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On the Numerical Quadrature of Weakly Singular Oscillatory Integral and

its Fast Implementation

Zhenhua Xu

Abstract. In this paper, we present a Clenshaw-Curtis-Filon-type method for the
weakly singular oscillatory integral with Fourier and Hankel kernels. By interpolating
the non-oscillatory and nonsingular part of the integrand at (N + 1) Clenshaw-Curtis
points, the method can be implemented in O(N log N) operations, which requires the
accurate computation of modified moments. We first give a method for the derivation
of recurrence relation for the modified moments, which can be applied to the derivation
of recurrence relation for the modified moments corresponding to other type oscillatory
integrals. By using the recurrence relation, special functions and classic quadrature
methods, the modified moments can be computed accurately and efficiently. Then,
we present the corresponding error bound in inverse powers of frequencies k and w for
the proposed method. Numerical examples are provided to support the theoretical

results and show the efficiency and accuracy of the method.

1. Introduction

In this work we consider the evaluation of the weakly singular oscillatory integral of the

form
1 .
(1.1) I[f] = /0 fl@)z®(1 — z)Pe?* HD (wr) da

where o — |v| > =1, f > —1, and k > 1, w > 1, H,El)(az) = Jy(x) + 1Y, (z) is Hankel
function of the first kind of order v, and f is a sufficiently smooth function on [0, 1].
In many areas of science and engineering, for example, in astronomy, optics, quantum
mechanics, seismology image processing, electromagnetic scattering (see [2(-4,/11,/19]), one
will come across the computation of the integral .

The integral has the following two characteristics:
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1. When k£ 4+ w > 1, the integrand becomes highly oscillatory. Consequently, a pro-
hibitively number of quadrature nodes are needed to obtain satisfied accuracy if
one uses classical numerical methods like Simpson rule, Gaussian quadrature, etc.
Moreover, it presents serious difficulties in obtaining numerical convergence of the

integration.

2. The function H,Sl)(:zr) has a logarithmic singularity when v = 0, and algebraic sin-
gularity when v # 0 at the point z = 0. In addition, if -1 < «a,8 < 0, the
integrand also has algebraic singularities at two endpoints, which impacts heavily
on its quadrature and error bound. For a special case that « =0, 5 =0, and k£ = 0,

the integral can be rewritten in a special form
1
1= [ $@HD o) do
0

In the last few years, many efficient numerical methods have been devised for the
evaluation of oscillatory integrals. Here, we only mention several main methods, such
as Levin method and Levin-type method [26,,27,32], generalized quadrature rule [15}|16],
Filon method and Filon-type method [12,/13}/17,[21}|36-38], Gauss-Laguerre quadrature
[7H9,19-21,139]. In what follows, we will introduce several other papers related to the
integrals considered in this paper. For the integral fol f(x)z®(1 — 2)Peh dz, as early as
in 1992, Piessens [33] constructed a fast algorithm to approximate it by truncating f by
its Chebyshev series and using the recurrence relation of the modified moments. Recently,
the references [24}[25] developed this method by using a special Hermite interpolation

kz If f is analytic in a suffi-

at Clenshaw-Crutis points and Chebyshev expansion for e!
ciently large complex region containing [0, 1], a numerical steepest descent method [23]
was presented by using complex integration theory. The same idea was also applied to the
computation of the integral f;(:c —a)¥(b—2)’In(z — a)f(x)e“* dz, a, 8 > —1, based on
construction of the Gauss quadrature rule with logarithmic weight function [18]. For the
integral fol f(z)z*(1 — 2)P T (wz) dz, a, B > —1, a Filon-type method based on a special
Hermite interpolation polynomial at Clenshaw-Curtis points was introduced in [10]. On
the other hand, the reference [22] proposed a Clenshaw-Curtis-Filon method for the com-
putation of the oscillatory Bessel integral fol f(@)z®In(z)(1 — )P T (wz) dz, o, B > —1,
with algebraic or logarithmic singularities at the two endpoints.

For the evaluation of the integral (1.1]), the literature [18] transformed it into two line
integrals by using the analytic continuation and the construction of Gauss quadrature
rules. However, this method requires that f is analytic in a enough large region. A recent
work [41] presented a Clenshaw-Curtis-Filon-type method for the special case o = =

k = 0 by using special functions. In addition, a composite method [12] can also be applied
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to the computation of this integral for this case, by absorbing the non-oscillatory part of
Hankel function into f, then interpolating its product with f. However, the accuracy of
this method may becomes worse as the number of Clenshaw-Curtis points increases and
the fastest convergence of this method obtained is O(w™2) for fixed number of Clenshaw-
Curtis points [41].

In view of the advantages of Clenshaw-Curtis-Filon method, in this paper we will
consider a higher order Clenshaw-Curtis-Filon-type method for the integral , which
does not require that f is analytic in a enough large region. As we know, the fast im-
plementation of Clenshaw-Curtis-Filon-type method largely depends on the accurate and
efficient computation of modified moments. In addition, the key problem of the efficient
computation of the modified moments is how to obtain a recurrence relation for them.
Fortunately, we can give a universal method for the derivation of recurrence relation for
the modified moments. Moreover, this method can be applied to the modified moments
with other type kernels.

The outline of this paper is organized as follows. In Section [2] we describe a Clenshaw-
Curtis-Filon-type method for the integral , and present a universal method for the
derivation of recurrence relation for the modified moments, by which the modified moments
can be efficiently computed with several initial values. In Section[3] we give an error bound
on k and w for the presented method. Some examples are given in Section [4 to show the
efficiency and accuracy. Finally, we finish this paper in Section [5| by presenting some

concluding remarks.

2. Clenshaw-Curtis-Filon-type method and its implementation

In what follows we will consider a Clenshaw-Curtis-Filon-type method for the integral ([1.1])
and its fast implementation. Suppose that f is a sufficiently smooth function on [0, 1], and

let Pyyos(x) denote the Hermite interpolation polynomial at the Clenshaw-Curtis points

1 jm /N
uy = LECOSUTN) N
2
where s is a nonnegative integer, and for £ = 0,..., s, there holds

(2.1) P . (0) = FO0),  Prios(zy) = flz;), PYo.(1)=fO1), j=1,...,N-1.

Then Pyyos(x) can be written in the following form

N+2s
(2.2) Prios(x) = Z anT;, (),
n=0

where a,, can be fast calculated by fast Fourier transform [36] with O(N log N') operations,
T7(z) is the shifted Chebyshev polynomial of the first kind of degree n on [0, 1].
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In view of (2.1 and (2.2)), we can define a Clenshaw-Curtis-Filon-type method for the
integral (1.1 by

1 N+2s
(2.3) %?;F[f] :/ Pros(z)a®(1 — 2)%e?** HD (wa) do = Z anM(n, k,w)
0

where the modified moments
1
M(n,k,w) = / (1 — )T (2)e?* H(D (wz) da
0

have to be computed accurately.

2.1. Recurrence relation for the modified moments

As we have stated in Section [I] the key problem of the fast computations of the modified
moment M (n,k,w) is to obtain a recurrence relation for them. In the following, we will

give a universal method for the derivation of recurrence relation for the modified moments.

Theorem 2.1. The modified moments M (n,k,w) forn > 4, k > 0, w > 0 satisfy the

following recurrence relation:

1 1
<16w2 - 4k2> M(n+4)k7w) + fl(nu O[,B)M(Tl-i* 3,](3,&])

+ fQ(TL,Oé,B)M(TL—{— 2,]{},&}) + f3(n7aaﬁ)M(n+ 1,]{?,(4)) + f4(na Ol,ﬂ)M(’l’L,k‘,W)

2.4
( ) —|—f3(—n,a,B)M(n—1,k,w)—I—f2(—n,a,ﬁ)M(n—2,k,w)

+ fi(—n,a,8)M(n — 3, k,w) + (116WQ — ik2> M(n —4,k,w)=0
where

Filn, . B) = ik(a+ B+ n +4) — %ik,

1
fa(n, 0, ) =9+ 6(a+ B +n) + & +n” + 0”4+ 57 = Jw? =07
+2(af + an+ pn) + ik(1 — 2a + 20),

f3(n,a, B) = 2n — 8+ 126 + 4(1 — iak — iBk + 1% + Bn — an)
1
— %ik—l—3ik(a+6—n+4) +4(8% - a?),

faln,a, B) =6+ 4da + 128 — 4af — 2ik + dik(a — ()
+ :wz 3k2 +6(a? + % —v?) — 202

Proof. First, we can rewrite the modified moments M (n, k,w) by

1y a 3 ke p1) (L2
M(n,k,w):2a+ﬂ+1e 1(1+x) (1 —2)’T,(x)e"™ H, 5 v dez,
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where T, (x) is the Chebyshev polynomial of degree n of the first kind.
From the above equality, we can see that the modified moments M (n, k,w) and the
integral f_ll(l +z)4(1 — x)BTn(x)eik“Hgl) (142w) dz have the same recurrence relation.
Since the function y = H,El)(m) satisfies the following Bessel’s differential equation [1,
p. 358]
2 d*y dy

T @4-:6@—!-(1:2—1/2):0,
we have
(1+ ) [Hﬁl) <1;xwﬂ +(1+x) [Hg” (1;3@)]
(2.5) _(2_(1+$)2W2>H1)<1+5'3>:0
4 v 2
Let

1 2
and
K; = 4/11(1 +2)%(1 —z)%(1 — z)? <y2 - W) ethr () (1 ;xw> T, (x) da.
It follows from that
(2.6) K+ Ky — K3=0.

Noting that the integrands in K; and K» have the common factor (1 — z)? and using

integration by parts, we can easily get

Ky =4 /11 [+ 2 -2 - 2P+ $)2eikan(x)]” HY (1 ; %) dz,

Ky —4 /_ 11 (4220 =270 = 221+ ) Ty ()| B (ﬁ%) du.

According to the properties of the Chebyshev polynomial of the first kind [30]

d nTh_1(x) — Tht1(x)

m -—m S m =
™, (z) =2 jz_:o (j >Tn+m—2j($) and @Tn(w) D) 1_ 22 ’
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by rewriting the integrands in K, K2 and K3 as the sum of the product of Chebyshev
polynomials of different degree and (1 + x)*(1 — aj)ﬁeika,gl) (HZw), we derive

1
Kl = —Zk‘QM(TL—FéL,k‘,W) + f5(n,a,B)M(n—|—3,k:,w) + fﬁ(?’L,O&,ﬁ)M(n—F 2,]{3,(4})

=+ f7(na a,B)M(n+ 1,k‘,(.d) + f8(n7057/8)M(n7k7w)

@) + fol=n, o, B)M(n — 1,k,w) + fo(—n, o, B)M(n — 2, k, w)
+ fs(-n 0 M0 — 3.k, w) — TR M(n — 4, ),
where
f5(n, « ) 1/6‘(0(4-54-71—1-4)

(

(n,a,B) =124 7(a+ B +n) + k% +n? + a® + 52 + 2(af + an + Bn) + 2ik(8 — a),
fr(n,a, B) = 12(8 — ) — 4ik(a + B) + 4(fn — an) + 3ik(a + 8 — n +4) +4(8% — o?),

(

n, o, B) = 8+ 10( + B) + dik(a — B) — 22 — ng +6(a® + 82) — 4aB,

Ky = —{;ikM(n—l—S,k,w)+(a+5+n+3—ik)M(n+27k,w)
— <;ik+4+4a+2n> M(n+ 1,k w)+ (6a— 28 + 21k +2)M (n, k,w)
- <;ikz+4+4a+2n) M(n -1,k w)
+(Oz+ﬁ—n+3—ik:)M(n—2,k,w)+;ikM(n—B,k,w)},

1
Ky — _w{wQM(n +4,k,w) — (4w? +160*) M (n 4 2, k,w) + 642 M (n + 1, k, w)

(2.9) + (6w? — 9602 )M (n, k,w) + 6402 M (n — 1, k,w)

— (4w + 160 M (n — 2, k,w) +w*M(n — 4, k, w)}

A combination of (2.6)), (2.7)), (2.8)), (2.9) leads to recurrence relation ([2.4)). O

In the following, let us denote by
o~ 1 .
M = / In(2)a®(1 — 2)°T* ()02 HO (wz) de,
0
o~ 1 .
i / 22(1 = )P (1 — 2)T ()62 HO (w) da,
0

—— 1 .
MB = / In(z)z*(1 — )’ In(1 — )T (z)e?** HV (wz) d,
0
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respectively, where o — |v| > —1, f > —1. Using the fact that

— o — o — 0?
n_ < 2 _ Y B —
M} aaM(n,k,w), M} 86M(n,k,w), M} 8a8ﬁM(n’k’w)’

and according to Theorem we can readily obtain the following result.

Corollary 2.2. The sequences ]T/[/,[ﬂ, 0 =1,23andn >4, k > 0, w > 0 satisfy the

following ninth-order homogeneous recurrence relations

<116 k2> ML+ fi(n, 0 )MYL g+ fo(n,a, B)MyLy + fa(n, 0, B)ML,

+ falny o, BIMEB + f3(—n,a, MY | + fo(—n, o, B)MA, + fi(—n,a, B)M,

i 2_1 2 @ _ g
+<16w 4k>Mn =7,

where

rll) — —{ik:M(n +3,k,w) + (6+ 28 + 2n + 20+ 2ik) M(n + 2, k, w)
— (84ik+4n+8a)M(n+ 1,k,w) + (4 — 48 + 4ik + 12a) M (n, k, w)
— (84ik—4n+8a)M(n — 1,k,w) + (6 + 28 — 2n + 2a + 2ik) M (n — 2, k,w)
+ikM(n—3,k:,w)},

rl2 = —{ikM(n +3,k,w) + (6428 + 2n + 2a — 2ik)M(n + 2, k, w)
+ (12— ik +4n + 8B)M (n + 1, k,w) + (12 — dov — dik + 128)M (n, k, w)
+ (12 —ik —4n+88)M(n — 1,k,w) + (6 + 28 — 2n + 2a — 2ik) M (n — 2, k,w)
—I—ik:M(n—3,k,w)},

and

7“7[13] = —{1k

(MM + MPL) + (6 4+ 28+ 2n + 20 — 2ik) M,
+ (6 + 28+ 20+ 2a + 2ik) MPL2M (n 4 2, k,w) + (12 — ik + 4n + 88) M|
+ (8 + ik +4n + 8a) MZ | — AM(n, k,w) + (12 — ik — 4n + 88) M|

+ (8 +ik — 4n + 8a) M, [2] 1+ (6+28—-2n+2a— 21I<J)MT[L”2
+(6—1—25—2n—|—2a+21k‘)M[2}2+2M(n—2k:w ) + ik (M )}.

Remark 2.3. The proof of Theorem provides a universal method for the derivation

of recurrence relation of the modified moments, which can be applied to the modified
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moments with other kernels that satisfy some linear differential equations. For example,

for the derivation of recurrence relations of the following three kinds of modified moments
1
/ (1 — 2)°TF (2)e'?* Ai(—wz) dz,
0
1 .
| o= ) T ), wa)
0

1
| et 0 T @)y, (o) s,
0

the method is applicable, where Ai(x) is Airy function, j,(z), y,(z) are spherical Bessel
functions of the first kind and second kind [1], respectively. Moreover, by differentiating
the recurrence relation with respect to parameters «, 3, one can also obtain recurrence
relations for the modified moments with logarithmic singularities at two endpoints. As

this idea is tangential to the topic of this paper, we will not study it further.
Remark 2.4. For w = 2k, the coefficients of M (n + 4,k,w) and M(n — 4, k,w) are both

zero, then the recurrence relation ([2.4) reduces to a seven-term recurrence relation.

2.2. Fast computations of the modified moments

In this subsection, we will be concerned with the fast computation of the modified mo-
ments by using the recurrence relation . According to the symmetry of the recur-
rence relation of the shifted Chebyshev polynomials T(z) on [0,1], it is convenient to
define T, (z) = T}(x) for n = 1,2,3,.... Consequently, M(—n,k,w) = M(n,k,w),
k=1,2,3,.... Moreover, it can be shown that is valid, not only for n > 4, but also
for all integers of n.

Unfortunately, the application of recurrence relations in the forward direction is not al-
ways numerically stable. Practical experiments show that the modified moments M (n, k, w),
n =0,1,2,... can be computed accurately by using the recurrence relation as long
as n < (k+w/2). However, for n > (k 4+ w/2), forward recursion is no longer applicable
due to the loss of significant figures increases. In this case, has to be solved as a
boundary value problem. Fortunately, we can use Oliver’s algorithm [31] or Lozier’s algo-
rithm [28] to solve this problem for the modified moments with five starting moments and
three end moments. Particularly, for Lozier’s algorithm, we can set three end moments
to zero. Also, this algorithm incorporates a numerical test for determining the optimum
location of the endpoint. The advantage is that a user-required accuracy is automati-
cally obtained, without computation of the asymptotic expansion. In conclusion, several
starting values for the modified moments for forward recursion and Oliver’s algorithm or
Lozier’s algorithm are needed. In addition, three end moments can be computed by using

asymptotic expansion in |14] or the method in [18§].
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Since the shifted Chebyshev polynomials 7 (x) can be rewritten in terms of powers of

x, the five starting modified moments can be computed by the following formulas
M(0,k,w) = 1(0,k,w),
M1, k,w)=2I(1,k,w) —1(0,k,w),
M(2,k,w) =8I(2,k,w) —8I(1,k,w)+ 1(0,k,w),
( )
( )

M (3, k,w) = 321(3, k,w) — 481(2, k,w) + 18I(1, k,w) — 1(0, k,w),

M (4, k,w) = 1281 (4, k,w) — 2561(3, k,w) + 1601(2, k,w) — 32I(1, k,w) + 1(0, k, w),
where
(2.10) I1(j,k,w) = /01 22t (1 — z)Pe?P* HW (wz) du,

which can be efficiently computed by the method in [18] with small number of points.
For a special case w = 2k, the computation of the integral (2.10) is reduced to the

evaluation of

~

1

I(o, B,v,w) :/ 2°(1 — )P HD (wa)dz, o> -1, 8> —1,
0

which can also be accurately computed through the following theorem.

Theorem 2.5. For alla — |v| > —1, 5> —1 and w > 0, it holds that

(211) I(a,ﬁ,y,w) :Il—Fi(IQ—l-Ig)—Ll,
where
_a l-a 1 3
14 2072 101 2
) v v 14v 1—v _ atp+1 a+f
20 2 20 20 2 ’ 2
_atl o 11
4 i 9 9
IQ — wOG p 2 2 474 2 7
’ v v 1-v 14v  a+p+2 a+pB+1
2 20 20 20 2 ’ 2
_a l-a 1 3 1—v
2,4 ) s 40 40
— G 2:°2 2404 2 W
v v 14v 1-v 1-v a+p+1 o+
272 2 0 2 90 20 2 ’
_atl o 1 1 1—v
2.4 2 27 404 2 2
v v v _14v v—1 _ a+p+2 a+B+1
2720 20 2 0 20 2 ’ 2
and
Gm’n A1y ey ns 41y -, A
psq
b, bm,bm+1,...,
Hk T F(l—aj+s) |

27” [ | 1_bk‘|‘5)H] —n1 (e =)



988 Zhenhua Xu

is Meijer G-function |5, C = 2_(B+3/2)F(5 +1).

-~

Proof. Substituting H,El)(x) = Jy(z) +1Y,(x) into I(a, B, v,w) yields
j\(a7 67 V? w)
1 1
(2.12) = /0 (1 — 2)? cos(wz)J, (we) dx + i/o (1 — )’ sin(wz)J, (wz) dz
1 1
+ i/ 291 — 2)? cos(wa)Y, (wz) dz — / 29(1 — 2)P sin(wa) Yy (we) de.
0 0

Note that [42,/43]

2 L) 112 Shl-g 2
(213) oR(Gh= /L) = 226, . |7
—g g l=b+5,1-b—3
(b 1771)’1 _ 97177’/
(2.14) oFl(;b;—z2/4)YV(z):\(F)TlG%’i L 27 2 2?
T ’ v v 1—-v v v
—9i9s g o105, 1073
On the other hand, there holds [44]
z ai...an,a .o.a
/ ta—l(m_t)ﬁ—ng?&n 1 ny nt1 Pt | ar
(2 15) 0 bl...bm,bm+1...bq
_UPTB) e B e ans wat
= pl-a— +,q+l —a— —a— ’
z amp T b17"')bm)bm+17"')bqul7B7"'7ZOZB
and |29

cos(z) = oF1(;1/2;—2%/4), sin(z) = oF1(;3/2; —22/4).

According to (2.12)), and setting b = 1/2,3/2 in (2.13)) and ([2.14)), respectively, then
substituting them into (2.15]), we can easily derive the result (2.11]). O

Remark 2.6. We choose 10 points for the Gauss-type method in [18] to evaluate I(j, k,w),
j =0,1,2,3,4 for w # 2k. While for w = 2k, we compute them by using the formula
through Meijer G-function, which can be efficiently computed with the MATLAB
code MeijerG.m [45).

3. Error estimate about k& and w for the method (2.3))

In [34,35], Sloan and Smith presented a product-integration rule with the Clenshaw-Curtis
points for approximating the integral fil k(z)f(z)dx, where k(x) is integrable and f(z)
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is continuous. Moreover, the authors also considered the theoretical convergence proper-
ties of the method, and obtained the satisfactory rates of convergence for all continuous
functions f(z), if k(x) satisfies f_ll |k(z)|P dz < oo for some p > 1. Since

/

for all p > 1 from [34,35], we see that the Clenshaw-Curtis-Filon-type method ({2.3)) for
integral (1.1]) is uniformly convergent in N for fixed k£ and w, that is

(1 — x)ﬁeiZkIHél)(wx)‘p dz < o0

1

1
]\}im Prpos(2)2%(1 — z)Pe?** H (wr) do = / Fl@)z®(1 — z)%e* HD (we) da.
—0 Jo 0

In what follows we will consider the error estimate on k and w for the method ([2.3). To
obtain an error bound for method (2.3]), we first introduce the following theorem.

Theorem 3.1. For each o — |v| > —1, > —1, the asymptotics of the integral fol x*(1—
w)ﬁei%zHﬁl)(wx) dx can be estimated by the following three formulas.

(i) If k is fized and w — oo, there holds

! . 1
a1 N\Bai2kx ry(1) _
(3.1) /0 (1 —z)’e"“"" H}" (wz)dz = O <w1+71> ,
where 71 = min{«, }.

(i) If w is fized and k — oo, there holds

1
(3.2) /0 2 (1—2)P " HD (wa)dz = 0 () v=0,a> B,
1

where 75 = min{a — |v|, 5}.

(iii) If w = 2k and w — oo, there holds
' Beir (1) L
(3.3) /0 (1 —z) e"H;" (wz)dz = O <w1+7'1) .

Proof. By using the complex integration theory and substituting the original interval
of integration by the paths of steepest descent, we can rewrite the integral fol (1 —
x)ﬁei%”“H,Sl)(wx) dz as a sum of two line integrals (which is a special case of Eq. (20)
in [18] with f(z) =1, b=1), that is

/1 (1 — )’ HD (war) da = Lo[f] — Li[f]
0
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e} (o) 3 IB
2i ix wT
L = 1— K, a f2kz/(2k+w)d
ol/] iV7r(2k+w)1+a/0 ( 2k‘+w> <2k:+w)x ¢ ©

(—i)ﬁiei“’ /oo iz @ (1) 1wz /(2k+ ) B.—
Lif]= ——2— 1 H, wa/(2ktw) pBo=e g
1[/] T2k + )P +2kz+w v w+2k+w e z’e z,

here, K, (x) is the modified Bessel function of the second kind of order v [1].

According to the Theorem in [6], when w — oo, for every fixed k, we have

Lif) =0 (i )+ 1l =0 ().

which leads to (3.1)) directly.
On the other hand, when & — oo, for every fixed w, we have

o(H) v=o,
Lo[f] = .
0 (W) v#0,
which derives (3.2) directly.

Equation (3.3) can be derived by a similar way to the proof of (3.1). This completes
the proof. O

and Ly[f] =0 (k;llJrﬂ) ,

Example 3.2. Let us consider the asymptotics of the integral

1
(3.4) L(a,B,w) = / 2%(1 — 2)Pe2" H(D (wz) da.
0

45 5

4f 45
3sf g
H

3 2 35

scaled by w4
led by o

25 3

2 25
0 200 400 600 800 1000 0 200 400 600 800 1000
@from 1 to 1000 @from 1 o 1000

(a) scaled by w’* with v =0, o = (b) scaled by w®?3 with v = 0.3, a =
—0.6 and = —0.3 —0.5 and = —0.2

Figure 3.1: Absolute values of (3.4) when w runs from 1 to 1000.

Example 3.3. Let us consider the asymptotics of the integral

(3.5) I(a, B, k) = / 2%(1 — z)Pe2k gD (102) d.
0
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©

>

N

values scaled by K*4(1+In())*
=

Absolute val

0 200 400 600 800 1000 “o 200 400 600
k from 1 to 1000 k from 1 to 1000

800 1000

(a) scaled by k%*(1 4 In(k))™* with (b) scaled by k°° with v = 0.3, a =
v=0,a=-0.6 and 8 = —0.3 —0.2 and g =-0.4

Figure 3.2: Absolute values of (3.5) when k& runs from 1 to 1000.

Example 3.4. Let us consider the asymptotics of the integral

1
(3.6) Is(a, B w) = / (1 — )P HD (wa) d.
0
0.6 25
5 o 5
ng 0.45 ‘Zg s
% 04 %g 1
E 0.35 E
0.25 0
200 430h0m 1o 100000 800 1000 o 200 AS)Oﬁom 1o 1060%0 800 1000
(a) scaled by w'* with v = 0, a = (b) scaled by w®® with v = 0.3, a =
0.4 and B =05 —0.2 and 8 = —0.5

Figure 3.3: Absolute values of (3.6) when w runs from 1 to 1000.

From Figures we see that the asymptotic orders on k& and w stated in Theo-
rem [3.7] are attainable.

According to Theorem we can easily obtain the error bound for the Clenshaw-
Curtis-Filon-type method , by using the technique of Theorem 3.1 in [40].

Theorem 3.5. Suppose that f(x) is a sufficiently smooth function on [0,1], then for
each o — |v| > —1, B > —1 and fized N, the error bound on k and w for the Clenshaw-
Curtis-Filon-type method (2.3) for the integral (1.1]) can be estimated by the following three

formulas.
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(i) For fized k, when w — oo, there holds
coF L
1111 - Q55111 = 0 v )
where 7 = min{a, 5}.

(ii) For fized w, when k — oo, there holds

I[f] - %C;F[f]: O(k5+12+s) v=0, a>p4,

where 7o = min{a — |v|, 5}.

(iii) For a special case that w = 2k, when w — oo, there holds
1)~ Q81 =0 (=
N,s - wst2+m ) °

4. Numerical examples

In this section, we will present several examples to illustrate the efficiency and accuracy
of the proposed method. Throughout the paper, all numerical computations were imple-
mented on the R2012a version of the MATLAB system. The experiments were performed
on a computer with 3.20 GHz processor and 4 GB of RAM. In addition, the exact values of
all the considered integrals I[f] were computed in the MAPLE 17 using 32 decimal digits

precision arithmetic.

5

9

Absolute errors
Absolute errors
g

Q

5

1013
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
w from 1 to 1000 by 2 w from 1 to 1000 by 2

(a) s=0 (b)s=1

Figure 4.1: Absolute errors for the Clenshaw-Curtis-Filon-type method for the inte-
gral (4.1) when N =4, k = 50, w from 1 to 1000 by 2.
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Example 4.1. Let us consider the computation of the integral
1 .
(4.1) / 2%(1 — )% cos(x)e'?*® H(D (wz) da
0
by the Clenshaw-Curtis-Filon-type method ({2.3]), where v = 0, « = —0.6 and 5 = —0.3.

The absolute errors and scaled absolute errors are displayed in Figures and re-
spectively. Also, the relative errors are displayed in Table [4.1]

10°

3 104

> ,
3

3

2

s

8

@

© 10

107 1010
0 100 200 300 400 500 600 700 800 900 1000

w from 1 to 1000 by 2

(a) scaled by w'* with s = 0

Absolute errors scaled by w?*

Absolute erro
5

0 100 200 300 400 500 600 700 800 900 1000
w from 1 to 1000 by 2

(b) scaled by w** with s = 1

Figure 4.2: Absolute errors for the Clenshaw-Curtis-Filon-type method for the inte-
gral (4.1)) when N =4, k = 50, w from 1 to 1000 by 2.

Table 4.1: Relative errors for the integral (4.1)) by the Clenshaw-Curtis-Filon-type method
with £k =10, N =2,4,6 and s =0, 1, 2.

s N w=10 w =20 w =50

0 2 1.78 x 1074 1.35 x 1074 7.60 x 107°
4 1.35 x 1076 8.93 x 1077 5.22 x 1077
6 3.34 x 1077 1.97 x 107° 1.20 x 10~?

1 2 3.94 x 1077 1.96 x 1077 5.32 x 1078
4 1.04 x 107° 6.75 x 10710 1.71 x 10710
6 1.72 x 10712 9.28 x 10~13 2.49 x 1013

2 2 6.56 x 10710 2.20 x 10710 4.47 x 10711
4 1.48 x 10712 3.74 x 10713 7.76 x 10714
6 1.89 x 1071° 6.79 x 10716 1.26 x 10716

Real Values

0.841824877078759
—1.172097304662626 i

0.708386698058846
—0.9567974217887021

0.517419675175559
—0.711685588704216 i
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Example 4.2. Let us consider the computation of the integral

1
for 1 i2kx
(4.2) /0 (1 —x)ﬁme 2kz (D (war) da

by the Clenshaw-Curtis-Filon-type method (2.3)), where v = 0.6, « = 0 and 8 = —0.3 (see
Figures and Table .

Absolute errors
Absolute errors

. 12
10 10
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
k form 1 to 1000 by 2 k form 1 to 1000 by 2

(a) s=1 (b)s=2

Figure 4.3: Absolute errors for the Clenshaw-Curtis-Filon-type method for the inte-
gral (4.2) when N =6, w = 50, k from 1 to 1000 by 2.

5 5
01
5 5 13

5
Absolute errors scaled by k**
5

VZ zé

Absolute errors scaled by k>4

S

10° 106
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000

k form 1 to 1000 by 2 k form 1 to 1000 by 2

(a) scaled by k** with s = 1 (b) scaled by k** with s = 2

Figure 4.4: Absolute errors for the Clenshaw-Curtis-Filon-type method for the inte-
gral (4.2) when N =6, w = 50, k from 1 to 1000 by 2.

Example 4.3. Finally, we consider the computation of the integral of a special form

1
(4.3) /0 (1 — m)ﬁweiwaﬁl)(wx) dz
by the Clenshaw-Curtis-Filon-type method , where v = 0.3, a = —0.2 and § = —0.3.
Figures 4.5| and 4.6 show error bound on w for the Clenshaw-Curtis-Filon-type method for
this case. Table displays the relative errors for the proposed method with N = 3,6,9
and s =0,1,2.
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Table 4.2: Relative errors for the integral (4.2)) by the Clenshaw-Curtis-Filon-type method

with w =10, N = 8,16,24 and s =0, 1, 2.

s N k=280 k=160 k=320
0 8 4.36 x 10~4 2.19 x 10~* 1.11 x 10~¢
16 1.51 x 106 8.45 x 1077 413 x 1077
24 3.11 x 1079 1.12 x 1079 3.53 x 10710
1 8 4.80 x 1076 8.59 x 10~ 7 262 x 1077
16 7.80 x 1078 1.48 x 10~8 3.37 x 1079
24 7.96 x 10~10 1.28 x 1010 2.61 x 10~11
2 8 7.96 x 1077 8.89 x 10~8 1.19 x 10~8
16 8.10 x 10~? 7.17 x 10710 707 x 1071
24 2.95 x 10711 1.81 x 10712 1.37 x 10713
0.030083151162300 0.023581342870858 0.017909179561849
Real Values
—0.0422419819910791 —0.0318755149714541 —0.0243539857986521

N o

105§ ]077&

V;E Be

Absolute errors

10°

0 100 200 300 400 500 600 700 800 900 1000

w from 1 to 1000 by 2

(a) s=0

Absolute errors

3
o 100 200 300 400 500 600 700 800 900 1000
w from 1 to 1000 by 2

b)s=1

Figure 4.5: Absolute errors for the Clenshaw-Curtis-Filon-type method for the inte-

gral (4.3) when N =4, w from 1 to 1000 by 2.

10°

Absolute errors scaled by w7

10

9

S

(a) scaled by w'7 with s =0

5
0 100 200 300 400 500 600 700 800 900 1000

w from 1 to 1000 by 2

Absolute errors scaled by w?”
5

10

0 100 200 300 400 500 600 700 800 900 1000

(b) scaled by w*7 with s = 1

Figure 4.6: Absolute errors for the Clenshaw-Curtis-Filon-type method for the inte-

gral (4.3) when N =4, w from 1 to 1000 by 2.
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Table 4.3: Relative errors for the integral (4.3) by the Clenshaw-Curtis-Filon-type method

with N =3,6,9 and s =0, 1, 2.

Zhenhua Xu

s N w=25 w = 50 w =100

0 3 2.26 x 107 9.40 x 1076 4.04 x 106
6 1.33 x 1076 5.97 x 1077 2.75 x 1077
9 2.59 x 1079 1.29 x 107 6.98 x 10710

1 3 2.03 x 1076 4.66 x 1077 1.11 x 1077
6 5.78 x 10710 1.60 x 1010 2.41 x 10711
9 4.42 x 10711 1.32 x 10711 2.82 x 10712

2 3 1.25 x 1078 1.98 x 107° 2.74 x 10710
6 1.86 x 10710 2.26 x 10711 2.37 x 10712
9 2.11 x 10713 7.48 x 10715 2.98 x 10715

0.030229145167903 0.017639904837672 0.010310330002264

Real Values
—0.0342464169183321i —0.0191631979195701 —0.010688289764988 i

Form Figures we can see that the error bounds given in Theorem [3.5
for the Clenshaw-Curtis-Filon-type method are attainable. Figures and Ta-
bles show that the presented method is very efficient for the approximation of the
integral . Moreover, for the well-behaved function f(x), the integral can be
efficiently approximated by Clenshaw-Curtis-Filon-type method with a small number of
interpolation points. In addition, the improvement of the accuracy for the integral
can be obtained by using interpolation with derivatives of higher order at two endpoints,

or adding the number of the interpolation points.

5. Concluding remarks

In this paper, we consider a Clenshaw-Curtis-Filon-type method for the computation of the
integral with (N + 1) Clenshaw-Curtis points, which can be efficiently implemented
in O(N log N) operations. Moreover, we present a universal method for the derivation of
the recurrence relation for the modified moments, which can be applied to the modified
moments with other type kernels. Based on this recurrence relation, the modified moments
can be efficiently computed by using special functions and Gauss-type method with small
number of points. Finally, an error bound on k and w and several numerical experiments

are given to show the accuracy and efficiency for the proposed method.
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