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We consider a fractional bridge defined as dX, = —«(X,/(T —t))dt + dBtH, 0 <t < T, where BY is a fractional Brownian motion
of Hurst parameter H > 1/2 and parameter « > 0 is unknown. We are interested in the problem of estimating the unknown

parameter o > 0. Assume that the process is observed at discrete time t; = iA,, i =0,...

,n,and T,, = nA ,, denotes the length of the

“observation window.” We construct a least squares estimator &, of & which is consistent; namely, &, converges to « in probability

asn — O0.

1. Introduction

Self-similar stochastic processes with long range dependence
are of practical interest in various applications, including
econometrics, internet traffic, and hydrology. These are pro-
cesses X = {X, : t > 0} whose dependence on the time
parameter t is self-similar, in the sense that there exists a (self-
similarity) parameter H € (0, 1) such that, for any constant
c >0 {X, :t > 0}and {CHXt : t > 0} have the same
distribution. These processes are often endowed with other
distinctive properties.

The fractional Brownian motion (fBm) is the usual
candidate to model phenomena in which the self-similarity
property can be observed from the empirical data. The fBm
is a suitable generalization of the standard Brownian motion,
which exhibits long-range dependence and self-similarity
and has stationary increments. Some surveys and complete
literatures could be found in Biagini et al. [1], Hu [2], Mishura
[3], and Nualart [4].

Recently, Es-Sebaiy and Nourdin [5] study the asymptotic
properties of a least squares estimator for the parameter « of
a fractional bridge defined as

X
Ldt+dB, 0<t<T, (1)

X, =0,
0 T-t

dX, = -«

where B" is a fBm with Hurst parameter H > 1/2 and
the process X was observed continuously. In particular,

when H = 1/2, Barczy and Pap [6, 7] study the various
problems related to the a-Wiener bridge. The parametric
estimation problems for fractional diffusion processes based
on continuous-time observations have been studied, for
example, in Tudor and Viens [8], Hu and Nualart [9], and
Belfadli et al. [10].

In applications usually the process cannot be observed
continuously. Only discrete-time observations are available.
There exists a rich literature on the parameter estimation
problem for diffusion processes driven by fBm based on
discrete observations (see, e.g., Hu and Song [11], Es-Sebaiy
[12]).

Motivated by all these results, in this paper, we will
consider the « fractional bridge (1). Assume that the process
X is observed equidistantly in time with the step size t; =
iA,,i =0,...,n and T, = nA, denotes the length of the
“observation window.” We also assume that T,, + A,, = T and
A, — Owhenn — oo. Our goal is to study the asymptotic
behavior of the least squares estimator (LSE for short) &, of
o based on the sampling data X, , i = 0,...,n. Our technics
used in this work are inspired from Es-Sebaiy [12].

The least squares estimator &,, aims to minimize

tiny

— | dt. 2
o ®)
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This is a quadratic function of «. The minimum is
achieved when

Z?:l -[:;1 (Xt,-_l/ (T - ti—l)) 8HXt

Q, = . i 3)
A, Zi:l (X?,-_l/(T - ti—l) )
By (1), we can get the following result
_ izt M
&, — o= it (4)

_An Z?:l (Xf,,l/(T - ti—l)z) ’

where M; = a(X, /(T~t,_,) Lf;((Xr,-,l J(T—t, )~ (X, /(T-

Mds+ [ (X, /(T ~t,)8"BIi=1,....n,
The paper is organized as follows. In Section 2 some

known results that we will use are recalled. The consistency
of estimator is proved in Section 3.

2. Preliminaries

Recall that fBm BY with index H € (0,1) is a mean zero
Gaussian process B = {Bf{,t > 0} with BOH = 0 and the
covariance

K09 = BB = L (P )

1
2
for all s,t > 0. For H = 1/2, B coincides with the
standard Brownian motion B. B! is neither a semimartingale
nor a Markov process unless H = 1/2, so many of the
powerful techniques from stochastic analysis are not available
when dealing with BY. Tt is possible to construct a stochastic
calculus of variations with respect to the Gaussian process
B, which will be related to the Malliavin calculus. Some
surveys and complete literatures could be found in Alos et
al. [13], Nualart [4] and the reference. We recall here the
basic definitions and results of this calculus. The crucial
ingredient is the canonical Hilbert space # (it is also said to
be reproducing kernel Hilbert space) associated with the fBm
which is defined as the closure of the linear space & generated
by the indicator functions {1y, t € [0, T]} with respect to the
scalar product

(tzH + M o

s, (6)

N | =

<1[0,t]’ 1[0,s]>% = RH (t,S) =

The mapping 154 — B can be extended to a linear
isometry between 7 and the Gaussian space associated with
B". We will denote the isometry by ¢ — B (). For 1/2 <
H < 1 we denote by & the set of smooth functionals of the
form

F=f(B"(g),....B" (9,)) (7)

where f € C°(R") and ¢; € #. The Malliavin derivative of
a functional F as above is given by

20
piE=Y L (B (p),. B (9)) g (®)

= 0x;
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and this operator can be extended to the closure D" (m > 1)
of & with respect to the norm

2

IFIZ,, = EIFI® + E|DYF|, + -+ E[D™"F]., ...

)

where %™ denotes the m fold symmetric tensor product and
the mth derivative D' is defined by iteration. The diver-
gence integral 8 is the adjoint operator of D'. Concretely, a
random variable u € L*(Q, %) belongs to the domain of the
divergence operator 87 (in symbol Dom(6™)) if

E|[(D"Fu)_| < clFl (10)

for every F € &. In this case 8" (u) is given by the duality
relationship

E(Fs" ) = E(D"Fu),, (1)

for any F € D", and we have the following integration by
parts:

F&™ (u) = 6™ (Fu) + <DHF,u>% (12)

for any u € Dom(6™), F € D"? such that Fu € L*(Q, #). It
follows that

E [6"w)*] = Elul}, + E<DHu, (DHu)*> (13)

Py

where (DPu)* is the adjoint of DMy in the Hilbert space # ®
 ,and

T
||u||?% = ” uu, by (s, r) dsdr, (14)
0
where

2
IRy (s, )=HQH-1)|s—r[*F?>0, @15

Pu (1) = 0sor

and, for ¢ : [0, T]*> - R, we have

2
lellses

= J ot s) (t', s’) b (t, t') b (s, s') dtdsdt'ds'.
(17"
(16)

We denote by || the subspace of #, which is defined as the
set of measurable functions f on [0, T'] with

T
8= [[ 17 @11 @l s dsdr <o a7

Note that, if ¢, ¢ € |, then

T
EB" (¢) B” () = ” 0 (v (") ¢y (sr)dsdr.  (8)
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It follows actually from Pipiras and Taqqu [14] that the
space |#| < Z is a Banach space for the norm || - [|;4.
Moreover,

L*([0,T]) c LY ([0,T)) c || c 7. (19)
Ifu € D¥*(|%)), u € Dom(8™), then we have (Nualart [4])
E(6" W) < Cy (ENully, + E|D" (u)|||2%I®I %l) (20)

and if ¢ : [0, T]*> > R, then

||<P|||2%|®|%|

= LO - o 69| |0 (¢25)| bur (1.1 aa (s 8") dedsdi' s’
(21)

As a consequence, we have

E(s" (u))Z <Cy (Ellullim([o,ﬂ) + E|p" (u)”il,H([o)T]z)) .
(22)

For every n > 1, let &, be the nth Wiener chaos of
BH, that is, the closed linear subspace of L*(Q) generated
by the random variables {Hn(BH(h)),h € X, |hly = 1},
where H, is the nth Hermite polynomial. The mapping
L(h®") = n!Hn(BH (h)) provides a linear isometry between
the symmetric tensor product #*" (equipped with the
modified norm | - [| o = (1/Vn!)| - || 3en) and ,,. For every
£, g € " the following multiplication formula holds

E(L,(f)1,(9)) = ni(f. 9) zron- (23)

Let f,g : [0,T] — R be Holder continuous functions
of orders & € (0,1) and 3 € (0,1) with &« + 3 > 1. Young
proved that the Riemann-Stieltjes integral (so-called Young

integral) fOT f.dg, exists. Moreover, if « = € (1/2,1)

and F : R* — R is a function of class %', the integrals

|,©@F/0f)(f,» 9.)df,, and | (OF/0g)(f, g,)dg, exist in the
Young sense and the following change of variables formula
holds:

F(fo0) = F (w0 + || 55 (a1,
(24)

t OF
+ | =—(fw9u)d9,, tel0,T].
Lag(fug)g [0, T]

As a consequence, if H € (1/2,1) and (u,,t € [0,T]) isa
process with Holder paths of order « < (1-H, 1), the integral

JOT uSdBf is well defined as Young integral. Suppose that, for
anyt € [0,T], u, € D"*(|#]), and

T
” |Dgu| It = sI”dsdt <00 as. (25)
0

Then, following from Alos and Nualart [15], we have
t t
J udB" = J wS"BY + H (2H - 1)
0 0 t (26)
X “ Du,|r - s 2dr ds.
0

In particular, when ¢ is a nonrandom Hoélder continuous
function of order a € (1 — H, 1), we have

t t
J @B = J 9.0"B" = B (¢). (27)
0 0
In addition, for all ¢, v € |Z],
T T
E(J ‘PsdBfIJ y.dB] )
0 0 (28)

T
=HQH-1) ” o, |u—v* P dudy.
0

3. Asymptotic Behavior of
the Least Squares Estimator

Throughout this paper we assume H € (1/2, 1). We will study
(1) driven by a fractional Brownian motion BH with Hurst
parameter H and « > 0 being the unknown parameter to be
estimated for discretely observed X. It is readily checked that
we have the following explicit expression for X,:

t
X, = (T-1)°* J (T-s)dB, 0<t<T, (29)
0

where the integral can be understood as Young integral. In
order to study the asymptotic behavior of the least squares
estimator, let us introduce the following processes:

t
A, = J (T-s)dB, 0<t<T. (30)
0

Hence, we have

X, =(T-t)%A,, 0<t<T. (31)

For simplicity, we assume that the notation a, > b, means
that there exists positive constants C = Cp, > 0 (depending
only on H, « and its value may differ from line to line) so that

sup|a"|
n=1 |bn|

We firstly give the following lemmas.

<C<oo. (32)

Lemmal. Let > 0,1/2 < H < 1. Then

T, X T, X
[ ot on, o
where

T, rr
B,=HQH-1) L L (T =) NT = s)™(r - s)*"dsdr,

lim B, = HB («,2H - 1) 7251,
(34)



Proof. By (26), we have

T, T,
" Xy onH " Xy SHpH
JO ﬁst = JO H(S Bs + H(2H - 1)

X J'JTnDH X Is = r*2drds
0 $ T —-r

T X H,H
=JO —=8"B + HH - 1)

T, r
X J J (T =) NT = s)(r - )" sdr
0

0

T, X
= J —SSHBfI + B,
0

T-s
(35)
On the other hand,
AP
=HQH-1)

T, rr
x lim J- J- (T =) T = s)(r - s)*"dsdr
0

T T
=H(QH-1) lim J- J s — ) 2 ds dr
n—00 )p_

T, Jr

T, T, .
=HQH-1) limj j (T-T,+r)"
n—00 0

r

X (T=T,+s)"(s— )" dsdr

T T
=HQH-1) J J s — ) 2 dsdr
0

r

T s
=HQH-1) J s J s =) 2drds
0 0

= HB(a,2H - 1) T*71,
(36)

This completes the proof. O
The following Lemma 2 comes from Lemma 3.2 of Es-
Sebaiy and Nourdin [5].

Lemma 2. Letting0 < « < H, 1/2 < H < 1, one has

H(7)
_HQEH-1)

<—" B -a2H-1)(T - t)* 2722,
H-«

0<t<T.
(37)
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Lemma 3. Assumel —H < a« < H,1/2 < H < 1, and let
Fp = [["(X,/(T = ))8" B, Then
lim E (F} )

n— 00

_ H*(2H-1)’B(a,2H — 1) B(1 — o, 2H - 1)T4H_2
a 2(H+a-1)(H-«) ’

(38)

Proof. By the isometry property of the double stochastic
integral I,, the variance of Fy, is given by

2 2
E(F2) = w%, (39)

n

where

Iy, = J[OT t (T - tl)a_l(T - 51)_“(T - tz)a_l(T - 52)_“

n

x |s, = 5,7ty - T ds ds,dt d.
(40)
Now, we study I , by setting
- - 2H-2
I, = J R (T =) (T = s,) “|51 - 5| ds,ds,,
[0.T,]
(41)
-1 -1 2H-2
I, = J[OT]Z (T-t)" (T-t,)" |t -1, "dtydt,.

We have I, = I,1,. By (17.40) of Es-Sebaiy and Nourdin [5],
we have

I, = J[OT . (T - 5,) (T = 5,) s, = s, 2dls, ds,

_ B(l —(X,ZH— 1)T2H_2a (42)
H-«
B(l-a,2H - 1), 2124
— ——T , 1 — 0.
H-«
Similarly
L — B(a,2H — 1) oprv2a-2. (43)
H+a-1
Thus, the proof is finished. O

The following theorem gives the consistency of the least
squares estimator &, of «.

Theorem 4. Let1/2<a<H <1 IfA, — 0,T,=nA, —
Tasn — oo,and T, + A, =T, then, one has

P

&, — a, n-— 0o, (44)

P . .
where — means convergence in probability.
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Proof. By (4), we have

PO (a/m) Y7L, M, (45)
! (ahr,/n) Z?=1 (Xf,-,l/(T - ti—l)z)'

Letting 0 < € < 1, we obtain

P(|la, -« > ¢)

:p<
o

(a/n) Y, M;
(ah,/n) Z?:l (Xf,-,l/(T - ti—l)z)

A
né
i=1

>8(1—8)> (46)

A Xp
+P<“ "Z%—l >£>
noS(T-t)

=B, (n) + B, (n).

First, we considering the term B, (n), we have

B, (n)
o n
=P |—-)M|>e(1l-
<n21 | > e s))
o 1 t; Xt- H-H 1
<P| |- M; — —L_§"B > —¢g(1-
< 1’1;[ l J’ti—l T_tifl ! :| 38( 8)
Uy X X 1
+P gZJ <L——t>8HBiH >=e(l-¢)
nmg by \T—-t,, T-t 3
T, X
+P<gj £ SHBf{ >ls(1—s)>
nl T-t 3
=B, (n) + By, (n) + B3 (n).
(47)

For the term B, | (n), using Lemma 2, we obtain

> nAZ !
(48)
So, we get
o t; X, _
=NE [M,. - J TLaHBfI] > AP (49)
n3 i 4T i
Hence,
201
B > —r— (50)
11 (1) c(—¢

For the term B, ,(n), it follows the fact that, for 0 <t < T,

= [(@ -6 = (T =) A,

i-1

+T -0 (A, -4, )]
(51)

We have

Lot Xy X
ZJ ( o A >8HBfI
tig T - tig T-t

i=1

E

t:

)

n t

y J (-0 (4, - A, )"

i=1 Ytic1

<E (T-t" = (T-t,)"") A, 6"B}

i
i-1

+E

(52)



Using inequality (22) and EA, = 0, D?At = (T=5) 11 4(s),
we have

£
L (-0 =(T-t,,)"") A, "B

o
I\
-

(-0 —(T-1t,)"")

(=] 3"]
M=

1/2
H
XA, Lo e (t)6'B,

Z (-0 =(T-t,)"")

1/H H
ds dt)

|((T -0)¥ (T - ti—l)a_l) (T - 5)_“|

([l

H
XDS Ati—l l(ti—l’ti] (t)

1/H

M=

“au( ][}

1

Il
—

H
Xl(ti—bti] (t) 1[0,&_1) (S) ds dt)

=Cy <i Jt' ((r-p*" = (T - t,._l)"“l)l/Hdt

i=1 Ytic

t.

i-1 H
x J (T - s)“"/Hds>
0

n

H
n t
scHTH“"< J A(:_D/Hdt> < C T pAl 1,
=1 Jtia

1

(53)

On the other hand,

E

r (T-0"" (4, -4, )o"B!
tig

n
i=1

=E
0

T, n
J DT -0 (A = Ay ) L, OSB!
i=1

ZI:(T -t)*'DY (At - At,__l)
P

TYI
o]
0 |
1/H H
ds dt)

x1 (tipoti] (t)

Abstract and Applied Analysis

S (J’J’Zﬂ n |( _t)‘x_l s ( t_At,-,l)|1/
i1 A
H
X1 4 () ds dt)

T, n
“o <” (=0 =) 1, 9

U

H
X1 o1 (B)ds dt>

£

n t H
- CH<; L (T - gt J (T - s)‘“/Hds>

ti*l

nooct t H
< CH(Z J (T - 1)V Hgy J (T - t,,)_“/Hds)

i=1 Ytia tiy

_ H -
Cry(naST T < Cpynal.

<
(54)
So, we get
L X, X
E i-1 _ t (SHBH > AH+0¢—1. 55
;Jtzl<T_ti—l T t> vE )
Thus,
o Uy Xt. X _
—E T )8HBH > AT (56
n ;jti1<T_til T -t t n ( )
Hence
H+a-1
By, (n) & 8(’1' o (57)

For the term B, 5(n), by setting Fr = jOT" (X, /(T - t))(SHBtH
and by using Lemma 3, we get

T,
[0 n X H-H 1 >
B,s(n)=P|[|= L§"B | >-e(1-¢
(58)
3« 2 5 1
< [—_ ] E(Ff)e ——.
e(l-¢e)n (1 -¢e)n
As a consequence,
AZoc—l AH+0¢—1 1
B, (n) > —= 1 (59)

+ + )
e(l—e) e(l-g) &(1-¢)’n?
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Second, we estimate the term B, (n):

B, (n)

ax [
(o5
(ﬂ; iy
T, 2
+P(gj- (Xt >dt—l
n Jo T-t

=B,,(n)+B,, (n).

> 2/2)

(60)

We firstly consider B, (1), since
gi Jti ( Xti—l )2 _ ( X, )2
ni:l i, T - ti—l T —t
gi ri E < Xfi—l )2_( X, >2
nist Tt T-t, T-t
X 2
(o) rol7) e o
—t _
n X X 2
oS J! (e ) e ) )
nig Ju 1 T-t

200 201 201
=YAY A
i3

E dt

dt

IN

n

Olzjt
n t;
t

IN

2
+ E
2
+E

IA

i

1
-1 i—
i i—1
A\t

1

IN

n .

By Markov inequality, we obtain

201

B,, (n) & 8 ) (62)

Now, we estimate the term B, ,(n). Applying the change of
variable formula (24), we get

. 2
gJ <TX_Z) di-1= m

X T, x
x( L J ‘ 5HB?—/3,,>.
o T -t

20,
(63)
Hence,
XTn €
BZ,Z (f’l) < P( —Tn(Z(x— 1)‘ > g)
1 T Xt H &
P( n(a-(1/2) L e e 8) Y

+P<

e
n(a—-(1/2)" 6/

7
By Markov inequality and Lemma 2, we obtain
2a 1 1
B,me =%+ — +—. 65
22 (1) eT?  en’ en (65)
Therefore
20—1 2a 2a—-1 20
A 1 1 A A 1
Bym> —t—+ -+ — 4+ — < S —
2 (") € T  en’ en e eT2  en
(66)
Combining (59) and (66), this completes the proof. O
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