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We consider the perturbed nonlinear elliptic system —&Au + V(x)u = K(x)lulz*’zu + H,(u,v),x € RN, —2Av + V(x)v =

K(x)|v|2*72v + H,(u,v),x € RY, where N > 3,2 = 2N/(N - 2) is the Sobolev critical exponent. Under proper conditions
on V, H, and K, the existence result and multiplicity of the system are obtained by using variational method provided ¢ is small

enough.

1. Introduction and Main Results

In this paper, we are concerned with the existence and
multiplicity of nontrivial solutions for the following class of
elliptic system:

—Au+V (x)u =K (x) |u|2*72u +H,uv), xe€ RY,

—EAv+V (x)v=Kx) V> v+ H,wv), xeRY,

u(x),v(x) — 0 as |x|] — oo,

@

where N > 3,2" = 2N/(N - 2) denotes the Sobolev critical
exponent, V(x) is a nonnegative potential, K(x) is bounded
positive functions, and H,(u, v) and H,(u, v) are superlinear
but subcritical functions.

In the recent years, many papers have considerd the scalar
equation

—?Au + Vx)u=gxu), xc¢ RN, (2)

which arises in different models; for example, they are
related to the existence of standing waves of the nonlinear
Schrodinger equation

ih?)_(f = A+ (V(x)+E)o—-f(9) VxeRN. (3)

A standing wave of (3) is a solution of the form ¢(x,t) =
u(x) exp(—iEt/h). We would like to cite the works of Floer
and Weinstein [1], Del Pino and Felmer [2, 3], Oh [4], Wang
[5], Cingolani and Nolasco [6], Cingolani and Lazzo [7],
Ambrosetti et al. [8, 9], Alves and Souto [10, 11], Ding and
Lin [12], Liang and Zhang [13], and references therein.

For elliptic systems, we cite the papers of Alves and Soares
[14, 15], Alves et al. [16], and Avila and Yang [17].

Motivated by some results found in [12], a natural
question arises whether existence of nontrivial solutions
continues to hold for the system (1). We study the existence
and multiplicity of the nontrivial solutions for the system (1).
Our work completes the results obtained in [12], in the sense
that we are working with elliptic systems. To prove our main
result, we follow some ideas explored in [12] and also use
arguments developed in [13, 18].

In this work, we assume the following assumptions:

(V) V € C(RN,R), V(0) = inf gnV(x) = 0, and there
is a constant b > 0 such that the set »* = {x e RN :
V(x) < b} has finite Lebesgue measure;

(Ky) K(x) € C(RN,R"),0 < inf K < sup K < 00;

(H)H e CYR* x R*,R),H,(s,t),H,(s,t) = o(l) as
(s,t) = (0,0);
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(H,) there exist 2 < g < 2" and ¢ > 0 such that

|H, (s, 0], |H, (s ) <c (L4 s+ 111771)s (@)
(H,) there exista, > 0, a, B> 2,0 € (2,2%) such that

H(s,t) 2 ay (Is* + 1),

(5)

0 < 0H (s,t) <sH(s,t) +tH, (s,t) Vs>0, t>0.
Our main results are as follows.

Theorem 1. Assume that (V,)(K,) and (H,)-(H;) hold. Then,
foranyo > 0, there exists e, > 0 such that € < e; the perturbed
elliptic system (1) has one least energy solution (u,,v,) which
satisfies

62_62 ,[ 82 (l uslz + |vv€|2) + (X) (|u8|2 + |Vs|2) < OSN.
RN V
(6)

Theorem 2. Let (V,))(K,) and (H,)-(H,) be satisfied. More-
over, assume that H(u, v) is even in (u, v); then, for any m € N
ando > 0, thereise,,; > 0such thate < ¢,,; the system (1) has
at least m pairs of solutions (u,,v,) which satisfy the estimate

(6).

The main difficulty in this paper is the lack of compact-
ness of the energy functional associated to the system (1).
To overcome this difficulty, we carefully make estimates and
prove that there is a Palais-Smale sequence that has a strongly
convergent subsequence. The main results in the present
paper can be seen as a complement of studies developed in
[12].

This paper is organized as follows. In Section 2, we
describe some notations and preliminaries. Section 3 is
devoted to the behavior of (PS) sequence and the mountain
pass level of J,. Finally, in Section 4, we give the proofs of
Theorem 1 and Theorem 2.

2. Preliminaries
Let A = £ 2. The system (1) reads then as
—Au+ AV (x)u = AK (x) |u|2*_2u +AH, (u,v), x¢€ RY,

—Av+ AV (x)v = AK (x) |v|2*_2v +AH, (u,v), x¢€ RY,

u(x),v(x) — 0 as |x|] — oo.

(7)

We will prove the following result.

Theorem 3. Assume that (V,))(K,) and (H,)-(H;) hold. Then,
for a > 0, there exists A, > 0 such that if A > A, the elliptic
system (7) has one positive solution of least energy (u,,v,)
which satisfies

6_
T2 (9l + 9+ 27 0 (s + )

< oMM,
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Theorem 4. Assume that (V,)(K,) and (H,)-(H,) are satis-
fied. Moreover, assume that H(u, v) is even in (u,v); then, for
any m € Nand o > 0, there exists A, > 0 such that
ifA 2 A, the system (7) has at least m pairs of solutions
(uy,v,) satisfying the estimate (8).

For the convenience, we quote the necessary notations.
The space

Bum{ue o' (RY): | W@ <corsof o
RN
is a Hilbert space equipped with the inner product
(u,v), = J (VuVv + AV (x) uv) (10)
[RN

and the associated norm IIuIIi = (u, u),. From the assumption
(V,), we conclude that E; embeds continuously in H YRN).
Moreover, observe that the norm | - || is equivalent to the one
| -1l for each A > 0. It is obvious that, for each p € [2,27],
there exists ¢, >0 such thatif A > 1

el < cpllully < cpllully Vu € E,. (11)

Set E = E, x E, and ||(u, )|} = llull; + llvI} for (u,v) € E.
The energy functional associated with (7) is defined by

I, (u,v) = % JRN (qu|2 F AV (%) [u* + |Vv]* + AV (%) |v|2)

= sl - Aj Gy for (v) cE,
RN
(12)

where G(x,u,v) = (K(x)/2")(jul” + [v[*") + H(u, ).

Under the assumptions of Theorem 3, standard argu-
ments [18] show that ], € CY(E,R) and the critical points
of ], are weak solutions of the elliptic system (7).

3. Technical Lemmas

Lemma 5. If {(u,,v,)} is a (PS), sequence for ], thenc > 0
and {(u,,,v,))} is bounded in E.

Proof. From (K,)) and (H;), we get

1
])\ (un’ Vn) - 5]/,\ (un’ Vn) (un’ Vn)

LAl

1 1 2 2
# (5302 | K@l + 1)
A
+ 5 J (unHu (un’ Vn) + VnHv (un’ Vn) -0H (un’ Vn))
RN

1 1
> (5= 5) Nt vl > .
(13)
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Together with J,(u,,v,) — cand J;(u,,v,) — 0, we have
that {(u,,,v,,)} is bounded in E and ¢ > 0. O

Lemma 6. Let d € [2,2"). There exists a subsequence {(u,,,
vy, )} such that, for any € > 0, there exists r, > 0 with

d
v,| <€ Vr>r,, (14)

lim sup J

i—oo JB\B,

where B, := {x € RN : |x| <1}

Proof. This proof is similar to the one of Lemma 3.2 [12], so
we omit it. O

Let € C®(R") satisfying 0 < n(t) < 1,¢ > 0. 5(t) = 1
ift < land#(t) = 0ift > 2. Define ﬁj(x) = y(Q2lx|/ju(x),

Vj(x) =1(2|x|/j)v(x); then i > u,v; > vinE,.

Lemma 7. One has

lim (H (u oV, )—H (u U,V —?»)
j—ool)py S\ S\ > n; j

lim (H (u Y, )—H(u U,V —V)
jooo | Jga \UTET T t\7n; P Vng T

uniformly in (@, y) € E with ||(¢, W)l < 1.

Proof. The proof of Lemma 7 is similar to the one of Lemma
3.3 [12], so we omit it. O

Lemma 8. One has along a subsequence

T (v = By v, = ¥,) — ¢ = ] (s 7)),
(16)
]/’1 (un - ﬁn’vn —‘17") — 0 inE".
Proof. Since i - u,v; - vink, and (u]-,vj) — (u,v) in
E, we have
]A (un - ﬁn’ Vo = '17,1)
= ]A (un’ Vn) - ]/\ (an’vn)
2" ~ 2F
e[ K (|u| —a -l
(17)

-[ml")

)_H(un_ﬁn’vn_vn)

I -wl”

+3 K (1
+/\JRNH(un v,

- H (4,,7,) +o(1).

In connection with the proof of Brezis-Lieb lemma, it is easy
to check that

Jim jRNK(x)<|un|2 - a - [@m") =0,

llm jRN K(X) (|Vn|2 _ |Vn _vn|2 — |Vn|2 ) = 0)

n— oo

’vn) -H (ﬁn’vn) =0.

(18)

lim J H (u,,v,) - H (u, —t,,v, —

n— 00 RN

Note that ], (u,,v,) — cand J,(ii,,7,) — J,(u,v); we get
])t (un_ﬁn’vn_vn) —)C_]/\ (u,v). (19)
For any (¢, v) € E, we have
])’u (un - ﬁn’ Va ’17,1) ((P) 1//)
= I3 () (9 ) = I (38 7,) (9 )
+ )LJ K (x) (lunlz*_zun - |u, - ﬁn|2*_2 (u, —,)
RN
@ a,) ¢
+A J K (x) (lvn|2*72vn = v, - ’17,,|2*72
RN
_|vn|2*_zv‘n> v

+A J (Hu (un’ Vn) - Hu (un - ﬁn’ Vi = vn)
RN

(Vn - ’17,1)

_Hu (ﬁn”vn)) ¢
+A J (Hv (un’ Vn) - Hv (un - an’ Vn = "711)
RN

_Hv (an’ vn)) y.

(20)
It is standard to check that
Jim JRN K (x) <|un|2 Py = Juy - 3" 7 (4, - )
— |ﬁn|2*_2an) (p = 0)
(21)

nILI%O JRN K (x) <|Vn|2 _Zvn - |Vn - vn|2 - (Vn - vn)
7,) v =0,

_|Vn|2*7

uniformly in [|(¢,¥); < 1. Together with Lemma 7, we
complete the proof of Lemma 8. O



Letu, = u, — @i, v, = v, — V,; then (u,,v,) — (,v)inE
if and only if (urll, v;,) — (0,0) in E. Observe that

(s v2) = 573 (e v2) (2 02)
1 1 " )
= (3 )AL kel +l)
A [ (3 (o) - () @
~H (o))

A 2 2
> 2K [ (f+ )

where K, ;,, = inf, ;zvK(x) > 0. By Lemma 8, we get
2 Nc—J,(uv)

2 < /\K—mm +0
Meanwhile, by (H,) and (H,), there exists C, > 0 such that

1

u

2" 1
ol

2" n

1. (23

J K (x) (|u|2* + |v|2*) + uH, (u,v) + vH, (u, v)
N (24)
< b (Il + 113 ) + Cp (NulZe + 102 ).
Lemma 9. There is a constant oy > 0 (independent of 1)
such that, for any (PS), sequence {(u,,v,)} C E for ], with

(u,,v,) — (u,v), either (u,,v,) — (W,v)orc—J,(u,v) =
1-N/2
oA .
Proof. On the contrary, if (u,, v,,) -+ (u,v), we have
liminf (w, v)|, >0, c=L@wv)>0. (25

Let V,,(x) = max{V(x), b}, where b is the positive constant in
the assumption (V). In connection with the set 1’ which has
finite measure and ”3;’ v\ > 0in L2 (RY), we have

n loc
JRN V(x) (|u,11|2 + Vi 2) = JRN Vi, (x) ()u:"z + v,l1 2) +0(1).
(26)
Therefore, we obtain
(el + )
112 112 112 12
< [ (vl + 9l « v o (ff + [4))
12 112
_ JRN AV @) (|us] + i)
< AJ K6 () @7)
RN

1 11 1 11
+u, H; (un, vn) +v, H, (un, vn)

- JRN AV, (x) (

12"
<AC, (sl +

u g |vrll'2> +o(1)

.
v}q Lz*)+o(l),
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where S is the best Sobolev constant which satisfies
Slull?, sj \Vul*> vueH' (RY). (28)
RN

By (23), we get

-
2"

1

v

s 2*-2)/2*
S< /\Cb(”un e ) +0(1)

2/N
N(e= L) (”’V))) +0o(1) (29)

AK,

min

<16

2/N
- AH/Ncb<Ki) (c=J, )N +0(1).

min
Therefore, oco)tlfN/z < ¢ — h(u,v) + o(1), where o, =
SN/ ZC;N/ ’N7'K;- The proof is completed. O

Lemmal0. There isa constant &, > 0 (independent of A) such
that if a sequence {(u,,,v,)} C E satisfies

I (u,,v,) — ¢ < (xOAlfN/z,

(30)
Jy (U v,) — 0 in E¥,
then {(u,,, v,)} is relatively compact in E.

Proof. Lemma 9 implies that ], satisfies the following local
(PS), condition. The proof is completed. O

Next, we consider A > 1 and see that ], has the mountain
pass structure.

Lemma 11. Assume that (V,), (K,), and (H,)-(H;) hold.
There exist &y, py > 0 such that

I, (u,v) >0,

I (u,v) =2 a,

0 < [[(w, Vg < prs
(31)
if 1w, )l = py-

Proof. Observe that "M”iz + ”V"iz < Cill(u, v)II%E. For § <
(4AC,)"", there is a constant Cs such that

1 * .
Ja () 2 210 VI = ACs (helZ + 012 ), (32
which implies that the required conclusions hold. O

Lemma12. Under the assumptions of Theorem 3, for any finite
dimensional subspace F C E, we get

Iy (u,v) — —00 as (u,v) € F, [|[(u,v)|[p — oo. (33)
Proof. By (K,)) and (H;), we get
1 «
Ja (1) < St VI = Adg (Il + ME) V@) eE.
(34)

Since all norms in a finite dimensional space are equivalent
and «, § > 2, we easily obtain the desired conclusion.
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Define the functional

D) (u,v) = % JRN (1vul® + Vv + AV () (Jul* + vI*))

o o 1

I, (u,v) = % JRN (IVu|2 + |Vu|2 +V (,\—l/zx) (|u|2 + |v|2))

“an [ (e ).

(35)

The standard arguments show that ®, € C Y(E)and J 2w, ) <
D, (u,v), (u,v) € E.
Observe that

inf {[ 199 ¢ € € (RV.R). Il = 1} =0,
(36)

it { [ [vof v e (RV.R). Iyl = 1} =

For any 8 > 0, there are ¢g, ¥5 € C2°(RY,R) with ||, =
lyslls = 1 and supp(¢s, ) € B, (0) such that [V,

IVygll?. < 8. Set ey(x) = ($s(VAx), ws(VAx)); then,
supp ey C By-iz, (0). Fort > 0, we get

D) (tey) = "N (s tys) - (37)
It is obvious that

max I (tss tws)

a-2 ) L ,1%/@=2)
= Za(aao)z/(“_z){JRN [Vebs|” + VA~ %) s }
L B-2
26(Bag)”*
Bl(B-2)
AL 1wl s v}
’ (39)

In connection with V(0) = 0 and supp ¢, supp 5 B, (0),
there is A 5 > 0 such that

max J (tdstws)

_ -2 _
< A N/2 (%% (28)01/(“ 2)
Za(ocao)z/(“fz) (39)
-2

+ - (25)/3/(/3—2) ) ,
2(pay)”""

forallA > A .
From (39), we easily obtain the following result. O

Lemma 13. For any o > 0, there exists A , > 0 such that, for
each A > A, there exists e, € E with |le; |z > py; we get

1-N/2
bl

N(@) <0, maxj,(te,) < o) (40)

where p, is defined form Lemma I1.

Proof. This proof is similar to Lemma4.3 in [12]; it can be
easily obtained. O

For any m € N, we choose m functions ‘/’fs € CgO(IRN )
such that supp ¢ N supp gbé = 0,i#], ”‘/%”La = 1, and
||V</>f$||i2 < §. Similarly, one can also get m functions ‘/’fs €
CSO(RN) with supp v/é N supp Wé =0,i#j, ||1p3||L,3 =1, and
IIVl//fSIIiZ < d. Letry' > 0 such that supp(gbg, 1//5;) C Bign (0) for
i=1,2,...,m. Set efl(x) = ((pg(\/Xx), wé(\/Xx)) = (f;,gi),
i=1,2,...,m; then supp e} (x) C B)-12, (0).

Define Fj5 = span{ei,ei,...,e&"}. For each (u,v) =
Y kel € Fi%, we easily get

) =Y I (keh)»
i=1 (41)
I (kieil) < (kiei\) :

Set 5 = max{ll(qSé,wg)llz :i=1,2,...,m} and choose some
A5 > 0such that

V(A x) < g Vil <o A2 Apse (42)

)

Furthermore, we have the following inequality:

max J, (u,v)

(u,v)€F}s
) ~2) .
< Al N/2 ( Wl(OC (26)1’1/(06 2)
206(0«10)2/(“_2) (43)
m(B-2)

+ - (28)ﬁ/(ﬁ—2) > )
2(Ba)”*?

Lemma 14. Under the assumptions of Theorem 4, for any m €
Nando > 0, thereis A ,,,, > 0 such that, for each A > A 5, we
can get an m-dimensional subspace F which satisfies

max ], (u,v) < oA\,
(M)v)eF]A( ) (44)

Proof. For any o > 0, we choose & > 0 so small that

m (o —2) a/(a-2)
— 7 (20)
<2(x(oca0)2/(a ?

(45)
,_m(p-2)
2(Pag)”"*

Meanwhile, we take F = F}5. By (43), we prove the required
conclusion. O

(25)13/(13*2) ) <o.



4, Proof of the Main Results

Proof of Theorem 3. Define ¢, = inf,cp, max;eo1/3(y()),
where I} = {y € C([0,1], E) : y(0) = 0,y(1) = e,}. For any
0 < 0 < o, there exists A, > 0 such that, foreach A > A,
we can choose ¢ satisfying ¢, < oA/,

By Lemma 9, ], satisfies the (PS). condition. Hence,
by the mountain pass theorem, there exists (u,,v,) € E
satisfying J) (3, v;) = 0 and J,(uy,v)) = ¢;. So (uy,v,) is
a weak solution of (7).

Furthermore, we have

1
Ix (MA’VA) =Ji (“/\’ VA) - EJJ’L (u)w V/\) (”)L’ VA)

Ll (46)
2
> (5= 5l ol
This shows that
Q—ZJ 2 2 2 2
—_— |VuA| +|VV)L| + AV (x) |u,1| +|v,\|
N (o)
<oMN2,
O

Proof of Theorem 4. By Lemma 14, for any m € Nand o <
«,, there exists A,,, such that, for A > A, we choose
an m-dimensional subspace F with max J,(F) < oA'™ .
By Lemma 12, there is R > 0 such that J;(u) < 0 for all
u € F | Bg. Define ey, = infj(q)sj SUP,ea A v), 1 < j <m,
where i(Q2) is a version of Benci’s pseudoindex [19].

Since J,(u,v) > « for all (u,v) € aBm (see Lemma 11)
and i(F) = dim F = m, one has

sup J, (u,v) < oA N2,

2%} SC/\l SC,\Z S“‘SC/\m <
(u,v)eF}

(48)

We easily get that G, are critical levels and ], has at least m
pairs of nontrivial critical points. This proofis completed. [
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