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Bound Estimations on the Eigenvalues for Fan Product of M-tensors
Gang Wang*, Yiju Wang and Lixia Liu

Abstract. In this paper, we first explore some properties of M-tensors by showing
that the Fan product of two M-tensors is an M-tensor, then establish lower bound es-
timations and upper bound estimations on the minimal eigenvalues of for Fan product

of two M-tensors. Some inclusion relations among them are also obtained.

1. Introduction

Let C (R) be the set of all complex (real) numbers, R (R1 ) be the set of all nonnegative
(positive) numbers, C™ (R™) be the set of all dimension n complex (real) vectors, and
R (R% ) be the set of all dimension n nonnegative (positive) vectors. An m-order
n-dimensional tensor A = (ai,i,.. 4,,) 1S a higher-order generalization of matrices, which

consists of n™ entries:
ai1i2“_im€R, ikGN:{l,Q,...,n}, k:1,2,...,m.

A is called nonnegative (positive) if a;,i,. i, € Ry (@iyiy. i, € Rig).

Tensor has much similarities with matrix and many related results of matrices such as
determinant, eigenvalue and algorithm theory can be extended to higher order tensors by
exploring their multilinear algebra properties [1,9,(13H15,|18]. Furthermore, the matrices
with special structures such as nonnegative matrices and M-matrices can also be extended
to higher order tensors and these are becoming the focus of tensor in recent research
[2,13L[5, |9 13,/19-24]. In particular, M-tensor is a new developed type of tensor with
a special structure [3,[23] and plays important roles in the stability study of nonlinear
autonomous systems via Lyapunovs direct method in automatic control [6}7,/14] and in
the sparsest solutions to tensor complementarity problems and the numerical solution of
the PDE with Dirichlet’s boundary condition [§].

On the other hand, Fan product of M-matrices and Hadamard product of nonnegative
matrices arise in a wide variety of ways, such as trigonometric moments of convolutions of

periodic functions, products of integral equation kernels, the weak minimum principle in
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partial differential equations, characteristic functions in probability theory, the study of
association schemes in combinatorial theory, and so on (see [8]). Some inequalities on the
Hadamard product involving nonnegative matrices and Fan product of M-matrices can
be found in [4,10-12,25]. Based on the above results, Sun et al. [17] investigated some
inequalities for the Hadamard product of tensors and obtained some bounds on spectral
radii of the Hadamard product of tensors, and used them to estimate the spectral radius of
a directly weighted hypergraph. In this paper, based on the close relationship between the
nonnegative tensors and M-tensors, we expect to establish some bounds for the minimal
eigenvalue of M-tensor Fan product, which constitutes the motivation of this article.
The remainder of this paper is organized as follows. In Section 2] we introduce im-
portant notation and recall some preliminary results on tensor analysis. In Section [3] we
explore some characterizations of M-tensors, then propose some lower bound estimations
and upper bound estimations on the minimal eigenvalues for Fan product and discuss the

inclusion relations among them.

2. Notations and preliminaries

In this section, we first introduce some definitions and important properties on the tensor

eigenvalue needed in the subsequent analysis.

Definition 2.1. [15] Let A be an m-order n-dimensional tensor. Then (A, z) € C x (C™\
{0}) is called an eigenpair of A if
Azt = \glm—1]
where (Az™~1); = Z%...’imzl Qii..iy Tiy - g, 5 2P = [x’ln_l,a:;”_l, T
(A, x) is called an H-eigenpair if they are both real.
For m-order n-dimensional tensor A, we use o(A) to denote the set of eigenvalues of
A, and the spectral radius of A is denoted by

p(A) =max{|\| : A € o(A)}.

Meanwhile, we use 7(A) to denote the minimal value of the real part of eigenvalues of
A [1523].
The following concept plays an important role in spectral analysis of nonnegative

tensors [54(9].
Definition 2.2. Let A be an m-order n-dimensional tensor.

(i) Nonnegative matrix G(A) is called the representation associated to a nonnegative
tensor A, if the (i, j)-th entry of G(A) is defined to be the summation of ajyis. i,

with indices j € {i2,i3,...,0m}-
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(ii) Tensor A is called weakly reducible, if its representation G(A) is reducible. If A is

not weakly reducible, then it is called weakly irreducible.
The following specially structured tensors are extended from matrices [3,23].

Definition 2.3. Tensor A is called a Z-tensor if it can be written as A = ¢Z — B, where
¢ > 0, 7 is a unit tensor with entries
1 ifig =de =" =ip,
Oitig..im = .
0 otherwise
and B is a nonnegative tensor. Furthermore, if ¢ > p(B), then A is said to be an M-tensor,
and if ¢ > p(B), then tensor A is said to be a strong M-tensor. A is a weakly irreducible

M-tensor if B is weakly irreducible.

It is easy to see that all the diagonal entries of a Z-tensor are non-positive [23], and

the (strong) M-tensor is closely linked with the diagonal dominance defined below.

Definition 2.4. For m-order n-dimensional tensor A, it is called diagonally dominant if

lai..i| > Z |@iiy. 3]s Vi=1,...,n.
diig...im =0

Tensor A is called strictly diagonally dominant if the strict inequality holds for all 4.

If we define positive diagonal matrix D = diag(dy,...,d,) and set

m—1

—N— —(m—
(2.1) B=(biyip.i,)=A-D"™VD D= (as, i d " Vd,...d),

i1
we can obtain the following necessary and sufficient condition for identifying M-tensor [23].

Lemma 2.5. Suppose A is a weakly irreducible Z-tensor and its all diagonal elements
are nonnegative. Then, A is an (strong) M-tensor if and only if there exists a positive
diagonal matriz D such that B defined as (2.1) is (strictly) diagonally dominant.

Definition 2.6. Let A and B be two M-tensors. Fan product of A and B is defined by
AxB =D = (d;,i,..4,,), Where

a;..ib;..i ifi] =dg=- = ip =1,

divig. iy, =
122...%m,
_‘ai1’i2...imbi1i2...im‘ otherw1se.

To end this section, we present some important properties on nonnegative tensors.

Lemma 2.7. [9] Let A be an m-order n-dimensional weakly irreducible nonnegative

tensor. Then, the followings hold:



754 Gang Wang, Yiju Wang and Lixia Liu

(i) A has a positive eigenpair (A, x), and x is unique up to a multiplicative constant.

m—1Y . m—1Y .
(11) min max (',41,771)7’ — p(A) — max min ('/41:771)1
z€Ry 4 1<i<n g;;” 2€R 4 1<i<n x;”

Definition 2.8. [9,/16] Let I C {1,...,n} with |I| = r and A be an m order n dimensional
nonnegative tensor. Then A[I] is called a principal subtensor of the tensor A of order m

and dimensional r with index set I with " elements defined by
.A[I] = (ail,,,im), Tyeeeybm € 1.
For the subtensor, we have the following on the spectral radius.

Lemma 2.9. [16] Let A be an m-order n-dimensional weakly irreducible nonnegative
tensor, and A[I] be a principal subtensor of A, |I| =r <n. Then p(A[I]) < p(A).

3. Bound estimations on the minimal eigenvalues for Fan product of M-tensors

For two n x n M-matrices P and @, Horn and Johnson [§] gave the bounds of 7(P * @),
and the bounds are improved to the Fan product of two M-matrices [4,[10-H12}25]. In this
section, we extend the results to tensors by proposing some sharp lower bounds and upper
bounds on the minimal eigenvalues for Fan product of two M-tensors. To this end, we

present several important lemmas.

Lemma 3.1. Let Q be an M-tensor of order m dimension n, then the followings hold:
(i) if Q2™ 1 > k2lm=U for » € R? | and k € R, then 7(Q) > k;
(i) if Q2™ < k2l for 2 € R, and k € R, then 7(Q) < k.

Proof. Since Q is an M-tensor, there exists a nonnegative tensor A such that

(3.1) Q=) — A,

where XA > p(A). It is easy to see that 7(Q) = A — p(A), that is, p(A) = X — 7(Q). From
the assumption and (3.1)), it holds that

(AL — Azt > k21,

That is,
(A — k)M > gzm—t

It follows from Lemma that
A—k>p(A)=X—1(Q).

Hence, 7(Q) > k.

(ii) is similar to the proof of (i), and we obtain the desired result. O
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Lemma 3.2. Let Q be a weakly irreducible strong M -tensor of order m dimension n.

Then, there exists a positive vector v such that
Qv = T(Q)v[m_l].
Proof. Since @ is a strong M-tensor, there exists a nonnegative tensor A such that
Q=X —-A and p(A)=X—-7(9Q),

where A > p(A). It follows from weak irreducibility of Q that A is weakly irreducible. By
Lemma there exists a positive vector v such that

Avm = p(Apl™ T = (A = 7(Q))ulm
Hence,
(AT — A"t = r(Q)ulm=1,

which implies
Qv = T(Q)v[mfl]. ]

Lemma 3.3. Let P and Q be two M -tensors of order m dimension n. Then, PxQ is an

M -tensor. Furthermore, if P, Q are strong M -tensors, then P x Q is a strong M -tensor.

Proof. By the definition of P x Q, it holds that

—|Piiy...iy Qiio..in,| Otherwise.
Since P, Q are M-tensors, by Lemma there exist positive diagonal matrices C, D

such that

m—1 m—1
(1) N —(m—1) N
A=P.-C c...c, B=9-D D...D
with
iy oy, = pil...imcz'_l(m_l)cig T Cigy Dy = Qil...imdz‘_l(m_l)dig e iy,
Specifically,

ai.i=pi.; and b =i ;.
Taking into account that A, B are diagonally dominant, we conclude that

—(m—1
Di..i| = las.q| > Z |Diin...im |C; (m )Cig S Cip s
b =0

iig...im

gi...i| = |bi..i| > Z ‘Qiig...im‘d;(m_l)dig codi,

iig...im =0
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Furthermore, it holds that

|Di...iti...i| = |ai..ibi. i
—(m—1 —[m—1
> > (piginle; " Ve i) > (i inld; ™ iy i)

iig...igy, =0 Oiig...ig, =0
—(m—1 —(m—1
3.2) > N iiseinle;s " Vei il i ldy "V dsy o d,,
Siig...igy, =0
= Z \Piig...z‘m%‘g...z'm!(Cidz’)_(m_l)cigdiQ"'Cimdz’m-
iig...igy, =0

From (3.2)), there exists a positive diagonal matrix U = diag(ci1dy, cads, . . ., cydy) such
that

|pi...i...i| = Z Pt Qi i () ™" iy -,

Siig...im, =0
It follows from Lemma that P x Q is an M-tensor. Similar to the argument for the
first conclusion, we can obtain the second conclusion. ]

Lemma 3.4. Let QO be a weakly irreducible strong M -tensor of order m dimension n. If
Qy is a principal M-subtensor of Q, then 7(Qy) > 7(Q).

Proof. As Q is a strong M-tensor, there exists a nonnegative tensor .4 such that
Q=X —-A and X>p(A).

Then Qj, = A\Zj, — A, where A}, is a principal subtensor of A. By Lemma[2.9] we conclude
that 7(Qg) > 7(Q). O

Based on characterizations of M-tensors, we can obtain a lower bound on the minimal

eigenvalues in the sense of the Fan product of two M -tensors.

Theorem 3.5. Let P and Q be two strong M -tensors of order m dimension n. Then
T(P*xQ) > 7(P)1(Q).

Proof. The argument is broken into two cases.

Case 1. P and Q are both weakly irreducible. Since P and Q are strong M-tensors,
by Lemma there exist two positive eigenvectors ¢ and d corresponding to 7(P) and
7(Q) such that

(3.3) pi..ic]" ! — Z |Piin...i| i+ Ciy = T(P) Y,
Oiig...igy, =0
(3.4) Goad ™ = > i iy i = T(Q)d] T

iig...im =0
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It follows from 7(P) > 0, ¢; > 0, 7(Q) > 0 and d; > 0 that

i id "t — Z (1Giig..im | iy - - - diyy) E (Ipiis...im |Cis - - - €i1) >0,
iig...ign =0 Oiig...igy, =0

il = Y (pigimlein i) | D itz |diz - i) = 0,
Siig...ig, =0 iig...igy =0

Hence,
Gi..id]" Z (|Diis...im |Cip =+ Cipy) + DiiC Z (|iig..im | diy - - - diy,)
iig...igm =0 iig...ig, =0
>2 > (pigeimlein i) D (iizeinldiz - i),
Oiig...ig, =0 iig...ig, =0

which implies

A ST (piieilen i) > (i ldiy - diy,)

Di..iqi..:C;
biig...im =0 Siig...im =0
-1
> | piac™ Y~ > (Ipiiy.imlcis -+ i)
Jiig...im =0
-1
x| gi.ad 1~ > (s iy -+ diy,)
Oiig...im =0
Let z = (z;) with z; = ¢;d; > 0 and define Y = P x Q. For i € N, it holds that
_ —1] jfm—1
Uz = piigi..acs”d" T - D Pitnin|Cir i Gy i iy -+ diy,
iig...igm, =0
—1] JIm—1
> pquzcgm ]dﬁm )
— Y (Pisinleia o cin) D (Giinldiy - i)
iig...im =0 iig...ig, =0
(3.5) .
> pi...z-cﬁm I Z (Ipiis...im |Cis - = - Ci)
biig...im =0
—1
x| gi.ad{" "~ > (Giiaeinn iy -+ diy,)
iig...im =0

It follows from Lemma and (3.5 that
T(P*xQ) > 7(P)1(Q).
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Case 2. Either P or Q is weakly reducible. Let S be an order m dimension n tensor
with
1 ifig=ig=-- =iy #1,
Siig..im =
0 otherwise.
Then both P — €S and Q — €S are weakly irreducible tensors for any € > 0. Now, we claim
that P — S and Q — €S are both strong M-tensors for when € > 0 is sufficiently small.
In fact, since P, Q are strong M-tensors, there exist positive diagonal matrices C', D
such that
m—1 m—1

A=pP.cmVC. .. .C, B=9-D ™D .. D

with

~(m-1) ~(m-1)
@iy, = Pin i Gy Ciy "+ Cipy, aDd iy iy = iy iy, diy -+ d;

m*

In particular,

ai.; =Dpi.i and b, ;=q. ;.

By Lemma [2.5] one has

|pll| = |alz| > Z |pii2...im’6;(m71)01‘2 S Ci
iig...igm, =0
—(m—1
|Gi...i| = |bi..| > Z | Qiio...im | d; (m )di2 coedy
iig...igy, =0
Set
c[.m_l] d[.m_l]
L =max{ *+——, L —
i,jEN C[-m_l] d[-m_l]
i#] ? (
and
I e o M
: iig...im
= min
€ l,]ElN (’I’l _ 1)L )
1#]

|Gi..il = > s

iig...im

o lgiindy iy -,
(n—1)L :
Then for any 0 < € < ¢, it can be readily verified that P — ¢S and Q — €S are strong

M-tensors. Substituting P —eS and Q — €S for P and Q and letting ¢ — 0, we can obtain
the desired results by the continuity of 7(P — €S) and 7(Q — €S). O

The following conclusion provides a sharp lower bound on the minimal eigenvalues for

Fan product of two M-tensors.
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Theorem 3.6. Let P and Q be two strong M -tensors of order m dimension n. Then
T(PxQ) > ?Eliﬁfl{pi“.iT(Q) +gi.iT(P) — 7(P)T(Q)}.

Proof. Similar to the proof of Theorem we break the argument into two cases.
Case 1. P and Q are weakly irreducible. It follows from Lemma that

pi.i—7(P)>0 and ¢, ;—7(Q)>0.

Since P and Q are strong M-tensors, from Lemmal[3.2] there exist two positive eigenvectors

c = (¢;),d = (d;) € R} corresponding to 7(P) and 7(Q) satisfying (3.3) and (3.4). Let
z = (z;) with z; = ¢;d; > 0 and define Y = P x Q. For i € N, it holds that

Uz,
[m—1]
= Di...i0i...i%; - Z |piig...im||Qii2...im|Zi2 Ct By,
iig...im, =0
-1
(3-6) > pzz%zzl[m I Z ’piig..‘im‘ciz Gy, Z ‘Qiiz...im’dig e dyy,
Siig...im, =0 iig...igy, =0

= pi...iQi...iZz[m_l] —pii—7P))qi.i — T(Q))Zim_l]
= [pi.iT(Q) + ¢i.iT(P) — T(P)T(Q)]Zl[m_l].
It follows from Lemma and that

T(P*Q) > lgre%l{pzzT(Q) +qi.iT(P) —7(P)T(Q)}.

Case 2. Either P or Q is weakly reducible. Similar to the proof of Theorem [3.5] we

get the conclusion. O

Theorem improves the conclusion in Theorem as it follows from p; ;—7(P) >0
and g;._; —7(Q) > 0 that

T(P)T(Q) — (9i..i7(Q) + ¢i..iT(P) — T(P)7(Q))
= (1(Q) — ¢i..i)pi..i + (T(P) = pi..i)gi..; <0.

Hence,

T(P)T(Q) < ?Eli]{fl{pi...z"r(g) + ¢i..iT(P) — 7(P)7T(Q)}.
The following example exhibits that Theorem is tighter.

Example 3.7. Consider m-order n-dimensional tensors P = Z and Q = (¢;,i,..4,, ) defined

by

n(m_l) lf’Ll 222: :’[:m’
Qivig..im = )
-1 otherwise.
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It is easy to verify that
T(P)=1, 7(Q =1 7(PxQ) =n""1>7(P)r(Q)=1

and

T(PxQ)=nl""Y = min{p;..i7(Q) + ¢i...7(P) = 7(P)7(Q)} = nm

By making use of the information of the absolute maximum in the off-diagonal ele-

ments, we are at the position to establish the following theorems.

Theorem 3.8. Let P and Q be two strong M-tensors of order m dimension n. Then
T(PxQ) > Erellj{fl{pzz%z — [@iBi(pi..i — T(P))(gi..i — T(Q))]*/?},

where a; = maxs,, . —0 |Piiy..ip,| and Bi = maxs, ;. —0|Giis..ip |-
Proof. The proof is broken into two cases.

Case 1. P and Q are weakly irreducible. Since P and Q are strong M-tensors, there
exist two positive eigenvectors ¢ = (c?),d = (d?) corresponding to 7(P) and 7(Q) such

that

2(m—1
(37) N Z ‘pihmim,c?z T clzm = (T(P) - pzz)cl( ),
Siig...im =0
38) = Y lild @, = (1(Q) = i)Y,
Oiig...igy =0

Let z = (%) with z; = ¢;d; > 0 and set Y = P x Q. Then for 1 < i < n, it follows from
the Cauchy-Schwarz inequality that

Uz
:pi...iQi...izl[m_l] - Z |Diia...im || Qiin..cim | Cia iy~ * Ciry iy
iig...ig, =0
> pi..AiQi.A.izl[m_l] - Z |Diia...im |Cin = Ciy Z | Qiig..im | iy -+ - iy
(3-9) iig...im =0 iig...im =0
-1
> pzz‘]zzzim ]
1/2 1/2
iigy...ipy, =0 iigy...ipy, =0
On the other hand, it follows from the definitions of «;, §; and (3.7)—(3.9) that
Uz,
(3.10) > pz’...iQi...iZZ[mil] - a3/2(pi...i - 7'(73))1/2C£m71]5i1/2(qz'...i - T(Q))l/QdEmfl]

= {pi..it.... — [ciBi(pi..i — T(P))(qi...i — T(Q))]l/Z}zz[m—ll_
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Furthermore, using Lemma and (3.10), one has
T(P*Q) > Ilreu]?{pzz(hl — [eiBi(pi..i — T(P))(gi..i — T(Q))]Y?}.

Case 2. Either P or Q is weakly reducible. Similar to the proof of Theorem [3.5] we
obtain the desired result. ]

In what follows, we give the inclusion relation between Theorems [3.6] and

Corollary 3.9. Let P and Q be two strong M-tensors of order m dimension n. For

i €N, if (pi.i—7(P))(gi... —7(Q)) < a3, then
I@Iéij\f]l{Pi...iT(Q) +¢i..iT(P) — 7(P)7(Q)}
(3.11) . o
> ?élzi([l{pzz%z — [iBi(pi..i — T(P))(qi..i — T(Q)]/"};
if (Pii —T(P))(gi...i —7(Q)) > a;fi, then

miJ{fl{pi...iT(Q) + qi..im(P) — 7(P)7(Q)}

< Izrellj\rll{pzz(hz — [@iBi(pi.i — T(P))(gi...i — T(Q))]"/?}.

Proof. Observe that
Pi.iT(Q) + ¢i.iT(P) — T7(P)7(Q) = pi...itti...i — (Pi..i — T(P))(i... — 7(Q)).
For i € N, when (p;_; — 7(P))(qi... — 7(Q)) < a; i, we see

{pi..iti.i — Pii — T(P))(gi...i —7(Q))}
> {pi..idi..i — [iBi(pi..i — T(P))(gi... — T(Q))]'/?},

(3.12)

which implies

1€

= lj{fl{pzzqzz — ii = 7(P))(gi..i — 7(Q))}

> win{pi ;. — [0iBi(pi.i — 7(P) (@i — (Q)/*}.

So, (3.11) holds.
Forie N, if (pi.i — 7(P))(qi...i — 7(Q)) > «f;, similar to the proof of (3.11]), we can

obtain (3.12]). O

Remark 3.10. For i € N, if (p; i —7(P))(¢i...i — 7(Q)) < ;5;, from , we verify that
the bound of Theorem is sharper than that of Theorem [3.8; when (p;._; —7(P))(qi..i —
7(Q)) > if3;, from (3.12), we deduce that the bound of Theorem is tighter than that
of Theorem [3.6]

mi]{fl{pimiT(Q) +qi.im(P) — 7(P)7(Q)}
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Theorem 3.11. Let P and Q be two strong M -tensors of order m dimension n. Then
T(PxQ) > maX{?eli]\Ifl[pz...z'Qi...i —ai(gi..i — 7(Q))], I}Ellj{fl[pzz%z — Bi(pi..i — T(P))]},
where o; = MAaX§;., . iy =0 |Piiy...im | and B; = MAaXF;, .. iy =0 | Qi |-

Proof. The following argument is divided into two cases.
Case 1. Q is weakly irreducible. Since Q is a strong M-tensor, there exists a positive
eigenvector d corresponding to 7(Q) satisfying (3.4). Define Y = P x Q. Since o =

maxg —0 |piiy...iy, |, for 1 < i < n, one has

i im
U™ )i = piciticad] ™ = D Piiaenion it | iy -~ iy,
iig...ig, =0
> piiqi ad = ai(qii — T(Q))d !
= [pzzqzz - ai(Qi...i - T(Q))]di”‘l-

Hence, 7(P * Q) > minen{pi..i¢i..i — @i(qi..i — 7(Q))} by Lemma

Case 2. Q is weakly reducible. Similar to the proof of Theorem we obtain the
desired result.

Meanwhile, since PxQ = Q% P, one has 7(P*Q) > minjen{pi. iqi..i—Bi(pi i—7(P))}.
So, the result follows. O

Next, we discuss the inclusion relations among Theorems and

Corollary 3.12. Let P and Q be two strong M-tensors of order m dimension n. For
i €N, ifpii—7(P) < a; and g;..; — 7(Q) < By, then

1€

mi]\rfl{pi,..iT(Q) + ¢i.iT(P) —7(P)7(Q)}
(3.13)
> max {?é%l[pzz%z — (g — 7(Q))], 51611]3[]9@1%1 — Bi(pi..i — T(P))]} ;

if pi..i —T(P) > o orqi..i —7(Q) > B, then

m%}{pzﬂ_(g) +qi..i7(P) — 7(P)T(Q)}

1€
(3.14)
< inlo: 0+ — sl — inlo: 0+ — Bi(mp: + — .
= max {?El%l[pz...z%...z az(%...z T(Q))]7 Iireu]{fl[pz...z%...z Bz(pzl..z T(P))]}
Proof. Similar to the proof of Corollary we obtain (3.13]) and (3.14)). O

Remark 3.13. Fori € N, ifp; ;—7(P) < oy and ¢; ; —7(Q) < f;, from , we deduce
that the conclusion of Theorem is sharper than that of Theorem [3.11} on the other
hand, if p; ; — 7(P) > o or ¢i.; — 7(Q) > f;, from , we obtain that the conclusion
of Theorem is sharper than that of Theorem
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Corollary 3.14. Let P and Q be two strong M -tensors of order m dimension n. Then,

1€

mlj{fl{pzz%z — [0iBi(pi.i — T(P))(gi... — 7(Q))]"/?}
(3.15)
< max {Egll{flp@z[qzz —ai(gi..i — 7(9Q))], {Igvlpzz[qzz — Bi(pi..i — T(P))]} -

Proof. We divide N into two disjoint subsets I and N \ I, where I = {i € N : B;(p;..; —

7(P)) < @ilgi.. — 7(Q))}
For ¢ € I, it holds that

(3.16) Di.iGi.i — (i —7(Q)) < pi_igi..i — Bi(pi..i —T(P)),
(317)  piitii — {iBiwii — T(P))(qii — QY2 < piigi i — Bilpi.i — T(P)).
Combining with yields

Iznel}l{pzz%z — [@iBi(pi.i — T(P))(qi..c — 7(Q))]/*}
(3.18)
< max {Iflel}l[pzz%z — oi(gi..i — T(Q))]Jflel}lpzz[%z — Bi(pi..i — 7’(73))]} :
For i € N'\ I, one has

(3.19) Di..ibi..i — ®i(qi.i —7(Q)) > pi..i¢i..i — Bi(pi..i — T(P)),
(3.20)  piigii — {@iBi(pii — T(P)(gii — T(Q)}? < pi igii — ilgii — T(Q)].

Combining (3.19) with (3.20]), we obtain

Zén]\lfr\ll{pzz%z — [@iBi(pi..i — T(P))(gi..c — 7(Q))]/?}

(3.21)
< max {Zgll\lfI\ll[pzZQZz —i(gi..i — 7(9Q))], Zglj\lll\ll[pzz(hz — Bi(pi...i — 7’(77))]} .

It follows from (3.18) and (3.21)) that (3.15) holds. O

Remark 3.15. From Corollary we deduce that the result of Theorem [3.11]is always
sharper than that of Theorem [3.8

In the following, we shall give a upper bound on the minimal eigenvalues for Fan

product of M-tensors.

Theorem 3.16. If P and Q are strong M -tensors of order m dimension n, then
7(Px Q) < min {max[pi...i(b'...i —0i(¢i.... — 7(Q))], max(p; igi..i — 0i(pi..i — 7'(73))]} ;
iEN 1EN

mi =mins, . 0 |Pii..ip,| and 0; = mins;, . —0|Giis...i |-
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Proof. The proof is divided into two cases.

Case 1. Q is weakly irreducible. Since Q is a strong M-tensor, there exists a positive
eigenvector d = (d;) corresponding to 7(Q) satistying (3.4)). Define i = Px Q. Fori € N,
it follows from the definition of 7; that

U™ = piiti i)™ = D Dt i i | iy -+ i

Oiig...ig, =0

< piigiad =y Z (1Giin..im | iy - - - diyy)

iig...ign =0

= piiqi.d" = ni(qi.i — 7(Q))d" !
= piiqi.i — ni(gi.i — T(Q)))d" L.

(3.22)

It follows from Lemma and that 7(Px Q) < max;en{pi. .iqi..i—ni(¢..i—7(Q))}.
Case 2. Q is weakly reducible. Similar to the proof of Theorem we can obtain the
desired result.
Meanwhile, since PxQ = Q% P, one has 7(P*Q) < max;en{pi..iqi..i—0:i(pi i—7(P))}.
Hence, the desired result holds. ]

4. Conclusion

In this paper, we generalized important inequalities on the minimal eigenvalues for Fan
product from matrices to tensors. Based on characterizations of M-tensors, we proposed
lower bound estimations and upper bound estimations on the minimal eigenvalues for Fan
product of two M-tensors, which all depend only on the entries to M-tensor itself. Finally,

we discussed inclusion relations among different theorems.
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