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We use the topological degree method to study the existence of solutions for nonlocal elliptic equations (systems) with a strong

singular nonlinearity.

1. Introduction and Main Results

Given s € (0, 1), an integer n > 2s, and a bounded open set Q
of R” with Lipschitz boundary, let K : R" \ {0} — (0, +00)
be a function satisfying the following properties:

(i) yK € L'(R") with p(x) = min{|x|*, 1}.

(ii) There exists 6 > 0 such that K(x) > 0]x| " for any
x € R"\ {0}.

(iii) K(x) = K(-x) for any x € R" \ {0}.
The so-called nonlocal elliptic operator 2 is defined by
L (x)

1
:5jRn(u(x+y)+u(x—y)—2u(x))K(y)dy, o
x e R".
In particular, when K(x) = |x|""?%), 2, is equal to the

fractional Laplace operator —(—A)° (up to normalization
factors).

For a Carathéodory function f : Q x R — R, the
following problem

Reu+ f(x,u)=0 1in Q,
(2)

u=0 inR"\Q

and its special case
(-A)’u=f(x,u) inQ,

in R"\ Q

3)

u=>0

have been widely studied under various contexts; see a recent
survey [1] for details.

L1. Previous Work. Motivated by the work of Caffarelli and
Silvestre [2], several authors have considered an equivalent
problem of (3) by means of an auxiliary variable; see [2-6].
Precisely, let (x, ¥) denote the points in €, := Q x (0,00) C
IRTr1 and 0, %, = 0Q x (0,00). Take a = 2s and X((%,) as
the completion of C;°(Q x (0, 00)) with respect to the norm

1/2
12l xe(%) = (szj Y7 Ve dxdy) , 4)

Q

where « is a normalization constant. For w € X (%), let

Low = —div(y' Vw),
(5)

a_w__K lim - W
o e 0 oy


http://dx.doi.org/10.1155/2015/823143

and consider the problem

L,w=0 in @,

w=0 1in aL%Q,

(3)
0
%=f(x,w) in Qx{y=0}.

An energy solution to this problem is a function w € Xg (%)
such that

K, J- Yy {Vw, Vo) dx dy = J‘ f(x,w)pdx
“o ° (6)

Vg € X% ().

Such an energy solution w yields a function u = w(:,0) in
the sense of traces, which belongs to the space Hg/ (Q) and
is a weak solution of (3). The converse is also true. The reader
may refer to [2-6] for dealing with (3) with this method. In
particular, Stinga and Torrea [6] generalized the arguments
and results in [2] to the fractional powers L7, 0 < ¢ < 1,
of a linear second order partial differential operator L that
is nonnegative, densely defined, and self-adjoint in L*(Q, d)
with a positive measure dy on Q.

Servadei and Valdinoci developed a variational frame-
work to study the problem (2) in a series of papers [7-11]. They
introduced the following Hilbert space (X,(€2, K), {-,)¢.a.x)
in [7, 8]. Let Q := R*"\ (€0 x€Q), where Q = R™\ Q, and
let X(Q, K) be the space of all Lebesgue measurable functions
u:R" — Rsuchthatul, € L2(Q) and that the map

Q> (%)
— , 7)
— (u(x)-u(y)) \/K(x—y) is in L*(Q).

X(Q,K) is a Banach space endowed with the so-called
Gagliardo norm

il = ( | 1w GOF d
2 " (8)
+ JQ |u () —u (y)| K(x—y)dxdy>
and is contained in H°(R"). Consider the subspace of
X(Q,K):
Xo (LK) ={ueX(Q,K)|u=0ae inR"\Q}. (9)

It was proved in [12, Theorem 6] that this space is the closure
of C3°(Q) in X(Q, K). Clearly, the space X (), K) depends on
K. In fact, when K(x) = |x|""), X, (Q,K) = {u € H'(R") |
u = 0ae in R"\ Q} ([11, Lemma 7-b]). X,(Q, K) can be
endowed with a Hilbert space structure given by the inner
product

(u, v) 0,Q,K

(10)
= [, kOGN (69 —v O K (=) dxdy
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([8, Lemma 7]) and contains Cé(Q) ([7, Lemma 11]). Denote
by [I-ll,q,k the induced norm of the inner product in (10). This
norm is equivalent to the restriction of || - || x to X,(Q, K).
Call u € X,(Q,K) a weak solution of the problem (2) if u
satisfies

[, 0= @@ - PN K (- ) dxdy
(11)
= sz(x,u(x))(p(x) dx

for all ¢ € X,(Q,K). Define F(x,t) = '[Ot f(x,7)dt for the
above Carathéodory function f. Suppose that there exist a, >
0,a, >0and q € (2,2]),2; = 2n/(n - 2s), such that

|f (c.t)] <a;+a, [t aexeQ teR. (12)
Then, the functional .7 : X,(Q,K) — R defined by

7w =3 | m@-u() K (x-y)dxdy
Q
(13)
- J F(x,u(x))dx
Q

is of class C' and the critical points of 7 are exactly the
weak solutions of (2). Condition (12) is always assumed in
the proofs of present several existence results on (2) via
variational methods [7-11, 13-15]. Except for [13] u = 0 is also
assumed to be a solution in all other works. For studies of (3),
there is a great deal of literature; see [2, 4, 16] and references
therein.

However, all previous results cannot include the following
case: O = B"(0,1) = {x € R" | |x| < 1} and f(x,t) =
1/(Ix|] = 1) + h(t), where h € CY(R) such that h(t) = cost
for |t| < 1 and that A(t) = sint for |t| > 1.

1.2. Main Results of This Paper. We will use the topological
degree theory developed by [17] to study generalized solu-
tions of problem (2).

Our result can apply to the example just mentioned.
Without special statements, we write

2n
e (n+2s)
(14)
- 2n
ST (n-2s)

(the latter plays the role of a critical Sobolev exponent).

Theorem 1. For an integern > 2 let K : R" \ {0} — (0, +00)
satisfy (i)-(iii) and let f : QO x R — R be a Carathéodory
function verifying the following conditions: there exist positive
numbersa, 3, q € (2,27), p € [1,2) and functionsa € L} _(Q)
and ¢ € LNQ) such that

lf ot <a@)+alt]’™ V() eQxR, (15
Q> xr—b(x)
(16)
= f(x,0) belongs to L' (Q),

—-ftt2=Bltf —c(x) VY(xt)eQxR. (17)



Abstract and Applied Analysis

Then, problem (2) has at least one generalized solution u in
Xo(Q, K); that is, it satisfies

[, -4 @ -p O K (x-y)dxdy
(18)
= JQf(x,u(x))¢(x) dx V¢ eCy (Q).

In particular, it must have a nontrivial generalized solution if b
is not identically zero.

Corollary 2. Under the assumptions of Theorem I, let 1 < v <
2,1> 2n/(2n—(n—-2s)v) and let G € L', _(Q). If either AG < 0

loc

or (AG)" := max{0, AG} belongs to L(Q) with k > 2/(2 — ),
then

Luu+AG (x) |u]" P u+ f(x,u) =0 inQ,
(19)
u=0 nR"\Q,
has at least one nontrivial solution in X,(Q, K) provided b is
not identically zero.

Corollary 3. Under the assumptions of Theorem 1, let2 < v <
27 andG € LIIOC(Q) withl > r9and 9 > (n+2s)/(n+2s—(v—
1)(n —2s)). If A € R is such that AG < 0, then

Lt +AG (%) |u| 2 u+ f (x,u) =0 in Q,
(20)
u=0 inR"\Q,
has at least one nontrivial solution in X(Q, K) provided b is
not identically zero.

In particular, this corollary includes the example at the
end of Section 1.2. See Example 1 for more general cases.

Our methods can also be used to study the case of
nonlocal elliptic operator systems. Let K|, K, : R" \ {0} —
(0, +00) be functions satisfying conditions (i)-(iii). Given two
Carathéodory functions f; : Q xR — R, i = 1,2, consider
the following problem:

Leu+fi(x,v)=0 inQ,
Lev+ fr(6u)=0 inQ, (21)
in R"\ Q.

Call (u,v) € Xy(Q, K;) x Xo(Q, K,) a generalized solution of
system (21) if

[, (0020 G- $ (K (- ) dxly

u=v=0

; jw @) -v() (v ) - ()
(22)

‘K, (x—y)dxdy—Lf1 (x,v) ¢ (x)dx
—J.sz(x,u)l//(x)dxzo

for every (¢, v) € C;°(Q) x C,°(Q). Here is the second main
result.

Theorem 4. Under the above assumptions, suppose also that
there exist positive numbers &) [)’j, q; € (2, 2: ), 1< pj,f)j <2,
and functions a; € L' (Q)and ¢j € LY(Q) such that

loc

|fj (x, t)| <a, () +ea | V(xt) € QxR, (23)
Q>3 x+— bj (x)
(24)
= f; (x,0) belongs to L'(Q),
— fi oty bz = B [P P — ¢ (x) -

V(x,t,h) e QxR xR.

Then, problem (21) has at least one generalized solution in
Xo(Q, K;)x X (Q, K;). In particular, it must have a nontrivial
generalized solution if one of by and b, is not identically zero.

Similarly, consider the following problem:

—Au(x)+ Y f; (x,v(x)) aa—“ (x) + f, (26, v (x))
i i

+a, (x) =0,
(26)

AV + Y g (6 () o () + gy (s ()
i1 X

+a,(x)=0

or

- AU+ Y 6y () o () + fy (6 v ()
=1 %

+a,(x)=0,
(27)

—Av(x)+ Y g; (x,u(x)) j—“ (x) + go (2,1 (x))
j=1 Xj

+a,(x) =0.
Assume

(A) fgi + QxR" — R are Carathéodory functions,
i=0,...,m

(B) there exist constants

2n
r0€<—,oo>,
n+2

(28)

1 .
r<—<o00,i=1...,n

r; € (n,00), " .

i



e L

loc

and measurable functions b, d; ), i =

0,1,...,n, aj,a, € L(Q), such that

fo(%,0) =g (x,0) =0, VxeQ,

|f; B < b () + K el

V(x,t) e QxR, i=0,...,n, (29)
|9: (%, )] < d; () + ;1417

V(x,t) e QOxR, i=0,...,m

(C) there exist measurable functions c(x),c(x) € LY(Q)
and constants 1 < q;,¢,,4;,4, < 2 such that, for any
(%, t,t5,2) € AXR X R x R",

—% 21 = k |6, |6, ¢ ()

< [Zfz (1) zi+ fo (%, 1)) +ay (x)] ty
i=1 (30)
_ % |Z|2 _’]2 |t1|‘12/2 |t2|‘72/2 c(x)

< [Zgi (x.t,) 2+ go (x,ty) +ay (x)] ty.

i=1

Combing the proof of [17] and that of Theorem 4, we
can prove the following.

Theorem 5. Under the conditions (A), (B), and (C), ifa, or a,
is not zero, then the equation systems (26) and (27) have at least
a nontrivial generalized solution (u,v) € W01’2(Q) X WOI’Z(Q).

Finally, let us point out that the corresponding results of
Theorems 1 and 4 can be also proved if the operator 8y is
replaced by L7 in [6, (1.10)]. They will be given in other places.

The arrangements of this paper are as follows. In
Section 2, we give some necessary preliminaries. The proof
of Theorem 1 will be completed in Section 3. In Section 4, we
will prove Corollaries 2 and 3 and give an example. Theorem 4
will be proved in Section 5.

2. Preliminaries

Firstly, we review the topological degree theory for mappings
of class (B,) developed in [17]. Let H be a Hilbert space
with inner product (-, -) and let {E,},, be a strictly increasing
sequence of finite dimensional subspace of H such that E =
U2 E, is dense in H. Denote by P, the orthogonal projection
from H onto E,, for every integer n € N. Let G be an open

bounded set in E and let g be a mapping from @E, the closure
of Gin E, into H. Put

G,=GNE, VneN,
_ 31
g,(x)=P,(g(x)) VneN, x€G,.
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Since H and E induce equivalent topologies on all finite
dimensional spaces E, the subset G, c E, has the same
closure in E,, E, and H, denoted by G_n

Definition 6. Under the above assumptions, g is said to be of
class (B, ) on EE if and only if the following conditions are
satisfied:

(@) g, : G, — E, is a continuous mapping for each n €
N.

(b) There is not any sequence {xnk}k in E such that the
sequence {x, }; is weakly convergent in H,x, €
E)Enk G,,» (9(x,, )%, ) <0 and (g(x,, )v)=0 for
alk e NandvinE, .

Lemma 7 (see [17, Lemma 2.3]). Let H,{E,},,E,G,g and

{g,,},, be as in Definition 6. Assume that g is of class (B,.) on G.
Then, there exists an integer ny, such that the Leray-Schauder
degree deg(g,,, G, 0) is defined and

deg(g,,G,,0) = deg (gno,Gno,O) Vn > ny. (32)
It follows that
deg(9,G,0) == lim deg(g,,G,,0) (33)

is defined. It was the topological degree of g on G at 0
n [17]. The corresponding versions with usual properties
of the Leray-Schauder degree were given in [17, Theorem
2.1]. In particular, the identity map Id is of class (B,), and
deg(Id,G,0) = 1if 0 € G. Moreover, the following
proposition is key for the proof of our main results.

Proposition 8 (see [17, Corollary 2.1]). Let H,{E,},,E and G
be as in Definition 6. Let g be a mapping from G into H such

_Em
that g,, is continuous on G,, " for any m € N. Suppose that G
contains 0 and

(g(x),x) >0,
Then there is a weakly Cauchy sequence {x,}, in G such that

Vx € 05G. (34)

Jim (g(x,),v) =0, VveE. (35)

Next, we need the following results on the space
Xo(Q,K).

Lemma 9. (a) X,(Q,K) and X(Q,K) are continuously
embedded in H'(R") and H*(Q), respectively ([8, Lemma 5]).

() If O ¢ R" is a bounded open subset with continuous
boundary, the embedding X,(Q, K) — LF(R") is compact for
any p € [1,2]) ([8, Lemma 8] and [11, Lemma 9-a]).

(c) The embedding X,(Q, K) — LF(R") is continuous for
p = 2. ([11, Lemma 9-b]).

(d) The embedding H*(R") — LP(R") is continuous for
any p € [1,2;] ([18, Theorem 6.5]).

(e) If Q is an open set in R" of class C*' with bounded
boundary, then there exist continuous embeddings W"F (Q) «—
WP (Q) and Wy P(Q) — WyP(Q) for any p € [1,c0) and
s €(0,1) ([18, Proposition 2.2]).
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Lemma10. Let Q) be a bounded open set in R” with boundary
of class C”'. Then, the space X(Q, K) is separable. Further-
more, there exists a sequence {v,,},, in Cg°(Q) such that {v,,},,
is a maximal orthogonal set of X,(€), K).

Proof. By Proposition 9(f) of [9], there exists a Hilbert basis
{er}is1 of X (Q, K), which implies separability of X,(Q, K).
So Uy frie, + - +1,e, | 1, € Qi = 1,...,m}is
a dense countable subset in X(Q, K). Let {f,,},,», denote
this countable set. Since C;°(£2) is dense in X(Q, K) by [12,
Theorem 6], for each m € N we can take f,,, € C;°(Q)
such that || f,, = f.iloax < 1/kVk € N. Then, {f,; |
(m,k) € N x N} is also dense in X,(Q,K). Let {h; | I € N}
be a maximal subset of {f,, . | (m,k) € N x N} such that any
finite elements in {/; | I € N} are linearly independent. Then,
Span({h; | I € N}) = Span({f,,, | (m,k) € N x N}) is dense
in X, (Q, K). Making the Hilbert-Schmidt orthogonalization
procedure for {h,, | m € N}, we obtain an orthogonal set
{e,, | m € N}, which is also a maximal in X,(Q, K). ]

3. Proof of Theorem 1

Take an increasing sequence of open subsets of Q, {Q };, such
that each of them has C*'-boundary and that

Qc O, VkeN,
(36)

s

Q = Qk‘

>~
Il

1

By Lemma 10, we may choose a sequence {v, ,,},,, in C;°(€),)
such that {v, ,},,, is a maximal orthogonal set of X,(Q,, K).
Then, we can find a sequence {v, ,, },,, in C3°(€,) \ C;° (2}, K)
such that {v, ., v, ,, | m € N} is a maximal orthogonal set of
X,(Q,, K). By the mathematical induction, it is easy to find
theset {v,,,, | k,m € N}in C;°(Q2) such that Vim |meN,j=
1,...,k} is a maximal orthogonal set of X, (), K) for every
k € N. Let us rewrite the countable set {v; ,, | k,m € N} as
a sequence {e;};. Let E,, be the vector subspace of X,(Q, K)
spanned by {e,;,...,e,}, and E = U,E, . For conveniences
we set H = X,(Q,K) and denote by P,, the orthogonal
projection from H onto E,,.

Lemma 11. (a) E is dense in X,(Q, K).

(b) For each u € C;°(Q), there are k € N and a sequence
{u,,},, in E such that the supports of all u,,, are contained in Q.
and that u,, — uin Xy,(Q,K) asm — oo.

(c) For every m € N and for every given u € X,(Q, K),
there exists a unique T,,(u) in X,(Q, K) such that

(T, (W), V) = = J f(xu(x)v(x)dx
O (37)
Wy € X, (O, K).
Moreover, if v e C°(Qy), then
(T, W), v) gk = (T (W), V) 0

(d) Suppose that a sequence {u}, < X,(Q,K) weakly
converges to u in X(Q, K). Then, {T,,(u;)}, weakly converges
toT,,(u) in Xy(Q,K) form=1,2,....

Vm > k. (38)

(e) For every given u € E (the support of u must be
contained in some €, by the construction of E), there exists
a unique T'(u) € Xy (Q, K) such that

(T (u),v)oox =~ J;) fxu(x)v(x)dx

Vv e X, (Q,K), (39)

(T (), Voax = (T, (w), V>0,Q,K

Vv e X, (Q,K), Vim >m,.

(f) P,o(Tlg,) : E,, — E,, iscontinuous foreverym € N.
(g) There exists a constant C > 0 such that

(u+T (u),u)gqx
2 —2 -2
> Nlully ok (1= Cllully o i = el lulon k) (40)

Yu € E\ {0}.

Proof. (a) Since {e;}; is a maximal orthogonal set of
Xo(Q,K), E is dense in X(Q, K).

(b) For a given u € C;°(Q), by the choices of {Q),,},,,, there
exists k € N such that the support of u is contained in Q. Let
{vj)m | m e N,j=1,...,k} be the maximal orthogonal set
of X, (€, K) as constructed above. Then, Span({vj’m | m €
N,j=1,...,k}) is dense in X,(€), K). Hence, we can find a
sequence {u,,},,,-, in ENCy° () such that [lu,, —ulgqx — 0
asm — 0o.

(c) By (16), we can write f(x,t) = b(x) + fy(x,t) V(x,t) €
Q x R. Then, f,(x,0) =0 Vx € Q, and (15) implies

lfoxt) <a@)+b(x)+alt|’™ V(xt) e QxR. (41)
Note that 2} < 2n/(n—2)and 1/r+1/2; = 1. Moreover, since
q € (2,2]) we get

2n
n+2s

“r<r(g-1)<r(2-1)

2n 2n 2n "
- ( _1)= 2",
n+2s\n-—2s n-—2s s

(42)

For given m € N, by [19, Theorem 3.2.4] (see also [20, page
30]) we have a continuous mapping g, from L™V (Q)) into
L'(Q,,), where

Em (W) (%) == fo(x,u(x)) VxeQ,. (43)

For u,v € X,(Q,K), we have u € L' D(Q)and v € LZ:(Q)
by Lemma 9(b) and (c). Thus, &,,(u) € L'(Q,,) and

lL fo (xu(x)v(x)dx

(44)
< |8 )

Q) "Vlle;‘ .

= lj Sm W) v(x)dx
Qm




Using Lemma 9(c) again, there exists a constant C > 0 such
that [|[v]| .; < Cllvllgqx for all v € X,(€, K). It follows that

‘_ J fo (e u(x)v(x) dx—j b(x)v(x)dx
Qi Q

(45)

reo,)t "b”L'(Q)) vllo,0,x -

< C (I8 w

Hence, Riesz representative theorem yields a unique 7T,,,(u) €
Xo(Q, K) such that

(T (W), V) = JQ B (W) vdx — L b(x)v(x) o)

Vv € X, (Q,K).

If v € C;° (), for each integer m > k we deduce

(T (W), V) = JQ B () vdx — L b(x)v(x)

- | Bewvax-[ b @)
o Q

= (T (W), V) -

(d) Let {u.}; be a sequence weakly converging to u in
Xo(Q, K). Since

1<r(q—1)<2:<nzTn2, (48)
from Lemma 9(b), we deduce that {u;}; converges to u
in L"9V(Q). Then, the continuity of the map §,,
L'@Q) — L'(Q,,) implies that {,, (1)}, converges to
B (1) in L'(Q,,,). Moreover, for v € X;(€, K), we have v €
L% (Q). Recall that r™' + (2)™" = 1and L* (Q) = (L"(Q))".
We deduce that

jﬂ V() B, () () dx — |

Q

V(%) Fyn (1) (x) dx

m (49)
as k — oo,

and hencelimy, _, (T, (1), V)g o x = (T, (11), V) ok DY (46).
(e) Since fy(x,0) = 0 Vx € Q, and Supp(u) C Q,,, by
(46) we deduce that

—Lf(x,u(x))v(x) dx
:_J fo(x,u(x))v(x)dx—J b(x)v(x)dx
! o (50)
=_J fo(X,u(X))V(x)dx—J b(x)v(x)dx
Q,, Q

=(T,, (u), V>o,Q,K

This shows that X(Q,K) > v — — I FOou(x))v(x)dx is a
continuous linear functional. Using the Riesz representative
theorem again we obtain a unique T'(1) € X(Q, K) such that

Vv € Xy, Ym > my,.

(T (), voax =~ J;) fux)vix)dx VveX, (51)
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Clearly, (T(u), v)gqx = (T, v)oqx Yv € X, forall m >
.
(f) By the construction of E,,,, we have an integer m,, € N
such that each u € E,, has a support contained in Q,, . Let
{up} € E,, converge to u € E,,. By (d), {T,(u)}, weakly
converges to T, (1) in X,(Q, K) for every n € N. Then, (e)
implies that (T'(u), v)gax — (T(W),v)ax Vv € X,(Q,K)
ask — oco. In particular, since v € E,, satisfies P,,v = v, we
have

<Pm oT (”k) > V>o,Q,K = <T (”k) > PmV>o,Q,K
— (T (W), Pv) o0k (52)

=(P,°T (u), V>Xu,g,;< .

This shows that {P,, o T'(14)}, weakly converges to P, T(u)
in E,,. However, the strong converge and the weak ones on
finitely dimensional space E,, are equivalent. Hence, P, o
T(u) — P,oT(u)asm — oo.

(g) Since 1 < p < 2 < 27, by Lemma 9(b) and (c) there
is a constant C > 0 such that [lull;») < Clullgqx Yu €
Xo(Q, K). It follows from this and (17) that

2
(W+T W), u)gox = llullyox

- J;) f e u(x)u(x)dx

> 2o - jﬂ (B1ul? +1cl) dx

(53)
2
=l - B jﬂ jul? dx — ]l
2
=l Bl ~ lcl
2
> Jull o - BCP Il o ¢
el -
This leads to (g). ]

Proof of Theorem 1. Let 3, C, and c be as above. Since 1 < p <
2, we have R > 0 such that

1-BCPRF —|ic|| R > (54)

=

LetG = {u € E : |ullyox < R}. Define g: G° — Xo(Q,K)
by

gw)=u+T W) Vue G (55)
Let us prove that g is of class (B,) on G'. Note that G, =
G, N E, has the same closure in E,, E, and H, denoted by
G,. Letg, : G, — E, be defined by g,(u) = P,(g(w)) =
Pyu+ P, o T(u) = u+ P, o T(u) for each n_€ N. Suppose
that a sequence {1}, C G,, converges to u € G,. Lemma 11(f)
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implies P, oT(1;) — P,oT(u)in E,. Hence, g, is continuous.
By the proof of Lemma 11(g) and (54) we deduce that

RZ
(9w, w)ggx = W+ T W) uoax 2 - -

Vu € 0;G = {u € E : lullgqx = R}.

This implies that Definition 6(b) is satisfied. Hence, g is of

—E
class (B,) on G . Moreover, it also shows that g satisfies the
conditions of Proposition 8. Thus, we have a weakly Cauchy
sequence {u,}, ¢ G such that

lim (g (u,), V>o,o,1< =0 VveE. (57)

n— 00

Let u be the weak limit of {1, },, in X,(Q), K). Foragivenv € E,
the support of it is contained in some ), and thus

(9(u,), V>o,Q,1< = (u, +T (u,), V>0,Q,K
= (U, + T,y (1) VDo 0 x
(58)
= <un + Tk (un) > 1}>O,Q,K

Vm >k, VneN

by Lemma 11(c). For each fixed n1 € N, there exists 77 € N such
that u, € C;°(Q;). Hence, Lemma 11(e) yields

(g (u,), V>o,Q,K = (u, + T (u,), V)o,Q,K

= <un + Tm (un) > V>0,Q,K

(59)
= <un + Tk (un) > V)o,Q,K
Vm > max {k, 7} .
Taking n — oo in both sides of (g(u,),v}oqx = (u, +

Ti(u,), v).0.x and using (57) and Lemma 11(d), we deduce

(u+T, W), v)gqx =0 Vm=k (60)
For any given v € C;°(Q), by Lemma 11(b), we have an

integer k and a sequence {v;}; C E such that Supp(v;) ¢

for any [ € N and that v, — vin X,(Q, K). So (60) leads to

thatis, (u, V)O’Q,K—JQ FOou(x))v(x)dx = 0 Vm > k. Letting
m — 00, we get "

(U Voax— JQ fxu(x)v(x)dx =0, (62)

which shows that u is a generalized solution. Note that u
might be zero! But 4 = 0 is not a solution if b = f(-,0)
takes nonzero values on a nonzero measure set. The proof is
completed. O

4. Proofs of Corollaries and Examples

Proof of Corollary 2. Let f(x, t) = AG(x)|t|"%t + fleot). It
suffices to check that f satisfies (15)-(17). Clearly, we can
assume A # 0. Let p = [/r. Since 1 < v < 2, we have
(n—2s)y > n— 2s and thus

2n 2n

I =7.

>2n—(n—25)v>n+25 ’ (63)

Then, p > 1 and

L<@-1)p =@w-1PL_ - L n¥2s

p-1 I-r n-2s (64)

=27 -1

By Young’s inequality, we obtain
IAG ()l [ £ = 1AG ()] |¢]"

A A (65)

<GP+ S
p p

Note that G € LIIOC(Q) and rp = Limply |G|” € L (Q). Let
g-1=max{q-1,(v - 1)p'}, which sits in (1,2} - 1). From
these and (15), it follows that
Feon] <at+ 2 ap+ B oo
P p
+alt]?!
(66)

< (a (x) + % IG (x)|° +c) +a|tT!

ae.xe, VteR

for some constants C > 0 and & > 0, where Young’s inequality
is used again. So f satisfies (15). Moreover, b(x) := f (x,0) =
£(x,0) = b(x); that is, f satisfies (16).

Finally, let us check that (17) holds for f. If AG < 0, then

—ft)t==-AG )|t - f (x, )t

(67)
> - Bt —c(x).
For another case, observe that
—fet)t==-AG(x) |t - f (x, 1)t
(68)

> - Bt —c(x) - (AG)" (%) |t]”.
Since ¥ > 2/(2 — ») > 1, we may choose a real number o in

(2/(2 = ),x). Let ¢’ = a/(0 - 1). By Young’s inequality, we
have

MG I < 2 |[AG) I + =117, (69)
o o



Note that [(AG)"]° € LY(Q) since o < x. Moreover, 1 < vo'
and

2 2-v 1 2 o ’
K — > - = o
2-v 2 o v o-1 (70)

!
= v0 <2.

Let p = max{p, vo'}, which belongs to [1,2). Using Young’s
inequality, we can derive

1 ' ~ 5
—/3|t|P—;|t|”’ >-BItP-C VteR (71)

for some constants 8 > 0 and C > 0. Hence, for a.e. x € Q
and all t € R, we have

—flot=-AG@) It - f (x.0)¢
o (72)
> - Bl -2(x),

where ¢(x) := c(x) + (1/0)|(AG)*(x)|” + C belongs to LY(Q)
as above. This shows that (17) is true for f The desired
conclusion follows from Theorem 1 immediately. O

Proof of Corollary 3. Let f(x, t) = AG(x)ItIV*ZHf(x, t). Since
AG < 0, we see that f satisfies (17) from the above proof. It
remains to prove that fsatisﬁes (15)-(16). Let 9 =9/(9-1).
Note that

N n+2s
n+2s—(v-1)(n-2s)

- n+2s—(v-1)(n-2s) :1_(v—1)(n—25)

n+2s n+2s

(73)
N 1 - 1_1 _ 9-1 N (v—=1)(n-2s)
9 9 9 n+2s
d(r-1) ' . n+2s
=(v-1)9 <2' 1= .
9-1 =19 <2 n—2s
By Young’s inequality, we have
9 0-19
Goon <L o

Now, I > r9 implies [/9 > r and IG)° € »

loc (©2) because
G € LIIOC(Q). We obtain |G|° € L}..(Q). As in the proof of

Corollary 2, using Young’s inequality, we may derive from this

and (73)-(74) that f satisfies (15) and (16). O
Example 1. Letn > 2 and Q ¢ R" be as above. Consider
Leu+Gx)u+h(u)=0 in Q,
(75)
u=0 in R"\Q,

where G < 0 belongs to I (Q) with I € ((n + 2s)/4s,n/2s),

loc

h € C(R) is absolutely continuous, h(0) # 0, sup,.gh(t)t <
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0o, and [H' ()] < e, +e,|t|’, ae,t € R,0 < p < 4s/(n—2s).
Then, (75) has a nontrivial generalized solution.

In fact, taking v = 2 in Corollary 3, we should require
9 > (n+2s)/4s.Sincel € ((n+2s)/4s,n/2s), there is sufficiently
small € > 0 such that

n+2s n n
l+e< +e<l< — < —+re
4s 2s 2s
(76)
n+2s
=r + re.
4s

This means that we can take 9 = (n + 2s)/4s + €. Moreover,
1<p+1<1+4s/(n—2s)=2;,and

t
hO-hO=|| W @dr| < eyl -2

0 p+1

< &P +€1+ez 1£]PH!
ptl  p+l (77)
—ft)t=-Gx)t' —h(t)t > —suph(t)t
teR

> —00.

Hence, (15)-(17) are satisfied for f(x,t) = G(x)t + h(t).

5. Proof of Theorem 4

Consider the product Hilbert space H = X (Q,K;) x
Xo(Q, K,) equipped with inner product
(Vg = ((up, 1), (v, 1))y

(78)

= (uy, "1))(0,QJ<1 +(uy, "2>x0,0,1<2

for u = (u;,u,),v = (v, v,) € H. The induced norm is

1/2
I Wl = (lullg ., + VI50k,) - (79)

Let O = U2,Q and E = U,,E,, be as in Section 3. For
every integer m € NletE, = U, (Ex xE)) andE=U_E, .
Denote by P,, the orthogonal projection from E onto E,,,.
Corresponding to Lemma 11, we have the following.

Lemma 13. (a) E is dense in H.
(b) For each u € C;°(Q) x C;°(Q), there are k € N and
a sequence {u,,},, in E such that the supports of all u,, are
contained in Q. x Oy and thatu,, - uinHasm — oo.
(c) Foreverym € N, and for every given u € H, there exists
a unique T, (u) in H such that

(T @) ) == | fi Gy () vy () dx
" (80)
- L £ (6o (0) v, () dx

forany v = (v;,v,) € H. Moreover, if v = (v;,v,) € C;° () x
Co (), then (T, (u), v)yg = (T (), v)y Vm > k.
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(d) Suppose that a sequence {u}, ¢ H weakly converges
to u in H. Then, {T,,(u;)}; weakly converges to T,,(u) in H for
m=1,2,...

(e) For every given u € E (the support of u must be
contained in some Q,,, x €, by the construction of E), there
exists a unique T(u) € H such that

(T (u), V) = — J;) fi1 (%, uy (%)) vy (x)dx

- J £ (%, uy (x)) v, (x) dx, (81)
Q

(TW),v)g =(T,,(w),v) VYveH(Q), Vm==m,.

(f) P,o(Tlg, ) : E,, — E,, iscontinuous for everym € N.
(g) There exists a constant C > 0 such that

e+ T () )y = g [ 1

- (”Cl "L‘(Q) + ”CZHLI(Q)) luallz (82)

-2 p1—2 -2 p,—2
= C (Il + ey + 1 + el ) |

forallu € E\ {0}.

Proof. (a) and (b) follow from Lemma 11(a) and (b) immedi-
ately.

(c) By (24), we can write fi(x,t) = bi(x) +
Jo,j(x,8) V(x,1) € Q x R as in the proof of Lemma 11(c);
then, fo)j(x, 0) =0 Vx € Q,and

| fo,; (6 0)| < a; () + by (x) + a; [£]

(83)
Vi(x,t) e QxR, j=1,2.
Moreover, for every given m € N and j = 1,2, we have
continuous mappings
Lr(‘lj_l) (Q) Sur— %m,]’ (M) € Lr (Qm) > (84)

where %m,]-(u)(x) = fo’j(x, u(x)) forx € Q,,, j = 1,2. Recall
that 27 = 27. For u;,v; € Xo(Q, K,), u,, v, € Xo(Q, K,), by
Lemma 9(b) and (c), we have

v € L% (Q,),

u; e L'V (Q), (85)

i,j=1,2

9
Thus, %m,l(”z) € Lr(Qm)’ %m,z(%) € Lr(Qm)’ and
‘_ J;) Jou (2, uy (%)) vy (x) dx
= J- B (u2) v (x) dx
Qm
< "%m,l (”2) Q) ||V1| 128
(86)

’— J;) Soo (g (%)) vy (x) dx

[, B () ()
Q,

m

< [[&nn (1)

rQ,) vall s -

Using Lemma 9(c) again, there exist constants C > 0 such
that [|v;ll 2 < Cllvjlloox, forallv = (v;,v,) €e H, j = 1,2. It
follows that

’_ J fo,l (x, U (X)) vy (%) dx — J by (x) vy (x)dx
Q, Q

<C <|I%m,1 (uy) U(Q)) ”VIHO,Q,Kl >

@)t llex )

‘_ J f0,2 (x, Uy (x)) v, (x)dx — J b, (x) vy (x)dx
Q, Q

<C (“%m,z (1) ot (123 L'(Q)) v “o,Q,K2 .

Q

By the Riesz representative theorem, for each j € {1,2}, we
have a unique T,,,;(u) € Xo0k, such that

- Lz fi (xuy) vy (x) dx, (88)

m

(T2 (”)"’2>O,Q,K2 == L fo (e uy) v, (x) dx. (89)

<Tm1 (Ll) > V1>0,Q,Kl =

Setting T,, () := (T, (u), T, (1)), we obtain
<Tm (I/l) > V>H = <Tm1 (u) > V1>0,Q,Kl

+ <Tm2 (u) 4 V2>o,Q,1<2

=‘J filow)n@de O
Qm

- J;; £ (x,uy) v, (x) dx.

Another claim can be proved as that of Lemma 11(¢).

(d) Let u, = (u,i,u,zc) for each k € N. Then, {u}(}k C
X0k, weakly converges to u' in Xo(Q,K;) and {1}, ¢
Xo,0,k, Weakly converges to u* in Xy(Q, K,). For each m ¢
N, by Lemma 11(d), {T,,; (u;)}, weakly converges to T, (1)
in X,(Q, K,) and {T,,, (1)}, weakly converges to T,,,(u) in
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Xo(Q, K,). Thus, {T,, (1)}, weakly converges to T, (1) in H
form=1,2,....

(e) Since fOJ(x 0) =0Vx € Q, j=1,2,and Supp(u) ¢
Q,,, % Q,, , for any integer m > my and v = (v;,v,) € H, we
derive from (89) that

- L Fi (o (0) 1y () dx

J f01 xuz(x) v (x)dx

Q

J Sou (61, () vy (x) dx

Q,

m

J;b (x) vy (x)dx = (T, (u), V1>oQK >
(91)

- J £ (e, uy (%)) v, (x) dx

J f02 x,uy (x)) v, (x) dx

Q

J b, (x) v, (x)dx
Q

J foz X, U (x)) v, (x)d
Q

J by (x) v (x) dx = (T, (1) v2>OQK
These show that

X (LK) 2 vy ¥— — L f1 (%, 14y (x)) v (x) dx,

(92)
Xo (LK) 3 v, — - L fo (% uy () v (x) dx
are two continuous linear functionals. Using the Riesz rep-
resentative theorem again we obtain a unique T)(u) €
Xo(Q, K,), T, (u) € X,(Q, K,) such that

(T, (), Vl)(),Q,Kl == JQ fi (1 (%)) v, () dox,

(93)
(1007, = = | fo G () v, ()
forall v = (v;, v,) € H. Set T(u) := (T, (u), T,(1)); then,
(T == [, (1, (0) v ()
[ A @) 1)

Vv € H.

Clearly, (T(u), vy = (T,,(u), vz Vv € H for all m > m,.
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(f) follows the above (e) and Lemma 11(f) directly.
(g) Since 1 < p;,p; <2 < 27, by Lemma 9(b) and (c)
there is a constant C;, > 0 such that

""‘i”ij(n) + ””z‘“LPi(Q) <G “”i"o,o,Ki

(95)
Vu=(u,u,) €H, i,j=1,2.
It follows from this and (25) that
(u+T (), uyy = llully - L f1 (%, 1y () 4y (x) dx
[ G )y x> ity
_J- (ﬁl |u2|P1/2 |u1|171/2 n |cl|)dx
Q
= [ (Bolual s e > iy
_ _ 1 P 2 ﬁZ
Jelis ol =& [ (el i) -
(96)

| (il el e > it - (81 + )
(||u1||m

Py P
T + luallzh +ual?, ) ~lallp = lel
> flully _C(H”IIOQK1 + ””1|00K1 + ””2|00K2
~C(ulfy

Nl + ol + 1l ) = el el

Hlualfo k)~ lely el = i

Here,C = (B, + Bz)maX{CPI,CgI,CgZ,CgZ}. This leads to (g).

O

Proof of Theorem 4. We replace the space X(Q, K) in the
proof of Theorem 1by H. Since p; < 2, p; < 2 for j = 1,2, as
in (54), we have R > 0 such that

~C(RP> +RPZ 4 R 4 RP72)

(97)
= (el +lell) R >

AN

Then repeating the proof of Theorem 1, we getau = (u;,u,) €
H such that (u + T(u), v)y = 0 forany v = (¢, v) € C°(Q) x
C,°(Q); namely, (22) holds.
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