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We firstly prove that S-times integrated «-resolvent operator function ((«, 8)-ROF) satisfies a functional equation which extends
that of B-times integrated semigroup and «-resolvent operator function. Secondly, for the inhomogeneous a-Cauchy problem
‘Dfu(t) = Au(t) + f(t),t € (0,T), u(0) = x,, u'(0) = x,, if A is the generator of an («, 3)-ROE, we give the relation between the
function v(t) = S,, 5(£)xo + (gy * Sep) (£)X1 + (goy * Sep * f)(¢) and mild solution and classical solution of it. Finally, for the problem
‘Div(t) = Av(t) + glgﬂ(t)x, t>0,v90)=0k=0,1,...,N — 1, where A is a linear closed operator. We show that A generates an

exponentially bounded («, 8)-ROF on a Banach space X if and only if the problem has a unique exponentially bounded classical

1

solution v, and Av, € L

1. Introduction

This paper is concerned with the properties of 3-integrated
a-resolvent operator function ((e, 8)-ROF) and two inhomo-
geneous fractional Cauchy problems.

Throughout this paper, R* = [0,00), N denotes the set
of natural numbers. N, = NU {0}. Let X, Y be Banach spaces,
B(X,Y) denote the space of all bounded linear operators from
X toY, B(X) = B(X,X). If A is a closed linear operator,
p(A) denotes the resolvent set of A and R(A, A) = (AI - A
denotes the resolvent operator of A. LY(R™, X) denotes the
space of X-valued Bochner integrable functions: u : R* —
X with the norm [ullp g+ x) = JOOO llu(t)lldt, it is a Banach
space. By * we denote the convolution of functions

t
(f*g)(f)=Lf(t—T)g(T)dr, t>0. 1)
g, denotes the function
a—1
0 ®={T@ 7" @
0, t <0,

and g,(t) = 6,(t), the Dirac delta function.

(R*, X). Our results extend and generalize some related results in the literature.

In 1997, Mijatovi¢ et al. [1] introduced the concept of -
times integrated semigroup (8 € R") which extends k-times
integrated semigroup (k € N,) [2], they showed an R(A)
to be the pseudoresolvent of a S-times (3 > 0) integrated
semigroup {S(t)} if and only if {S(¢)} satisfies the following
functional equation:

JHS (s+t— r)ﬁ_lS(r) dr — JS (s+t—r)ﬁ_18(r)dr )
t 0 3

=T(B)S(1)S(s),

t,s > 0.

In the special case of 3 = k € N, the corresponding result is
summarized in [2].
For the inhomogeneous Cauchy problem

W (t)=Aut)+ f(t), tel0,T], u(0)=x, (4)
where T > 0, f € LY([0,T],X), x € X, and A is
the generator of a k-times integrated semigroup {S(t)} on
a Banach space X for some k € N,;. Let v(t) = S(f)x +
jot St —s)f(s)ds, t € [0,T]. Lemmas 3.2.9 and 3.2.10 of [2]

show that if there is a mild(classical) solution u of (4), then
v e C*([0,T], X) (C**'([0, T], X)) and u = '), On the other
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hand, if v € C*([0,T], X) (C**'([0,T], X)), then v is also a
mild (classical) solution of it.

Furthermore, if A generates an exponential bounded k-
times integrated semigroup on a Banach space X, then, for
any x € X, v(t) = I; S(s)x ds is the unique exponential
bounded classical solution of the following problem:

u' (t) = Au(t) + gy D x, £20, u(0)=0. (5

In recent years, a considerable interest has been paid
to fractional evolution equation due to its applications in
different areas such as stochastic, finance, and physics; see
[3-8]. One of the most important tools in the theory of frac-
tional evolution equation is the solution operator (fractional
resolvent family) [9-15]. The notion of solution operator was
developed to study some abstract Volterra integral equations
[16] and was first used by Bajlekova [17] to study a class of
fractional order abstract Cauchy problem. In [9], Chen and Li
introduced a-resolvent operator functions («-ROF for short)
defined by purely algebraic equation. They showed that a
family {S,()};5o € B(X) is an a-ROF if and only if {S,(t)},5¢
is a solution of abstract fractional Cauchy problem

‘Div(t) = Av(t) + gg,, () x, £>0,

(6)
vio)y=x, RO =0 k=1,...,N-1L
When 0 < « < 1, Peng and Li [18] proved that the solution
operator {S,(t)},-, for (6) satisfies the following equality:

T—jS—S“(T) T
o t+s—-1)

S () Sa(n)
=0¢J. J- ! zlmdrldrz,
oo (t+s-1 -1,)

We refer to [5, 15, 16, 19] for further information concerning
general resolvent operator functions. In addition, Chen and
Li [9] also introduced the concept of integrated fractional
resolvent operator function in an algebraic notion as follows.

jt+s Sa (T)
t (t + S5 — T)a

(7)

t,s > 0.

Definition 1 (see [9, Definition 3.7]). Let« > 0, 3 > 0. A
function S, 5 : R* — B(X) is called a -times integrated
a-resolvent operator function or an («, 3)-resolvent operator
function ((«, 3)-ROF for short) if the following conditions
hold:

(a) Sa)ﬁ(-) is strongly continuous on R* and Sa)l;(O) =
gﬁﬂ(o)l;

(b) Smﬁ(s)Smﬂ(t) = S“”B(t)Smﬁ(s) forall s, t > 0;

(c) the functional equation

Sep ()T Saup () = T S (5) S (8)

= 9p+1 (s) ];xsa,ﬁ () - 9p+1 (t) ]gsa,ﬁ (s)

(8)

holds for s,t > 0, where J;* is the Riemann-Liouville
fractional integral of order a.
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The generator A of S, 4(t) is defined by

Sop (t) x — t)x
D(A)::{xeX:lim s Ipr1 ) exists]»,

t—0" Yo+ p+1 (t)
Sap (£) (®) ®)
» x - x
Ax = lim —=F b1 , xeD(A).
t—0" Yo+ p+1 (t)

Note that an («, 0)-ROF is just an a-ROE

In this paper, we firstly show that («, 8)-ROF satisfies
an equality which extends (3) and (7) for [-integrated
semigroup and «a-ROEF, respectively. Then, we consider the
inhomogeneous fractional order abstract Cauchy problem

‘Diu(t)=Au()+ f(t), te(0,T),
(10)

u (0) = x,, u' (0) = x,,
where 1 < a <2, T >0, f € L'((0,T), X), and A is assumed
to be the generator of an (&, B)-ROF S, 4(f) on X. We give
the relation between the function v(t) = S(,c)ﬁ(t)xO + (gq *
Sa)ﬁ) B)xy + (Goo1 * Sap * f) (t) and solution of (10). We also
study the problem

‘Div(t) = Av(t) + gg,, () x, t>0,
(11)

vWoy=0, k=01,....N-1,

where « > 0, x € X, N is the smallest integer greater than
or equal to a. We prove that if A generates an exponentially
bounded («, 8)-ROF on X if and only if the problem (11)
has a unique exponentially bounded classical solution v, and
Av, € L}, (R, X).Ifa — 1%, B = k € N, our Theorem 13
reduces to Lemma 3.2.10 in [2]. When & = 1, 8 = k;, it is easy
to see that our Theorem 15 extends and generalizes Theorem
3.2.13in [2].

This paper is organized as follows. In Section 2, we pro-
vide some preliminaries of the fractional calculus and («, f3)-
ROE Section 3 is devoted to present an equality characteristic
of the (a, 3)-ROF. Finally, as an application of («, )-ROF, we
discuss the solutions of fractional abstract Cauchy problem
in Section 4.

2. Preliminary

Recall that the Riemann-Liouville fractional integral of order
a > 0 of f is defined by

JEF @) = (g0 * ) (8) = j G (t—9) f(ds,  (12)

and the Caputo fractional derivative of order & > 0 of f can
be written as

m m—1
D)=L (g (fO-F P g0 ) ),
dt par’
13)

where m is the smallest integer greater than or equal to «. For
more details in fractional calculus, we refer to [5, 20, 21].
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The Mittag-Leffler function is defined by

(o] n

z
Eup(2)= ) ——— E,(z) = E,, (2),
! r;)r (an+ ) ! (14)
Rea >0, B,z€C.
Andif0 < @ < 2, 8> 0, then
1 —B)/e «
E,p5(2) = &z(l 2 exp (zl/ ) +&,5(2),
1
|argz| < E(xn, E p(2) = €,5(2), 15)
1
|arg(—z)| < <1 - Ecx) T,
where
N-1 an N
e p(z2)=—) — +0/|(|z|” as z — 00,
“ 27 am 0L
(16)

and the O-term is uniform in arg z if | arg(-z)| < (1 - («/2) -
€.
We now recall some properties of («, 3)-ROE.

Lemma 2 (see [9, Proposition 3.10]). Let Sap: R* — B(X)
be an («, B)-ROF generated by A. The following assertions hold:

(a) Sa,ﬁ(t)D(A) c D(A) and ASa,ﬁ(t)x = Sa,ﬁ(t)Axfor
x € D(A) andt > 0;

(b) for all x € X, ]f‘Sa)ﬁ(t)x € D(A) and Sa’ﬁ(t)x =
gpr1 ()X + A]f‘Sa)ﬁ(t)x, t>0;

(¢c) x € D(A) and Ax = y if and only sza,ﬁ(t)x =
Gpr1 ()X + IS, g(t)y, t 2 0;

(d) A is closed.

Lemma 3 (see [9, Proposition 3.5, Theorem 3.11]). Let a > 0,
B = 0. A generates an («, B)-ROF S, g satisfying |IS, (D) <
Me“, t > 0, for some constants M > 0 and w > 0, if and
only if (w™, 00) C p(A) and there exists a strongly continuous
function S : R* — B(X) such that |S(t)|| < Me" for allt > 0
and jooo eMS(t)xdt = A PIR(AY, A)x, A > w, forall x € X.
Furthermore, S(t) is Sa,ﬁ(t).

Lemma 4 (see [2, Proposition B.6]). Let U ¢ C. If function
R:U — B(X) satisfies R(A) — R(u) = (4 — A)R(A)R(n), then
there is an operator A on X such that R(A) = (Al - A for all
A € U if and only ifker R(A) = {0}.

3. An Novel Equality Characteristic
for («, 5)-ROF

The following theorem shows that an («, 3)-ROF satisfies a
functional equation and the treatment bases on the technique
of Laplace transform. For convenience, we drop the subscript
o, B from {S,, g}, in this theorem.

Theorem 5. Leta € R* \ Ny, B € R satisfy f—a > —1.
If {S(t)}sg is an («, B)-ROE then it satisfies the following
equality:

N

J-HS (s+t-rPoS@)dr- J- (s+t-rPoS@)dr
¢ 0

zocl"([i—oc+l)J'SJt S(r)S(ry)

drdr,.
rd-o 0 (t+s—r —1,) e

1+«
0

17)

Proof. Denote by L(t, s) and R(t, s) the left and right sides of
equality (17), respectively, and denote by f,(t) the truncation
of f(t) ata, thatis, f,(t) = f(t)for0 <t <aand f,(t) =0
otherwise.

We will show that the Laplace transform of L,(t,s) and
R,(t,s) with respect to t and s is equivalent, and by the
uniqueness of Laplace transform, we can get that L (¢,s) =
R,(t,5).

Taking Laplace transform of L (¢, s) with respect to s as
follows

(o]

Lo = |

t+s
e [J (s+t-— r)ﬁ_“Su (r)dr
0 t

- J (s+t-rPs, (r)dr|ds
0
- J S, (r) J eM(s+t—r)fdsdr
t r—t
- J S, (r) J e M(s+t-r)Pdsdr
0 r

- - (18)
= J S, (1) e MrD J e M drdr
t 0

- J S, (r) e M J
0 ¢

T(B-a+1) [® A1)
= A(ﬁ—a+1) J Sa (r) e dr

e P dr dr
-5, (M) J e Py,
t

then taking Laplace transform with respect to ¢, we have

~ o r (ﬁ -+ 1) © “Mr—
_ ut (r—t)
Lo(wA) = JO e [ e L S, (r) e dr
-eMS (L) J e_)”TTﬁ_“dT] dt
¢

T(B-a+1) ([ _,(® Y
:WL et L S,(re drdt

-5, (V) J At J' e P dr dr
0 t



TB-a+1) (* T ew
:WJO e Sa(T)Joe # dtdr

- J e NP J MM dr S, (V)
0 0

r(B-a+1)

X <LOO e S, (r)dr - JOOO e™Ms, (r) dr>

1

A-u
J. e HirP oy - J
0

Fr(B-a+1) ,. R
- (Asﬁﬂ)—,\(;)l) (S (1) =S )
1 (T(B-a+1) T(B-a+1))
_ P " ( H(ﬁ—oﬁl) - /\(ﬁ—(x+1) ) Sa (/\)

ef’hrﬁ*“d'r> S, (\)

CT(B-a+1) apna _(@-p-Dg
T (A8, () - IS, )

Fr(B-a+1)
(A - ) )
x (P08, (1) - AP0, ()

T (ﬁ -+ 1)

= W (R(4",A) —=R(1*, A)),

(19)
where the last equality follows from Lemma 3.
On the other hand, observing that
r(B-a+1) (*
Ra(t’s):(x (ﬁ @+ )J Sa(r)1+ dr*sa(s),
Fl-a) Jo(t+s—r)'™
(20)

Then taking Laplace transform with respect to t and s,
respectively, we deduce

rp- 1
Rt ) =2 5/?1 _“0:) )
@ st S s
XJ;) e JO mdrdssu(/\)
ol (B-a+1)
T I(l-a)

% J 45N xS, (1) dsS, (),
0
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~ rg- 1
R, (l’l’ A) = : IE/—(;I _(XO:)— )

x J et J e+ S, (1) dsdtS, (V)
0 0

al (B-a+1)
I'l-ow)

x J e J e (t+s) " xS, (D) dsdt S, ()
0 0

al (B-a+1)
i

x J e_ASJ e (t+5) " dtdsS, (u)S, (V)
0 0

Bt DI (e s, (5, 0

-« A—u
CT(B-a+1), 0 aa .
—T(A —u) S, (1) S, (V)

_r(ﬁ_a+l) a o«

1
xR ARO 4)
(A,‘Ll)ﬁ o+l

r(B-a+1)

= W (R(u",A) -~ R(A%, A)),

(21)

where the last equality follows from the resolvent identity. In
view of (19), (21), and the uniqueness of Laplace transform,
we obtain L (t,s) = R,(t,s), t,s = 0. The arbitrariness of a
implies L(t,s) = R(t,s) fort,s > 0. O

Remark 6. (a) If B = 0, then (a, 0)-ROF S ((¢) is an a-ROF
and the equality (17) degenerates to be equality (7).

(b) If we assume that, for each x € X, the mapt —
Saﬁ(t)x is continuously differentiable on [0, co)and the limit
of (a, §)-ROF S, 4(t) existsas« — 17, then multiplying both
sides of (17) with 1 — « and integrating by parts to the right
side of (17) and letting « — 17, we can get that (3) is just the
limit state of (17).

By Lemma 3, (, 5)-ROF generated by operator A is
exactly operator valued functions whose Laplace transforms
are A“"ﬁ_lR(A, A). In the following theorem, we show that
this property corresponds to the functional equation (17) for
Sa,p(t). The proof of this theorem is proved by Ardent [2,
proposition 3.2.4] for« — 17, f = k € N. Our proof is
different since we could not use the binomial formula as in

(2].
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Theorem 7. Let S : R* — B(X) be a strongly continuous
function satisfying |S(t)|| < Me“" (t > 0) for some M, w > 0.
Leta € R"\ N, B € R" satisfy that B — o > -1, set

R(A%) = Ao JOO e M3 (1) dt. (22)

0

Then the following assertions are equivalent.

(i) There exists an operator A such that (0, 00) C p(A)
and R(A%) = (A1 - A)_lfor)t > w.
(ii) Fors,t > 0, the equality

JHS (s+t-rPS)dr- r (s+t-rPSr)dr
t 0

S(r)S(r)
0(t+s—r —1,

ol (B-a+1) rr

 T(-«)  Jo

holds and S(t)x = 0 for all t > 0 implies that x = 0.

Proof. Assume that (i) holds; then (w®, 00) ¢ p(A), (A“I -
A7 = VP [ MG(t) dt for A > w; from Lemma 3,
we know that S(¢) is the (, B)-ROF generated by A; then
Theorem 5 shows that equality (23) holds. It follows from
(w*,00) € p(A) and R(A*) = (A\*I — A)™! for A > w that
R(A%) is injective. If S(t)x = 0 for all t > 0, from R(A*) :=
pIaran IOOO e M3(t) dt, we have R(A%)x = 0; thus x = 0.

If (ii) is satisfied, similar as the calculations of (19) and

(21), we can get that the Laplace transform of the left side and
the right side of (17) are

Fr(B-a+1)
(A= ) ()
F(B-a+1) A¥—u®
()Pt

(R(#") - R(2%)),
(24)
R (") R(A"),

A-p

respectively. So,
R(p*)=R(A") = (A" =) R(p")R(A%).  (25)
On the other hand, if R(A")x = 0, by R(A\%) =

ATorpH IOOO e ™M3(t) dt and uniqueness of Laplace transform,

we have S(t)x = 0 for all t > 0, then from (ii) we know
x = 0, so, Ker R(\*) = 0, by (25) and Lemma 4, we get the
conclusion. O

4. Fractional Abstract Cauchy Problems

In this section, we study the following inhomogeneous
fractional abstract Cauchy problem:

‘Diu() =Au(t)+ f (1), te(0,T),

(26)
u (0) = x, u' (0) = X1,
wherel <a <2, T>0, f¢€ Ll((O,T),X), Xg, X, € X, Adis

a linear closed operator.

First, we give the definitions of solutions to (26).

Definition 8. A function u € C([0,T); X) is called a mild
solution of (26), if (g, * u)(t) € D(A) and u(t) = x, + tx; +
A(gy * W) + (g * ))(©), t €[0,T).

Definition 9. A function u € C([0,T); X) is called a classical
solution of (26) if u satisfies the following.

(a) u € C([0, T); D(A)) n C'([0,T); X).

(b) gyg * (u—xy—tx;) € C*([0,T); X).

(¢c) u satisfies (26).

From the above definitions, it is clear that a classical
solution of (26) is a mild solution of it. The following

assertion shows that a mild solution of the problem (26) with
suitable regularity is also a classical solution.

Theorem 10. Let u be a mild solution of (26) and f €
C([0,T); X), if gy_o * (u—xy—tx;) € C3([0,T); X), and for any
te(,T),g,*uc L'((0,1), D(A)); then u is also a classical
solution of (26).

Proof. Since u is a mild solution of (26), we have
(go *u) () € D(A),
u(t)=xg+tx, +A(gy xu) @)+ (g, * f) (1), (27)
te[0,7T).

If we denote w(t) := u(t) — x, — tx;, then it follows from (27)
that

(gz—a * w) (t) =92 * (A (ga * u) (t) + (goc * f) (t)) )
=A(g, *u)(t) + (g, * ) @®).

Since g, , * w € C%([0,T); X), then ‘Diu(t) =
(dz/dtz)(gz_a * w)(t) is well defined, and by (28), we have

8)

d2
Diu®) = & (gora v w) @

1
= lim L (g 5 ) () =2 (g2 ) (- )

+ (gZ—a * w) (t - 2h)]

1

- tim L [A(ge + 1) 924 (g, > ) -

+A (g, * u) (t —2h)]

1

+;}iﬂ)ﬁ [(g* f)®)=2(g, * f) (t—h)
+(g, * f) (¢t =2h)]

1
= }}linoﬁ [A(gy *u) () —2A(g, xu)(t—h)
+A (g, xu)(t-20)] + f(1).

(29)



Thus,
Jim = [A (g, * ) (0= 24 (g, % ) (¢~ ) o

+A (g, * u) (t—2h)]| ="Dfu(t) - f ().

On the other hand, from the closeness of A and g, * u €
L'((0,1), D(A)) for t € [0, T), by Proposition 1.1.7 in [2], we
have

(92 * I/l) (t) = (gZ—ac * (got * Ll)) (t) €D (A) > (31)

Then from (30) and the closeness of A, we obtain

u(t)-hm (g % 1) () 2 (g, * u) (¢ - h)
+(g, * u) (t - 2h)] € D(A), (32)
‘Diu(t) = Au(t) + f(t), tel[0,T).

It is clear that u(0) = x,, u'(0) = x,. Thus, u is a classical
solution of (26). O

Lemmall. Letl < a < 2, f € LY((0,T), X). Suppose A is
the generator of an (a, B)-ROF S, 4(t) on X for some ff € R".

Then, foreveryt € [0,T), (g, #Sq p () exists, and (g,,_; *
Sap * f) € C([0,T), X).

Proof. For every t € [0,T), since g, , € L'((0,t),R"), f €
L'((0, 1), X), we get gy * f € L'((0, ), X), hence, from

(ot * Suup * £) (1) = (Suup * Guur * £) (@)
t (33)
= [[Supt-90r e N s

we obtain that (g,_, * Sa,p * f)(t) exists.
ForheR, |h| < landt+h € [0,T), we have

(goc—l * Soc,ﬁ * f) (t + h) - (goc—l * Soc,,B * f) (t)

t+h
= [saptee -9 (g e s
- L Sap (t = 5) (g * f) (s)ds

t+h
= | (Sap =9 =505 0=9) (g0 = ) ) s

t+h
- L Sup

From the dominated convergence theorem and absolute
continuity of integral, we deduce

P}iino((ga_l * Sy p * f) (t+h) - (g‘x_l * Sop * f) (t)) =
(35)

$) (a1 * f) (5)ds
(34)

So, (goc—l * S(x,ﬁ * f) € C([O7 T)sX) ]
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Let

v(t) = Sep (t) xo + (gl * Stx,ﬁ) () x; + (9a—1 * So p * f) (t).
(36)

From Lemma 11, we know that v is well defined, and v ¢
C([0,T), X).

The following theorem is proved by Arendt [2, Lemma
329] fora = 1, B =1 € N. Our proof is different because
we could not use the formula of integration by parts as [2,
Lemma 3.2.9].

Theorem 12. Suppose that A is the generator of an («, 3)-ROF
Sap(t) on X for some f € R". Let v be defined by (36). Then
one has the following results.

(a) If (26) has a mild solution u, then Im-p * (v =

Zko W (O)gkﬂ(t)) € C™[0,T); X) and u(t) =
D u(t).

(b) If there is a classical solution u of (26), then g,_, *

CDPy(t) - xy — tx;) € C([0,T)X) and u(t) =
DPv(t).

Proof. If u is a mild solution of (26), then (g, * u)(t) € D(A)
and

te[0,T).
(37)

9o * ) (),

u(t) = xo +tx; + A(gy * u) () + (

Using Lemma 2(b) and the closeness of A, we have
(gpr1 % 1t) (€)= (Sap = A(Ga * Sap)) xu(®)
= (Sup 1) () = (A (g * Surp) * 14) (8)
= (Spp *u) () -
= (Sep * 1) (8)

= Sap * (= xo —tx; = (

Sa,ﬁ * A (goc * u) (t)

g * ) ()

= Sa’ﬁ * Xo + S‘x’ﬁ * 1) + (Sa’/; * gy * f) ®;
(38)

thatis, (gg,; * u)(t) = (1% S, g)(£)xq + (g, * Sa p) ()X + (g *
S * )(0). So

]tﬁu ) = (gﬁ * u) (t) = d (gﬁ+1 * u) (t)

= Sap (£) xo + (gl * Smﬁ) () x, 39)

+(Gor *Sup * f) (O =v(1).

Thus, it follows from u € C([0,T), X) that Im-p * (v -
YL v P (0) g (1) € C™([0,T)X) and u(t) = “DEv(y).
Hence (a) holds. If u is a classical solution of (26), then u is

a mild solution of (26). So, assertion (b) follows immediately
from (a). O
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Theorem 13. Let v be defined by (36). Assume that v €
C™ (10, T); X), vM(0) = 0 for k = 0,1,...,m — 1, and
Gmp * v € C"([0,T); X); then Cva(t) is a mild solution
of the problem (26). Moreover, if g, , * (Cva(t) - X —
tx,) € C*([0,T); X), and for any t € (0,T), g, * Cva(t) €

LY((0,1), D(A)), then CDfV(t) is also a classical solution of
(26).

Proof. Consider the following steps.
Step 1. We first claim that Jv(t) € D(A) and

CDtﬁA]t“v(t) = CDtﬁv(t) —Xg— X, — gy * [- (40)

In view of definition of v(t), we have

eV () = (e * Sa) O % + (9 % 91 % Sup) (O3,

+ (gtx * goc—l * Soc,ﬁ * f) (t)

! 4
= (g"‘ * Sl")ﬁ) (t) Xot ,[ (gtx * soc,ﬁ) (T) xldT ( 1)

0

t
+ JO (goc * Sa,ﬁ) (t-1) (goc—l * f) (7)dr,

fort € [0,T).
From Lemma 2(b), for 0 < 7 < t, we have

(G * Sup) V%0 € D(A), (o * Sap) () X, € D(A),
(e * Su) (¢ = 7) (dos * £) (1) € D(A),
A(Go # Sap) (D) X1 = Sy (1) X, — gy (D x, € L' (0,1),
A(a * Su) (t =) (ot * £) (@)
= Sep (t=7) (gomr * ) (1)

= Gper t=7) (goy * ) () € L' (0,1),
(42)

combining with the closeness of A, one has

| (90 % Sup) xidr € D(4),
’ (43)

JO (u * Sug) (6 = 7) (gay * £) (D dT € D(A).

Thus Jv(t) € D(A), and

Alfv(t) = A(ga * Sa’ﬁ) (t) xo + gy * A(ga * Sa’ﬁ) (t) x

+g¢x—1 * A(ga * Sa,ﬁ * f) (t)

= Sup ()Xo = Gpur () %0 + (g1 * Sop) (8) X,
~ (91 % gpu) O x,
+ Gacr * (Sap * f =g * ) ®
= Sup () %0 + (g1 * Sup) (1) X,
+(Gar * Sap * £) (O = gp1 () x
— (91 * gpe1) O X1 = (G * f) ()
= () = gpur (1) % = (g1 * g1 ) () %,

~(Gorp * ) (®).
(44)

So
AJfv () =v (1) - ggo (O % — (g1 * 9p1) (B) )
~ (Gaep * 1) @), (45)
‘DfA]f‘v(t) = ‘va (t) = xog —tx; — Gy * f-
Step 2. We prove “DFJu(t) € D(A) and A°DfJ*w(t) =
D AJFv(t).

Sincev € Ck([O,T);X), W) =0fork=0,1,...,m-1,
we have

k

d
27 (02 V) Ol = (9o V") Olig =0. (46)
So
¢ Bra dr
Dy J;v(t) = d? (gm—ﬂ * Go * V) ()
(47)

R IR
= Jim 5 D-C (g 9= ) = ).

where C, = (m(m-1)---(m—r+1))/rl. From (45), we know
that AJv € LY((0,1), X), and the closeness of A implies that
(Gm-p * o * VI(t) € D(A), and A(g,,_g * go * V() = Gpp *

A(g, * v)(t), by Step 1, CDfA]f‘v(t) exists, then CDf]f‘v(t) €
D(A), and

ACDf]?v t) = CDfA];”v ). (48)
Step 3. We show that v®(0) = 0 fork = 0,1,...,m—1 implies
‘DE 1% (1) = 1“Dlv (1), (49)

In fact, if « > f3, we have CDfIf‘v(t) = f‘_’Bv(t), and

1 DPv ) = PP pPy 1)

m—1 (50)
=JF (v(t) - 399 (0) gy (t>>.

k=0



If a < 3, we have CDf]f‘v(t) = CDf_‘Xv(t), and

ey = pf 1 Dlvt)

- m=1 (51)
= °pf (V(t)— Y v (0) i (t)).

k=0

From the above discussion and v*(0) = 0 fork = 0,1,...,
m — 1, we conclude that (49) holds.
Finally, in view of (40), (48), and (49), we have

AJ*“Div(t) = ADEIEv (1) = “DP ATV (t)

s (52)
= ‘Dyv(t) = xo—tx; = (g * f)(1).

Therefore, Df v(t) is a mild solution of (26).
Moreover, if g,_, * (chv(t)—xO—txl) € C*([0,T); X),and
forany t € (0,T), g, * CD‘fv(t) e L'((0,t), D(A)), applying

Theorem 10, we have that CDf v(t) is a classical solution of
(26). O

Remark 14. f « — 1%, B = k, then (26) becomes (4).
Theorem 13 degenerated to Lemma 3.2.10 in [2]. Note that the
condition v”(0) = 0 for j = 0,1,...,k — 1 is not necessary in
Lemma 3.2.10 of [2], since from its proof, it is easy to see that
v(0) = 0 implies that v20) =0 forj=1,...,k-1.
Now, we turn our attention to the problem
‘Div(t) = Av(t) + gpnt(x), t>0,
(53)

Wo)y=0, k=01,....N-1,

where & > 0, x € X, A is alinear closed operator on X and
N is the smallest integer greater than or equal to .

Theorem 15. Let A be a closed operator on X and 3 > 0; the
following two assertions are equivalent.

(i) A g;(nemtes an exponentially bounded («, )-ROF S, 4
on X.

(ii) Forevery x € X, there exists a unique classical solution

v, of (53) which is exponentially bounded and Av, €
L}, (R X).

Proof. If (i) is satisfied, for every x € X, definev, : R — X
by v, (t) = (g * Sy p) ()%, then v (0) = 0fork = 0,1,..., N~
1. By Lemma 2(b), we have v (t) = (g, * Sap)(t)x € D(A),
and

c

Dy () = S () x = A(gy * Spp) () X+ gpy () x

=Av, (t) + gg () x, £>0.
(54)

Thus, v, is a classical solution of (53); it is unique by
Theorem 12. Since S, 4 is exponentially bounded, we have that

v, is exponentially bounded. From
A, () = A(Gy * Sup) (1) x = Sy g () x = gpyy () %, (55)

we know that Av,(t) € L;,.(R*; X). So (ii) is true.
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Assume that (ii) holds. From linearity of (53) and the
uniqueness of its solution, we get that v, is linear in x. So, for
eacht > 0, there exists a linear mapping V(¢) : X — D(A)
such that V(t)x = v, (¢) for any x € X.

Next, we show that, for each t > 0, V(t) € B(X, D(A)).

We consider the mapping ® : X — C(R",D(A))
by ®(x) = v.(-) = V()x. Then, ® is a linear operator
defined on X. Now we show that @ is closed, if x, — x
in X and ®(x,) — wu in C(R",D(A)). For t > 0, by
the dominated convergence theorem, we have that J'v, (t)
converges to J{u(t), since Ve () = Gaapr1 (D%, + ]f‘Avxn(t),
from the closeness of A, it follows that asn — 00, u(t) =
gMﬂH(t)x + J; Au(t), which implies that u = ®(x) and
® is closed. Therefore, by the closed graph theorem, ® is
bounded. So, for each t > 0, V() € B(X, D(A)). Then, the
exponentially boundedness of V(t)x and Lemma 3.2.14 in
(2], imply that [V(t)] < Me(t > 0) for some constants
M, @ > 0.80 Q)x = M*! [ e MV(t)x dt is well defined
for A > w, (0%, 00) C p(A).

Since AV (t)x € L'(R", X), then the Laplace transform of
AV (t)x is well defined, and from the closeness of A, for A > w,
we have

(A% = A) Q) x = A%F+1 J MY (1) x dt - AP
0
X J e MAV (t) xdt
0

— /\oc+ﬁ+1 J e—AtV (t)xdt _ Aﬁﬂ

0

e (56)
X J- eM DYV (t) xdt + AP
0

X J e_)”gﬁJrl (t) xdt
0
= APV () x - APV () x
F APV
Now, we show that (A% — A) is injective for A > w. Assume
that (A — A)x = 0 for some x € D(A) and A > w. Then, by
the method of Laplace transform, we have that the solution of

(53) is t*"PE ooy (A%%). Since [lv, ()] < Me"', forallt > 0,
combine with (15), it follows that x = 0. Hence (A* — A)™" =

Q(A) for A > wand V(t) is an (&, & + 3)-ROE. Let
Sep ) x:= DV () x=AV () x +gp, (x5 (57)

then S, p(t)x exists and V(t)x = ]f‘Sa”B(t)x forall t > 0 and
all x € X. So

Sep () x = AJ[Sy 5 (£) X + gpuy () X, (58)
and taking the Laplace transform, we have

SupMx=ANS, ;M x+ 1%, A>w;  (59)
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that is,

ga,ﬁ Mx= /\“7/371()&“ - A)_lx, 1> w. (60)
From Lemma 3, we know that S, 5 is the (a, 3)-ROF gener-
ated by A. O

Remark 16. Theorem 15 extends and generalizes Theorem
3.2.13 in [2]. In fact, when & = 1 and 8 = k, (53) becomes
(5), Sqp(t) is a k-times integrated semigroup. For problem

(5), the condition Av, € L}OC([RU; X) in (ii) is not necessary.
Since from the proof of Theorem 3.2.13 in [2], it is easy to
see that the assumption that exponentially boundedness of
the unique classical solution to the problem (5) imply that

Av, e L (R*; X).
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