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The present paper treats three concepts of nonuniform polynomial trichotomies for noninvertible evolution operators acting on
Banach spaces. The connections between these concepts are established through numerous examples and counterexamples for
systems defined on the Banach space of square-summable sequences.

1. Introduction

In the theory of asymptotic behavior of first-order differential
equations, one of the main problems is to decompose the state
space into a direct sum of subspaces on which the solutions
of the given system have prescribed behavior. One of these
behaviors can be modelled by the notion of exponential
dichotomy, in which the state space is decomposed into
a direct sum of two subspaces (the stable and unstable
subspace) such that on the stable subspace the norm of the
solution tends to zero (exponentially, polynomially, or with
the aid of a general function) and on the unstable subspace
the norm of the solution tends to infinity (usually with the
same type of growth rate—exponential, polynomial, etc.—as
the stable one). The notion of exponential dichotomy has its
origins from the work of Perron in 1930 [1]. This field has seen
arich development in the last decades, as it can be seen from
[2-11].

Another behavior given by the above-mentioned problem
is the decomposition of the state space into three subspaces:
a stable subspace, an unstable subspace, and a central man-
ifold. The behavior on the stable and unstable subspaces
is dichotomic, and, in addition, the solution of the system
must be bounded (or have a growth property). This behavior
is known in the literature as the trichotomy property. The
trichotomy property was first defined by Sacker and Sell
in [12], and, later on, the study was widely spread and
many results were obtained (see [13-18] and the references
therein).

This paper extends the above-mentioned study of the
property of trichotomy in the case in which the decay,
expansion, and growth on the stable, unstable, and central
manifold, respectively, are described by a polynomial behav-
ior. We study three concepts of polynomial trichotomy (both
uniform and nonuniform) defined in the general case of non-
invertible evolution operators: polynomial trichotomy, strong
polynomial trichotomy, and weak polynomial trichotomy.
We establish the connections between the three concepts
and, with the aid of the examples and counterexamples from
Section 5, on one hand we point out the existence of systems
which possess the above-defined properties, and, on the other
hand, we delimit the behaviors presented in this paper.

2. Supplementary Families of Projections

Throughout this paper, we will consider the following frame-
work:

(i) (N, R) will be the Banach space of all real valued
sequences x = (x,,),5o satisfying

— 2
Z lxnl < 00 1)
n=0

endowed with the norm | x|, = (Zzo Ixnlz)l/z.


http://dx.doi.org/10.1155/2015/241402

(ii) X will be be a real or complex Banach space and
% (X) will be the Banach space of all bounded linear
operators on X.

(iii) The norms on X and 93(X) will be denoted by | - |.
(iv) The identity operator on X is denoted by I.

(v) A will be the set defined by A = {(t,s) € IRi t>s>
0}.

Definition 1. A mapping P : R, — 9B(X) is called a family
of projections on X if
Pt)P(t)=P(t), Vt=0. (2)

Definition 2. A family of projections P : R, — 3AB(X) is
called

(i) polynomially bounded if there exist M > 1 and y > 0
such that

IPOI<M@E+1)Y, V>0 (3)

(ii) bounded if there exists M > 1 such that

P <M, Vt=0. (4)

Definition 3. Three families of projections P,Q,R : R, —
PB(X) are called supplementary if for all t > 0 one has that

P)+Q@)+R() =1 (5)

In what follows, we present two leading examples of
families of projections which will be used in Section 5.

Example 4. Let X = P(N,R)and p : R, — R, bea
nondecreasing function. For every t > 0 we define P, () :
P(N,R) — I*(N,R) by

Pi(t)x = (9, (1) 150 (6)
where
Van (£) = X3, + p(t) - X3,115
Yans1 () = 0,

7
Vaniz (£) = 0, 7

n € N.

Lett > 0. One can see that P, (t) is linear and if x = (x,,),50 €
2(N, R), we have that

1P x5 = [ O
n=0

2

. , 1/2 o , 1/2 )
s[(zw) p0(S 1) ]
n=0 n=0

=[(1+p®)] - IxI3
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from where it follows that P, (t) € RB(*(N,R)) and 1P, <

1+ p(t).
Moreover, let t > 0 and X = (X)), given by

X3p = X3p = 0,

Byt = ©)
neN
From
0o 1/2
1P, 03], = (zo [ 0F )
2

(10)
0 1 1/2
=p(®): (%W) =p(®) 1zl
it follows that || P, (£)[| > p(t). From here we get that
max{Lp®} <[P, )| <1+pt) VteR, (1)
Moreover, for (t,x) € R, x (N, R) we define the family

of projections Q; : R, — ZB(X) by Q,(H)x = (2,(£)),20
where

Z3, (1) = =p () X341

Z3pq1 (8) = X3,415

(12)
Z3py (1) =0,
neN, t>0.
Moreover, for (t, s, x) € A X lz(N, R) one can see that
(oe)
[Qi @[3 =Y lzn )
n=0
< 2 2
= z |Z3n (S)l + Z |Z3n+1 (S)l
n=0 n=0 (13)

= (1 +p (5)2) Z |x3n+1|2
n=0

< (1 +p (l‘)z) Z;,] |x3n+1|2 =[Q ® x||§;

hence

[Qu ()], < Qi @) %],

o 12 (14)
”Q] (t) x”2 = \ 1+ P(t)z : (Z |x3n+1|2> .
n=0

Finally, define R, : R, — (X)) by R,(t) = (w,(1)),50
where

ws, () =0,
Wsy41 (t) =0, (15)
Wiy (1) = X302,

neN, t>0.
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We have that R, is bounded with

IR, )| =1, vt=0 (16)

and moreover the families of projections P;, Q,, and R, are
supplementary.

Example 5. Let X = *(N,R) and define P,,Q,,R, : R, —

BIEP(N,R)) by P()x = (1,()) 200 Q(£)x = (2,,(t)) 20> and
R, (t)x = (w,(t)),50, where, forn € N,

Yan () = Xy
Yan+1 (t) =0,
Yans2 (£) =0,
Yanys (£) =0,

24y (t) = 0,
Zans1 (B) = Xgpi1s
Zania (1) = X425
Zynss (1) = 0,

wy, () =0,

Wy (8) =0,

17)

Wy (1) =0,
Wypi3 (1) = Xygppa3-

We have that P,,Q,, and R, are three supplementary
families of projections with

B0 =M =R, @] =1 Vve=0.  (18)

3. Evolution Operators

Definition 6. A mapping ® : A — HB(X) is called an

evolution operator on X if

(e)) O(t,t) =1,Vt > 0;
(ey) O(t, )D(s, ty) = D(t, 1), V(t,5), (s, ty) € A.

Definition 7. A family of projections P : R, — ZB(X) is said
to be invariant for the evolution operator ® : A — B(X) if

O(t,s)P(s) =P () D(t,s) VI(ts)€A. 19)

Given three supplementary families of projections P, Q,
and R which are invariant for a given evolution operator @, we
will name the quadruple (O, P, Q, R) a trichotomy quadruple.

Two important examples of trichotomy quadruples are
given below, which will serve as a milestone in our examples
and counterexamples.

Example 8. On X = *(N,R) consider the families of
projections P;, Q,, and R, from Example 4. Consider ¢ :
R, — (0,00)and @, : A — B(*(N,R)) given by

P (s) P (s) + ¢ ()

(ON
=00 B9 5

Q)+ R (s)  (20)

forall (¢, s) € A.

Taking into account that for all £,s € R, the following
relations hold,

P (t) Py (s)
Q; () Q, (s)

=P1(5))
:Ql(t)a

(21)

it follows that @, is an evolution operator. It is easy to check
that P, Qq, and R, are invariant for ®;; hence (¥, P;,Q;, R,;)
is a trichotomy quadruple. Moreover we have that

@970 = LR ),
O, (£,5)Q, (5) = "’E ;Ql ®, (22)
D, (£, 5)R (s) =Ry (s)

forall (t,s) € A.

Example 9. On X = I*(N, R) consider P,, Q,, and R, to be the
families of projections defined in Example 5. For y : R, —
(0,00) define @, : A — RB(A(N,R)) by

t, if t
D, (t,s)x = {(J’n( 5))n20 nies (23)
X, ift=s,
where
y4n (t’ S) wit; x4n’
Yann (£,8) = Et; Xan+1>
(24)

Yansa (£:5) =0,
YVanss (6S) = Xgpi35

neN

for all (,s,x) € A x *(N,R).
It is easy to see that (®,,P,,Q,,R,) is a trichotomy
quadruple and for (¢,s, x) € A x 2(N, R) one has that

D, (t,5) Py () X = (P, (£:)) 10 »

P4n (t,S) wgt;xém’
Pane1 (8:8) = Payir (6,8) = Papys (£,5) = 0. 25)

(g, (@, s))n20 L E>s

D, (t,5)Q,(s) x =
(p, (t, 5))nzo’ t=s



which is given by
9an (ts) = Qan+3 (t,s) =0,
v (t)

w1 (68) = Xapi1>
Qan+1 v (s an+l

Qunsr (£:8) =0,

Pan (£:8) = Pyyys (t:5) = 0, (26)
Pane1 (8:8) = Xy
Pansa (£:8) = Xgpi0,
neN
and @, (t, s)R,(s)x = (r,(t, 5)),50, Where
Fan (68) = Typsy (£:5) = T4ip (£,5) = 0,
(27)

Tanes (£8) = Xy 3.

In what follows, we will present the main trichotomy
concepts that will be studied in the present paper.

4. Polynomial Trichotomies

Definition 10. A trichotomy quadruple (O, P, Q, R) is said to
be polynomially trichotomic (p.t.) if there exist N > 1, « > 0,
and f > 0 such that

(pty) (t + D¥ID(E, s)P(s)] < N(s + 1)**F;
(pty) (t + D) < N(t + DP (s + D¥|D(t, )Q(s)];
(pty) (s + D@L, )R(s)| < N(t + 1)%s + 1)F;
(pt,) (s + 1) < N(t + 1)*P|0(t, s)R(s)|

for all (t,s) € A.

If B from the above definition is equal to 0, then we say
that (®, P, Q, R) is uniformly polynomially trichotomic (u.p.t.).

Remark 11. The following assertions hold:

(i) If a trichotomy quadruple (O, P, Q, R) is (p.t.) then P
and R are polynomially bounded, and hence Q is also
polynomially bounded.

(ii) If a trichotomy quadruple (®, P,Q, R) is (u.p.t.) then
P and R are bounded, and hence Q is also bounded.

In other words, if (O, P, Q, R) is (p.t.) with constants N, «, and
B then

max {|P (O, IQ®)Il, IR (B} < 3N (£ + 1)F, 28)
vt > 0.

Remark 12. 1f (O, P,Q, R) is (u.p.t.) then it is (p.t.). The con-
verse is not generally true. Take, for example, the trichotomy
quadruple (&, P;, Q;, R;) from Example 8 with p(t) = ¢(t) =
t + 1. It is easy to check that (O, P;,Q;,R,) is (p.t.), but it
cannot be (u.p.t.), because P is not bounded.
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Definition 13. A trichotomy quadruple (O, P, Q, R) is said to
be strongly polynomially trichotomic (s.p.t.) if there exist N >
1, > 0,and 3 > 0 such that

(spty) (t + DO, s)P(s)x]| < N(s + 1)*F| P(s)x];
(spty) (£ + DIQEs)xll < N(¢ + 1) (s + D* (£, )QUs)x]s
(spty) (s + D*[D(t, )R(s)x]| < N(¢ +1)*(s + DFR(s)x];
(spty) (s + D¥IR(s)x]| < Nt + 1)*F|d(t, )R(s)x|
forall (t,s,x) € A x X.
If B from the above definition is equal to 0, then we say

that (@, P, Q, R) is uniformly strongly polynomially trichotomic
(us.p.t.).

Remark 14. If (O, P,Q,R) is (u.s.p.t.) then it is (s.p.t.). The
converse is not generally true, as shown in Example 1.

Remark 15. If (O, P, Q, R) is (s.p.t.) then the following condi-
tion holds:

RangeQ(s) NKer @ (¢,5) = {0} V(L) € A. (29)

In other words, for all (t,s) € A,

x € RangeQ(s),
(30)
O(t,s)x=0= x=0.

Remark 16. Under the same assumption as in Remark 15, we
also have that

RangeR(s) NKer @ (t,s) = {0} V(t,s) e A. (31

Definition 17. A trichotomy quadruple (®, P, Q, R) is said to
be weakly polynomially trichotomic (w.p.t.) if there exist N >
1, > 0,and 3 > 0 such that

(wpty) (£ + D¥[@(L )P < N(s + D P(s)ll;
(wpty) (¢ + DIQ)I < N(t + 1)P(s + D02, )QE)I;
(wpty) (s + DD R < N(E+1)%(s + DPIR()];
(wpty) (s + DUIR(S)] < Nt + D)™ P d(t, $)R(s)]
forall (t,s) € A.

If B = 0 then we say that (®, P,Q, R) is uniformly weakly
polynomially trichotomic (u.w.p.t.).

Remark 18. If (O, P,Q, R) is (u.w.p.t.) then it is (w.p.t.). The
converse is not generally true, as shown in Example 2.

In what follows we will study the connections between
these three trichotomy concepts.

Remark 19. If a trichotomy quadruple (®, P,Q, R) is (s.p.t.)
then it is also (w.p.t.). Moreover, if (®, P,Q,R) is (u.s.p.t.),
then it is (w.w.p.t.).

Proposition 20. Let (®, P, Q, R) be a trichotomy quadruple. If
(O, P,Q,R) is (p.t.) then it is also (w.p.t.).
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Proof. Let N > 1, > 0, and f3 > 0 be given by Definition 10.
By Remark 11, we have that

1< max ([P @), Q@) IR B} <3N (¢t + 1) (32)
vVt > 0.

Let now (t, s) € A. From the estimations

(t+ 1% |D (s P(s)| < N (s + 1)*F
<3N (s + D) P (s)],
t+ DI
<SNE+DP s+ DY P QG) - IQG)
<3N (s+ D) (¢ + PO (1,5) Q)]
s+ DY@ s)RE) < NE+1D)* (s+1)F (33)
<N(E+1)*(s+ DP R
<3NP+ ) (s + DF IR,
(s+ DY [ROI < N (t+ D™ |0 (£, ) R($)] - [R ()]
<3NZ(t+ 1) (s + DP @ (8, 5) R (9)]
<3NZ (¢ + )P |0 (5 s) RG],
it follows that (®, P,Q, R) is (w.p.t.) with constants 3N* > 1,
a>0,and 23 > 0. O

Remark 21. From the proof of the above proposition, we can
easily see that, by setting § = 0, we obtain the implication
(up.t.) = (nw.p.t).

Other connections are given by the following.

Remark 22. (i) (s.p.t.) does not imply (p.t.) and (u.s.p.t.) does
not imply (u.p.t.) as shown by Example 3.

(ii) The concepts of (p.t.) and (w.p.t.) do not coincide, as
we can see from Example 4.

(iii) (p.t.) does not imply (s.p.t.) and (u.p.t.) does not
imply (ws.p.t.), as shown by Example 5.

(iv) (w.p.t.) does not imply (s.p.t.) and (u.w.p.t.) does not
imply (w.s.p.t.) as shown in Example 6.

Remark 23. The connection between the presented concepts
is given by the following diagram:

’u.p.t.‘ fﬁi} ’u.s.p.t.‘ ; ’u.w.p.t.‘ :</::> ’u.p.t.‘

il 1l pll L 34
Bt] % [pt] S [vor] 5 [pt]

5. Examples and Counterexamples

Example 1 (trichotomy quadruple that is (s.p.t.) but not
(us.p.t)). Let (@, P, Q;, Ry) be the trichotomy quadruple

from Example 8 with ¢(t) = (t + 1)* Y and p(¢) = 0,
t > 0. Then we have that

t+1)° |0, )P () x|, < (s+ D[P, () x[,
t+ D Q (x|, < s+ '@, (1,5) Q, () x],,  B35)
10 (8,) R () xll, = IR (s) %,

for all (t, s, x) € A x X; hence (®,, P, Q,, R,) is (s.p.t.).

Assume, by a contradiction, that (®, P,Q, R) is (u.s.p.t.).
Then there exist N > 1 and « > 0 such that for all #n € N and

fort, = e —1and s, = *™* — 1 we have, from (spt,),
that

2nm—m/2 4 2 o

e nm—m/2
( )SN<6 ) (36)
e4m‘t 221171

which leads us to the contradiction

™ < Ne ™2, VWneN. (37)

Example 2 (trichotomy quadruple that is (w.p.t.) but
not (w.w.p.t.)). Let (O;,P,,Q;,R,) be as in Example 1. By
Remark 19 we have that (O, P;,Q;, R,) is (w.p.t.). The same
contradiction is obtained as in Example 1, by assuming that
(®y, P, Qy, R)) is (ww.p.t.).

Example 3 (trichotomy quadruple which is (s.p.t.) but fails

tobe (p.t.)). Let (®,, P;,Q;, R,) be the trichotomy quadruple

from Example 8 with p(t) = (£ + 1)""" and ¢(t) = ¢ + 1.
From

(t+1) | (t,5) Py () x|, = (s + 1) | Py (s) x]»
(t+ 1) [Qi () ], < p ®) lQu (8) x
=(s+ 1[0, (t5)Q, () x|, (38)
s+ DO s)R()xl, < (s+ 1) (E+ 1) [IR(s) xll, »
(s+ 1) [R(s)xll, < N (t + 1)* [® (¢, 5) R(s) x],

for all (t,s,x) € A x X, we can see that (®;,P;,Q,,R,) is
(u.s.p.t.) and hence (s.p.t.).

Assume, by a contradiction, that (O, P, Q;, R,) is (p.t.).
Then, by Remark 11, we have that there exist M > 1,y > 0,
such that

[Py @) < M(t+1)" Vt>o0. (39)
This leads us to the contradiction

t+ DM =p) <@ <ME+1)" VE=0. (40)

It follows that (®,, P;,Qq,R;) is not (p.t.) and hence not
(u.p.t.).



Example 4 (trichotomy quadruple which is (w.p.t.) but not
(p.t.). Let (@4, P;,Qq, R;) the trichotomy quadruple from
Example 3. By Remark 19, we have that (®,,P,,Q,,R,) is
(uw.w.p.t.) and hence (w.p.t.). But, by Example 3, it is not (p.t.)
and hence not (u.p.t.).

Example 5 (trichotomy quadruple which is (p.t.) but fails to
be (s.p.t.)). Let (D,, P,,Q,, R,) be the trichotomy quadruple
from Example 9 with y(t) = t + 1. First of all we will show
that (©,, P,,Q,, R,) is (u.p.t.). Let (£, s, x) € A X (N, R). We
have that

(t+1) |0, (t.5) Py () x| = . |pu (£:9)]°
n=0

N (41)
= (s+ 1) Z |x4n|2 =(s+1)°|P, (s)x“;;
n=0
hence
t+1) |, ()P (s)| <5+ 1. (42)
Ift > s, consider x = (x,,),5( given by
l, n=4k+1
X, =17 (43)
0, otherwise.
We have that |lx]l, = (¥°2,(1/(4n + 1)*))"/? and
o 1/2
(s+ 1)@, (t,5) Q, (s) x|, = (ZO |9, (&, s)|2> )
= (t+1) [Ixl,;
hence
t+1<(s+1) [P, 5)Q,(s)]- (45)

Having in mind that |©,(t, s)R(s)x[, = [IR(s)x|,, it follows
that (spt,) and (spt,) hold for (¢, s, x) € A x X witht > s. The
case in which t = s obviously leads us to the above estimation,
and so the conclusion follows.

In what follows, we will show that (®,,P,,Q,,R,) is
not (s.p.t.), and hence it is not (us.p.t.). Assume by a
contradiction that (®,, P, Q,, R,) is (s.p.t.). We will disprove
the result from Remark 15. Let x = (x,,),5, given by

1
Xans2 = —4n T2
Xgns3 = Xapg1 = X4 = 0
neN.

(46)

Obviously x € 2(N, R) and denote, for every s > 0, Q,(s)x =
(2,,(5)) 150> Where

Z4, (5) =0,
Zan1 (s) = Xqn+1 = 0,
1 (47)
Zgnin (S) = Xypip = mi2

Zynez (8) = 05

hence (z,,(s)),so is a nonzero sequence.
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Consider now (t,s) € A with t >
D, (t,5)Q,(s)x = (q,(t, 5)),50> With

s. By denoting

Gan (t,5) = 0,

Quns1 (6, 5) = trl =0
5 S X s
4n+1 S 1 4n+1 (48)

Qans2 (£,5) = 0,
Qans3 (£,8) = 0,

it follows that ®,(¢,5)Q,(s)x = 0, which contradicts
Remark 15; hence (®,, P,, Q,, R,) is not (s.p.t.).

Example 6 (trichotomy quadruple that is (w.p.t.) but fails to
be (s.p.t.)). Let (D,, P,,Q,, R,) be the trichotomy quadruple
from Example 5. Taking into account that, for all s > 0,
IR = Q) = Ry = 1, it follows that
(D,,P,,Q,, R,) is (u.w.p.t.) and hence (w.p.t.).

Again, from Example 5, we get that (®,, P,, Q,, R,) is not
(s.p.t.) and hence not (u.s.p.t.).
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