + A%u — Apu — agAug + arz(z, 1,t) + f(u) = g(r) on Q x R,
(2.5) Tz¢(x, p,t) + 2p(x, p,t) =0 for (z,p,t) € Q x (0,1) x (0,00),
(2.6) u(z,t) = Au(x,t) =0 for (x,t) € 9Q x RT,

(2.7) u(z,0) = up(z), w(z,0)=ui(z) forxeQ,

(2.8)

z(m,p, O) = j0($7 _pT) = Z()(IE,p) for (fL',P) € x (07 1)

Vo=L*Q), Vi=H}Q), Vi=H*(Q)NH)Q)
and define the phase space
H=Vy x Vo x L*(Qx (0,1))
equipped with the norm
(s v, )13 = AUl + ([0 + 112112 @ 0,1))-

We now state the well-posedness result which can be established by combining the

arguments of [4,[15].
Theorem 2.1. Assume that (H1), (H2), (H3) hold. Then we have:

(i) For every (uo,u1,20) € H and T > 0, there exists a weak solution (u,u,z) of

problem (2.4)—(2.8) in the class
u € L®(0,T; V), wus € L°°(0,T;Vy) N LA0,T;V1), =z L*(0,T;L*(Q x (0,1)))

satisfying (u,uy,z) € C([0,T];H). Moreover, the solution is unique and depends
continuously on the initial data (ug,u1,20) € H and g € L*(Q).

(ii) Let (u,uy, z) and (w,uy, 2) be two weak solutions of problem (2.4)—(2.8) corresponding

to initial data (ug,u1,29) and (ug,u1, 20), respectively. Then one gets

1w, ue, 2) = (@, @, 2) 90 < €l(uo, u1, 20) — (%o, %1, 20)) |l for some ¢ > 0.
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2.2. A short overview on infinite-dimensional dynamical systems

To study the existence of attractors for problem f and the finite dimensionality of
the attractors, we present some basic concepts and abstract results on dynamical systems
given by the Chueshov and Lasiecka’s book [2].

Let F be a Banach space and B be a bounded subset of 7. We call a function ¢(-,-)
which defined on F x F is a contractive function on B x B if for any sequence {z,,}°2 ; C B,

there is a subsequence {zp, }7°, C {z,}52, such that

hgr_l)lcgf llggfé(xnk,xnl) =0.

Theorem 2.2. [2, Theorem 7.1.11] Let {S(t)}+>0 be a semigroup on a Banach space
(F, |l - llz) and have a bounded absorbing set By. Assume that for any e > 0 there exist
T =T(By,¢€) and a contractive function ¢r(-,-) on By x By such that

1S(T)x = S(T)yllr < e+ ¢r(x,y) for all x,y € By,
where ¢ depends on T'. Then S(t) is asymptotically smooth in F.

Theorem 2.3. |2, Theorem 7.2.4] A dissipative dynamical system (S(t), F) has a compact

global attractor if and only if it is asymptotically smooth.

Let X, Y, Z be three reflexive Banach spaces with X compactly embedded in Y,
F=XxY xZ, and (S(t), F) a dynamical system given by an evolution operator

(2.9) S(t)r = (u(t),u(t), z(t)) for x = (up,u1,z20) € F,
where the functions u has regularity
(2.10) ue€ CRT; X)NCRT;Y), z€CR";2).

We call the dynamical system (S(t), F) is quasi-stable on B C F if there exists a compact
seminorm nx on X and nonnegative scalar function a(t) and c(t), locally bounded in
[0,00), and b(t) € L'(RT) with limy_,o, b(t) = 0 such that

(2.11) IS(t)z = SylF < al®)|z - ylF
and
(2.12) IS(#)z = SE)ylF < b(®)llz = yllF + e(t) Oiggt[nX(U(S) —a(s))?,

where S(t)z = (u(t), ue(t), 2(t)), S(t)y = (u(t), w(t),z(t)) and z,y € B.

Theorem 2.4. [2, Theorem 7.9.6] Let (S(t),F) be given by (2.9)) and satisfy (2.10). If
(S(t), F) has a compact global attractor A and is quasi-stable on A, then the attractor A

has finite fractional dimension.
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3. Existence of attractors

In this section we prove the existence of global attractors for problem ([2.4)—(2.8) by
applying Theorem For this, let us define a map S(t): X — H by

(3.1) S(t)(uo, ut, z0) = (u(t), ue(t), 2(t)),

where (u(t),u(t), z(t)) is the unique weak solution of system (2.4)—(2.8)) corresponding to
initial data (ug,u1,2z0). Then, by Theorem {S(t)}>0 is a CO-semigroup on H.
To obtain our desired result, we need to show that the dynamical system given in

(3.1)) is dissipative and asymptotically smooth. Inspired by [11], let us define the energy

of problem (2.4)-(2.8) by
1 , 1 , 1 )
E(t) = Sllu@I” + 51 Au®)]” + I;HVU(t)llp + QF(U(t)) da

(3.2) f
= (g, u(?)) + . Dy (s)|* ds,
where
(3.3) lai| < € < 2apX — |a| and 0<9<1n|j|
1

The lemma below states the relation between the norm of phase space and the energy,

which plays an important role in the process of our work.

Lemma 3.1. There exists a positive constant co such that

(3.4) H(U,ut,z)H%{ < ¢y < (1) + 1|0 + ||g)\|| )

Proof. Integration by substitution s =t — p7 implies that

f 6](s_t)Hu WP ds = & // —0ry, 2(x,t — pr) daxdp
(3.5) b=
:&-//eapTZQ(x,p,t) dxdp.
2 JoJa

Young’s inequality and (2.2]) give
_ 1] — Lyagz = 1al?
(3.6) F(u)dz — (g,u) > ~1olQ| — ~[| Au] -
Q 4 A

Substituting (3.5) and ( into (| , one sees that

1 1 1 o
E(t)zfuutuuZHAu||2+];||ng—zom| W & [ [ oozt vy
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1 1 1 2

> Jlal? + 1l + vl - 0] - 45 2 by vy
2 4 P
1 ||g||2

> — (el + 180l + 1220 0) — ol = 5
1 llgl

== — 1|0
— e Dl = ol = H4

where 1/co := min{1/4,re=%7/2}. O

Lemma 3.2. Assume that (H1)—(H4) hold. Then there exists positive constants c¢; and

cy satisfying

43 e

> [ )] ds.

E'(t) < —a| Vu(0)|I* = caf| (1, 1)[* ~

t—r
Proof. Multiplying (2.4)) by wu; integrating over x € ), we get

d

& (B2 + S1Au01 + 2Ivaoly + [ Fout) de - (.00)

= —ao||Vue(t)[|* — a1 (2(1, 1), ue(2)).
From this, (3.2)), and the following estimate

d

t t
— [ L) Pds = =0 [ P [lug(s)]* ds + un ()P — T g (t = 7|7,
dt t—1 t—1

we see that
9 t
B(t) = ~aol Vs — an(2(1,0), (1)) — 5 [ us)|? s
t—1

56797'

e =),

+ Sl -

This and Young’s inequality give

/ B _‘a1| 2 56_97—_@ 5 2
B0 < - (a0~ 2 - E) vuor? - (45 - 5 1o

0¢
2

(3.7)
670 ||lug(s))? ds.

t—1

Letting ¢1 := ag — \all/(QX) —¢/(2X) and ¢p := e 07 /2 — |a1|/2, which are positive owing
to (3.3)), we complete the proof. O

Now, define the perturbed functional by
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where ®(t) = (u(t),u(t)), then one sees from Young’s inequality and (3.4]) that

2
| (t)] g%llut()llh | Ault )||2<comax{; 2&}( ) + 1|9 + IlgAll )

So, it holds that
2
|L(t) — E(t)| < ec( (t) + 1o|Q + |£;\” > 7

here and in the sequel ¢ denotes a generic positive constant different from line to line or

even in the same line. Choosing € > 0 small, we deduce that

lgll?

(38) OélE(t) — C3 (l |Q‘ + )\

) < L(t) < agE(t) + c3 <ZOQ| + ”g)\H > for t >0,

where a; =1 —€ec, as = 1 + €ec, and c3 = ec.

Lemma 3.3. Assume the conditions (H1)-(H4) hold. Then, the semigroup {S(t)}+>0
defined by (3.1) has a bounded absorbing set in H.

Proof. We have from (2.4) that

®'(t) = Ju(t)]* = |Au()[* = [Vu(®)|[} + ao(ue(t), Au(t)
—ar(u(t), 2(1, 1)) = (f(u(t)), w(t) + (g, u(t)).

Young’s inequality gives that

(3.9)

ao(ua(t), Au(t)) < a3 ua(t)| + 7| du(t)],
—ai(u(t), 2(1,1)) < *HAU )H2+CfHZ(17t)\2-

Substituting these into and applying , we find
(3.10) @'(t) < eallus(t)]® %IIAU(@H2 —[IVu®)lIf +esll=(1, )| —/QF(U) dx + (g, u(t)),
where ¢4 = 1 + a and c5 = a?/\. Thanks to Lemma and , we see that

2O < el Va0l - a0 = 5 [ Ouls)17ds + el

- %IIAU(@\F — €| Vu()|[h + ecs|2(1,)|* ~ 6/QF(U) dx + €(g, u(t))
<= (o= 22 ITu@? - ccalu®I - 5lAue? - e vacol

—e [ Pyde s cou®) - 5 [ o) s — (e~ ees)=(1, )]

t—7
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Choosing € > 0 small enough such that ¢; — 2ecy/ 2> 0, cog — ec5 > 0, we deduce that
L'(t) < —asE(t) for some az > 0.

From this, (3.8)), and (3.4) we infer that

IN

2 2
ut), we(t), 2| < 22 B(0)est/o2 + ¢, <3 N 1) (zo|m T ”9”> |
a1 o1 A\

This shows that any closed ball By = B(0, R) with R > \/co(2c3/a1 + 1)(1o|Q] + [|lg]2/N)
is a bounded absorbing set of (S(t), H). O

Lemma 3.4. Assume the conditions (H1)—(H4) hold. Let By be a bounded absorbing set
obtained in Lemma S(t)yo = (u,ut, z) and S(t)yo = (u,us, 2) be two weak solutions
of problem (2.4)—(2.8)) corresponding to initial data yo = (ug,u1,20) € By and yo =

(up, u1,20) € By, respectively. Then,
15(t)yo — S(t)yoll3
(3.11) < ce™|lyo — yoll%

t
+ C(Bo)/0 el <HVU(S) = Va(s) |31y + lluls) - a(S)Hg(mﬂ)) ds,

where ¢ > 0, w > 0, and C(By) is a constant depending on the size of By.

Proof. Let w(t) = u(t) — u(t), q(z, p,t) = z(z,p,t) — z(x, p,t). Then from (2.4)—(2.8), w
and ¢ satisfy

wy + A%w — (Apu — Apu) — agAwy + arq(z, 1,8) + f(u) — f(@W) =0 on Q x RT,
7q:(z, p,t) + q(z, p,t) =0 for (z,p,t) € Q x (0,1) x (0,00),

(3.12) w=Aw=0 ondQ xR,
w(0) = up —ug, wi(0)=wu; —u; on €,

q(z, p,0) = zo(z, p) — Zo(x, p) :=qo for (x,p) € A x(0,1).

The similar calculation to that of (3.7]) yields

a e 07 a
EL(0 < - (a0 - S v - (457 - 2

22 2\
(3.13) e
2 t—1

— (f(u@®)) = f(u(?)), w(t)),

efs—1) Hwt(5)||2 ds — (Apu(t) — Apu(t), we(t))

where

1 1 E " o
Eult) = 5l + S1Aw@l? +5 [ "0 un(s)|? ds,

t—7
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here 6 and ¢ are as given in (3.3). In what follows, we shall estimate the last two terms
on the right had side of (3.13)). From the Holder inequality with 2{'%}” + ﬁ + % =1,

we see that

(A — Ay, wy) = / (IVulP2Vu — |VaP-2Vii) Vi, da
Q

c/(]Vu|p2 + |VaP=2) | Vw| | Vw,| da
(3.14)
< c(IValZg2 ) + 19T Tl T

_ C(By)

2
vaHZ(p—l) + §vatH :

Using (2.1)) and 2(7211) + 2(ml+1) + % =1, we also obtain

() — £, w) < e (12075 G+ [Ty ) 0oy ]

(3.15) < C(Bo)llwllzm1)l[ V]
C(By
2n
Applying these to (3.13)), we observe

B0 <~ (a0 - 12— £ ) o - (457 - 2 jor, e

~—

<

n
[l 31y + §”th|’2-

0 1 p(s—t) 2 C(Bo) 2
(3.16) 5] e [[we(s)]]” ds + THV’U}@)HQ@A)
C(B
+ Co 0 By

On the other hand, it can be observed that E,, is equivalent to ||(w,wy,q)||%. Indeed,

integration by substitution s =t — p7 gives
1 1 &r Lo
Bult) = gl + 1A + 5 [ ue = pr)| dp
1 1 Ere 07 1
> Slw)F + 318w + 5= [ [ ¢, pit) dodp
2 2 2 Jo Jo

(1 ErefT
> min {2, 5 } [ (w, wt, q) |l

and it holds that
1 1 '
Bult) = gl + 1Al + 5 [ ue = pr)| dp
1 1 T !
< Sl + 5180+ [ [ .t dedy

:max{; 527}”(10 wi, ).
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Next, let us define
Ly(t) = Ey(t) +e¢(t),

where ¢(t) = (w(t),w(t)). It can be easily shown that for appropriately small € > 0 there

exist positive constants ag and o7 satisfying

(3.17) a6 Ew(t) < Lu(t) < arEy(t).

From (3.12), it follows

¢'(t) = [lwe (D)1 = [Aw(®)|I* = (Apult) = Api(t), w(t)) + ao(wy(t), Aw(t))
—a1(q(1,t),w(t)) = (f(u(t)) = f(a(t)), w(t)).

By Young’s inequality, we know that

(3.18)

2 2
ao<wt,Aw>sg\\Awrr2+%r\wtrr2 and —a1<q<1,t>,w>sgquH%Q‘j}—guq(Ltm?.

By the same arguments of (3.14]) and (3.15)), we also see that

~(Apu — Ay, w) < C(Bo)|[Vwllag-1) | Vol < C(Bo) [ Vawll3,_1),

where we used the embedding Wol’Q(pfl)(Q) — H}(), and

C(Bo)
2nA

. n
—(f(u) = (@), w) < C(Bo)[wllzm+y)l[w]l < [wll3 41y + §||Aw||2-

Substituting these into (3.18)), we deduce

a? 3
00 < (1452 ) hol - (1- ) 1w
i 2
i
+ 2777)\
Combining (3.16)) with (3.19), we have

L (t) < — _@_3—411% v 2—1ﬁ 2
w(t) < —qao 5 o 1ty [V (£) || — € T o [[we (@]

3n 43 ! 5—
(1= ) 1awlr -5 [ el ds

(3.19)
C(B
o0, 0P + OBV sy + G O By

t—1

- 2
_ . 2 C(Bo) 2
5= e laol + (S 4 e ) 1900 By

. <C’(21;’o) n 502571i0)> [w ()31

Choosing n > 0 and € > 0 small enough, we infer

Ly (t) < —cEu(t) + C(Bo)(IIVw(t)535-1) + [w(®)130n11))-
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This and (3.17)) yield that
Ly (8) < ~wLu(t) + CBO) (V00 3y + [0 3nsy)  for some w > 0.

Thus, we have from this and (3.17)) that
t
Ey(t) < ce " E,(0) + C(BO)/O e (| Vw(s) 13,1 + [1w($) |31 1)) ds-

Owing to Ey ~ ||(w,wy, q)||%, we complete the proof. O

Lemma 3.5. Assume (H1)-(H4) hold. Then, the semigroup {S(t)}+>0 defined by (3.1)) is
asymptotically smooth in H.

Proof. The process of the proof is the same as that of Lemma 4.3 in [5]. So, we omit the
details here. O

Our main result of this section reads as:

Theorem 3.6. Under the conditions (H1)-(H4), the semigroup {S(t)}+>0 corresponding
to problem (2.4)—(2.8]) has a global attractor in H.

Proof. Lemmas and Theorem [2.3|guarantee the existence of a global attractor. [

4. Finite-dimensional attractor

In this section we prove the finite dimensionality of the attractors given in Theorem
making use of Theorem

Lemma 4.1. Let the conditions (H1)—(H4) hold. If we assume subcritical conditions

2N -2
2<p<

< N2 if N>3 and 0<m<

4
f N >5
N-1 IN=5
then the dynamical system (S(t),H) defined by (3.1) is quasi-stable on any bounded posi-
tively invariant set B C H.

Proof. Theorem [2.1(i) ensures that the dynamical system (S(t),H) satisfies and
by considering X = V5, Y = Vg, and Z = L?(Q x (0,1)). Furthermore, we observe
from Theorem [2.1](ii) that (S(t), 1) satisfies (2.11)). Now, it remains to show that (S(t), H)
satisfies . Let By C H be a bounded set positively invariant with respect to S(t).
Let S(t)yo = (u,u, z) and S(t)yo = (u, uy, 2) for yo € By and gp € By, respectively. Define
the seminorm

nX(U) = ||vu||2(p—1) + ||u||2(m+1)a
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then nx(-) is a compact seminorm on X because the embeddings V5 — VVO1 2p 71)(9) and
Vo — L2m+1)(Q) are compact. Hence, (3.11) can be rewritten as

ISt = Sl < bit) o — ol + o) swp (mx(u(s) - (s))*

where b(t) = ce™*! and c(t) = C(By) fg e~w(t=5) ds. Moreover we see that b € L'(R*),
lim_, o0 b(t) = 0, and ¢(¢) is locally bounded on [0, c0) because By is bounded. O

Our desired result of this section is the following:

Theorem 4.2. Let the conditions of Lemma hold. Then the global attractor A given
in Theorem has finite fractal dimension.

Proof. Since the global attractor A given in Theorem [3.6]is a bounded positively invariant
set of H, Lemma yields that the dynamical system (S(t),#) defined (3.1]) is quasi-
stable on A. Thus, Theorem implies that A has finite fractal dimension. O
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