FREE SURFACE FLOW OVER AN OBSTACLE.
THEORETICAL STUDY OF THE FLUVIAL CASE
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The two-dimensional stationary flow of a fluid over an obstacle lying on the
bottom of a stream is discussed. We take into account the gravity and we neglect
the effects of the surface tension. An existence theory for the solution of this
problem is established by the implicit function theorem, for small obstacles and
Froude numbers in an interval included in ]0, 1[.

1. Introduction

This paper considers the problem of determining the free surface flow of an
ideal fluid down an infinitely long channel of uniform width. We suppose that
the bottom of the channel is perturbed by an obstacle represented by a regular
function with a compact support. Free surface flows of an ideal fluid are non-
linear problems; the nonlinearity is essentially due to the dynamic condition
written at the free surface.

The practical applications of this type of flow arise both in the hydraulic engi-
neering of fast flow in a channel or a river. The numerical study of this problem
has been treated by various authors. Bouhadef [3] has given a numerical study
of the problem in the fluvial and torrential case. King and Bloor [6] have given a
generalization of the Schwarz-Christoffel transformation to formulate the prob-
lem of free streamline jet flow over curved wall as a pair of coupled equations
for the tangential angles onto the free surface and the wall shape. Linearized
solutions and nonlinear numerical solutions are presented for a variety of wall
shapes. But no theoretical result has been given. However several authors have
given theoretical results of this problem in the linear case. Abergel and Bona [1]
have considered a steady, two-dimensional of an incompressible, Newtonian
fluid flowing under gravity down an inclined channel; they have established an
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414  Free surface fluvial flow

existence theory for steady, highly viscous flow. In this paper, we want to es-
tablish a theoretical result of existence and unicity of a solution which decrease
exponentially at infinity. The plan of this paper is as follows.

In Section 2, we formulate the governing equations of the problem in dimen-
sionless form. In Section 3, we introduce the stream function in these equations.
In Section 4, the resolution of the dynamic equation written at the free surface
boils down to a fixed point problem and here we apply the implicit function
theorem. We achieve this work by a conclusion given in Section 5.

2. The governing equations

We consider a steady two-dimensional flow of an ideal fluid in a channel in
which an obstacle described by the equation y = b(x) has been placed. We
denote by S'ZZ the domain occupied by the fluid, where b is the equation of the
obstacle and y is the perturbation of the free surface. We put

QZ:{(x,y)eR2|—oo<x<+oo, b(x)<y<yo—|—y(x)}, 2.1)

(x, y) is a coordinate system in which x and y, respectively, the horizontal and
positive vertical directions, see Figure 2.1.

M

ﬂ

Figure 2.1

The function b(x) verifies 0 < b(x) < yo and is regular, with a compact
support. The problem is formulated as follows: given a bottom configuration b,
find a function y : R — R (free boundary) and a vector field u (velocity of the
fluid) such that:

. . . 1%
Governing equations in 2,

divii =0 inQ}, (2.2)
curli =0 in Q. (2.3)

Equation (2.2) expresses the incompressibility of the fluid, (2.3) is given by the
irrotationality of the flow.
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Boundary conditions

=0 fory=h(x), (2.4)
=0 fory=yo+y(x), (2.5)

D
v

TS

where V is the exterior normal to the boundary of QZ. Equations (2.4) and (2.5)
describe the impermeability of the flow at the boundary of the domain QZ.

Conditions at infinity. We suppose that the flow is asymptotically uniform and
horizontal far upstream and downstream of the obstacle. We then write

lim @(x,y) = (uo,0) (2.6)
[x]—o00
hence
lim y(x)=0. (2.7)
|x|—o00

Condition across the free surface. The dynamic condition of continuity of the
pressure across the free surface is given by the Bernoulli equation

-2
§1M| +pgy=c, (2.8)
where p is the density of the fluid, g is the downward acceleration due to the
gravity, and c is a constant.

Dimensionless equations. Dimensionless variables are defined by referring all
lengths to the quantity yg, and all velocities to ug. We put

u=uou*,  x=yox*,  y=yy". (2.9
Systems (2.2), (2.3), (2.4), and (2.5) become
=0, inQl,
. y*
0 . (2.10)
u*v=0 for y* = b*(x*),
0 for y* = 1+y*(x*),

where

*

Q. = {(x*,v") eR? | —00 < x* < 400, b*(x*) < y* < 1+y*(x*)},

1 1
b* * - ) * , **) — *.
(%)= Job0ox). y7() = Sy (0y”)
(2.11)
The conditions at infinity become
lim @*(x*, y*) = (1,0). (2.12)

[x]—o00
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The Bernoulli equation takes the form

2
) =, 2.13)

where F' = ug/./gyo is the Froude number of the flow.

3. Formulation of the problem in stream function

In what follows, we write all the variables without the symbol .
The irrotationality and the incompressibility of the fluid lead us to define a
harmonic stream function W such that

owv
- ay
u= . 3.1
- 3.1
ox
Equation (2.4) will be written as
ow
il b
ay | ( (X)> —0o (32)
ow -1
ax
and becomes
v v
b'(x)—+—=0 iny=bh(x). 3.3)
ay  0x
This is equivalent to
ow i
— =0 iny=>b(x). (34
ot
In the same way, (2.5) gives
ow i
a—:O iny=1+y(x). 3.5
T

We deduce that W is constant in y = b(x) and y = 1 +y (x).
Thanks to the condition at infinity, we evaluate the constant which appears
in (2.13) and the values of W at the bound of QZ. In fact, at infinity we have

lim W(x,y)=y+k. (3.6)

|x]—00
The function W is a stream function then we can choose k = 0. Hence

lim W(x,y)=y. 3.7

|x|—>o00
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Replacing these limits in (2.13) we obtain

F2
S +l=c (3.8)

Moreover, we deduce from (3.7) that

U=0 iny=>b(x),

U=1 iny=1+yx). (3.9)
Then the stream function W verifies
AV =0 inQ},
U=0 iny=>b(x), (3.10)
V=1 iny=1+y),
lim W(x,y)=y, (3.11)
|x|—o00
F? F?
7|vqf|2(x, 1+y(x)+y@) = 5 (3.12)
Taking into account condition (3.11), we can write
W=yt (3.13)
where 1 is the perturbation of the stream function.
Problems (3.10), (3.11), and (3.12) will be written as
Ay =0 in Q)
Y =—b(x) iny=>b(x), (3.14)
Yy=—yx) iny=1l+yx),
lim ¥ (x,y)=0, (3.15)
|x]—00
F? 5 Y F*
- [V +25+1 +y(x)=7 iny=1+y). (3.16)

4. Solution of the free surface problem

We transform (3.16) in

F? 9
y(x)=—7|:|V1p|2(x,1+y(x))+2%(x,1+)/(x))i| 4.1)

and we put

F? ]
|:|V1p|2(x,1+y(x))+28—;p)(x,1+)/(x))]. 4.2)
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The problem can be formulated as follows: given a function y = b(x) which
represents an obstacle, find a function y : R — R (free surface) such that
T (b,y) =y with ¢ solution of problems (3.14) and (3.15).

This is equivalent to solving the equation

Ti(b,y)=y—T(b,y)=0 for a fixed b. 4.3)

For b = y =0, ¥ = 0 verifies (3.14), (3.15), and (3.16). So T'(0,0) = 0 and
T1(0,0) = 0. To solve Ty (b, y) = 0, we use the implicit function theorem at a
neighbourhood of (b, y) = (0, 0).

Consider the change of variables

. - y—bk)
R EYe ey @y

we transform the domain QZ in the following infinite strip Q:
0={(x,y)eR?*|—co<x <+o0, 0<y<1}. 4.5)
We put ¢ (x,y) = W (%, 7) then v verifies
AY+P/y =0 inQ,

- _ - _ _ 4.6)
1//(x,0)=—b(x), Iﬁ(x,l)z—y(x), xeR
?PZ is an operator defined by
a2 a2 3
y —_— — — —
P, =a 3)?8)7+a23)~12 +a3 55" 4.7
where
_y(bl—)//)—b/ B a 2 1
a="ms e e=(5) e
_ - Y /N 2 I T AN
a3_1+y_b[b +)/()/ b)]+(1+y—b)2(y b)[b+y(y b)]

4.8)
The symbols ’ and ” denote, respectively, the first and second derivative.
The gradient operator becomes

9 —b/—y(]//—b,) 9
ax  (I+y—b2 3y
1 ad

1+y—b@

Vb, = 4.9)

Equation (4.1) will be written
—F2

y(5) = S5 |19, 05 1)+

2 Ay

W—_ba—y(i, 1)], (4.10)
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where b is given and y is searched in the space
B>*(R) = {v e C**(R) Y supe™|Div(x)| < oo} 4.11)
OfkuXER
and v in the space
BEA(Q) = {v € CZ’A(Q) sup  sup ec‘il{D§D§v| < oo}, (4.12)
k<2 (%,5)€Q
where 0 <A < landc > 0[l1].
The choice of these spaces will appear evident later.
Remark 4.1. (i) The space B™"(Q) defined by
Bé")‘(Q) = {v € Cm’}‘(Q) sup  sup ecli‘|D§Dlyv| < oo} (4.13)
k+i<m (%,5)€Q

equipped with the norm

Vlmer = sup el DEDLy
m,c,\ Y iy
ktl<m *.9)€Q

IDEDLy(7.5) ~ DEDLu( )| Y
y iy
+ sup sup S RS EY Y
ktl=m G 52wy [(F=x)"+(F-y)]
is a Banach algebra.
(i) The space B™*(R) defined by
B™M(R) = {v e C"™M(R) Z sup e[ DEv(x)| < oo} (4.15)
OfkmeER
equipped with the norm
D" v(x)— D™v(x’
Nvllm,en = Z supe™|DXv[+  sup |DYv@) - ()] (4.16)
0<k=m*<R (xr,x)eR? |x —x'|
x#x'

is also a Banach algebra.
Now we are able to state the main result of this section.

THEOREM 4.2. There exists ¢ > 0, K < 1 such that for all »,0 < A < 1, and
all ¢, 0 < ¢ < ¢, there exists a neighbourhood V' of zero in BCZ’)‘(R) such that
forall F €]0, K[ problems (3.14), (3.15), and (3.16) have a unique solution
such that  belongs to Bg ’)”( Q), and there exists a mapping g of class €' such
that y = g(b).
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This theorem is equivalent to the following one.

THEOREM 4.3. There exists ¢ > 0, K < 1, and an open ball B of radius rg
centered at the origin of BCZ’)”(R) X BE’A(R) where ¢ €10,¢[, and 0 < A < 1,
there exists a neighbourhood V', of zero in Bg ’A(R), there exists a mapping

g:Vy — B*(R) (4.17)

of class @', such that for all F €10, K[, { for all (b,y) € B, Ti(b,y) =0} <
{beVp,y =g}

Proof. In the next subsections, we will verify the hypothesis of the implicit
function theorem. O

4.1. Differentiability of the operator 77 with respect to (b,y). We have
Ti(b,y) =y —T(b,y); to show the differentiability of 77 with respect to b
and y, it suffices to study the differentiability of 7" with respect to b and y. For
this we use the following results.

THEOREM 4.4. There exists ¢ > 0 such that for all ¢ € 10,¢[ and A € 10, 1],
there exists an open ball B of radius ry > 0, centered at the origin in Bc2 ’)"(R) X
BL2. ’)‘(R) such that whenever (b, y) € B, the following statements hold:

(a) the problem
Ay =0 inQp,

(4.18)
V(x, 14y @) =—-yx), ¥(x,bx)=-bx), xeR

has a unique solution  such that 1} the transform of W by (4.4) is in
2.0, 5
BZ*(0); )
(b) the mapping S : (b,y) — V¥ is continuously differentiable from B into
2.0, A
B (Q).

To prove this theorem, we use the following proposition which is proved in
the annex.

PrOPOSITION 4.5. Let the boundary value problem
Av=>by inQ,

o3 1) =ba(P). v(5.0)=bs(7). FeR, @19
where (b1,by,b3) € B?’)‘(Q) X BCZ’A(R) X BCZ"\(R), then there exists ¢ > 0 such
that whenever O < ¢ < ¢, problem (4.19) has a unique solution v € Bcsz(Q).
Furthermore the solution map is a topological isomorphism between the corre-
sponding spaces.
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Proof of Theorem 4.4
Proof of (a). Denote by &QZ the linear operator defined by

Y« B2 (Q) — BY*(0) x B2*(R) x B2 (R) =

(4.20)
v —> (Av—i—@’Zv, v(-,0),v(, 1),
and o = &ﬁg. We will verify that
(o= st Yol = L1612y 17 g2y ) W0l gy (42D)

where L(,-) is a continuous function on R? verifying L(0,0) = 0. We have
(A—d})v=(—P,v,0,0).
Then

[ (st =sty)vlly = |25 v 5o

We need the following lemma which is evident to prove.

o= BY*(0)
92 92
8 25 -lea — ta 35

4.22)

BY*(0)

LEMMA 4.6. Let (b, y) € B>*(R) x BZ*(R). We have (a1, az, a3) € (BY*(0))?
furthermore, || a; ||BoA(Q) <L; (||b||Bz (R) ||J/||BZ A(R)) 1 <i <3 where L;(-,-)
is a continuous function verifying L;(0,0) =

Then we have
9%v

a» —

9%v
0xoy

n v
i |03

|5 ”B?‘)‘(Q) = @

BY*(0) BY™(0)

= <||a1 ||BS"\(Q) + e HBS"\(Q) +as ”B;“(Q)) lvll g2 )
(4.23)

and using the last lemma we obtain

Y
12501 gor gy = (L1 (101 g2 gy 17 W g2y ) + L2 (161 2 gy 1711 20 )

+ L3 (161 g2y 1711 22 gy ) )10 52
4.24)

So
|| (.Sﬂ,—&ﬁZ)U ||oy = L(“b”B(Z)‘(R)? ||7/ ”BLZ’)‘(R)) ”v”B(Z)L(Q)’ (425)

where L(-, -) is a continuous function verifying L(0,0) =0
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The operator s{ being an isomorphism, this shows that &QZ is also an isomor-
phism for small b and y.
Thus the problem

AY+P Y =0 inQ,

- R o (4.26)
1//(x,0) = —b(x), 1//(x, 1) = —y(x), x eR,

has a unique solution in BE’A(Q). This gives the proof of Theorem 4.4(a). [

Now we will prove (b), that is, the application

$:%(0,r0) € B2 (R) x B2*(R) — B2*(Q)

~ (4.27)
b,y)— ¢
is continuously differentiable.
We define S and S, as follows:
S B(O, ro) — i(Bg’)‘(Q),Gy),
(b,y) —> o)
(g (g (4.28)
S, : Isom (BZ*(Q),¥) —> Isom (¥, B*(Q)).
L+— L7}
and we put
F(b,y)=(0,—b(%),—y (%)) =)y inV. (4.29)
We have
$2081(b,y) = (s4)~" with (b,y) € B(0,ro),
(4.30)

Sb,y) = (S2081(b, 1)) F (b, y) = (1)~ (A1) = .

The differentiability of v is given by the differentiability of Sy, S, and F(b, y).
It is evident that (b, y) is continuously differentiable with respect to » and y.
S, is a €°° operator. It remains to prove the continuous differentiability of Sj.
We have
2 82

a
+ary—+az—. (4.31)

Si:(b,y) — o) =A+a 755 T T4 a3

It is sufficient to prove that a;, 1 <i < 3, which are rational functions in b, y,
b,y',b", y", are continuously differentiable with respect to b and y. For this
we use the next lemma which is evident to prove [1].
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LEmMMA 4.7. Let p be a rational function of k variables which is devoid of poles
in a neighbourhood of the origin in R (k a positive integer) such that p(0) = 0.
Then the mapping
P : Tl <i<x B""*(R)—> B"*(R),
(4.32)
(81+---.8k) —> P(g1.--.. &)

where n; € N, 1 <i <k, no =min{n;, 1 <i <k} is continuously differentiable
in a neighbourhood of the origin in T11<j<k Bfi’)”(R).

The coefficients ay, a>, and a3 verify the hypothesis of Lemma 4.7, then they
are continuously differentiable with respect to b and y. This gives continuous
differentiability of S with respect to b and y. Then Theorem 4.4 is proved.

In the new variables X, ¥, the operator T (b, y) takes the form

_ F([ov . A L
o0 =[5 - e )

1 W o\ 2y,
+(1+y—b>2(a_y(x’1)) +1+y—ba_&(x’1)}

(4.33)

F2 ([ 9y Y 2

=-7{[8—1§(2,1)+M(b,w%(£,1)}

0 -\ o
+A%(b,y)<§(x,l)> +2X2(b,)/)8—5)(x,1)}
with
rb,y) = Y )= — (4.34)
1(71/)——(1_{_)/—_@2, 2(’y)_1+y—b' :

THEOREM 4.8. Under the hypothesis of Theorem 4.4 the operator T is continu-
ously Gateaux differentiable on B.

Proof. We have shown that v is continuously differentiable with respect to b and
y. Moreover, it is evident that A1 (b, y) and A, (b, y) are continuously differen-
tiable with respect to b and y. We deduce that T (b, y) is continuously Gateaux
differentiable with respect to b and y. Then 77 is continuously differentiable
on B. ]

4.2. Expression of (077/9y)(0,0). In the last subsection, we have seen that
Y is the solution of the problem

AY+P)y =0 inQ,

IO b0, HEn =, zer P
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We have ¥|p—,—0 = 0 in Q and 9’81} =0.
Leth € BC2 A (R). We put b = 0 in system (4.35), we derive with respect to y
in the direction /& and we evaluate the derivative at y = 0. We put

37

w2V . (4.36)
ay lb=y=0

‘We obtain

3 .
Aw+Pow+—(PY)  Wp=y—0-h=0 in Q,
0 8)/( 0)|y,o lb=y 4.37)

w(i.0)=0, w(f.1)=—h(F). FecR

and we get the following result.

THEOREM 4.9. Leth € BCZ’)‘(R) and w =w(h) = (81/7/8)/)(-, Dip=y=0-h. Then

w(h) is the unique solution of the problem
Aw=0 inQ,
_ _ _ . (4.38)
w(x,O) =0, w(x, 1) = —h(x), xeR

and satisfies
Hw(h)HBg,A(Q) <klhll g k>1 (4.39)

Proof. For the existence and uniqueness, we use Proposition 4.5. Now to prove
inequality (4.39), we need the next lemma proved in the annex. O

LEMMA 4.10. Let h be in the space BCZ’}”(R). Then the function (x,y) —
h(X)¥ is in the space Bg’)‘(Q) and verifyIIh()?)fIIBz,x(Q) Sk”h“B%’k(R)’ where
k>1. '

Now we are able to establish relation (4.39). We can write
w(i.5) = u(i.5) - h(%)3. (4.40)
where u is the solution of the problem

Au=h"(¥)j inQ,

(4.41)
u()?,O) =0, u()?, 1) =0, xeR.
From Proposition 4.5 we have
”u”BC“(Z) < kIHA””BE“(Z)’ ki > 1 (evident)
<ki[n"(®)3] gor g
K (4.42)

< kika||hll g2 kr > 1 (Lemma 4.10)

R)’

<ks ||h||Bg,x where k3 = k1k».

®)’
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Using Lemma 4.10 we obtain

|| g2 g, < kallhl goi gy +kallhl gaa e,

(4.43)
< kil gar gy, k>1,
where k = k3 + k4. Now we can evaluate (377/9y)(0,0). We have
oT; oT
—1(0 0)-h= [Id—a—(0,0)} ‘h, heBXR), (4.44)
Y
where Id is the identity mapping of BC2 ’)‘(R).
We calculate (a7 /9y)(0,0)-h
oy v T
TO,y)= - —_— (1
©0.7) 2{[ D=5 s
1 a0 2 a
—2< W )) _2 W 1)} .
(1+y—b) —bdy 1b=0
(4.45)
We derive with respect to y in the direction 7 at y =0
aT Yy y’ w
—(0 0)- h———{ [ — ¢ D= ( )}
o [0y v Y
Xa[ O e O
aw) A 2
+—| =) C:Dp=y=0-h— 2[ (-,1)] -h
3)’(3)’ b=r= Y |b=y=0
3y 3 (0
—Z[l (',1)]'h+2—<_1/~f(',1)|b=y=0>'h}
Y |b=y=0 dy \ 9y
(4.46)
which gives
oT a
—(0,0)-h=— — =1 h
ay() {8( ()lbyO)}
_—FZ{ _ —( D) jpmy= 0) h} (4.47)
ay
=—F>— 9 (w(®)).
9y
We replace (07 /9y)(0,0) -k by its expression in (4.44) and we find

aT 9
—1(0 0)-h = [1d+F2a—’f’].h. (4.48)
y
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4.3. Inversibility of (d77/0y)(0,0). To prove the inversibility of (377/dy)
(0,0) =Id+F?(dw/d7), it suffices to show that

ow
H F?— <L (4.49)
Y ll B> ®), B ()
We have
5 w/d7|| 1
‘ Fz—uj =Fzsup—|| ”B” ®)
Y (B2 ®), B ) nto Al g2 g,

2 lwm| B2 (R)

n20 Al g2o g,

kRl 2.1
<F? sup Be” ®) 2|l 2.0 (see Theorem 4.9)
B (R)
h#0
< Fk.
(4.50)

It suffices that F2k < 1 for the inversibility of (077/9y)(0,0). Then the in-
versibility of (d77/9y)(0,0) is obtained for F € ]0,1 /\/E [. These results
achieve the proof of Theorem 4.3 and then the proof of Theorem 4.2.

Remark 4.11. We have a result of existence and uniqueness for Froude numbers
F <1.

5. Conclusion

The conclusion of this work is that we have established a local result of existence
and uniqueness of the solution for the values of Froude numberin ]0, k[ C]O0, 1[.
Precisely, for a given small obstacle b in BC2 "\(R) there exists a unique function
y in Bcz’)‘(R) which describes the perturbation of the free surface. The result
established here does not exclude the existence of solutions in other spaces.
In [5], it is said that there is no uniqueness of the solution when F < 1. This
result has been confirmed numerically in [5] where moreover the existence and
uniqueness of the solution are established after linearization of the equations. In
our paper, without linearization, we have solved the problem of existence and
uniqueness using the implicit function theorem in subspaces of Holder spaces.

Annex

Proof of Proposition 4.5.
Consider the homogeneous problem

Av=fi inQ,

. 5.1
v, ) =v(-,0)=0 inR.
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First of all, f; belongs to BS’)‘(Q) then f; obviously belongs to L?(Q). So
there exists a weak solution v € H(}(Q). In fact v € HZ(Q) N HOI(Q). Be-
cause f € B?’A(Q) we conclude that v is a classical solution in €2*(Q)
(see [4]).

To prove that v € Bg ’A( 0), we must show that

sup supec‘x||DfD§,v| < 00. (5.2)
k+1<2 Q

For this we use the result established in [2] where we replace the operator L
by —A. We conclude that there exists ¢ > 0 such that for each ¢ €]0, ¢ [, problem
(5.1) has a unique solution in Bf’A(Q) when f is given in B?’A(Q).

We return to the nonhomogeneous problem

Av=>b; in Q,
5.3)
v(x, 1) =ba(x), v(x,0)=03(x), x€eR.
We put v(x,y) =vi(x,y)+ (1 —y)b3(x)+ yby(x) where vy verifies
Avp = by = A((1= b3 () = A(yba(x)) = F(x,y) in Q,
5.4)
vi(x,1)=0, v(x,00=0, xekR.
. . 0,1, A 2,0/ A
It is evident that F' € B, (Q)_ so vy € BZ"(Q).
We deduce that v € BCZ’A(Q). O
Proof of Lemma 4.10. We put
u(x,y)=hx)y. (5.5)

The functions (x,y) > h(x) and (x,y) > y are in €**(Q). Then (x,y) —
h(x)y is in €>*(Q).
We also have

sup  sup eclx“D];Dlyu(x,y)‘ < 00. (5.6)
(x,y)€Q k+1<2

Then

u(x,y) = h(x)y € B2*(Q). (5.7)
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Now we show that

[ACY ] g2 gy = Kl g2 g,

Hh(x)y” B>*(0)

= Z sup ec|x||D§Dly(h(x)y)|
k<2 (x,y)€0

| DD} (h(x)y) (x, y) = DYDY (h()y) (v, )|
y,)z]x/z

+ sup sup
k=2 (6, ) () [(x—x)+(y—

= sup e”'x‘|h(x)y|+ sup e”‘x||h/(x)y|+ sup eC|x||h”(x)y|
(x,»)e0 (x,y)€Q (x, €0

{ |h”(x)y—h”(x’)y/|

+ sup eWl|h(x)|+max
(x.y)e0

sup )
w2 [(x—2) 4+ (v — )

X sup

') — 1 (x")] }
(e [(x =)+ (v = ’

y,)Z]k/Z
|h )y | g2 gy =< 2001 g2 gy + Il g1

{h”(x)y _ h//(x/)y/|

4+  sup .
o) [(x =)+ (v—y')° T
(5.8)
We have
|h”(x)y—h”(x/)y’|
Sup 2 294/2
CEE ) [(x=x) +(y—y')7]
|h//(x)y _h//(x/)y+h//(x/)y _h//(x/)y/i
= suwp N2 N21A/2
A [(x=x)"+(—»)7]
W —n' ()] Wy
<sup ———F— + sup N B Pa—
x#x! |X—X’|A )£,y |y—y/|A

1—x
<20l g2 -

Then we obtain

[RCOY] g2 gy = G+ g2 (5.10)
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and we have
|8 COY] g2 gy =< KAl g2 . (5.11)
where k > 1. O
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