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This paper aims to use a hybrid algorithm for finding a common element of a fixed point problem for a finite family of asymptotically
nonexpansive mappings and the set solutions of mixed equilibrium problem in uniformly smooth and uniformly convex Banach
space. Then, we prove some strong convergence theorems of the proposed hybrid algorithm to a common element of the above two

sets under some suitable conditions.

1. Introduction

Let E be a Banach space with norm | - ||. Let C be a nonempty
closed convex subset of E and E* denoted the dual space of E.
Let B: C — E” be a nonlinear mapping and & a bifunction
from C x C to R, where R denotes the set of numbers. The
generalized equilibrium problem is to find x € C such that

F (x,y)+ (Bx,y—x) =20, VyeC. (1)

The set of solution of (1) is denoted by GEP(¥#, B), that is,

GEP(#,B) :={x € C, % (x,y)

2)
+(Bx,y—x) >0,Vy € C}.

In this paper, we are interested in solving the generalized
equilibrium problem with those # given by

X (%y)=F(xy)+Z(xy), (3)
where &, ¢ : C x C — R are two bifunctions satisfying the
following special properties ( f,)-(f,), (91)-(g5) and (H):

(f1) F(x,x) =0, forall x € C;
(f,) & is maximal monotone;

(f3) forall x, y, z € C, we have lim sup, _, +(F(tz +
(1-1)x,y)) < F(x, p);

(fy) forall x € C, the function y — F(x, y) is convex
and weakly lower semicontinuous;

(g9,) €(x,x) =0, forall x € C;

(g,) € is monotone and maximal monotone, and
weakly upper semicontinuous in the first variable;

(g3) € is convex in the second variable;

(H) for fixed A > 0 and x € C, there exist a bounded
set K ¢ C and a € K such that

-F(a,2) + Z(z,a) + 1 {a-z,z—x) <0,
A (4)
Vz e C\K.

This is the well-know generalized mixed equilibrium prob-
lem, that is, to find an x in C such that

F(xy)+%(x,y)+(Bx,y—-x) >0, VyeC. (5
The solution set of (5) is denoted by GMEP(F, &, B), that is,
GMEP (#,%,B) = {x € C,F (x,y) + & (x, y)
+(Bx,y —x) > 0,Vy € C}.

If B = 0, problem (5) reduces into mixed equilibrium problem
for # and &, denoted by MEP(#, €), whichisto find x € C
such that (3).
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If € = 0 and B = 0, reduces into equilibrium problem for

F, denoted by EP(F), which is to find x € C such that
F(x,y)20, VyeC. (7)

Mixed equilibrium problems are suitable and common for-
mat for investigation of various applied problems arising in
economics, mathematical physics, transportation, commu-
nication systems, engineering, and other fields. Moreover,
equilibrium problems are closely related with other general
problems in nonlinear analysis, such as fixed points, game
theory, variational inequality, and optimization problems.
Recently, many authors studied a great number of iterative
methods for solving a common element of the set of fixed
points for a nonexpansive mapping and the set of solutions
to a mixed equilibrium problem in the setting of Hilbert
space and uniformly smooth and uniformly convex Banach
space, respectively (please see, e.g., [1-11] and the references
therein).

Let E be a real Banach space with norm | - |, let C
be a nonempty closed convex subset of E, and let J be the
normalized duality mapping from E into E* given by

Jx={x" € E": (o) = Il %7 el = <7

Vx € E,

where E* denotes the dual space of E and (, ) the generalized
duality pairing between E and E*. It is easily known that if
E* is uniformly convex, then J is uniformly continuous on
bounded subsets of E.

Consider the functional defined by

6(xy) = x> =2 (5 Jy) + |y, VryeE (9

It is obvious from the definition of ¢ that

(Il = y])* < ¢ (. 9) < (U=l + |y])*, ¥x,y € E. (10)

On the other hand, in a Hilbert space H, (9) reduced to
o, y) = lx- yllz. Following Alber [12], the generalized
projection Il : E — C is defined by

e (x) = }lgg ¢ (y,x), a1)

where is a map that assigns to an arbitrary point x € E the
minimum point of the functional ¢(x, y).

In 2011, Kim [13] considered the following shrinking pro-
jection methods to obtain a convergence theorem, and these
methods were introduced in [14] for quasi-¢-nonexpansive
mappings in a uniformly convex and uniformly smooth
Banach space.

Theorem 1 (see [13]). Let E be a uniformly smooth and strictly
convex Banach space which has the Kadec-Klee property and
C a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying (f;)-(f,) and T : C — C a closed
and asymptotically quasi-@-nonexpansive mapping. Assume
that T is asymptotically regular on C and f = F,.(T) () EF(f)
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is nonempty and bounded. Let {x,} be a sequence generated in
the following manner:

Vx, €E, C,=C, x;= on,
G

Yn = I_l (ocnjxn + (1 - (xn) ]Tnxn) >

1
u,, € such that f (u,,x)+ — {x — i, Ju, — Jy,) = 0,
rn
(12)
Vx € C,

Con = {2 €Cy: ¢ (2u,) < $(2,x,) + (K, = 1) M},

Xp+1 = HXO’
C

n+1

where M,, = sup{¢(z,x,,) : z € } foreachn > 1, {a,} is a real
sequence in [0, 1] such that liminf, | o, (1 — «,) > 0, and
{r,} is a real sequence in [a, 00), where a is some positive real
number and ] is the duality mapping on E. Then the sequence
{x,} converges strongly to [] x,, where [], is the generalized
projection from E onto F.

Motivated and inspired by the researches going on in this
direction (i.e., [4-11, 13-16]), the purpose of this paper is to
use the following hybrid algorithm for finding a common
element of the set of solutions to a mixed equilibrium
problem and the set of the set of common fixed points for
a finite family of asymptotically nonexpansive mappings in a
uniformly smooth and uniformly convex Banach space.

Algorithm 2. Let

u, € C such that
F (y) + G ( y)
1
S_<y_un>]un_]xn>’ VyGC,
Tn (13)
Yn = :ann + (1 - ﬁn) Tnun’

Xn+1 = Ky ('xn) + (1 - (xn) Inyn’

Vn > 1.

Consequently, under suitable conditions, we show that
iterative algorithms converge strongly to a solution of some
optimization problem. Note that our methods do not use any
projection.

2. Preliminaries

Let T : C — C be a mapping. Denote by F, (T) the set
of fixed points of T, that is, F,(T) = {x € C : Tx = x}.
Throughout this paper, we always assume that F, (T) # 0.
Now we need the following known definitions.
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Definition 3. A mapping T : C — C is said to be
(1) nonexpansive, if [Tx-Ty|| < |x—y|, forall x, y € C;

(2) asymptotically nonexpansive, if there exists a
sequence {A,} ¢ [1,00) with lim,,_, A, = 1 such

that |[T"x — T"y|l < A,llx — yl, forall x, y € C and
n € N;

(3) quasi-nonexpansive, [|[Tx — p|| < |[x— pl|, forallx € C
and p € F, (T);

(4) asymptotically quasi-nonexpansive, if there exists a
sequence {u,} C [1,00) withlim, _, . u, = 1 such that
IT"x = pll < pyllx — pll, forall x, y € C, p € F.(T)
andn € N.

There are many concepts which generalize a notion of
nonexpansive mapping. In 2004, Shahzad [17] introduced the
following concepts about I-nonexpansivity of a mapping T

Definition 4. Let T : C — CandI : C — C be two
mappings of a nonempty subset C, a real normal linear space
E. Then T is said to be

(i) I-nonexpansive, if [Tx — Ty| <
y€C;

IlIx — Iyl|, for all x,

(ii) asymptotically I-nonexpansive, if there exists a
sequence {A,} < [1,00) with lim,, , A, = 1 such

that |[T"x — T"y|| < A, II"x - I"y|, forall x, y € C
andn > 1;

(iii) asymptotically quasi-I-nonexpansive, if there exists a
sequence {y,} < [1,00) with lim, , u, = 1 such
that IIT”x -pl < w,ll"x - pl, for all x, y € C,

F. (T)(F,(I)andn > 1.

Lemma 5 (see [4]). Assume thaty : K — R is convex, x, €
coregC, y(x,) <0, andy(y) =0, forall y € C. Then y(y) >
0, forall y € K.

Lemma 6 (see [18]). Let C be a nonempty closed convex subset
of a smooth, strictly convex, and reflexive Banach space E, and
let T be a relatively nonexpansive mapping from C into itself.
Then F;,(T) is closed and convex.

Lemma 7 (see [19]). Let {a,}, {b,} and {0,} be sequences of
nonnegative real sequences satisfying the following conditions:
foralln>1

M a,<a,+b,

(2)a,<(1+0,a,+b,
where Y2

b, < 00. Thenlim a, exists.

(o]
o,<ocoandy,’, "o

Lemma 8 (see [20]). Let E be a uniformly convex Banach
space. Then, for each r > 0, there exists a strictly increasing,
continuous, and convex function h : [0,2r] — R such that
h(0) = 0 and

Jex+ (1 =) y|* < el + (1= ) | ]

~ta-0h(lx =),
forVx, y € B, t € [0,1], where B, = {z € E : ||z|| < r}.

Lemma9 (see [21]). Let E be a uniformly convex Banach space
and let b, ¢ be two constants with 0 < b < ¢ < 1. Suppose that
{t,} is a sequence in [b, c] and {x,}, {y,} are two sequence in E
such that

hm ||t x,+(1- yn“ =
(15)
limsup |x,| <d,  limsup|y,| <d
holds some d > 0. Then lim | x,, — v, = 0.
Definition 10 (see [22]). The mappings T, I : C — C are

said to be satisfying condition (A) if there is a nondecreasing

function f : [0,00) — [0, 00) with f(0) = 0, f(r) > 0 for each

r € [0, 00) such that (1/2)(||x — Tx|| + ||x — Ix])) > f(d(x, Q)

for all x € C, where d(x,Q) =inf{|lx —p|l : p € Q=
F, (T) () F (D}

Lemma 11 (see [23]). Let E be a uniformly convex Banach
space satisfying the Opial’s condition, C a nonempty closed
subset of E, and T : C — C an asymptotically nonexpansive
mapping. If the sequence {x,} < C is a weakly convergent
sequence with the weak limit p and if lim,, _, llx,, —Tx,| = 0,
then Tp = p.

3. Main Results

Theorem 12. Let E be a smooth, strictly convex, and reflexive
Banach space, and let C be a nonempty closed convex subset of
E Let #, & : CxC — R be two bifunctions which satisfy
the conditions (f,)-(f4), (9,)-(g3), and (H). Then for every

x* € E, there exists a unique point z € C such that
1 *
0<F(z,y)+%(z,y)+-(y-2zJz-]x"), VyeC.
r
(16)
The proof goes over the following three steps.
Proof.
Step 1. There exists point z € C such that
1 *
F(1,2)<E%(z,y)+—-(y-z]Jz-Jx"), VyeC. (17)
r
Consider the closed sets
T,(5)={z€CIF (9= ¢ (2y)
(18)

1 .
+;(y—z,]z—]x ),yeC}.

We will show that (], T,(y) # 0. Let y;,i € N, be a finite
subset of C. Let I ¢ N be nonempty. Let for all £ € conv{y; |
i € N}. Then

’q':Zyiyi with 4; >0 (i el), Z’"i: 1. (19)

i€l i€l

Assume, for contradiction, that

~F () +E &) + 5 (- VieN,

(20)

§J5-Jx") <0,



By the convexity of # and & and the monotonicity of #, we
obtain that

0=FEH+TEH+ (E-LIE-/x")

< Zl/‘i*c} &)+ Z#z‘? (&)
iel iel
+ %Z[’li (i =& JE-Jx")
i€l
< _Z‘“ig (&) + Zﬂi? (&) 1)
el iel
+ %Z[’li (i =& JE-Jx")
iel

Yy [ - F (9,6) + 9 (& 5,)

i€l
1 *
i EJE- I <0,

and that is absurd. Hence (20) cannot be true. and we have
F(¥,8) < GE& )+ /r)(y;=& JE-]x") for somei € . Thus
§ €,ecT,(y;) for somei € N. Since for all § € conv{y, | i €
N1}, it follows that

conv{y, |i e N} c{T,(y;) |i€ N}. (22)

By the sets T,(y;) being closed, it follows form the standard
version of the KKM-Theorem that

(T, () # 0. (23)

ieN

In other words, any finite subfamily of the family T,(y) ¢

has nonempty intersection. Since these sets are closed subsets
of the compact set C, it follows that the entire family has
nonempty intersection. Hence

(7T, (y) 0. (24)

yeC

Step 2. For every x* € E*, the following statement are

equivalent:

(i)z € C,F(y,2) < C(z,y)+{(y —z,]Jz - ]Jx*), for all
y €C,

(i) z€ C,0< F(z,9) + G(z,y) + (y —z,Jz — ]x"), for
all y e C.

Case 1. Let (ii) hold; since & is monotone, one has

F(2.y) <=F (1,2). (25)
Hence (i) follows.
Case 2. Let (i) hold, for t with 0 <t < 1 and y € C, and let

x,=ty+(1-t)z. (26)
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Then x, € C, and from (i), F(x,,2) < &(z,x,) + {x, — 2, Jz -
Jx*). By the properties of & and @, it follows then, for all
0<t<1,

0=F (xp %) + G (xx,) + (x, = x, Jz = Jx7)

StF (xpy) + (1-1) F (x4,2)
(27)
+1% (xpy) + (1= 1) @ (x,,2)

<F(xpy)+ G (xpy).

Lett — Oandtherebyx, — zand usingthe hemicontinuity
of # we obtain in the limit

0<F(2,9)+%(z,y)+{(y-2z]Jz-Jx"). (28)

Step 3. Take y(-) = F(z,) + E(z,-) + (- — z,Jz — Jx"). Then
the function y(-) is convex and y(y) = 0, forall y € C. If
z € coregC, then set x, = z.If z € C\ coregC, then set
X, = a, where a is as in assumption H for x = z. In both
cases x, € corexC, and y(x,) < 0. Hence it follows from the
Lemma 5 that

y(y)20 VyeC,
thatis,  (z,y) + G (z, )+ {(y -z, Jz - Jx") 20, (29)
Vy e K.
O

Corollary 13. Let E be a smooth, strictly convex, and reflexive
Banach space, and let C be a nonempty closed convex subset
of E. Let #, & : Cx C — R be two bifunctions which
satisfy the following conditions: (f1)-(f4), (g1)-(g3), and (H)
in Theorem 12. There for every x* € E and r > 0, there exists a
unique point z, € C such that

1 *
0< g(zwy) + g(zr’y) + - <y_zr>]zr -Jx >’
r (30)
Vy eC.
Proof. Let x € E and r > 0 be given. Note that functions r#
and r& also satisfy the conditions (f,)-(f,) and (g,)-(g5)-

Therefore, for Jx* € E*, there exists a unique point z, € C
such that

rF (2, 9) + 19 (2, ) + (¥~ 2,, )z, - Jx") 20,
Yy eC.

(31)

This completes the proof. O

Under the same assumptions in Corollary 13, for every r >
0, we may define a single-valued mapping S, : E — C as
follows:

s W={zeClosF(zy)+%(2y)
(32)
+% (y—z,]z—]x),VyEC},

for x € E, which is called the resolvent of % and & for r.
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Theorem 14. Let E be a smooth, strictly convex, and reflexive
Banach space, and let C be a nonempty closed convex subset
of E.Let , G : Cx C — R be two bifunctions which satisfy
conditions (f1)-(f4), (91)-(gs), and (H). Forr > 0 and x € E,
define a mapping S, in (32). Then, the following hold:

(a) S, is single-valued;

(b) S, is a firmly nonexpansive mapping, that is,

<er_sry’]srx_jsry> < <er_8ry’]x_]y>’
Vx,y € E;

(33)

(c) Fi(S,) = MEP(#, @);
(d) MEP(#, ©) is closed and convex;
(e) ¢(p, S, x) + (S, x, x) < $(p, x).

Proof. We divide the proof into several steps.

Step 1 (S, is single-valued). Indeed, for x € C and r > 0, let
z;,2, € S,x. Then

1
F(z1,2y) +Z (21,2,) + - (z, -z, ]z, - Jx) > 0,

) (34)
F(zy,2)) + & (250 2;) + - (z) =25, ]z, — Jx) > 0.

Adding the two inequalities, we obtain

F(21,2,) + F (22,2) + ©(21,2,) + G (25, 21)

| (35)
+ ;(z1 -2,,]z, = Jz,) 2 0.
From (f,), (g,), and r > 0, we obtain
1
- (z) = 25, ]z, — Jz,) 2 0. (36)
Since E is strictly convex, we obtain
Zy = 2. (37)

Step 2 (S, is a firmly nonexpansive mapping). For x, y € C,
we obtain

F (8,x,8,y) + € (S,x,S,y) + ! (S,y = S,x,JS,x - Jx) >0,
r
1
F (Sry’ er) +9 (Sry’ er) + _<er - Sry’ ]Sry - ])’> = 0.
r
(38)
Adding the two inequalities, we obtain

F(8,%.8,y) + F (8,2,8,x) + T (8,%,8,y) + T (5,9, 5,x)

+ % (S,y = S,x,JS,x - ]S,y — Jx+ Jy) = 0.
(39)

From (f,), (g,), and r > 0, we obtain
(S,y - 8,x,JS,x—JS,y — Jx + Jy) = 0. (40)

Therefore, we have

<er_sry’]Sr'x_]sry>S<er_sry’jx_]y>' (41)

Step 3 (F,.(S,) =
following equation:

MEP(#,¥%)). Indeed, we obtain the

ueF,(S,)=u=Su

= F(u,y)+%uy)
+l(y—u,]u—]u)20, VyeC, (42)
;

= Fwy)+%uwy), VYyeC,

< ueMEP(#,9).

Step 4 (MEP(#, &) is closed and convex). From (c), we have
MEP(#, &) = F,.(S,), and from (b), we obtain

<er_Sry’]er_]Sry> < <er—S,y,]X—]y>,
x,y€C.

(43)

Moreover, we obtain
¢ (S, 8.y) + ¢ (S, 5,%)
=2|IS, x| — 2(S,%, IS, )
—2(8,9,JS,%) + 2|8,y
= 2(S,x,S,x — JS, y)
+2(S, 9,5,y -JS,x)
=2Sx =S, 3.5x-JS,y),
$(S$%. )+ (S0 %) = (S,0.%) = (S, ¥)  (44)
= lIs,xl* =2 (s, Jy) + I’
Sy =2 (S, Tx) + Ixl?
sl 4 25,0000 P
8.7+ 28,2, 1) — Il
=2(S,x, Jx = Jy) +2(S,y,Jy - Jx)
=2(S, x-S,y Jx—Jy).
Hence, we obtain
¢ (S,%.8,y) + (S, 5,x)
(45)
<P(Sx.p) + (S, 3:%) = ¢ (S,x.x) = ¢ (S,3, 7).



So we get
¢ (S,%.8,y) +6(S,9.8,x)
<G (S,%9) + (S, x).
Taking y = u € F,.(S,), we obtain
¢ (4, 8,x) < ¢ (u,x). (47)

Next, we show that F,_(S,) = MEP(%, ©). Let p € F, (S,).
Then, there exists the sequence of {z, € E} such thatz, — p
and lim, _, (2, — S,z,) = 0. Moreover, we obtain S,z,, — p.
Hence we have p € C. Since ] is uniformly continuous on
bounded sets, we obtain

(46)

Aim 7z, = 1S, 2] = 0. (48)
Form the definition of S,, we obtain

F (S ) + G (S,2 )

. (49)
+ - <y -$8,2,,1S,2, - ]zn> 2 0.
’
Since the monotone of the %, we have
1
g (Srzw y) + - <y - Srzn’ ]Srzn - ]Zn>
r (50)

> -F (Srzn’ y) = 97()’, Srzn) .

According to (48) and z, — p and form (f;) and (g,), we
obtain
F(y,p)<%(py), VyeC. (51)

FortwithO0 <t <land y € H,letx, =ty + (1 —t)p; then by
the convexity of # and & we have

0=F (xpx,) + % (xx,)
<tF (x,y)+ (1-t) F (x,, p)
+1% (x, ) + (1 - 1) G (x,,0)
<tF (x,y) +t8 (x, y) .

Passing t — 0 and by (f;) and (g,), we have 0 <
F(p,y) + E(p, y) for all y € H. Therefore, p € MEP(F, &).
So, we get F,(S,) = MEP(%,%) = F,.(S,). Therefore, we
have that S, is a relatively nonexpansive mapping. From
Lemma 6, then F,,(S,) = MEP(&, &) is closed and convex.

Step 5 (p(p, S,x) + ¢(S,x,x) < ¢(p,x)). From (b) and (45),

for each x, y € E, we obtain
¢ (5,%.8,y) + (S, 5,x)
(53)

= ¢(er’y) +¢(Sry’x) - ¢(er’x) - (/5(8,}’))/)
Letting y = p € F,.(S,), we obtain

¢ (p,S,x) +¢(S,x,x) <p(p,x). (54)
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If €(x,y) = w(x) — y(y) and form Theorems 12 and 14,
we obtain the following corollary.

Corollary15 (see [24]). Let E be a smooth, strictly convex, and
reflexive Banach space, and C be a nonempty closed convex
subset of E. Let # : C x C — R be a bifunctions which
satisfy conditions (f;)-(f,). Let v : C — R be a lower semi-
continuous and convex function. For r > 0 and x € E. Then,
the following hold:

(i) 0 < F(z,y) +y(y) —y(z) + U/r){y — z,Jz — Jx*),
forall y € C.

(ii) If we define a mapping S, : E — C as follows:

Sr(x):{xeCISOSF(z,y)+1//(y)

. (55)
-y (2) + - (y-z,Jz-]x),y € C},
and the mapping S, has the following properties:
(a) S, is single-valued;
(b) S, is a firmly nonexpansive mapping, that is,
<S,Z—Sry,]SrZ—JS,y>S<SrZ—Sr)/,]Z—]y>, (56)

Vz,y € E;

(c) F..(S,) = MEP(F, y);
(d) MEP(F, y) is closed and convex;
(e) ¢(p,S,2) + §(S,2,2) < P(p, 2).

4. Strong Convergence Theorems

In this section, we introduce a new iterative scheme for
finding a common element of the set of solutions of the
mixed equilibrium problems and the set of fixed points for
I-asymptotically nonexpansive mapping in Banach spaces.

Theorem 16. Let E be uniformly smooth and uniformly convex
Banach space, and let C be a nonempty closed convex subset
of E. Let #, & : Cx C — R be two bifunctions which
satisfy the conditions (f,)-(f,), (9,)-(gs), and (H), and let
T be I-asymptotically nonexpansive self-mapping of C with
sequences {s,} C [0,00} such that Y /'s, < oo, and
let I be asymptotically nonexpansive self-mapping of C with
sequences {t,} C [0,00) such that Y2, t, < 0o, and Q =
F, () F.(T) (\MEP(F, &) # 0. For an initial point x,, € C,
generate a sequence {x,} by

u, €C

such that F (u,, y) + € (u,, y) < L (y —u,, Ju, - Jx,),
r

Vy eC,
Yn = ﬂnxn + (l - ﬁn) Tn”n’

Xp+1 = &y (xn) + (1 - (Xn) In)/,,, Vn>1,

(57)
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where {a,} is a sequence in [0, 1], {8,} < [a,b] for some a, b €
(0,1) and {r,} c [d,+00) for d > 0. If the following conditions
are satisfied:

(i) Yoo &, < 005
(i) Y20 B < 00;

(iii) lim inf > 0,

n— 00 }’l

then the sequence {x,} generated by (57) converges strongly to
a fixed point in Q if and only if

liminfd (x,, Q) = 0. (58)

n— 00
Proof. We divide the proof into several steps.

Step 1(The sequence {x,} isbounded). Letu,, = T, x,.Since T
is a I-asymptotically nonexpansive mapping, it follows from
and Theorem 14 that Q := F, (T)(F,,(I)(1MEP(%, ®) is
nonempty closed convex subset E and for each p € Q.

%1 = 2l
= [, () + (1 =) Iy, = p
= a, |x, = pll + (1= ) |1y, - p
< a, x, = pll + (1 - o) (1 +2,) [y, - pll-

(59)

Again from (57), we obtain that

||yn - P” = "ﬁn'xn + (1 - ﬁn) Tnun - P”
< /311 "xn - P” * (1 - ﬁn) "Tnun - P"
< ﬁn "xn_p” +(1 _ﬁn)
x (L+s,) [, - p
< Bullx = pl + (1= B,) (60)
x(1+s,) (1+t,)|Tx, - pf
< ﬂn "xn_p” +(1 _ﬁn)
x(1+s,) (1+1,) [x, - p|
= [1 + (1 - ﬁn) (Sn +1,+ Sntn)] ”xn - p“ .
From (59) and (60), we obtain
%1 = £l
< a, |x, - pl + (1 -a,) (148,

X [14 (1= B,) (s, + £+ st)] [, = p

)
)
(61)
)
)

n

< oy, = plf + (1= ) (141,

X [14 (1= B,) (s, + t + st,)] [, = p
< (1+p) % - 2l

where
Pn = (1 -

+(1-

(xn) (1 - ﬁn) (Sn tt,+ sntn)
a,)t, +(1-a,) (1-5,) (62)
Xt, (s, +t,+s,t,).

Moreover since {a,} < [0,1], {8,} < [a,b] for some a,
b e (0,1),Y7°s, < oo,and Y2, t, < 00, it follow that
Yo pn < 00. Form (60) and, by Lemma 7, we obtain that
the limit of {|x,, — pll} exists for each p € Q. This implies
that {||x,, — pll} is bounded and so are {x,}, {y,}, {u,}, {I"v,.},
and {T"u,}; on the other hand, we obtain that d(x,,,;, Q) <
(1 + p,)d(x,,Q). Then by Lemma 7, lim d(x,, Q) exists

n— 00

and, by assumption liminf, _, . d(x,, Q) = 0, we obtain
Jim d (x,,, Q) = 0. (63)
Step 2 (lim,, _, ., llx,—x,,,, Il = 0). Taking lim sup on both sides
in the above inequality,
Jdim Iy, = pll = (64)

Since I" is asymptotically nonexpansive self-mappings of C,
we can get that |y, — pll < (1+¢,)]ly, — pll, which on taking
limsup,,_, ., and using (64), we obtain

lim sup 1"y, - p| < d. (65)
Further,
lim |x,,, - pf <d. (66)
That means that
iy o, () + (1= ), = pl <
(67)

lim o, |(x,) - p|| +

n—00

(1-a) "y, - pl < d.

It follows from Lemma 9 that

nILI%O "Inyn - xn" =0. (68)
Moveover,
I = xall = (1 = ) (179, = x,)]
) (69)
= (1 - “n) “I Yo~ xn" :
Thus, from (68), we have
Jim fx,,; - x,[ =0. (70)
Step 3 (lim,,_, lx, — T"u,| = 0). Use (57) again, and

Lemma 8 that for r = sup,, {llx,|l, e, I, IT"w,|l}, there exists
a strictly increasing, continuous and convex function h :
[1,2] — R that h(0) = 0 and
2
1 = £
o) |"y, ~ pl’
& (1 - an) h ("xn - Inyn"z)
< “n”xn - P"2 + (1 - (xn) (1 + tn) ||yn - p”2

("xn - Inynllz)

< “n”xn - P"2 + (1 -

—a,(1-a,)h



< o, = pl* + (1-a,) (1+1,)
x (Bl = pI + (1= B) | T"w,, — pl°
B (1= B h(Jlx, = T"w|))
(Il = ")
< %, = pl” + (1-a,) (1+2,)
X (Balla = pI* + (1= B) (1 +5,) [, — 2
B, (1= B (lxs ~ T'w,))
(he, = ")
<a,flx, - p* + (1-a,)
(1+,) (Bl - I
+(1-B,) (1 +s,) %, - p|’
B (L=B)h (s = T"w]*))
(Il = ')
<(+p) %, - ol - (1-a,)
X (1+t,) B, (1= B,) 1 (|,
h(|lx, - ')

—a,(1-a,)h

2

—a,(1-a,)h

—a,(1-a,)h

-T'w,[)
—a, (1 -a)
(71)
where
=(1-a,)(1-8,)
X(spttytsgt,) +(1-a)t, +(1-a,)  (72)
X (1= Ba)ty (sy 1, +5,,).

From the discuss of the Step 1, we can easily know that
Yo pa < 00.On the other hand, by (71) and the bounded
sequence of {x, }, we obtain that

(1 - ‘xn) (1 + tn) ﬂn (1 - ﬂn) h ("xn - Tnun”)
< ¢(xn’ p) - ¢(xn+1>p) + Pn¢ (xn’ P) .

From lim,, _, . h(|lx,, — T"u,,|l) = 0, (73) and the property of h,
we have
Jimlx, = T, | = (74)

The same as the proof of (74), we can easily obtain that
Jimx, = 1"y, = 0. (75)
From (57), we obtain that

"yn - xn" <(1-5,) "xn - Tnun” : (76)
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It follows that

lim x, - y,[ = 77)

n— 00

Step 4 (lim, ,llx, — u,l = 0). Let p € Q =

F. (D[ F,(T)[\MEP(%, &). Then, from (59) and (60), it
follows that
"un+1 P” n+1 Xn+1 P"
< [Ixper = 2l

< oy, + (1= ) Iy, = B
< fx, = p + (1-a,)

x (L+1,) [y, - pl
<o fx, = pl+ (1 -a,) (1+1,)

< [Buflx = pll + (1= B,)

x (1+s,) (1+1,) Ju, = pl]

a,) (1+1,) B,]

* [x, = pll + (1 =) (1 - B,)

x (1+5,) (1+,)" u, - p
< M, |lx, = pl| + (1 + M) |lu, - p»

(78)

< [a, +(1-

where
M, =«a, + (1 - an) (1 + tn) ﬁn’
M2 = [tn (2 + tn) (1 + Sn) + Sn] ((Xnﬁn &y~ /371)
+(t,(2+t,)(1+s,) +s,)
+ (‘xn/jn &y = ﬁn) :

Moreover since {«,} < [0, 1] {B,} ¢ la,b] for somea, b €
(0,1), 2, s, < coand Zn 1 t, < 00, we can easily claim that
Yoo M, < coand Y2 M, < co. By Lemma 7, we obtain

(79)

that limn ool =l exists and from Theorem 14(b) and (78),
we have
"xn - un” 6 "xn —P” -7 Xn —P"
=[x, = pll = lu, - Pl

< M, %,y = p| + (1 + M,)

(80)
gy = pll =l =
<M, ”xn—l - P" + M, "”n—l - P”
+ ety = pll =l = 2l

Thus, since {u,} converges, Yoo/ M, < coand Yo, M, < 00
and {x,,} is bounded, it follows form Lemma 7 that

nlil%o ”xn - un” =0. (81)
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Step 5 (lim,, _, o llu, —
inequality, we have

T"u,ll = 0). By using the triangle

IT"w, — w,|| < |T"u, — x,|| + |x, — ]| - (82)
Thus, from (74) and (81), we obtain that
nli_,rrolo "un - Tnun“ =0. (83)
Step 6 (lim,, _, llx,, = T"x,|l = lim,,_, o Ix,, — I"x,|| = 0). By
using the triangle inequality again, we obtain
[, = T"x,|| < |0 = T"w|| + | T"x, = T |
. (84)
< xn = T || + (1 +5,) ||, — 14| -
From (74) and (81), we have
Jimlx, = T"x, | = 0. (85)
From (57), we have

"xn - Inxn” = "xn - Inyn“ + ”Inxn - Inyn"

< fn = Iyl + (U4 £) [l = 32

(86)
<|xu ="y + (1 +12,)

x(1-a,)|x, = I"y,| -
From {a,}  [0,1], Y72, £, < 00, and (68), we obtain

lim ||xn - I"xn" =0. (87)

Step 7 (x* € Q = F,.(I) [ F,.(T) [MEP(Z, )). Since {u,}
is bounded, there exists a subsequence {unk} of {u,} such that
{u, } converges weakly to x* € C when x* = J~'p* for some
p” € J(C). From (61), we have that {x,, } converges weakly to
x" € Cand, by (77), we also have that {y,, } converges weakly

to x* € C. Also, by (85), (87), and Lemma 11, we obtain that
x* € F (I)(\F. (D).

Next, we show that x* € MEP(&F, &); that is, Jx* =
p € J(MEP(#,%)). Since ] is uniformly norm-to-norm
continuous on bounded subset of E, it follows from (61) that

,}H%O ”]xn - ]un" =0. (88)
From the assumption r,, € [d, 00), one sees

tim =8l _

n— 00 7
n

(89)

Since {x,} is bounded and so is {Jx,}, there exists a subse-
quence {]xnk} of {Jx,} such that {Jx, — p*}. Since {u,} is
bounded, by (89), we also obtain {Ju, — p*}. Noticing that
u, = T, x,, we obtain

1
g(un’y)gCg(y’un)+r_<y_un’]un_]xn>’ yEC,

Tn

Ju, —Jx,
9(unk,y)S?(y,unk)+<y—unk,u>,

yeC.
(90)

According to (89), we obtain limy._, . (Il/x,, —Ju, lI/r, ) = 0.
Then, by the conditions of (f,) and (h,), we obtain

1

Ly = 0=l = (3 = i, = T,

> -F (1, 9) + G () O

> F (yru,) + Z (you).
Since (1/r,)IJx,, — Ju,ll — 0 and {Ju,, — p*}, we obtain
F(p)+Z(yp7) <0 (92)

Fortwith0 <t < landy € E,lety, =ty+ (1—t)p", we
obtain

F(ep )+ G (yup’) 0. (93)
So, from the conditions of (f;), (f3), (h,), and (h;), we have

0= g(ypyt)"' ?(yt’yt)
<tF (Y )+ (1= F (3, p*)

i (94)
+t8 (¥, y)+ (1 -0 E (y,p")
<F(Wpy)+%(ny).
Consequently
F(py)+%(yny) 20 (95)

by (f,) and (h,), ast — 0, and we obtain p* € MEP(F, ¥).

Step 8 (The sequence of {x,} converges strongly to a common
Q). From Step 1 and (61), for all p € Q, |x,.; — pl <
(1 + pllx, — pll for n > 1 with Y72 p, < co. This implies
that d(x,.; — Q) < (1 + p,)d(x, — Q). Then by Lemma 7,
lim, ,  d(x,,; — Q) exists. Also by Step 6, lim,, , llx, —
T"x,|l = lx, - I"x,| = 0, and by the condition (A) in
Definition 10 which guarantees that lim,, _, . f(d(x,,; —Q)) =
0. Since f is a nondecreasing function and f(0) = 0, it follows
that lim,, , . d(x,, — Q). Form (81), we obtain

"xn - xn+mu < “xn - un“ + ”xn+m - un+m“ : (96)

We know that {x,,} is Cauchy sequence in C for all numbers
m, n. This implies that {x,} converges strongly to p € Q. This
completes the proof. O

If T is an asymptotically quasi-nonexpansive self-
mapping in Theorem 16, we easily obtain the following
corollary.

Corollary 17. Let E be uniformly smooth and uniformly
convex Banach space, and let C be a nonempty closed convex
subset of E. Let #, % : Cx C — R be two bifunctions which
satisfy the conditions (f1)-(f,), (9,)-(g3), and (H), and let T
be asymptotically quasi-nonexpansive self-mapping of C with
sequences {s,} C [0, 00} such that Z;ﬁl s, < 00, and let I be
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identity self-mapping of C, and Q = F,,(T) (Y MEP(F, &) + 0.
For an initial point x,, € C, generate a sequence {x,} by

u, €C

such that

F (thyy y) + % (t4y, )

1 (97)
< (Y=t Juy—J%,), Yy €C,
Tn
Yn = ﬁnxn + (1 - ﬁn) Tnun,
Xn+1 Z(ann+(1 _(xn)yn’ Vnz1,

where {a,} is a sequence in [0, 1], {8,} < [a,b] for some a, b €
(0,1) and {r,} c [d,+00) for d > 0. If the following conditions
are satisfied:

(1) Z;“;O &y, < 00;

(i) X2 By < 005
r, >0,

(iii) liminf, |

then the sequence {x,} generated by (97) converges strongly to
a fixed point in Q if and only if liminf, | d(x,, Q) = 0.

5. Numerical Example

In this section, we introduce an example of numerical test to
illustrate the algorithms given in Corollary 17.

Example 1. Let E = R, C = [-2000,2000]. The mixed
equilibrium problem is to find x € C such that

F(x,y)+%(x,y) 20, VyeC, (98)

where we define F(x, y) = —3x* + 2xy + y* and ©(x, y) =
x* + 3xy — 4y2.

Now, we can easily know that & and & satisfy the
conditions (f1)-(f,), (g;)-(g5), and (H) as follows:

(f1) Flx,x) = “3x? + 2xx + x> = Oforall x €
[-2000, 2000];

(L) F(x )+ F(y,x) = —2(x—y)2 <Oforallx,ye
[-2000,2000];

(f3) for all x, y,z € [-2000,2000],

limsup F (x +t(z - x),y)

t—0"

= limsup — 3(x + t (z — x))*

t—0"

99
+2x+t(z—x)y+y2 (9)
= 3% +2xy+y2

<F(x,9);

(fy) for each x € [-2000,2000], O(y) = F(x,y) =
—3x% +2xy + y* is convex and weakly lower semicon-
tinuous.
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(g1) €(x,x) = x> + 3xx — 4x* = 0 for each x ¢
[~2000, 2000];
(9,) €(x, y) + E(y, x) = =3(x - y)2 <Oforallx,ye
[-2000,2000], and weakly upper semicontinuous in
first variable;
(g5) for each x € [-2000,2000], O(y) = E(x,y) =
x* + 3xy — 4y2 is convex.

Next, we find the formula of S,x. From Theorem 14, we

can claim that S, x is single-valued, forany y € C,r > 0,

9(x,y)+?(x,y)+%<x—z,y—x)

= 3ry’ +(5rx+x-2) y (100)

2 2
+xz—-2rx" —x" =20.

Let M(y) = —3ry2 +(5rx+x-2)y +xz2 — 2rx* — x*. Then
M(y) is a quadratic function of y with coefficients a = —3r,
b =5rx + x — z,and ¢ = xz — 2rx* — x*. So its discriminant
A =b* - dacis

A= (5rx+x—2z)* —4(=3r) (xz —2rx’ - xz)
(101)
=((r+1)x-2)"

According to M(y) > 0 forall y € C, form A <0, that is

(r+1)x-2z)*<0. (102)
Therefore, it follows that
z
= r+1 (103)
and so
z
S z= .
R (104)

Now, let C = [-1/m,1/n] and |k| < 1, and define a
mapping T : C — Cby

(105)

for all x € C. From the example in [25-27], we can
easily know that T' is an asymptotically quasi-nonexpansive
mapping; furthermore F, (T) = {0}.
According to Theorem 14, we obtain
. (S,) = MEP(#,9) =0,  F.(T)=0,  (106)

and so Q = 0. Therefore, all the assumptions in Corollary 17
are satisfied. we can obtain the following numerical algo-
rithms.

Algorithm 18. Letr, = 1, &, = 1/n*, and B, = 1/2n°. Tt is
claim to check that

(o] [ee)
Z(xn < 00, Zﬂn < 00,
n=0 n=0

liminfr, = 1.
n—o0

(107)
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FIGURE 1: Convergence of iterative sequence {x,,}.

For an initial value x, = 0.2 and k = 0.5, let the sequences
{u,} and {x,} generate by

1 1
T (x) = Ex sin e

1
U, = Sr (xn) = Exn’
(108)
2 (1-n)(1-2n
1+n "
Xpt1 = 21’[4 Xn 41’14 n>

Vn > 1.

Then, by the Corollary 17, the sequence {x,} converges
to a solution of Example 1. Let |x,,; — x,[l < 107° and x*
be the fixed point of the Algorithm 18. Using the software
of MATLAB, we generated a sequence {x,} convergence to
x* = x, = 0 as shown in Figure 1.

Hence the sequence x,, converges strongly to solve Exam-
plel.
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