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This paper studies typical Banach and complete seminormed spaces of locally summable functions and their continuous functionals.
Such spaces were introduced long ago as a natural environment to study almost periodic functions (Besicovitch, 1932; Bohr and
Folner, 1944) and are defined by boundedness of suitable L? means. The supremum of such means defines a norm (or a seminorm, in
the case of the full Marcinkiewicz space) that makes the respective spaces complete. Part of this paper is a review of the topological
vector space structure, inclusion relations, and convolution operators. Then we expand and improve the deep theory due to Lau of
representation of continuous functional and extreme points of the unit balls, adapt these results to Stepanoff spaces, and present
interesting examples of discontinuous functionals that depend only on asymptotic values.

1. Introduction

Families of Banach spaces of locally L? functions whose
L? means satisfy various boundedness conditions on finite
intervals were introduced in [1-3] and references therein as a
natural environment to extend the notion of almost periodic
functions originally introduced in [4-6].

All the spaces of bounded p-means contain L?, but
usually they consist of functions that are not small at infinity
and have norms defined by the asymptotic behaviour of their
integral means. Therefore a relevant part of the information
carried by these functions is at infinity, where they may
become large. Which consequences does this fact yield for
convolution operator, and for continuous functionals on
these spaces? Should we expect the same behavior that is
typical of L? spaces? This paper presents old and (some) new
results and proofs for this question: it is aimed to show that
bounded p-mean spaces behave as L? spaces on the issue of
completeness but (some or all of them) are completely dif-
ferent for what concerns isometric properties of translations,
convolution operators, separability, representation theorems
for continuous linear functionals, and extreme points of the
unit balls.

For this goal, we focus our attention onto three significant
families of locally L? spaces on R: Marcinkiewicz spaces
P, consisting of functions whose values on finite intervals
are irrelevant (they can be changed without changing the
norm, which is indeed only a seminorm), Stepanoff spaces
8P, whose norm depends only on the maximum L content
of functions on all finite intervals, and finite p-mean spaces,
where the p-means with respect to intervals [-T,T] are
bounded with respect to T', for T sufficiently large (say T' > 1).

We give an expanded and revised presentation of some
known results, mostly taken from the fundamental paper
[7], and prove some new ones. The results on Marcinkiewicz
spaces and bounded p-mean spaces are taken from [7]; the
duality results for Stepanoff spaces in Section 6 are new and
so are the examples of discontinuous asymptotic functionals
on &” and M?. The analysis of the integral representation of
continuous functionals on M? (Theorem 29) follows again
[7] very closely but provides many more details, gives slightly
more general statements, and improves several steps. Also
the description of extreme points of the unit ball of M?
(Section 7.1) is taken from [7]; the results on extreme points
for the unit ball of /" (Section 7.2) are a greatly expanded
and somewhat improved revision of the approach of [7],
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leading to a full characterization. In Section 7.3 we extend this
approach to the extreme points of the unit ball of §?.

2. Spaces with Bounded L?
Means and Convolutions

2.1. Marcinkiewicz Spaces. The Besicovitch-Marcinkiewicz
spaces /" (R) (that we briefly call Marcinkiewicz spaces)
have been introduced by Besicovitch (see [8]), and their
completeness was proved in [9] (we present this result in
Section 3; a later but independent proof was given in [10]).

Here is their definition. Let .#F(R) be the space of
functions f € L” on all compact setsin R, 1 < p < oo,
such that

T
lim supi J |f (s)|Pds < +00. @
Toeo 2T Jor
We equip 4F(R), 1 < p < oo, with the following seminorm:

. 1 (7T
115 = hfl Sup—— J_T |f (s)|"ds. 2)

The quotient of .#* with respect to the null space 7% of the
semi-norm is therefore a Banach space, which we denote by
AP,

Marcinkiewicz spaces have been studied or used in [3, 7,
9-14]. In particular, it has been observed in [11] that all regular
bounded Borel measures give rise to bounded convolution
operators on ./?(R), with norm bounded by the norm of the
measure, just as it happens for L? spaces. This follows by the
fact that translation operators on .#? have norm 1 (they are
isometries!), and

o s < [ rusldlad o ®

On the other hand, this is not true on other spaces defined by
boundedness of p-means, as we will now see.

2.2. Convolution on Marcinkiewicz Spaces. It is obvious that
P functions can be convolved with L* functions with
compact support, and the convolution integral converges. At
first glance, it might look obvious that L' functions, and more
generally finite Borel measures, are bounded convolution
operators on /¥, by the following argument. Let B be a
normed or semi-normed space of functions on R, where
translations are isometries and, for every f, h € B, the map
x +— f(x)A,h is measurable. Then, for every finite Borel
measure 4 on R, one has

= £l = ”J: Af (8) dp (t)IIB
- (4)
< J_OO 1A fllp ] @ < el 1 £

Unfortunately, here one needs that the vector valued inte-
gral I_o; A, f(t) du(t) be defined, and this condition is not
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obvious in our case, since the integrand x +— A, f is not
continuous (see, e.g., [14, 15]). The lack of continuity is usually
expressed by saying that .Z? is a semi-homogeneous but not
homogeneous Banach space.

However, let us show that the vector valued integral in
(4) exists and therefore that convolution with finite Borel
measures makes sense on .#*. The proof is taken from [11,
Chapter I, Section 4].

Let M be the normed linear space of all finite Borel
measures with the norm given by the total variation of y; that
is,

I = |l ®

Let f € /* and p be a Radon measure. If  is a finite interval
in R, set

gﬂﬂsz@—ﬂdMﬂ- (©)

By Holder’s inequality

a0l = ([ lre-oFade) ([ aw) " o

By Fubini’s theorem, the function g; is in L on compact sets.
Since

T
% LT |f (t-9)|Fdt (8)

is uniformly bounded on I for T > T, > 0, Lebesgue’s
dominated convergence theorem yields

1 T
timsup— [ de [ 1 =9 lul ) <71 [ a1l

T — +00
€

Hence

lotlas < Uf Lo | 1l (10)

Let us consider gy, asa function of the variable u with values
in 7, that is, the function

ffuﬂwmw a

Since the measure y is finite, it follows from inequality (10)

that this function verifies the Cauchy condition with respect

to the Marcinkiewicz semi-norm as u tends to +oo.
Therefore there exists a unique function g of .Z* such that

g0 = Jim [ fe-9due. @

where the limit is taken in the .#?-norm.
The function g in (12) is the convolution of f and y, and
we write

+

g(t)::(f*y)(t):J ft—s)du(s). (13)

—00
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Inequality (10) gives a bound for the norm of g:

l9l.e < 15 Lo leslae (14)

The convolution defined in this way is a linear continuous
operator from .#* to /¥, with the norm bounded by [l .

Since L'(R) embeds isometrically into the space of finite
Borel measures on R, we can convolve every p € L' with
functions in .Z?:

(f*p)@) = J_: ft—s)p(s)ds. (15)

In particular,

If = plar <171 arllpl- (16)

2.3. Spaces with Upper Bounded p-Means. A related family of
spaces are the bounded p-mean spaces M? introduced again
in [3] and studied in [7, 16]. Their norm is defined as

£ sup—j I (5)[Fds. )

Obviously, for every K > 0 this norm is equivalent to the
norm of the dilated space M¥ defined by

Po_ LJT p
I lg = sup57 | I G)Fds (18)

Since [Ifl ,» < Ifllye> the space MP embeds con-
tinuously in /%, but the embedding is not an isometric
isomorphism, as the next lemma will show.

But first let us clarify the reason for which the length of
the interval [T, T] in the definition of the bounded p-mean
space is bounded away from 0.

Remark 1. The space of all functions f on R such that f € L?
on compact sets in R and

Ll b)) 19
Wil sup (o [ 1polas) <o 09)

is just L°°(R) and the supremum above is [ f]|

Indeed, it is obvious that if f € L%, then || flll < | fll,,
For the converse inequality, let us show that if || f]|| < oo, then
f is bounded on a subset whose complement has measure
zero, for instance, the set of Lebesgue points of f (as f is
integrable on compacts). Let us choose a representative of f
in its Lebesgue class. If x is a Lebesgue point, then the norm

1 T 1/p
I lrirry = (f J_T |f (s>|Pds) (20)

verifies || f(x +s) — f(x)IIU,[_T)T] < ¢ for T small enough. By
the triangle inequality for this norm,

(5 j |f(x)|Pds)l/P

(g L ro-s (x)|pds>l/P

| ooy =

1/p
> |f (0] - ( J |f(x+s)- f(x)|pds)
(21

if T is small enough. Therefore ||| || > |f(x)| for almost
every Lebesgue point x: since almost every pointis a Lebesgue
point, [If> 1l

As for the spaces introduced before, also M? is complete.
However, translations are not isometries here (see also [16,
inequality (30)]).
Lemma 2. The translation operator A, is bounded on M?,
with norm w(x) = [|A Nl = 1 + |x|/K.

Proof. Without loss of generality, let x > 0. Choose 0 < 17 < x
and let y be the characteristic function of the interval [x —
1, x+n]. Suppose that K < x+#. Then, for T > K, the p-mean
(1/2T) j_TT |x(s)|Pds is largest for T = x +17, and its maximum
value [ x|l M is(n/(x + r]))l/ P Onthe other hand, the translate
A, x is a characteristic function centered at 0, and its norm in
MI}; islify > K and (n/K)l/P otherwise. Therefore

X + n
It = ol @2

The constant in this inequality is maximum for # = K and its
largest value is 1 + x/K. O

2.4. Stepanoff Spaces. Stepanoft functions, introduced in [1],
are those measurable functions whose Lf-norm on intervals
of length, say, 1, is bounded. The supremum of these norms,

SUP, R '[;H | |7, defines a norm for the Stepanoff space &7,

1 < p < oo. The Stepanoff space S coincides with L™
and is not considered in this paper. It is immediate to prove
(see Corollary 9 below) that the .#* -norm is bounded by the
S8P-norm, and therefore the Stepanoft space embeds into the
Marcinkiewicz space.

More generally, for every L > 0, one could introduce the
following L-Stepanoff norm:

159 x+L
R @3
However, we have the following.

Proposition 3. The norms | f II((;,“Q are equivalent for all L > 0.
Moreover, if Ly < L,, then

L L
(2) e < (1+ 1) . e



Proof. Forevery L, < L,,

) P 1 x+L1
(IA15) = sop - | 1A @

) (25)
1 (*the p_ L, (L,)\?
<swpp [ 1A= 2(IA)
Now let n € Z be such that
(n-1)L, <L, <nL,. (26)

Since the Stepanoff norms are clearly invariant under trans-
lations, we can limit attention to positive x and n. Now,

1 x+nL, . 141 (*Hk »
EIJ 1" = ZZL_IL )i, 177 @

x = +(j

That is, the mean over [x, x +nL, ] is the average of the means
over [x + (j— 1)L, x + jL,]. Hence

A5 <17l (28)

Then, by the two previous inequalities,

nlL 1/p nl 1/p
A5 < (52) Il < (52) 1. e

Now, by (26), nL, < L, + L,. Therefore (28) yields

nL, \/? Lo\/P
7 "E?L"Z)<<L_l> ||f||§§;)<(1+L_1> 1A%, Go)
2 2

x+jL
On the other hand, let a; = (1/L,) -[x+(j—11)L1 | f1P. Then
the following inequality is similar to (27):
1 x+L, 1 x+(n-1)L,
o L T
L, )« L, )«
(31)
LS L
= — a. =

L L
Hence || 1% = (L, /L) 71 1. O

Corollary 4. If f € S?, then its Weyl norm

1 x+L p l/p
:= lim sup( — J t dt) (32)
Ul o= i sop( [ 17 0
is finite.
Proof. It follows from Proposition 3 that
. (L) (L)
limsup | fll; < /s (33)
L— oo
for every L. Therefore
. @ _ g (L)
limsup | f]; < lim inf]| f].55- (34)
L— oo — 00
Therefore the limit exists; it is infinite if and only if || f ||;Lp) is

infinite for some, hence for all, L.
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The Weyl norm defines a normed space called the Weyl
space W?. This was one of the first bounded mean spaces
introduced in order to extend the definition of almost
periodic functions [2]. However, it was proved in [10] that the
Weyl space is not complete; therefore it will not be considered
in this paper.

3. Completeness

It is easily seen that the spaces M? and &* are complete.
Instead, it is considerably more difficult to show that .7,
hence /", are complete. The proof given here essentially
reproduces the ingenious argument given by Marcinkiewicz
in [9], except for correcting minor computational mistakes.

Theorem 5. The Marcinkiewicz spaces M* are complete.

Proof. Let {f,} be a Cauchy sequence in the Marcinkiewicz
semi-norm. Choose a subsequence {#;} such that

"fm - fni
In particular,
||f”i+1 - f"i

For the sake of simplicity, for every f € ./#f and A € R, we
rewrite the norm in Mf , defined in (18), as follows:

<27 forevery m > n,. (35)

AP

27 for every i. (36)

/%P<

_ - 1 (T pl/p
()= Ul = s (57 [ 1) - 67

Then, for every f € M, | fll ,» = inf,.,0,(f); therefore
0,(f,) is a Cauchy sequence.
Let us choose a sequence A; such that

Ay > 2M,,
6/\1' (f"i+1 N f”i) < 2_i'

We claim that the sequence f, converges to the following
function f:

(38)

fo(x), A <|xl <Ay, i=12,...,
= {Jn 39
S {o, if |x] < A,. (39)
Indeed, for m > 1 define
Dm = {Am < |x| < /\m+1}> (40)
and observe that
1 p\!? ;
_ _ -j
G| =) <l fol <2
(41)
and so
p 1-j
JD fnﬁ1 - fn]- <2 Am+1' (42)
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Nowlet A, < T < Ay,,. Then

T
[l eofac= [ f,cofax
-T |x|<A,

+ Zj |F ()= £, (o) dx

m=1

" Z J IF () - £, (0 dx

m=i+1

j If @) - f,, () dx
Ae<Ix|<T
=L+L+1+1,

(43)

Let us estimate the four integrals on the right-hand side.
Remember that & (f,) is a Cauchy sequence, hence uni-
formly bounded with respect to n. Therefore there exists a
constant C > 0 such that, for every i,

-
x|<A,

On the other hand, f = f, on D,,.So,for1 <m <1, from
inequalities (36), (42) and the fact that the measure of D,,
less than 2A,,,, , it follows that
1/p
de)

(J, lrsra) " =(, b5
pdx>l/P

s -_1 <JDm J

J=m

I, (x)'pdx <C. (44)

]

i-1
/ .
< (ZAerl)1 g z 2 e

j=m
2P, 1/p
< Ty tma < Aphma
(45)
for some constant A, depending only on p. Therefore
i i1
I < AI;, ZAWHI < AI;AiJrlZZ I < ZAZAiJrl (46)

m=1 j=0

by the first inequality in (38). The same argument for m > i

yields
1/p m-1 1/p
(I, y-slrax) "< 3 ([, -5l )
Dm
m—1
< (2/\m+1)1/P22 ic<n z+1+1/p/\1/P

j=i
m+1°
=i

(47)

Hence, again by the first inequality (38),

k-1
I < Z 2P <

m=i+1

pUTIPHLY < UTIPRLT (48)

Finally, by the same argument,

p, \'P
<J 'fn - fn- dx>
Al 7K i

Y k-1
P
<en'’ty (Lkgm 1,

T8) fnj
m=i+1

de>1/P (49)

< 27i+1+1/p)t1/p
k >

and so
I, < 207PT, (50)

Now, by (44), (46), (48), and (50); one has
1 T » 1/p C A

. _ Ap i+1

<2TJ_T'f f”f' ) <<2T+ rT

Therefore, the lim sup with respect to T satisfies the inequality

1
21+(1—i)p> /p

(51)

fo = fll e <2HP27 (52)
Now, finally, if n;

155 = Al <155~ ful o+ 1= AL

(1 +21+1/P)

< j < my,,, this and inequality (35) yield

53)
=Cc'27,

and the claim is proved, hence the theorem. O

4. Inclusions and Banach Space Structure

For the goal of understanding duality, it is appropriate to
discuss first the inclusions between all these spaces, and their
structure.

4.1. Inclusions. First of all, it is obvious from the inclusions
between L spaces over compact sets that M9 ¢ MPif1 < p <
q < 00,and the inclusions are continuous. The same is true for
the spaces M and &7, and for the Banach quotient .Z?. All
these families of spaces coincide with L°(R) when p = oo,
and obviously L™ embeds continuously in all of them, but in
this paper we do not consider the special case p = co.

Let us come to more interesting inclusions. It is easy to
see that §? embeds continuously in M* and .#?, as follows.

Definition 6. For every locally Lf(R) function f, denote by

A, (T, f) = (% J_TT |f(t)|Pdt)1/P (54)



its L”-averages and by

1 (T
AL =5 L FOdt (55)

the usual average.

Lemma7. ||f|,,» = SUP, ey 504 p (15 1.

Proof. If n < x < n+ 1, it is clear that

n n+1

()" 4,9y < 4, o) <

1/p
) Ay f).
(56)

X

Since x > 1 this yields sup,,,A,(n f) < lflye <
21/psupn>0AP(n, 1) O

Lemma 8. £l 5 < 2"Psup, |l fl gy ne

Proof. In computing the p power of the norm, that is,

1
SUP, R f;ﬁ | 17, just split the domain of integration [x, x+1]
into the intervals with integer endpoints that overlap it. [

Corollary 9. [ 1l 4o < Il fllppe < 1f 15

Proof. The first inequality is obvious. For the second, by
splitting the interval [-n,#] into 2n subintervals of length 1,
we see that 2nA (f,n)? < 2n||f||§,p; therefore, by Lemma 7,

(RATY? RN VA P2 O

Corollary 10. .77 is closed in M?.

Proof. Recall that 7P is the null space of the semi-norm;
hence it is obviously closed in .. If f, € 7¥ converges to f
in the norm of .7, then, by the first inequality of Lemma 8,
f. — f also in the seminorm of .#%; hence f € .77 since
¥ is closed in this seminorm. O

Remark 11. The embedding of &7 in M is proper; it is not
an isomorphism, or, equivalently, the norm of &7 cannot
be bounded by a multiple of the Mf-norm. Indeed, we
have already observed that translations are isometries on §?.
Instead, [[A,(f)ll,;» tends to 0 ast — +oo for every f with
compact support.

As a consequence of Corollary 9, one has a continuous
embedding M? c .?. Therefore the embedding is projected
onto the Banach quotient .Z”; one has M?/.7? ¢ JI°. 1t
turns out that these two quotients coincide. This has been
proved in [17, Proposition 2.2(ii)]; here we give a slightly
different proof.

Proposition 12. /4" = 4 | 7P is isometrically isomorphic to
MP[7P.

Proof. We have already observed that the latter quotient is
embedded in the former, and, for every f € M?, one has

I £z < 1 fllage) g0 Let 7 denote the coset of f mod.7?. We
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only need to show that the coset f of every f € ./* contains
a function in M? and the norms are equal.

Let f € ? and a > 1, and denote by f, the function
that coincides with f outside the interval [-a, a] and is zero
inside: f, = f — fX|_o4)- Observe that fx;_,, € 7 since
it is compactly supported. Moreover, | f,ll ,» = I fll ,» for
every a, because the semi-norm of a function in .#” does
not change by adding another function with semi-norm zero.
Now, ifa > 1,

Ifallaer = sup Ap (T, fo) = sup A, (T, f,) < sup A, (T f).
T=1 Tza Tza
(57)

Therefore

1f1Le = 1 fall o = limsup A, (T, f)

. . (58)
= ;rg STI;}; A, (T, f) = ig{"faHMP'

As f, = f = fX[_aq belongs to the coset of f modulo .77
and | f,| < |f|, this shows that, for a large enough, this coset
contains functions with finite M?-norm, and

||7||MP/jP = inf{“f - g”MP U jp}

. (59)
<inf[ ol = 1f1 o

4.2. Tensor Products

Definition 13. From every sequence B, of Banach spaces of
functions on R, one obtains a product Banach space ®,,B,,
by taking the completion of all finite linear combinations of
functions f, € B, in the norm
1/p
p
Bn> , (60)

Yot = nt (S,

where the infimum is taken over all possible decompositions
of f of this type. Similarly, for every sequence a, € C, one
introduces a weighted product ®y, B, where the norm is

defined by
1/p
chfn =inf <Z|an|P|cn|P||fn §n> . (61)

It is clear how to extend these definitions to the case p = oo,
or to products over ¢, instead of £7.

When we consider spaces of functions over disjoint
intervals, for instance if B, = L'(I,), where I, = [n,n + 1]
or [2",2"'], then the above representations are unique (up
to normalization), and we can choose f, to be the truncation

fxi, andc, = 1.

171 =

1=

Remark 14. Tt follows from Lemma 8 and Definition 13 that

P_ orP
S ,%,L [n,n+1]. (62)
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4.3. The Predual of M? and Tensor Products. We now con-
sider another Banach space of functions with appropriate L?
averages, the space EY, introduced in [16], that is defined as
follows. Let 1/p + 1/q = 1, and ¥, = ), and y; =
X[=2k+1 2k + X2k 2k+1]- Then

SR TRV L LA BTN
k=0

We also recall that the null space .7* of the Marcinkiewicz
semi-norm, endowed with the norm of M?, is a Banach space.

Now the following result, proved in [16, Theorems 2 and
3], is easy.

Proposition 15. (i) One has E? = ®;1(;,m0))LI(],,) with ], =
[-2,2] and ], = {x : 2" < |x| < 2"}

(ll) Also MP? = ®€oo({2—n/p})Lq(In).

(iii) If p, q are conjugate indices and 1 < p < co, then MF
is the dual space of E? (it will follow from Theorem 60(iii) that
M, is not a dual space).

(iv) Moreover 7P = ®C0({2-n/p})Lq(]n).

(v) If 1 < p < oo, then EY is the dual space of 77.

Proof. We give a sketch of the proof. Part (i) follows directly
from the definition of E%. Let d; = ||f1;/k||p (for k > 1 this is
just 2oklp ). Then part (ii) is equivalent to the statement that the
M?P norm is equivalent to ||| f||| := supk>12_k/Pdk; we outline
the argument of [16, Theorem 2]. Let A := AP(Zk, [fIP) =
A% ,|fIP)? and observe that 27%/Pd, < A, < 11 e
Therefore |||f|ll < [fIl ,». For the opposite inequality, let

T > 1and choose k suchthat T € J,_,.Letg = f on [-T,T]
and zero elsewhere. Then

A, (T, f) = A, (T, g) = A(T, | £/)""*
1/p
<(3) actum)”

k e (64)
< 21/pA;c/p _ 2(1—k>/p< Zdﬁz>

m=1

Kk Up
< z“)/f’( zzk) 1Al <clistl.

m=1

This proves part (ii). The rest of the proof follows easily from
this. O

Remark 16. For p = 1, the duality property of Proposi-
tion 15(iii) does not hold; M" is strictly smaller than the
dual of E®, because the restrictions of the spaces M? and
E? to functions supported, say, in a dyadic interval ], are,
respectively, M? = LP(],) and E? = Li(],). Similarly, for
p = oo the duality of part (v) does not hold, because the
restriction of F to the dyadic interval J, is L(],,).

Remark 17, 1t is easy to see, as in [15, Theorem 3.1.C], that
compactly supported functions and Schwartz functions are

dense in EZ. It has been observed in [16, Theorem 2.E] that
the same is true for the null space ¥ of the semi-norm.
Therefore E? and .77 are separable, and translation is strongly
continuous on them. Instead, M?, .Z*, and M’ are not
separable, as we show in the next theorem.

4.4. Separability. It follows from the tensor product structure
of &P (Remark 14) that &7 contains a closed subspace
isometric to £*° and therefore is not separable. For the same
reason, M? is not separable, by part (ii) of Proposition 15.
Following [7, Proposition 2.5], we now show that .#* and .ZZ*
are not separable.

Theorem 18. For all p > 1, the Marcinkiewicz spaces M* and

AP contain a closed subspace isomorphic to €°; hence they are
not separable.

Proof. We start by building a sequence of intervals with larger
and larger distance and length. Start with g, = 0 and §, = 1
and leta, = 2"b,_, and b, = 2"a,,. Then b,_,/a, = 27", so

1 (%
2a J (Xtar 0 * Xt sma1)

-a,

(65)
BYE 1
T a )y Mabd < on
buta,/b, =27",s0
1r’n( . )_1rn o]
26, )y, Mo bl T X0, —a)) = | Kanh ] = 5T o
(66)

In particular, lim, A(b,, X(4 51 + X{-5,-a,1) = 1. Hence, if we
denote by {7,,n € N} a partition of N into a sequence of
infinite subsets and let f, = Y1c 7 (X(a,6] + X(-b-a,))> then
limsup,_, JA(T,|f I?) = 1, because there are infinitely many
intervals [a, b ] with k € 7, all disjoint, and A(T, |f|?) <
A(T, 1) = 1. Then, for every sequence ¢, with sup,|c,| = 1,
the function f = Y2, ¢, f,, satisfies

o0

|fl < Z (X[a,-,bj] + X[*bjf“j]> ’ (67)

=0
1Fler > 1 (68)
(the last statement holds because, for every € > 0, there is n,

such that |, | > 1 - ¢, and 11 = ||fn£ ||/m because all the
f, are nonnegative).



Let now k be the integer such that aq, < T < a;,,. Then,
by (67), the fact that Z;?:kﬂ Xia, ;) has support in (T, 00), the
disjointness of the intervals, and (68), one has

k p
(T|f|P)<A< Z;,)(X[ab]+x v—a])>
iz
1 (T a k-1
g?J Xiaph) * J ZX[a ;] (69)
S
SHZWSZ

j=0

S0l <Y cufull 4o < 2'P_Therefore the closed subspace
of M* generated by the sequence {f,} is isomorphic to £°°,
and the same argument also works for .. O

5. The Dual Spaces of M? and ./’

The Riesz representation theorem shows that all continuous
linear functionals on L¥ spaces can be represented as (inte-
grals versus) functions in LY, and so they depend mostly on
the values of the L functions on compact sets. Our aim here
is to show that, on spaces of locally summable functions, that
can be large at infinity, some continuous functionals depend
on asymptotic values and cannot be represented by functions
in the usual integral sense (we shall see that most of them
can be represented by integrals of means). Continuous linear
functionals on Marcinkiewicz spaces have been studied in
[7] on bounded p-mean spaces, in [16]. We present these
results here and construct interesting examples of functionals
that are not represented by functions; in the next Section, we
extend these results to Stepanoft spaces.

5.1. Functionals on Seminormed Spaces. Let us consider the
dual space of the Marcinkiewicz space .#*. This is a complete
semi-normed space but not a Banach space. It is clear that its
continuous linear functionals are precisely those that factor
through the null space 7% of the semi-norm, that is, the dual
of the Banach quotient ./Z° = P ].57?.

Indeed, all continuous linear functionals on a semi-
normed complete space W vanish on the null space I of the
semi-norm, because if F € W' does not vanish on I, then
F(w) # 0 for some non-zero w € I, but |wly, = 0 because I is
the null space of the semi-norm; hence there is no constant C
such that |[F(w)| < C|lwlly,. The converse is obvious.

Since every compactly supported L? function is in 77,
the dual of .#* does not contain non-zero functionals that
can be represented as L? functions; that is, it consists of linear
functionals that depend only on the asymptotic behaviour
of Marcinkiewicz functions. Here are the two most natural
ones, defined and continuous on a closed subspace of .#* and
thereby extended to continuous functionals on the whole of
? by the Hahn-Banach theorem:

(f) = lim —j oy (70)
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There are interesting instances of .#*-discontinuous
functionals defined on appropriate subspaces of .#F. For
instance, the functionals

L*(f) = _lim f(x), (71)

defined on the subspaces ]; of functions vanishing at infinity,
are discontinuous. The lack of continuity is equivalent to the
fact that the subspaces ]; are not closed in .#*; the proof of
this elementary fact will be given in Corollary 50.

Here are some other interesting .#* -discontinuous func-
tionals. For 0 < o < 1, let

:{feﬂpzj roPa-o@)} @

asT — +oo. Itis clear that W, = .#? and, fora < 1, W, is
contained in the closed subspace of . of the functions with
semi-norm 0; in particular, these subspaces are not dense in
AP Moreover, W, ¢ Wgifa < .

Since W, is a subspace of the null space of the semi-norm,
the only linear functional that is continuous in the semi-norm
of /7 is the zero functional. We now exhibit some interesting
nontrivial (hence discontinuous) linear functionals on W,.
For simplicity, we first describe them in the case p = 1:

L5 (f) = lim —J Fdr. (73)

Clearly, ﬁl =0ifa < .

Holder’s 1nequa11ty shows that, for p > 1, the correct way
to define U, and L is by replacing T* at the denominator
with 71~ (1=)/p

In the next sections we expand these ideas to achieve a
more complete representation, developed in [7], where the
above Hahn-Banach extensions are reinterpreted as Dirac
measures on the points at infinity of a suitable Stone-Cech
compactification.

5.2. Uniformly Convex Normed Spaces

Definition 19 (see [18]). A normed (or semi-normed) space is
uniformly convex if, for every ¢ > 0 and all vectors f, g in
the unit ball such that || f — gl| > &, there exists §(¢) > 0
such that (1/2)[ f + gl 1 — 8(e). The function &(e) is
called the modulus of convexity; its geometrical meaning is
the infimum of the distance from the midpoint of f and g to
the unit sphere (the boundary of the ball). Observe that § is a
nondecreasing function of ¢.

The following results are stated without proof in [7].

Lemma 20. (i) Let V' be a uniformly convex space and £ be
a continuous linear functional on V' of norm 1 that attains its
norm at a vector f with | fll = 1, in the sense that £,(f) = 1.
Then, for every g in the unit ball B of V with | f — g( > ¢ one
has l€s(g)l <1- 26(¢).

(ii) The same statement holds if | g| <
and ¢ attains its norm at fIfI

IfI<Llf-gll>e
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(iii) If, more generally, f and g are any vectors in the unit
ball Bsuch that || f — gll 2 e and || f| > 1 — ¢/2 and ¢y attains
its norm at f/| 1, then £:(g) < 1 - 23(¢/2).

Proof. We can restrict attention to the bidimensional sub-
space of B generated by f and g. The proof is illustrated in
Figure 1. For simplicity, we have drawn the figure under the
implicit assumption that the restriction of the B-norm to this
bidimensional space is the Euclidean norm, and indeed the
spotted line that represents the hyperplane {h : ¢ (h) = 1} is
drawn as perpendicular to the radius of the unit ball, but the
only property that we are using is that all of the ball is on one
side of this line, that is, we only use the fact that the ball is
convex: that is, the triangular inequality.

Part (i) follows by considering the segment B in Figure 1,
drawn from g to the hyperplane {¢; = 1} and orthogonal to
this hyperplane, whose length is Ef(f) - L’f(g) =1- Ef(g).
This segment is twice as long as its parallel segment A drawn
from the mid-point (f +g)/2, and in turn A is longer than the
distance between the mid-point and the unit sphere, hence
longer than &(e).

For part (ii), it is enough to observe that, whenever | g|| <
[ £l < 1,the distance from f/|| f|l and g is larger than || f — gl
and to apply part (i).

To prove (iii) consider the triangle whose vertices are
f/IfN, f,and g. We may as well consider the worst possible
case where the segment from f to g has maximal length
| f — gl = e The segment from f to f/|| I has length larger
than or equal to &/2. Hence the third side, from f/| f| to g,
has length € not less than € — /2 = ¢/2. Now part (i) and the
monotonicity of § yield L’f(g) <1-26(8) <1-28(¢/2). O

Proposition 21 (see [18, 19]). For 1 < p < oo, LP[0,1] is
uniformly convex. Its modulus of convexity 8, satisfies

8P(s):1—<]1—(§>p (74)

ifp=2,and
d, (&) =6, () (75)

if1 < p < 2 and q is the conjugate index.

5.3. The Dual of MP?: Integral Representation of Norm-
Attaining Continuous Functionals. Now we describe the dual
of the spaces of bounded p-means, studied in [7, 16]; in
particular, we describe an integral representation, obtained
in [7], for those continuous linear functions that attain their
norm. All the forthcoming results on integral representa-
tion are taken from [7]; our proofs are more detailed and
expanded than those in the original paper.

We start with some easy comments on functionals that
attain their norm.

Lemma 22. (i) Let V be a Banach space and V' its dual space.
Then every element of V, regarded as a functional on V', attains
its norm on some element a € V'. In particular, all continuous
functionals on reflexive spaces attain their norms.

FIGURE 1: Estimate for £;(g) if | f — gll > € and f has norm 1.

(ii) Every real finitely additive finite Borel measure on a
Borel space X, regarded as a continuous functional on L*°(X),
attains its norm. The norm is attained on a function that has
modulus 1 on the support of the measure. The same is true
for complex-valued finitely additive measures on R provided
that they are absolutely continuous with respect to Lebesgue
measure.

(iii) If X is not compact, finitely additive measures are
continuous functionals on C N L*(X) (by restriction from
functionals on L™ (X): so, not all continuous functionals on this
space are given by countably additive measures. A real finitely
additive measure y attains its norm on C N L (X) if and only
if it is positive.

(iv) Not every (countably additive) finite (real or complex)
Borel measure on R, regarded as a continuous functional on
C(R), attains its norm, but it attains its norm if it is positive
(up to multiplication by a constant).

Proof. We first observe that, for every b € V, there isa €
V' such that {a,b) = ||b||. This is trivially true in the one-
dimensional subspace V generated by b, for some linear
functional @ on V; the requested element a € V' is the norm-
preserving Hahn-Banach extension of @ to a functional on the
whole of V.

Then, for every b € V, (b,a) = (a,b) = ||b|; therefore b,
as a functional on V', attains its norm. This proves part (i).

The real finitely additive finite Borel measures ¢ on a Borel
space X are the continuous dual of L°(X). Let x, and y_ be
the characteristic functions of the supports of the positive and
negative parts of y, respectively. Then [Jull = |u|(X) = u(x, -
X_). This proves the first half of part (ii), and it also proves
parts (iii) and (iv); a real countably additive measure attains
its norm if and only if it is positive (because it attains its norm
only on the function y, — x_, which is discontinuous unless
one of its two terms vanishes), or, slightly more generally, if it
is a constant multiple of a positive measure.
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Let us show that an absolutely continuous measure on
L®(R) attains its norm as a functional on L®. Indeed, if
u(E) = fR Xghdx for every measurable set E and for some

h e L', then

Jell = Il ®) = | 1h 1
R
(76)
_ J efiphaseh(x) h(x)dx = u (efiphaseh) )
R

In general, though, discrete non-positive measures on R do
not attain their norm,; for instance, let {g,,} be an enumeration
of the rationals and let y = Y, (—1)"2_”8qn; since Q is
everywhere dense in R, there is no continuous function f
such that f(g,) = (-1)", and so u cannot attain its norm as a
functional on C(R).

To finish the proof, let us provide examples of continuous
functionals on C N L*(R) that are not represented by
countably additive measures. Consider the closed subspace
of C N L of functions that have a finite limit for, say,
x — +4o0o. The limit lim, _,, f(x) is continuous on
this subspace, and, by Hahn-Banach theorem, extends to a
continuous functional on all of C N L™ that vanishes on all
compactly supported functions. Represented as a measure y,
this functional vanishes on all bounded sets but y(R) = 1;
therefore p is finitely but not countably additive. O

Definition 23. For every locally L function g on R, let f, be

the operator on L defined by

I

lg (0
g (x)

npg = gﬂ (x) = _ |g (x)IP‘le—iPhaSC(g(X)) (77)

if g(x) #0, and g' = 0 otherwise (here as usual, for z € C,
z= pe'e, we write 6 = phase (z)).

Lemma 24. If p,q € (1, 00) are conjugate indices, and g € L?
on an interval (or a measurable subset of R). Then g* := l,g €

L% and || g"llz = g||§ . Moreover, the operator p s the inverse

of iy

Proof. If g € LF, one has g' € L9, because 1/p + 1/q = 1
implies that (p — 1)g = p, and so I g"ll, = Igl5'* = g5,
Finally, if g € L?, then

P (p—-q p
@) _ gl - glgL o o8
g l9I°/g |4l

again because (p — 1)g = p. O

lylipg (x) = uq(

Proposition 25. Let p,q € (1,00) be conjugate indices, let y
be a o-additive finite Borel measure on [1,00] and ¢ € M1(R).
If A is the average operator introduced in Definition 6 and € is
the functional defined on M? by

(]

e = | ATHg)du(), (79)

1
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then € is continuous on MF, and

ter< | AT Ie) "l 1) < [l el
(80)

L A(T,|9]") dut () < Nl |-
Proof. The first inequality follows from Holder’s inequality,
because
«© q\Y4 py\l/p
€ (h)| < 1 A(T,|¢|") ™ A(T,P) Pdp(T)
(81)
00 1
< L AT |8") ™ dp (T) 1Al

If ¢ € M% by Lemma 24 one has ¢" € M?, ¢¢" = |¢|%,
and [[¢*l,. = ||¢||§,/1§ = ||¢||?V;ql- Therefore

L“’ A (T du (T) = £ (%) < el | plso | < el ]
(82)

This is the second inequality of the statement. O

Definition 26. Denote by U(M?F) the subset of M? of all
functions of norm 1, by K, the Cartesian product [1, co] X

U(MPF), and by B(K p) its Stone-Cech compactification.

Lemma 27. For 1 < p < co and f € M define the weighted
mean operator f' on K, as

1(T,¢) = A(T, f$). (83)

Then f' is an isometric isomorphism from MF to C 0 L®(K,)
and therefore also from MF to C(B(K,)). In particular, the

R-subspace of M¥ that consists of real valued functions is
isometrically isomorphic to the spaces of real valued functions
inCn L°°(Kp) and C(B(K,)).

Proof. Observe again that, since 1/p + 1/q = 1, one has

pq = p+qhence (p—1)q = p;thatis, p -1 = p/q.
Therefore Lemma 24 shows that if ¢, = f*/[ 127, (notation
as in Definition 23), then

ol = 1. (84)

This yields an inequality between the two norms:

supps; A (T, |f|p)

=/l
i "

(85)

IF1],, > sup A (T, i) =
T>1

Let us prove the converse inequality. Observe that, again by
Holder’s inequality (86) for every (T, ¢) € K, one has

£ (T.9)| = |A(T. f9)] < A(T. | £17) """ A(T: Jg)") "

= A,(T. ) A, (T.9).

(86)
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This and (84) imply that
suplf (0] < Wl = Ul @)

Hence

1 < 1 e (88)

This proves the converse inequality. The last statement follows
from the fact that every continuous and bounded function
on K, has a unique continuous extension on the Stone-Cech
compactification, and the extension is an isometry (see [20,
Chapter 6]). O

Corollary 28 (the dual of MF). The space of continuous
functionals on MP, 1 < p < 00, is isometrically isomorphic to
the space M(B(K,)) of countably additive regular finite Borel
measure on B(K,,) and to the space m(K,) of finitely additive
regular finite Borel measures on K, in the sense that every

functional € € (MP)" can be uniquely written as

(=] SEd=] T @)

withv € M(B(K,)) and v € m(K,) such that ||€]| = |[7]| = V],
and conversely.

The extreme points in the unit ball of (MP)" are the Dirac
measures on B(K,), or the extreme points in the unit ball of

m(K,); these correspond to the functionals f — (T, ¢)
where ¢ is an extreme point in the unit ball of M? and T €
[1,00), plus the purely finitely additive measures in the sense
of the forthcoming Definition 31. (Necessary and sufficient
conditions for extremality in the unit ball of M4, for 1 < q < oo,
will be given later in Theorem 60.)

Proof. Recall that, for every Borel space X, the dual space
of L°(X) is m(X). By restriction, the dual space of C N
L™(K,) is again m(K,). More precisely, as C N L% is a
norm-closed subspace of L, its dual space is the quotient
of m(K,) = (LOO(KP))' obtained by identifying two finitely
additive measures that give rise to the same functional when
restricted to C N L*(K,); apart from this equivalence, the
dual of C N L°°(KP) is isometrically isomorphic to m(KP).
Then the isometric isomorphism between C N LOO(KP) and
C(B(K,)) induces an isometry between the respective dual
spaces M(ﬁ(Kp)) and m(K,).

The characterization ofiextreme points, whose details are
left to the reader, follows from this. OJ

On the basis of the isomorphism between M (3(K,)) and
m(Kp), from now on, with abuse of notation, we shall write
the measure in M (/S(Kp)) corresponding to v € m(Kp)
again as v. The representing measure can be described more
precisely for functionals attaining their norm, as follows.

Theorem 29 (integral representation of functionals on M?
attaining their norm). Let p, q be conjugate indices, with
1 < p, g < oo, and € a continuous functional on M’ that

1

attains its norm. Then, for some ¢ € U(M?) (notation as
in Definition 26) and for some finite finitely additive positive
measure y on [1,00], one has

e =[5 @) duc) 0

for every f € MP. Moreover, y > 0, ||lull = ||€]l, A(T, |$|F) = 1
on the support of y and € attains its norm on ¢".

Conversely, let £ be a functional as in (90), with respect to
a finitely additive measure . Then this integral representation
of € is unique (except for the identification mentioned in the
proof of Corollary 28), and € is continuous on MP. Moreover,
¢ attains its norm if and only if the measure y is positive, and
A(T, |¢|P) = 1 on the support of .

Proof. Without loss of generality, assume || = 1. By
Lemma 27 the dual of M? is isometric to the space of
countably additive measures on [a’(Kp); therefore, for some

V€ M([)’(Kp)) with ||| = 1 and for all f € M?, one has
_ T
(=] s o1

Let g € M? be a function on which £ attains its norm: £(g) =
1.Since 1 = [|€|| = sup{|€(W)| : IVl 5> = 1}, onehas|gll,, = 1,
and by Lemma 24

'

Denote by F the subset of /J’(KP) where IgTI attains its
maximum value (i.e., 1, by Proposition 25). Consider the
family @ of all nets (ie., ultrafilters) (T,,¢,) in K, that
converge to points of F.

As g and ¢ have norm 1, it follows by (86) that, for every
(T.¢) € K,

M4 = ||g”MP =L (92)

1 1/
o' o) =1aTg0)l < |4 (T 1ol a(rlel)| "

S ”g"MP ||¢||Mq =1.
(93)

Therefore, if {(T,, ¢,)} € O, then the interval [-T,, T, ] must
verify the condition

1
lim|A (T |g]")| " = 1 = 9] (94)
Since the measure v in (91) has mass 1, by (93) v must be
supported in F. We make the following Claim I: for every
f € M?,z € Fand for every net {(T,, $,)} in @ that converges
to z, one has fT(z) =1 = limafT(Ta,g”) (notation as in
Definition 23), and so

' < sup s (T.0")]- (95)

Indeed, remember that gg* = |g|? by Definition 23, and
choose any point in F and let (T,,¢,) be a net in @ that
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Lgg") = (1)2T,) [
I gll A DY (94). This proves Claim 1.

In the remainder of this proof, we keep notation more
compact by writing LY := L([-T,, T,] ,1/(2T,)). Denote by
¢, the continuous functional on L? given by

converges to it. Then A(T, |g|P - 1=

b (f) = A(To of

Then, by (94),

el =

1 (%
)= 31 J_Ta gfdx. (%)

1/p
= (o [ labax) = 1=lal
(97)

We make the following Claim 2: the functional £, attains
its norm at gu/llg” IILq

Indeed, [lg%]4 = | g||P/q by Lemma 24, and pg — p = q
because p and q are conjugate indices. Therefore

b b T, P
Ea<—£§ >=A<Ta, gug >=LJ' |g|/ dx
lg* . 1) 2T gl

= lgl,""" = lgls = 2] -

(98)
This proves Claim 2.
Now observe that
. _ T ]
horcn|A (T(x’ g¢a)| =1= hgan(Toc’ 99 ) (99)

= lim A (T,, |gl") = lim ],

Indeed, the last identity for || gIIP has been proved in (94). On

the other hand, |A(T,, g¢,)| = g'(T,,¢,) — 1 by continuity
of g'. Tt follows from these two 1dentities that

Ttx’ g¢o¢)| -A (Toc’ |g|p)) =
Next, we prove the following Claim 3: lim sup  A(T,, ¢, —
gh=o0.
Indeed, suppose that lim sup, A(T,, ¢, — g*) > & for
some ¢ > 0. Then, for infinitely many values of &, one has

lp, — gu”L‘L > ¢ Then it follows by part (iii) of Lemma 20
that

2ol < (2] (1-25(5)) =laliz (1-25(3))

(101)

On the other hand, Z,(g") = A(T,.|gl*) > II?’,XIIIIg”IILg B
gl ||g 2 = ||g||1+‘D/q by Lemma 24. In particular, Ea(gn) >
0. Therefore,

2 (9") % (90)] & (97) - [fu (8]
ugu“"/q lol.; (1 -2(3)).

lim (JA ( (100)

(102)
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Since ||g]| =1 by (94), the left-hand side is bounded below

by &(e) for infinitely many o’s. This contradicts (100), thereby
proving Claim 3.

By applying again Holder’s inequality (86) to Claim 3, we

finally obtain

. 1 b

limA (T, fé,) = imA (T, f9") (103)

for every f € MP. Hence, for every z € F and every net
converging to z,

f1(@) = 1imA(T,, ')

Now, by (90) and (95) and the fact that » has support in

(104)

F)

le ()l <

-l e

< sup 'fT (T,gn)| .
T>1
(105)

L(x 14

The functional 7(f") = supys,|fT(T, g")| is a nonnegative
homogeneous subadditive functional on C(S(K P)). The pre-
vious inequality and Hahn-Banach theorem yield a norm-
preserving extension of ¢ to a continuous functional on
C(B(K P)), which is a countably additive measure ¥ on (K P)’
such that Y] = 1 and [(W, f)| < 7(f) for every f ¢
C(B(K P))‘ The previous inequality implies that ¥ has support
in B([1,00] x g"). Since fB([1,00] x g") is isomorphic to
B([1,00]), one has B([1,00] x g") = P([1,00]) x g" (in
particular, ¢ = g%, and ¢ attains its maximum on g = ¢,
by the last statement in Lemma 24).

Define a finitely additive measure on [1, co] by restriction:
for every Borel set E in [1,00] let u(E) = W(E x g”). Then
lull = 1 and (91) becomes

e(f) = LOO (T, g")du(T). (106)

As | g” [, = 1, the integrand has modulus less than or equal
to 1 for every f in the unit ball of M?. On the other hand,

1=2£(g) = LOO A(T, |g|?) du(T). As ||ull = 1, the measure u
must be positive. Moreover, A(T, |g|?) = 1 on the support of

Y.

[ fldv = O.fh,
where v is the finitely additive Borel measure on K, given by
v = uxd,. This integral representation is uniquely associated
to an integral representation over (K o) of the form ¢(f) =

Conversely, let us write &(f) =

jﬁ(K ) f'd¥. The measure 7 is unique because the map f —
P

fT is onto C(ﬁ(KP)); hence also v is unique on C N L°°(KP),
so, there is only one such integral representation for €. By the
isometric isomorphism of Corollary 28, ¢ attains its norm
on M if and only if the functional given by v = u x 8, on
CNL™([1, 00] X ¢) attains its norm. This means that £ attains
its norm if and only if g attains its norm on C N L*[1, co].
By Lemma 22, a sufficient condition for this is ¢ > 0. If we
restrict attention to the space M¥ over the reals (consisting
of real valued functions), then this condition in Lemma 22
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is also necessary. But the necessity holds in general also for
complex spaces, as we have shown in the first half of the proof.
That proof also shows that A(T, |$|?) = 1 on the support of u
and £(¢") = 1. O

Remark 30. The previous proof makes use of the Stone-Cech
compactification of the cartesian product [1,00) x U(M?).
It is important to remember that, in general, the Stone-Cech
compactification of a cartesian product does not coincide
with the product of the compactification (for an example,
see [20, Chapter 6, problem 6N2]), and so the points of the
compactification have not be written as pairs, as is done, for
the aim of brevity, in the original reference [7, Lemma 4.3].

We now apply the Yosida-Hewitt decomposition theorem
for finitely additive measures [21]. We need the following
definition.

Definition 31. A Borel measure y on a topological space X is
purely finitely additive (p.f.a.) if whenever » is a nonnegative
countably additive Borel measure on X bounded by y, in the
sense that 0 < v < |y, then v = 0.

The Yosida-Hewitt decomposition theorem [21, Theorem
1.24] states that, for every finitely additive Borel measure y,
there exists a unique pair of Borel measure y;, y, with g,
countably additive and p, purely finitely additive, such that
Y = yy + W, If y is nonnegative, then so are y; and y,. As a
consequence one has the following.

Lemma 32. If u is a purely finitely additive positive measure
vanishing on sets of Lebesgue measure zero, then u(f) = 0 for
every measurable function f that vanishes at infinity.

Proof. Since the finitely additive measures vanishing on sets
of Lebesgue measure zero are the Banach dual of L, then the
restriction of such a measure y to the space C,, of continuous
functions vanishing at infinity yields a continuous functional
on C,, hence a countably additive measure. This restriction is
dominated by y, and so it must be zero if u is purely finitely
additive. O

Corollary 33. For 1 < p < 00, let € be a norm attaining
functional on FP. Then, for some ¢ € U(MT) and for some
positive countably additive measure p on [1,00] with ||ull =
I€ll, one has

(=[5 @) dum) 107)

for every f € FP.

Proof. Let £ be a norm-preserving Hahn-Banach extension of
¢ to M?. By Theorem 29, we know that

(= [r @) du (08)

for some finitely additive measure ¢ and ¢ € U(M?) defined
as in Proposition 25. Now the previous Lemma states that

13

the purely finitely additive measure y, in the Yosida-Hewitt
decomposition y = y, + p, satisfies the identity

LOO (T, ¢)du, (T) =0 (109)

forevery f € 77, because lim; _, . f'(T, ¢) = 0 by definition
of null space.

Let G¢ be a function on which ¢ attains its norm. Then,
by (92), £(Gy) = |Gyl = 1. Therefore [ (T, ¢) du(T) =
E(G¢) = 1. Moreover, by (93), the integrand is bounded by 1.

Since ||y, || < 1, the measure y; must be positive and of norm
1. O

We now extend this result by proving that, on .77, the
condition that the functional attains its norm is not needed.

Theorem 34. For 1 < p < oo, all continuous linear
functionals on FF (attaining their norm or not) can be
represented as in (79).

Proof. By Proposition 15(iii), M¥ = (Eq)' forl < p < oo,
and part (v) of the same Proposition states that E9 = (.77 )'.
Then, by Lemma 22(i) (with V = #7 and V' = M? = (E))
every element of E? = (.77 )' attains its norm as a functional

on (E9)' = MP. Now the statement follows from Corollary 33.
O

Our next goal is to provide a similar integral represen-
tation for the dual of the Marcinkiewicz Banach quotient
AP = MP|FP, 1 < p < oo. For this we need to remind
and extend some previous results.

Proposition 35. Let 1 < p < 00.

(i) MP is the bidual (77)".
(ii) Regard the predual (7)' of MP as a subspace of
(MP)'; then

(MP) = (57) & 77" (110)

(iii) For every €, € (7) and €, € 7%, ||e, + &,]l = ll&,]| +
€, 1.

(iv) For every coset f € MP 7P there exists f € MF such
that | fllye = I fllpge) 50 = min{l f + gl : g € 7).

Proof. Part (i) follows obviously from (iii) and (v) of Proposi-
tion 15, and part (ii) is a direct consequence. Without loss of

generality, we prove part (iii) in the case where ||, = [|6,]| =
1. For every € > 0 there exist f, € 77, f, € MF with
Ifl=1 a(f)>1-e. (111)

The fact that || f;[|,,» = 1 amounts to say that

A(T,|f]) =1
sup (T.1£]) (112)
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On the other hand, since ¢, € (F? )', the representation (79)
holds.

Since f, € #F, we can approximate it (and therefore
replace it) by a compactly supported function, which, by
abuse of notation, we denote again by f,. More precisely, we
choose f, supported in [-a, a] where a > 0 is so large that

(I) if u denotes the representing finitely additive measure
in (79), then u(a, 00) < &

(I1) A(T, |f,I?) < & for every T > a (this is possible
because f; € JP).

Let C be the complement R \ [—a, a]. It follows from (II) that

1/p
= e

1/
I faxcl = sup A(T. | ol xc) * = sup A(T. | £ xc)
T=>1 T=
(113)

Since f; has norm 1, the function f = f; + f, ) satisfies the
inequality

Ifl=1+e (114)

On the other hand, by (79) and Holder’s inequality, as in (93),
&, (faxo)l < L |A(T, faxc$)| du (T)
=J.|ACRh¢NmNT) (115)

<f4mWWmemw

But A(T, |$|)"/? > 1 by (84), and || f,] = 1. Hence, by (1),
[€,(fxc)| = €. Now observe that &,(f;) = 0 as f; € 77 and
¢, € I Moreover, &(f,x0) = &(f2) = &(FXcaa) =
¢,(f,) because the compactly supported function f,x(_s4

belongs to .#¥ and so it is in the kernel of ¢, € 77", By all
this and (111) we have

(6 +86)(f) =6 (fi) e+ & (faxc)

(116)
=6 (fi)+6(f)—e>2-3e
It now follows from (114) and (116) that
2 -3¢
b+ 6 > inf =2. 117
ey + & 0 S (117)

This proves part (iii). Part (iv) is a bit more technical. Indeed,
in the terminology of [22], the statement of part (ii) says that
JP is an M-ideal in M?, and then [22, Corollary 5.6] shows
that for every f € M? there is some g € .77 such that

1S =gl = inf{1f = Pllae : h€ TP = [f + 7P ygn o
(118)

This proves that any coset F in the quotient M¥/.7? has a
representative f such that |Fllyp, 7 = Il fll ., hence (iv). [J
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5.4. The Dual and Predual of M*: Integral Representation
of Norm-Attaining Continuous Functionals. Computing the
predual of .Z” is now an easy job; by Proposition 15 and
Proposition 12 it is clear that the predual of /#” = 4 ].7F =
MP /7P is exactly the annihilator of .77 in E? (the predual of
MP, considered here as a subspace of the dual of M?).

It is slightly more difficult to extend to integral rep-
resentation theorem for norm-attaining functionals to the
Banach quotient ./Z”. We begin by remarking the following
immediate consequence of Propositions 12 and 35(ii).

Corollary 36. Let 1 < p < oo, and denote as before by .7°*
the annihilator of 7 in (MP)'. Then the following hold.

(i) The dual of AL* is isometrically isomorphic to 7P

(ii) The norm of a functional € € MP ~ MP|. 7P is the
same as the norm of the lifting of € to a functional on
MP . In particular, € attains its norm on AL* if and only
if its lifting attains its norm on MP?.

Let us now begin to assemble the ingredients of our
integral representation theorem.

Definition 37. A finitely additive measure ¢ on a measure
space X is supported at infinity if 4(E) = 0 for every bounded
measurable set E C X.

Remark 38. 1t follows from Lemma 32 that a purely finitely
additive measure is supported at infinity.

Corollary 39. If f € AP and ¢ € M, then the limit of
A(T, f¢) as T — o0 does not depend on the representatives
of f and ¢ in the respective FF cosets.

Proof. This s an easy consequence of Holder’s inequality (93).

O

Now we can state the representation theorem for the dual
of J*. ts proof here is considerably simpler than in the
original reference [7, Theorem 5.2].

Theorem 40. Let 1 < p < oo and denote by q its conjugate
index. Let € be a norm-attaining functional on J*. Then there
exist ¢ € M7 and a positive finitely additive measure y on
[1,00) supported at infinity such that, for all f € M7,

e() =A@ (1)

(observe that, although the integrand involves functions instead
of FF cosets, the statement is well posed because € vanishes
on P by Corollary 36 and for large T the integrand does not
depend on the choice of coset representatives by Corollary 39).

Proof. By the previous Corollary, ¢ is identified with a
continuous functional on M* vanishing on .77 and attaining
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its norm. Then Theorem 29 yields the following integral
representation:

(o]
e(n)=| A ) ducr) (120)
for all f € MP (with this realization, all functions belong to
M? or M? and we do not need to pay attention to equivalence
classes mod.#*, in accordance with the remark at the end of
the statement).

We only need to prove that the representing measure y
is supported at infinity. Recall from the proof of Theorem 29
that, in this integral representation, the function ¢ = g' € M4
is built as in Definition 23 in terms of the function g € M?
where £ attains its norm and has the property that g¢ = |g|? >
0; of course g is not the zero function except in the trivial case
¢=0.

Suppose that, for some a > 0, the interval [-a,a]
has positive y-measure, and consider the truncation g, =
9X[-aa)- Take a large enough so that g, is not identically
zero (this is possible since g is not identically zero; we are
disregarding the trivial case £ = 0). Then g, € 77 and
A(T, g,¢) = A(T, |g,|?) is a positive function on —a < T < a.
Therefore £(g,) = LOO A(T, g,¢) du(T) > 0. This contradicts
the assumption that ¢ vanishes on .7?. O

These theorems on the integral representation of almost
every continuous functionals shed light upon the examples of
functionals on M? and .#* supported at infinity, which we
built in Section 5.1. Those examples are all functionals of the
type &(f) = _[100 A(T, f¢) du(T) where the representing mea-
sure is supported at infinity. In other words, here y is a finitely
additive positive finite measure given by the restriction of a
countably additive positive finite Borel measure supported
in B(K P) \ K, where K, is the product space introduced in

Definition 26 and B(K,) is its Stone-Cech compactification.
As observed at the beginning of Section 5.1, all continuous
functionals on .#* vanish on the null space of the seminorm,
hence they must depend only on asymptotic values, and so,
if they have an integral representation of the type £(f) =
Jloo A(T, f¢)du(T), the measure y must be supported at
infinity. Instead, functionals on M? can be represented by
measures that have a part at finite (necessarily countably
additive, by the Yosida-Hewitt representation theorem and
Remark 38). In the next section we extend this analysis to
Stepanoft spaces.

5.5. Correlation Functionals. By the representation theorems
proved in this section we know that .4 is not the dual space
of J[P. However, the following construction of functionals,
called correlation functionals in [11], shows that at least it is
possible to embed .#4 as a quotient space of the dual of /7.

Let V be a separable linear subspace of .#” (one such
subspace is .77, by Remark 17). Let g € .47 and consider
a sequence {f,} dense in V. By Holder’s inequality in
LP([-T,T],dx/2T), one has

1 T
tmsup [ fi@g@dt < Ufilololer 020

T— o0
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Therefore there is an increasing unbounded sequence {T ;}
such that the limit

Tk
! J frt)g@)dt (122)

R = lim
<g fl>{T1,k} kHOOZTl,k —Tl’k
exists, and [(g, f1)r, 4| < 1 fill 4219l a-
Let us now extract from {T' ;} a subsequence {T,;} such
that the limit

Ty
[ rwgwa )

(g, f2>{T2k} = lim
’ Tk

k— o0 2T2,k

exists. Here again, one has [(g, f,) (1, 3| < 1 /2l o 19l a-
We iterate this process to build a family of nested sub-
sequences {T';;} that define limits (g, f;) T satisfying the
jk

Hélder inequality above for the Marcinkiewicz seminorms.
Then the diagonal sequence {T}, := T} ;} gives rise to a limit

1 (%
(9.,) = lim - J_Tk fgmd  (124)

that exists for every j and satisfies [(g, f;)| < I f;ll ,,1gll 4a-
Therefore (g, -) is a continuous functional on the subspace of
M? generated by the sequence {f,}, hence on V by density.
Clearly this functional vanishes on the null space .77 of
the semi-norm; hence it defines a continuous functional on
V /P < JP. By Hahn-Banach extension, we produce in
this way a continuous functional of ./Z” that depends only
on limits of means, even when these limits are not defined
directly by integration.

5.6. Summary and Open Problems. We have proved represen-
tation theorems for continuous functionals on M? and .#?
(I < p < 00) as integrals with respect to measures v over
B(K,). For the norm-attaining functionals, the representing
measure splits as the product of a finitely additive positive
measure (4 on [1, co) times a delta measure 8 on the unit ball
B(M1), and so the representation becomes more specific: a -
average over T' € [1, 00) of ¢-weighted means over intervals
of length 2T.

In particular, the convex hull of these functionals contains
those whose measure v, regarded as a finitely additive mea-
sure on K, splits as a product.

Is there a characterization of those functionals arising
from measures y that are not countably additive and are
supported at infinity, as for instance the Banach limits?

We have seen that the same problem is not interesting
in the case p = 00, since the representation of continuous
functionals on .4 = L% as finitely additive measures is
already known. But can we prove interesting representation
theorems for continuous functionals on .#'?

6. Duality for Stepanoff Spaces

6.1 The Predual of S. Before considering (5*)', we need to
examine the Banach space structure of 7.
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Observe that L?(R) embeds continuously in 7. Indeed,
iffn = fX[n,n+1]’

1/p
lor =suplid, < (SUAE) =Vl 029

Similarly, consider the product 77 = ®,L[n,n + 1], that
is, the space of all g = Y, ¢,g, where {c,} € €' and
g, € Linn+ 1] with 1/p + 1/q = 1 and ||gn||q = 1
1 is a Banach space with respect to the norm given by the
infimum of Y, |¢,| over all such representations. By the same
argument, 77 embeds continuously in LY(R). Observe that
both inequalities, hence both embeddings, are proper except
for the cases &, = L°(R) and 7, = L'(R).

It is clear that the dual Banach space of §” contains 7.
Indeed, the functions g = ¥, ¢,g,» with {c,} € €' and g, €
Li[n,n + 1], define continuous functionals on &* with norm
IIgII(Sp): =Y, lc,|, since, for every f € &7,

[ s r@a

< Z |Cn| "fX[n,nH]"p < Z |Cn| "f“é’?
(126)

by Lemma 8. More generally, every g € L(R) with compact
support defines a continuous functional on &* by the rule

Fy(f) = I:O g(t) f(t) dt. Indeed, if supp f € [-m, m], then

m-1 ~n+l

F )< Y |

n=—m Jn

lg @) f ()| dt

(127)
<2mlgl, max

<2m|g| | fl -

It is clear that the restriction to [n, 1 + 1] of every function g
such that the functional F is defined on & P must belong to

1 oo

L[n,n+ 1]. In general, however, L7 functions whose support
is not compact do not yield continuous functionals on &7,
unless they belong to 77 (we have already observed that 77 is
properly contained in L(R), except for g = 1). For instance,
choose a non-negative real sequence {a,} € €7\ ¢! and let
9 = Yoo ApXnns1)- 1t is clear that lgll, = Hale < oo
but Y2 9l L) = [{a,}ll, = co. Moreover, for every

n choose f, € Lf[n,n + 1] such that I:H g(t) f,(t)dt =
lgll Lafnns1)- FOT simplicity, let us consider first the case g = 1.
Then | f,,(x)| = 1 almost everywhere, and the function f that
coincides with f, on every interval [n,n+1) hasnorm1in &7,
but Fy(f) = Yoo 19l (eq) = 00 In general, ifg > 1, then
|f,(x)] = |g|7" almost everywhere, Ifulappmeny = la, |97
and the function f built as above by glueing together the
consecutive f,’s has finite ”-norm given by max, |a, |9, but,

as before, F (f) = Y Il oy pren) = 0O
We include these remarks in the next statement.

Theorem 41. S is the dual space of the Banach space

T1=eLl[nn+1].

@ (128)
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A continuous functional F on S? is represented by a function
g in the sense that

F(f)=F,(f) = ro g () f ()dt (129)

ifand only if g € 1. In this case, the following quasi-isometry
holds up to a factor 2: IIFgIIJP, = ZZZ_OO IIgIILq[nml] = llgllgq-
In other words, the subspace of the dual of S? of functionals
that can be represented by a function is the bidual of 7.

Proof. Let F be a continuous functional on 7. On all
functions f € 7 with support in [, 7 + 1], F is represented
by a function h,, in L? with supportin [1n,n+1]: F(f) = [ h, f.
Therefore, for all functions f € 7 with support in [-m, m],
F(f) = j Gnf where g,, = Y7 L. Now observe that,
by the way the norm in I is defined, compactly supported
L7 functions are dense in J . Therefore every continuous
functional on I is represented by a locally L? function g.
Again by the way the norm is defined, it is clear that the norm
of this functional F, is given by [|F [l = sup,lg,l i in other
words, by Lemma 8, the norm of F, is quasi-isometric with
the norm of g in §?. Thus the dual of 77 is §*.

On the other hand, we have already observed that if
a functional on &7 is represented by a function, then this
function must belong to 79 and the correspondence is quasi-
isometric. O

Since ¥ embeds continuously in M*, we know by Propo-
sition 15 that the predual E? of M? embeds continuously
in 7. The following is an independent simple proof of the
embedding of E? into 7.

Lemma 42. One has || fllgq < | fllg. Conversely, there is no
C > 0 such that || fll g < Cll fll g

Proof. Let f € E?and, as before, f, = fx(,.,41)- Let ¥ be the
characteristic functions of the dyadic intervals introduced in
the definition of E7. Holder’s inequality for €' yields

ok+l_g SRy 1/q

> 15, <2k“’( > ||fn||Z> Y, @50
n=2k n=2k
Therefore

k+1_

1l = ng”’llfwkllq > 2 M,

k=0 ik
inl=2 (131)

= 2 15l = Ifls

n=—00

In these inequalities we have made use of Holder’s inequality,
which is not an equality if f € 7 because then the sequence
A q} cannot be constant. This yields the fact that the
converse inequality does not hold. O
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6.2. 8* as a Bidual. In analogy with the null space .77 of
the Marcinkiewicz semi-norm, we now introduce a similar
subspace in §F.

Definition 43. We shall write

7= {f €S lim ||f||LP[n,n+1] = 0}- (132)
Remark 44. Clearly, #¥ =~ ®, L[n,n+1],and #* is a closed
subspace of 7.

The next lemma is proved by the same argument of
Theorem 41. As a consequence, §7 is the second dual of 7.

Lemma45. 97 =~ ®uLf[n,n+ 1] is (isometrically isomorphic
to) the dual of 77 = ®, L¥[n,n+1].

Lemma 46. #? c 7?7, and the inclusion is proper.

Proof. The inclusion means that limy(1/2N) I_I\IT\] Ifl =0

provided that lim,, f:ﬂ |fIP = 0. For the sake of sim-

plicity, we first show that this is true for p = 1. Indeed,
N .

(1/2N) I_N|f| is the average of g, = ||f||L1[n)nH] as n

ranges from —N to N — I; then, as the sequence g, goes

to 0, so do its averages. In general, for 1 < p < oo,
N -

1/2N) [ If1P = 1/2N) 5 SISy I we extract

the pth root of both sides this equality becomes an inequal-

ity: (172NN 179" < 2N SN e
(because the £f norm is dominated by the ¢' norm). There-
fore the previous argument still applies.

It is easy to show that the inclusion is proper: a function
that belongs to .77 but not to 7 is Y2 X[y 241)- O

6.3. The Dual of $¥. We now turn our attention to the dual
of §P. As we did with .#*, we first exhibit some examples
of linear functionals that depend only on asymptotic values,
and then we prove a representation theorem. For this goal, we
introduce some interesting subspaces of §¥, as follows.

Definition 47. (i) I;‘r is the subspace of 8 of all functions that
have limits at +co;
(ii) I;f is the subspace of &7 of all functions f such that

1
the sequence J:+ f(¢t) dt has limits at +c0;

(iii) N;‘r is the subspace of §* of all functions f such that
the sequence "f”LP[n,n+1] has limits at +00.

Remark 48. 1t is clear that ], is contained in N, and Np is
contained in I ” The other inclusions are false. The function

Y s0 nl/PX[n,n+1/n] belongs to N, but not to J,. The function
Yoo (=1)"X{nns1) belongs to N » butnot to I,,. The function

n=—00
with values nin [n,n+ 1/2] and —nin [n+1/2,n + 1] belongs
to I, but not N,. A variant of I, and of N, is obtained
by integrating with respect to any sequence of finite Borel
measure over [n, n+ 1] instead of Lebesgue measure; the same

inclusion properties hold for this variant.
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Lemma 49. ];f is not closed in S, and the functionals
Jo(f) = lim f(x), (133)

defined on J, are not continuous in the norm of S¥.

Proof. Let E, = [n,n + 2], y, the characteristic function
of E, and f; =
support, hence it belongs to ];. It is immediately verified that
the sequence f; converges in §¥ to f = Y2 .. This f
does not have limits at infinity; hence it does not belong to ];.

»e_j Xn- Bach f; is in &% and has compact

For the same reason, the functional ];f( f)=lim,_,, f(x)is
not continuous; J,(f;) = 0 for every j but J;(f) #0. O

The same argument yields the following.

Corollary 50. The spaces ];f of functions vanishing at infinity
are not closed in ¥, and the functionals

J.(f) = lim f(x)

X — +00

(134)

are not continuous in the semi-norm of M*.

The previous lemma shows that the spaces ]; do not yield

natural linear functionals that extend continuously to S¥. On
the other hand, the spaces I; allow to construct continuous

functionals on &* which do not depend on values over finite
intervals, that is, that do not belong to ® 1 L[n, n+1]. This can
be done as follows. Given a subspace W of a Banach space
V and a continuous functional F on W (continuous in the
V-norm), denote by F its (many) Hahn-Banach extensions
to V. For instance, the Hahn-Banach extensions to £ of
the continuous functional F({x,}) = lim,x,, defined on the
subspace of convergent sequences, are usually called Banach
limits. In the same way we can now define on §” some Banach
limits induced by the subspace I,,. The following result is now
clear.

n+1

Corollary51. The functionals F,(f) = lim,, _, , . In f()dt,

defined on the subspaces I; C 8P, are continuous in the norm
of SP. Their Hahn-Banach extensions to S? are continuous
functionals not in ®uLi[n,n + 1]. More generally, other
functionals with this property are the Hahn-Banach extensions

of E.(f) = lim,_, ,o I"H f(t)du,(t), where p, is a finite

n
Borel measure on [n,n + 1].

Proof. The only thing left to prove is the continuity of F, in
the &?-norm, which is obvious since

Jnnﬂ e

<l < WA lopumeny < 1 0gr- (135)

It is obvious that F,(f) does not depend on values of f on
compact sets; hence it cannot be expressed as an integral of

the type [ g(t) f(t) dt. O



18

Remark 52. Since §” embeds continuously in M* and M?
embeds continuously in .47, the limit functionals on .#?

described in (70) are also continuous functionals on §? and
MP.

6.4. A Summary of Duality and Inclusions. Let us summarize
the inclusions between these families of spaces and their
duals. We have shown that

P — MP = (E1) — P,
(136)
E?1— g1,

These embeddings are proper. By the usual embedding of
topological vector spaces into their biduals:

E1— (MP) < (s?). (137)
For the same reason, since (7" q)' = &P,
E1— 1< (sP). (138)

The last embedding yields the part of the dual of §? consisting
of functionals represented by functions. The embedding
(MP )’ — (&P )’ encompasses the previous construction
of Banach limit functionals depending only on asymptotic
values. It is intriguing to exhibit explicit examples of con-
tinuous functionals on &* that are not continuous on M?.
For instance, an interesting subspace of (M? )' is the bidual
of its predual .#7; not all these functionals are represented by
functions (as functionals on M?), because most functions in
7P are not small at infinity and do not belong to E%. For a
similar reason, they are not represented by functions when
they act on 8*. So here we have other exotic functionals on
SP; weleave to the reader to verify that they are different from
the Banach limits considered before.

6.5. Integral Representation of Continuous Functionals on
SP. We now extend to the Stepanoff spaces the integral
representation theorem for continuous functionals attaining
their norms that we proved in Theorem 29 for M? and in
Theorem 40 for .. The proof is similar; we resume it
skipping many details.

Definition 53. For f € SP(R) and T € R, put

T+1
I(T, f) = JT |f (x)| dx. (139)

The next statement follows immediately from Lemma 24.

Corollary 54. If1 < p, q < 00 are conjugate indices and g €
SP(R), then for all T € R the auxiliary function g" introduced
in Definition 23 satisfies I(T, Ig“ Iq) = I(T, |g|); hence gu € 81
and || g"%, = g1,

By making use of Corollary 54 we prove the next result in
the same way as Proposition 25.
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Proposition 55. Let p, q be conjugate indices, with 1 < p,
q < 00. Let y be a o-additive finite Borel measure on [1, co]
and ¢ € SUR). If F is the functional on S* given by

F(h) = [ (T, h) dp (T), (140)
then
iR < [ a(ngl") au ),
- (141)

[ r(rler duecry < v ol

Definition 56. Denote by U(S?) the unit sphere, that is,
the subset of & of all functions of norm 1, by C, the

cartesian product [1,00] x U(S?), and by ,B(Cp) its Stone-
Cech compactification.

Lemma 57. For f € SP, let us define a function f* on C, by

fH(1.¢) = I(T, fo).

Then f* is an isometric isomorphism from S? to C N L®(C,)
and therefore also from S¥ to C(ﬁ(CP)).

(142)

Proof. By Lemma 24 the function ¢, = f*/|| f IIf;;1 satisfies

lgollga = 1, (143)
because p — 1 = p/q. Therefore
suprs, T,|f|P
”f*"m > supI (T, f¢) = # = | fllg- (144)
i I £llse

For the opposite inequality, we make use again of Holder’s
inequality, this time in the following form: for every (T, ¢) €
C, one has

£ (1) = |1(T )] < 1(T | 17) " 1(T.]g]") "

(145)
= 1,(1, 1)1, (T.¢).
This and (143) imply that
sup [ (T.$)| < [@lssl o = Ifllsr 146)
Hence
|£1 < 11 (147)
The rest of the proof is as in Lemma 27. O

Theorem 58. Let p, q be conjugate indices, with1 < p, q < 00,
and € a continuous functional on S? that attains its norm.
Then, for some ¢ in the unit sphere U(S4) (notation as in
Definition 56) and for some finitely additive measure u on
[1, 00], one has

(= ["F @) dum 145)

forevery f € SP.
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Proof. We follow the guidelines of the proof of the same result
for M? in Theorem 29. Again, we can assume [|¢| = 1, and,
by Lemma 57, we know that, for some v € M (/3(Cp)) with

[v| = 1and forall f € §?,

e(n-|

tdy.
scy @

(149)
Let g € S* be a function on which € attains its norm: £(g) =
1. We have seen in (92) that IIgtl e = 1.

Denote by W the subset of C » where | gT(T, ¢)| attains its
maximum value 1. Consider the family @ of all nets (T,, ¢,,)
in C,, that converge to points of W.

As g and ¢ have norm 1, as in the proof of Theorem 29

it follows by Holder’s inequality (145) that if {(T,, ¢,)} € @,
then the interval [-T,, T, ] must verify the condition

lim|1 (.o 1g*)|"" = 1= gl 5o (150)

and that ¥ must be supported in W.
The following facts are obtained as in the proof of
Theorem 29.

(i) For every f € &P,z € W and for every net
{(T,, ¢,)} in @ that converges to z, one has f¥(z) =
lim, f*(T,, g"), and so

|7, < sup|f*(7.9°)] (151)
T

(this is now a consequence of the fact that I(T,,, gg") =
T,+1
IT: |gl? tends to [|gll%, = 1 by (150)).

(ii) Denote now by ¢, the continuous functional on
LT, T, + 1] given by

T,+1
L) =1(Tugf) = |~ afar. ()

«

Then, by (150),

B T, +1 , 1/p
e ~ Vol = (], lolPx)  —1 =Ygl
’ (153)

(iii) The functional £, attains its normat g*/[| g" | LT, T, +1]*
(iv) Also lim,|I(T,, gp,)l =
lim“"g”iP[Ta,Twl]'

(v) Moreover lim sup, I(T,, ¢, — g*) = 0. This follows as
in the proof of Claim 3 in Theorem 29, by using now
the uniform convexity of the spaces L[T,, T, + 1].

1 = lim,|I(T,, gg")| =

By applying again Holder’s inequality (145) to the identity
that we have just proved in point (v) above, we finally obtain
lim, I(T,, f$,) = lim I(T,, fg") for every f € &F.Hence, for
every p € W and every net converging to p,

f(p) =1timI(T,. fg").

(154)
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Now, by (90) and (151) and the fact that v has support in
W)

le(f)] <

=|jw|f'dv

<sup|f(7.4°)|.
T=1
(155)

Jﬁ(@) 714>

The rest of the proof is as in Theorem 29. O

7. Extreme Points in the Unit Balls

Compact convex sets K in many Banach spaces (and more
generally, in topological vector spaces) have plenty of extreme
points. Indeed, the celebrated Krein-Milman theorem states
that if the dual space separates points, then K is the closed
convex hull of its extreme points. In particular, this is what
happens for the unit ball of L? spaces when p > 1 (including
the case p = 0o, which is compact in the weak” topology
by another well-known fact, the Banach-Alaoglu theorem).
Therefore the Krein-Milman theorem applies to the unit ball
of a normed (or semi-normed) space if the linear functionals
that are weak™ continuous separate points. On the other hand,
the Hahn-Banach theorem shows that the dual of a locally
convex space X separates points. So, if X is a normed space
that is the dual of another normed space V, then X separates
points on V; hence V, regarded as a subspace of X', separates
points of X and of course the functionals in this subspace are
weak™ continuous. Therefore the unit ball of a Banach space
X that is the dual of a normed space is the closed convex hull
of its extreme points. This property generally fails if X is nota
dual space. For instance, if v is a finite measure on a measure
space X which has no atoms, that is, such that every set E
with ¥(E) > 0 splits as the disjoint union E = E; U E, with
0 < ¥(E;) < v(E), then the unit ball of L' (X, v) has no extreme
points, because every f of L'-norm 1 is a proper convex
combination of its (renormalized) truncations to two disjoint
subsets of positive finite measure. Instead, the characteristic
function of an atom is clearly an extreme point.

In this section we study the extreme points of the unit
balls of the other spaces considered in this paper. We follow
again [7] for the spaces M? and .Z*. Then we handle the
easier case of §7, never considered before.

Remark 59. To simplify the presentation, we shall check
extremality in the following form. A vector f in the unit ball
B of a normed space V is an extreme point of B if and only if
there does not exists g # 0in V such that f + g € B. Indeed, if
such g exists then f is the mid-point of the chord connecting
f+gand f - g; hence it is not extreme in B. Conversely, if f
is not extreme in B then it is an interior point of some chord
in B, hence it is the mid-point of some other chord.

As a consequence, the unit ball of a semi-normed but not
normed space has no extreme points, since every f of semi-
norm less than or equal to 1 is the average of f + g, and || f +
gll < IfIl+lgll = Ifll < 1 whenever ||g|| = 0. This makes
extremality a trivial issue on 7.
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71. Extreme Points in the Unit Ball of MF. We start with the
space M?, studied in [7].

Theorem 60. (i) Let 1 < p < 0o and let f belong to the unit
ball of M?. Denote by & the modulus of convexity of L?, as in
Definition 19.1f A ,(T,,, f) = A(T,. | f1)""" > 1-6((c/T,)"'?)
for some ¢ > 0 and some unbounded sequence T,, then f is an
extreme point of the unit ball S(M?).

(i) If 1 < p < oo and f is an extreme point in the unit ball
S(MP), then for every c > 0 there is an unbounded sequence T,

such that A ,(T,, f) = A(T,, |f|p)1/P >1-(c/T,)"".

(iii) The unit ball of M does not contain any extreme points
(in particular, M, is not a dual space).

Proof. By Remark 59, to prove (i) it is enough to show that
the only g in M? such that ||f + gl < 1 is the zero
function. Indeed, if not, choose Tj, such thatj lglf =d >

0. For every T > 0, denote by L(p,T) the Banach space
(LP[-T,T],dx/2T); obviously

Since L(p, T) is uniformly convex (Proposition 21), it follows
from this inequality and Lemma 20(iii) that, for every T' > T,

one has
-5 <(2‘1/P) <%>1/P> .

This contradicts the assumption in (i).
To prove (ii), choose and fix T, > 0. Suppose that for
some ¢ > 0 there is no unbounded sequence T, such that

T, |f|P)1/P > 1 = (c/T,)"'?. This means that, for every
T > Ty, one has

AT 7)<

(157)

1. (158)

V/A)

A i)+ (5)”

Now let g = (2c)'/P Xi1,.1,+1]> and observe that

A(T. P)l/p < <L 2¢ JT dx>1/p
)g B 2T T,

; (159)
Ty+1 1/p 1/p
(@) -G
T Jr, T
On the other hand, by Minkowski’s inequality,
1/p 1/p 1/p
A(T,|f £ g)) " < AT, )77 + AT, g7)"F, (160)

and it follows from (159) and (158) that A(T,|f + glp)l/p <
1. By Remark 59, f is not an extreme point of S(M?) if we
choose T, = 1.
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To prove (iii), let f € S(M ); without loss of generality
assume || f e = 1. We want to show that f is not an extreme
point. Ifj |f| = 0 for every T, > 1 then f = 0, and so it is
notan extreme point. Then we can assume that, for some T, >

I |f| = a > 0. We know that the unit ball of L'[- Ty, T)]
has no extreme point; so, by Remark 59, there is some g €
L'[-T,, T,] such that I |f £ gl = a. Extend this g to the

whole of R by setting it equal to zero outside [T}, T, ]. Then,
for every T > T, one has A(T, |f £ gl) < a/2T < 1/2;in
other words, f + g belongs to S(M"), and therefore f is not
an extreme point.

Therefore f is not an extreme point, once again by
Remark 59. O

Corollary 61. The unit ball of 7P has no extreme points.

Proof. If f € 7, then A(T, f) — O0asT — oo. Therefore
S(.#7) has no extreme points for 1 < p < co by part (ii) of
Theorem 60. The case p = 1 follows directly form part (iii) of
the same theorem. O

By part (i) of Theorem 60, the constant function 1 is an
extreme point in the unit ball of M?; more generally, any
function such that A(T,|f|¥) = 1 for every T > 0 is an
extreme point. It is easy to characterize such functions.

Proposition 62. Let f € M, 1 < p < co. Then A(T, | f|F) =
1 for almost every T > 0 if and only if | f(x)|? + | f(=x)|P = 1
for almost every x = 0.

Proof. If | f(x)If + |f(-x)|P = 1 almost everywhere then,
clearly, A(T,|f|P) = (1/2T) LTT |fIP = 1. Conversely, the

integral of |f|? is absolutely continuous; by differentiation
one has

T2 J A+

for almost every T' > 0. This is the same as

S (F@F +|f D) =0 a6

T
lf O +|f D = % L IfIf =24(T.|fF) =2 (162)

for almost every T > 1. O

7.2. Extreme Points in the Unit Ball of /MI”. Let us now deal
with the extreme points in the Marcinkiewicz Banach quo-
tient .Z”. Although all the arguments and ideas are already
present in [7, Theorems 3.8 and 3.10], the characterization of
extreme points that we prove in what follows was not given in
this reference, where only a sufficient condition for extremal-
ity is obtained. Actually, in reworking the arguments of [7],
we take the opportunity to correct some flaws therein, the first
of which is already in the statement. Indeed, Theorem 3.10 in
this reference makes use of inequalities involving A(T, | f|?)
for f € J*. However, the elements of ./Z? are not individual
functions but classes of equivalence thereof, modulo the null
space P, In these cosets, the quantity limy_, , ., A(T, | f]¥)
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(used in [7, Theorem 3.8]) is well defined, but A(T, |f|?) is
not, because it depends on the coset representative. Instead,
we need to project it to the quotient. In the next proofs,
we shall consider representatives in the equivalence classes
modulo .77 and make use of the following simple remark.

Remark 63. For every 1 < p < oo, the #? (semi-)norm of
a function. The .7 (semi-)norm of a function f is equal to
the .ZF norm of its equivalence class modulo .7*. Indeed, for
ge I onehas|f+gl 4o <Ifll 4o +1gll 40 = 1£l 40> and
If+agllge 21 lze =gl ze = 1SN go-

We need a preliminary lemma that clarifies some com-
ments in our reference ([7], Remark at page 161).

Lemma 64. Let | f|l ,» = 1 and for 0 < o < 1 write

O ={T>0:A(T,|f|]") < 1-af. (163)
There exist two unbounded sequences of positive numbers a,,
b, with b, < a,., for every n, such that the connected
components of O, are the open intervals (b, a,,,,). By passing to
suitable increasing subsequences, which we still denote by {a,}
and {b,}, we have a, < b, < a,,, for every n, and the disjoint
union | 2, [a,, b,] is contained in the complement E,, of O
E,={T>0:A(T|f]") > 1-a}. (164)
Proof. Since T +— A(T, | f|?) is continuous, O, is open, hence
a countable union of open intervals. Because || f| ,» = 1, O,
is not all of the real line. As the union of overlapping open
intervals is again an open interval, O, is a disjoint countable
union of intervals that we write as O, = J,(b,,4,,,) for
suitable b, < a,,,. Then the complement E, is given by
E, = U,la,b,] (here a, < b,). Again as | fl ,, = 1, E,
is not compact; therefore, by passing to a subsequence, we
may assume that E, > J,[a,,b,] with g, b, monotonically
increasing and unbounded. O

We are now ready to characterize the extreme points of
the unit ball of .Z*. Part (i) of the next theorem is a slightly
more detailed proof of [7, Theorem 3.11]; parts (ii) extends
results in [7, Theorems 3.8 and 3.10], where a clever argument
is aimed to show that extremality in the unit sphere of .Z”
is critically related to the rate of speed of those subsequences
A(T,,, | f|P) that converge to their maximum limit 1. Our proof
of part (ii) is a considerable revision of the argument in [7].

Theorem 65. (i) The unit ball B(/") does not contain any
extreme point.

(i) For 1 < p < oo, let f be in the unit ball B(/P).
Then f is an extreme point of S(MP) if there exists an

unbounded positive sequence {T,,} with T, /T, bounded, such
that lim,, _,  A(T,, | fIF) = 1.

Proof of Theorem 65. We can as well restrict attention to the
unit sphere, that is, to functions f of norm 1. Let us prove
part (i). Since || f|lz: = 1, any representative in its equivalence
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class modulo .7}, that we still call [ satisfies || f|| ,» = 1 by
Remark 63, and the integral I_TT | f| diverges with T. Hence,

for every T, there exists T' > T such that the integral of | |
on [T, T'1\ [T, T] is equal to 1 (from now on, in this part
of the proof, the symbol ||- | means || - || ;). So we can build an
exhausting family of nested intervals B,, as follows. Let B; =

. Tl
[-T,, T,] with j_Tl [fl = Land B,,; = [Ty 1> Tpps )\ [T, Tl
with IB | f| = 1. The sequence T,, tends to infinity because
f is locally summable; indeed, if limT,, = R < oo, then

LRR | f] = 00, a contradiction. Consider the function g equal
to f/2 on the intervals B, with n odd, and —f/2 on the B,’s
with # even; note that ||g|| = (1/2)|| f|| = 1/2. For every T, let
nbesuchthat T, < T < T,,;. Then |f + gl — | f| = —(1/2)|f]
onB,; and (1/2)| f| on Byj1>j € N. Since JBj [ f] =1, we now

have 27:1 JB.(|f+g| —|fl) =1/2ifnisodd and 0 if n is even.
)
Instead, Z;’:l IB'(|f—g| —1fl) =-1/2ifnisodd and 0 if n is
J

even. In both cases,

Al =ah =A@l < 55 [ 1= 5

o (165)
Letting T — +o00 we see that || f + g|| < 1. By Remark 63,
the same is true for the norm in .ZZ"; thus f is not an extreme
point of .. This proves (i).

Let us now turn our attention to part (ii). Again, || fll , =
limy_, LA(T,|fIP) = 1 for every representative f of the
equivalence class modulo .#7. Therefore there exist increas-
ing sequences T, — oo such that limy, _, A(T,|f|F) = 1.
So, for every a < 1, T, belongs to E, = {T > 0 : A(T, | f|?) >
1 — o} for large n. We begin by assuming the existence, for
some o < 1, of such a sequence {T,} for which the ratio
T,../T, is bounded. Again by Remark 59, if f is not an
extreme point then lim sup;_, .  A(T, | f * g|?) = 1 for some
g € JMP, g#0. Instead, we shall prove that any such g is
the zero element of .Z?; that is, lim sup;._, . A(T, |g|f) = 0.
Indeed, we shall prove more, namely,

; Py _

lim A (1.]9") = 0. (166)
We first prove that A(T,,|g|”) tends to 0. If this were false,
then, by passing to a subsequence, we could assume that
A(T,,|gl¥) > & for some ¢ > 0 and all n; we can
choose ¢ as small as we wish. Since the spaces L(p,T,) :=
LP([-T,, T,],dx/2T,) are uniformly convex with the same
modulus of convexity (Proposition 21), Definition 19 yields
ad = d(e) such that "flli(P,Tn) = A(T,, IfIP) < (1-8)F ~
1-pd. If we now choose & = pd(e/2), then, by Proposition 21,
« is small if € is small, and this contradicts the hypothesis.
Now let us extend (166) to every other T' > 0. Let n be such

that T, < T < T,,,. Then
A(TIgl) < = [ Jo = T a (100 lol?
(Tlal") <57 |, lol" == AT lal’)
n+l (167)
Tn
< TH A(Tn+1,|g|p).

n
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Since T,,,/T, is bounded, (166) follows from the same
inequality that we have already proved for the T,,’s. Thus the
condition that T}, , /T, be bounded is necessary for f to be an
extreme point.

Now we prove that this condition is also sufficient.
We must show that if f is an extreme point of the unit
sphere, there exist arbitrarily small « > 0 such that
no divergent sequence T, with T,,,/T, bounded satisfies
lim,, ,  A(T,,|fI¥) > 1 — « (so, without loss of generality,
from now on we shall restrict attention to 0 < & < 1/2).

By Lemma 64, this amounts to show that, for some
arbitrarily small «, there are two divergent sequences a,, b,
such that

[an’ bn]

s

{T>0:A(T,|f])21-a} = (168)

Il
—

n

with a, < b, < a,,, for every n and a,,,, /b, unbounded; by
passing to a subsequence, we assume that a,,,,/b, — 0o. We
must show that under these assumptions f is not an extreme
point.

Since | fll ,» = 1, for infinitely many n there exists
T, € la,b,] such that A(T,|f|?) > 1 — a/2; for the sake of
simplicity, by passing again to a subsequence we may assume
that this is true for every . Fix such « for the moment, and
let

cnzmax{TE[an,bn]:A(T,|f|P)=l—%}. (169)

Then, by semicontinuity and the definition of the sets B,,, one
has

N ¢
A, |fIF) =1 > (170a)
1—oc<A(T,|f|P)<1—% for ¢, < T <b,  (170b)
A(b,|fI)=1-a (170¢)
A(T|ffP)<1-a forb, <T <ay,,. (170d)

Let C, = [, b,] and C = | J2, C,,. The remainder of the
proof is easier if the ¢,’s satisfy the condition b,/c, bounded,
but this may not be the case. Then choose and fix d,, such that
¢, < d, < b,and b,/d, bounded, and write D, = [d,,b,]
and D = J2, D,. This part of the proof is rather involved;
for the sake of clarity, we present its various parts as separate
lemmas.

The proof splits into the following two cases:

limA (bn, |fXCn'P) =0 or limsupA (bn, |fXCn'P) > 0.
' (171)

Case (a). We have lim, A(b,, |chn|p) =0.

By passing to a subsequence, we may assume that
A, | f)(cnlp ) tends to zero arbitrarily fast. Since a,,/b,_; is
unbounded and b, > a,, also b,/b,_, is unbounded. Then, if
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b,/c, is bounded by passing to a further subsequence we may
as well assume that

limA (b, fxcl”) = 0.

Instead, if b, /¢, is unbounded, since b,_; < a,, < ¢, < b,, also
b,/b,_, is unbounded, and again we may assume (172). Then
the same obviously holds for A(b,, | fxpl?) < Ab,, | fxcl?).

Under assumption (a) we now prove the first preliminary
fact.

(172)

Lemma 66. Consider any representative of the coset f € M,
and by abuse of notation denote it again by f. Then h := fyp
has norm zero in A?; that is, h € 7.

Proof of the Lemma. Since h vanishes in [b,,d,,,,], for every
b, < T <d,,, one has

b,

AT =3 | WP < A7), (@73)

On the other hand, ford,,, <T <}

n+1>

A(T. |h|P) < %L me |h|P = b”HA(b |h|P)
’ T 2bn+1 by T e
b
< A (B IP).
dn+1

(174)

Since the sequence b,/d,, is bounded, the statement now
follows from (172). O

Remark 67 In [7, Theorem 3.10], at the beginning of the
proof of condition (i), it is stated without proof that fy is
equivalent to 0 mod.7?, that is, that fy. has norm zero. The
fact that fx. has norm zero plays a major role in that proof.
However, this does not follow without further assumptions
from (172) and the condition that a,/b,_, diverges. Indeed,
we now show that in general this is not true without the
additional assumption that the sequence c,/b, decays faster
than A(b,, | fxcl?) (see the proof of the previous lemma). A
convenient assumption is therefore that b, /c, is bounded.

Here is an example where b,/c, is unbounded, a,/b,_,
diverges, and fy. ¢ 7. Take b, = 2%, a, = (b, +b,_,)/2 -1,
and ¢, = a, + 1. Then a,/b,_, diverges butc, = (b, + b,_,)/2,
and the function - is alternatively zero and one on intervals
of the same length. Therefore ||y.[l = 1/2 instead of 0. This
is why we need to change the argument of the proof of [7,
Theorem 3.10] and introduce d, > ¢, such that b,/d, be
bounded. The proof becomes more difficult and the argument
more sophisticated, but still follows the guidelines of the
brilliant idea of [7].

As a consequence of Lemma 66, by changing the coset
representative f we can for the moment assume that

fXD,1 =0.

That is h = 0. This assumption is used for the first inequality
of the following lemma. The second inequality is proved for
the sake of completeness and it will not be used below.

(175)
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Lemma 68. If (175) holds,

(i)
b,-d, o b,—¢c, 176)
b, 2(1-w) ¢,
(ii)
b, —c o
n n g
5 S 177)

Proof of the Lemma. Let us prove the first inequality in (i). By
(170b),
l—a<A(d,|ff)<1-2
a<A(d,|fIF) < > (178)

and by (170c) and the assumption that f vanishes in D,,,

A(bolfI") = I A7 = 179)
Therefore, by the second inequality in (178),
11 p
— 1
<2d 2b>J <3 (180)
On the other hand,
L _ L P_ d bi=d, 1 J "
(181)
bn B dn
= 2 A(d,|I7)
So, by (180) and the first inequality in (178),
b,-d, B o @
b, 2A(d,|ff) 20 (8D

This proves the first inequality, and we now turn our attention
to the second. Observe that (1/2b,) _[_CZ LfIP < Ab,, |fIP) =
1 — a by (170c). Hence, by (170a),

11 »
_ > =
Now
1 1 P _ n—Cn 1 JC" p
(ch 2b, )J 7P = ¢, 2b, ) 171
(184)
BTG g,
Cn
Combining the last two inequalities we obtain
b —
A (185)

¢, 2(1-«a

that is the second inequality.
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Inequality (ii) is proved analogously; by (170a) and (170c),

1

—j |- J flPax=%. ase)

2¢

b
If we split L; = Lc’; + L c e and discard the last integral,
this becomes

1 1 G o
<E - E) chn |f|p < E (187)
As before, the left hand side equals
b,—c, n_ b,—¢ o
bty )= B (1-9), g
o (60 1717) o 5 (188)
and part (ii) follows. O

Corollary 69. If (175) holds, for every sequence ny. (or more
precisely, for every subsequence of the subsequence introduced
before, in the part of the proof between identities (168) and
(170a)) the function h = Y2, Xc, satisfies |hll 4o =

lim sup;_,  A(T, k) > 0.
Proof of the Corollary. We know that the sequence ¢, of the

left ends of the segments C,, diverges (becausec, > a, ). Let
n be one of the indices n;.. It T' = ¢, then, by Lemma 68(i),

A=k 3 [Max= LY (0,4

n n.<n C n n.<n
= - (189)
b,-C, fo
> > 0.
C, 2(1-«)
O

Lemma 70. Let 0 < o < 1/2 and f € AP with || fll» = 1.

Without loss of generality, choose any coset representative f of f
modulo IP such that fyp, = 0. Then the following inequalities
hold:

(i) for0<a< (a/(2 - oc))w7 and for every integer n > 0,

b
A(T|f(1£axg,)[") <1+ . (190)
(ii) if fxp, = 0, then, for 0 < af < 1/(1 - ),
A(T,| frayxy | ) <1+ ab” (191)

n+l1

Proof of the Lemma. Remember that || f|| ,» = ||f||/~m =1by
Remark 63. Let a? = «/(2 — «), and observe that a? < 1
since 0 < « < 1/2. Obviously the statement of part (i) for
T < ¢, follows from Remark 63, as xp, = 0in (—¢,¢,). The
same observatlon applies to part (ii) for T < d,. For ¢, <T<
b, we know by (170c) and (170d) that A(T, Iflp) <1-af2
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Since A(T, | f|) is the norm of | f|” in LY([-T,T],dx/2T), the
triangular inequality yields
)

A (T’ |f (1= “XCW)'P) <A(T|f]P) +a’A (T’ |chn

<(1+a?) A(T,|fIF)

<(1—§><1+ i ><1.
2 2-«

(192)
Instead, for T > a,,,,,
b
AL (zax ") < 1+a” 2 (v |11)
n+1 (193)
PP
2-aa,,

Since /(2 — &) < 1 for 0 < a < 1, this proves part (i). For
part (ii) we use again the condition fy, = 0; thatis, f and
Xp, have disjoint supports. Then, for d, < T < b,, by (170b)
one has

A (T, |f + aXDn|p> =A (T’ |f|P) +2a° Tz_Tdn

1%y p i (194)

2 b

n

<1-Z4af <
2 Y 21w

(the first inequality holds because the map T' — (T -
d,)/T is increasing, the middle one by the first inequality of
Lemma 68(i) and the last by the fact that & < 1/2). The same
inequality holds if b, < T < a,,,,; the only change is that the
fraction (T — d,,)/2T is replaced by (T — d,)/2b,, but this is
smaller than (b, —d,,)/2b, , so the above chain of inequalities
still holds.

Finally, for T > a,,,,, again by the fact that the supports
are disjoint (and, of course, by the triangular inequality of the
L' norm),

b -d
A(T|f 2ap,|) < 1+20" 22
(195)
<142af <142
an+1 an+1
O

Proof of Theorem 65 (continued). Build a sequence of integers
as follows: n; = 1, and, for k > 1, choose n,, so that, for

T>bh
P
A<T, >$Pk>

Ny’
k
ZaXan (196)
j=1

where p is any positive sequence that tends to zero at infinity,
and a is as in the statement of part (ii) of Lemma 70. To
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be more accurate, the sequence that we have built should
be chosen as a subsequence of the subsequence introduced
before, in the part of the proof between identities (168) and
(170a), and here we use a sloppy but easier notation. Let
g = ah, where h = Zj’il Xc,, is the function defined in

Corollary 69. Choose and fix T and choose k such that b, <

T < bnk+1~ Remember that A(T, |f + g|? )l/p is the norm of

f+gin LP([-T, T],dx/2T), and use the triangular inequality
and Lemma 70 to obtain
P ) 1/p

p\ VP
> 197)

A(T, |f + g|P)1/P < A(T, |f +axc,

+A<ﬁ

k-1
E axc,,
: ]
j=1

Therefore

. — 1
I + gl = timsup A(T. |f + ) =1 )
— 00

Since g ¢ .77 by Corollary 69, then it has non-zero norm
in /Z?, and the last identity implies that f is not an extreme
point. This completes the proof in Case (a).

Case (b). Consider lim sup, A(b,, | fxc |¥) > 0.
In this case, the function u := Y72, fxc satisfies

limsup A (T, |u|f) > limsup A <bn, Z'fXer)
’ " i1 (199)

> lim supA(bn, fXC,,|P> > 0.

That is, h has positive norm in .Z* (now we do not need any
longer to assume that fx, =0).

We proceed in analogy with (197). Forallb, , < T < b,
we now have, by part (i) of Lemma 70 and (170c),

1/p
A(T|f = 4l")
p>1/P
PN\ Up
b >l/p b n—1
<1+ 2 + Al b, _
< A1 bn—l ;fXC]
b l/p b l/p
<<1+ ”> +< n (l—oc)) )
A1 A1

Since b,/a,,; — 0, this implies that lim supyinf ¢ 7» A(T,

|f +gl") < 1,50 f + g is in the unit ball of .Z” and f is
not an extreme point of this ball. O

n-1
Zchj
j=1

< A(T, |f + ancn|P)”p + A(T,

(200)
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7.3. Extreme Points in the Unit Ball of SP. The problem
of extremality is apparently easier for the spaces §P. Here,
however, we have an ambiguity; we have used two equivalent
norms in 7 (see Lemma 8), and precisely

x+1 I/P
It = (sup [ 17)

n+l p
|lf||€°°®LP[n,n+1] =\ sup |f|P .
nez

n

Let us denote by 7 the Banach space defined by the latter
norm. The two spaces are equivalent as Banach spaces, but
their unit balls are not the same and their extreme points need
not be the same. We characterize the extreme points in the

unit ball of SP.

Lemma 71. Let f belong to the unit ball B(SP) for some p,
1 < p < 00, and forn € Z write f, = fl, 1) Then f is an
extreme point in B(SP) if and only if f, is an extreme point in
the unit ball of LP[n,n + 1] for every n.

Proof. If, for some #, f, is not an extreme point in the unit
ball of L?[n,n + 1], then there is some g,, € L?[n,n + 1] such
that | f,, = g,,ll Lnne1] S L Consider the function g € SP that
coincides with g, on [#, n + 1] and vanishes elsewhere. Then
IIJTEHLP[”’”H] < 1 for every n; therefore || f + gll55 < 1and
f is not an extreme point in S(SP).

Conversely, suppose that f, is an extreme point in the unit
ball of L?[n,n + 1] for every n. If f is not an extreme point in
B(SP), then there is a function g#0 in P such that f + g
has norm not larger than 1 in &P, Then the norm of fot g,
in L?[n,n + 1] is less than or equal to 1 for every n, but g,, is
non-zero for some m. Therefore f,, is not an extreme point
in the unit ball of L?[m, m + 1], a contradiction. O

Corollary 72. (i) For 1 < p < 09, a function f in the unit
ball of SP is an extreme point if and only if, for every n € Z,
"f”LP[n,n+1] =1

(ii) The unit ball of’é’w1 has no extreme point.

Proof. Part (i) follows from Lemma 71 since all functions
in the unit sphere of L? are extreme points of its unit ball,
as L? is strictly convex (even more, it is uniformly convex,
by Proposition 21). Part (ii) follows similarly, because, as
observed at the beginning of this section, the unit ball of L'
has no extreme points. O

In the case of the norm of &7, we prove that the above
condition is sufficient for extremality.

Proposition 73. Let f belong to the unit ball B(S?) for some
P, 1< p < o0, and for x € Rwrite f, = fl, ). If fyisan
extreme point in the unit ball B(L?[x, x + 1]) for every x, then
f is an extreme point in the unit ball B(S?).

Proof. If f € B(S?) is notan extreme point, then || f + gl 5, <
1 for some g that is not zero on some set of positive measures
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and such that ||gll s, < 1. Butthen, forallx, || f £ gIILP[x’XH] <
1 and Iglto sy S 1 and there exists y such that g#0 in
[, ¥ +1]; therefore f, is not an extreme point in the unit ball

of LP[y, y +1]. O

7.4. Open Problems. Theorem 60 gives necessary conditions
and sufficient conditions for extremality in the unit ball of
MP. Can extreme points be characterized by a necessary and
sufficient condition?

We have characterized the extreme points in the unit ball
of SP. Can the extreme points in the unit ball of &? be
characterized analogously?
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