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The authors establish some new inequalities of Pdlya type for multiple integrals on the n-dimensional ellipsoid, spherical shell, and
ball, in terms of bounds of the higher order derivatives of the integrands. These results generalize the main result in the paper by
Feng Qi, Inequalities for a multiple integral, Acta Mathematica Hungarica (1999).

1. Introduction

In [1], it was obtained that if f is differentiable and if f(a) =
f(b) =0, then

, b
s> j fod, )

(b-a)’
for a certain 7 between a and b. This inequality can be found
in [2-4] and many other textbooks. It can be reformulated as
follows. If f(x) is differentiable and not identically constant,
such that f(a) = f(b) = 0 and If'(x)l < M on [a, b], then

(b-a)’
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<

Lb f(x)dx

In the literature, the inequalities (1) or (2) is called the Pélya
integral inequality.
In [5], the inequality (1), or say (2), was generalized as
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where f: [a,b] — R is a differentiable function and | f "(x)] <
M.

2
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In [6-9], the above inequalities were refined and general-
ized as follows.

Theorem 1 (see [9, Proposition 1]). Let f(x) be continuous on
[a,b] and differentiable in (a,b). Suppose that f(a) = f(b) =
0, and that m < f'(x) < M in (a,b). If f(x) is not identically
zero, thenm < 0 < M and

(b-a)*> mM
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Theorem 2 (see [6, 7, 9]). Let f(x) be continuous on [a,b]
and differentiable in (a, b). Suppose that f(x) is not identically
a constant, and that m < f'(x) < M in (a,b). Then,

_f(a)+f(b)‘
2

L be(x) dx

b-al,

<[f)-fa)-m((b-a)
X [M(b-a)- f(b)+ f(a)]
X (2(M -m) (b—a))_1

_ [M=S8,(a,b)] [m-S$,(a,b)]
=— b-a),
2 (M —m)

(5)
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where
f)- f(a)
S, (a,b = 6
vab) =12 ©
Theorem 3 (see [8]). Fora = (a,,...,a,) € R" andb =
(by,...>b,) € R" witha, < b, fori = 1,2,...,m, denote the

m-rectangles by

Qm=ﬁ[a b

i=1

= H [a;> ¢; (1)]

i=1
N )
Qm 1_[ (ai’ bz) >

wherec(t) = (1-t)a;+tb; fori = 1,2,...,mandt € (0,1). Let
v = (V,...,7,) be a multi-index; that is, v; is a nonnegative
integer, with |v| = ¥, v,. Let f € C""(Q,,) be a function of
m variables on Q,,,, and let its partial derivatives of (n + 1)th

order remain between M, ,(v) and N,,,,(v) in Qm, that is,

Ny ) <D f(x) <M, (), x€Q,  ®
where |v| =n+ 1 and
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m

Tt =][{1-a-

i=1

fort € (0,1). Then, for anyt € (0, 1),

n+1 (’V) >

7/+1} -1,

(1) when n is even, one has
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(2) When n is odd, one has
Y CO [+ T ()]

|v|=n+1

< IQ f (%) dx—i Y B(, f (a)) ™"

n k=0 |»|=k
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k=0 |v|=k
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|v|=n+1

We remark that Theorem 2 has been applied in [10] to
give bounds for the complete elliptic integrals of the first and
second kinds.

For more information on this topic, please refer to [11-18]
and [19, pp. 558-561], especially to the preprint [20].

In what follows, we will continue to use some notations
from Theorem 3. Assume that b, r; > 0 fori = 1,2,...,nand
P> p1> P, > 0 with p; < p,, and adopt the following notations:

x = (X, %0005 %y,) 5 r=(r,ry..0s1,)
v=(v,Va s V),
Q(a,b,2r)
2r;
_ _n(xi_ai)x<1 - -
= X.ZT_ ,xl_al,...,xn_an
i=1 i
:Q‘Zr’

Ql (aab): { Z(x < } =Ql’
Q, (1> p2) = {x : p12 < lez < pzz} =Q,,
i=1
00 = {x: S -a < | -0,
i=1

Q) = {x : i(xi—a,-)2 < pz(t),p(t) =tp,t € (0,1]}
i=1

= 4

(13)
Moreover, let f : I € R — R be an (m + 1)-times
differentiable function, and let

g1 (x) = \jz N

x €Qy,

i

9, (x) = \]ixf, x €Q,, (14)
i=1

g3(x)=\le -a), x€Q,
i=1
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In this paper, we will establish some new inequalities
of Podlya type for multiple integrals of the composition
function f o g; on the n-dimensional ellipsoid €;, of the
composition function f o g, on the spherical shell ),, and of
the composition function fog; on the n-dimensional ball Q5.
We also obtain a general inequality for the multiple integral

[, F0)dx.
2. A Lemma

In order to establish some new inequalities of Pélya type for
multiple integrals, we need the following lemma.

Lemma 4. Forb, r; > 0, and v; > —1, one has

JQ H(x a;)"dx

2 =1 1 (15)
[T (87 /) LT (i + 1) f2r,)
2n lzz 1((V +1)/7’)F( i= l(v +1)/21’1)
where
I'(z) = Jmtz_le_tdt, R(z)>0 (16)
0

is the classical Euler gamma function.
Proof. Using the spherical coordinates on the region Q,,
yields

x, = bs'Mcos"g, +ay,

. 1/r
i—1 i
xi=bi[s cosq)il_[singok] +a, 2<i<n-1,

i 17)
n-1 1/,
x,=b, [SH sin (pk:| +a,,
k=1
where0 <s<1and0 < ¢, 9,,...,¢,; <m/2,and
—a 21y
—snsmgok Z( k) =0, 1<i<n
k=i bk
(18)

We note that when i = 1, the empty product in (18) is
understood to be 1. It is clear that the expressions in (17) are
solutions of (18), and that

B Dx
D (5,01, 95> Pp1)
(19)
— (_1)nD(F1’F2""’Fn) /D(S §01>§"2>--~’§0n—1)
D(F,,F,,...,F,) |Dx
A straightforward computation gives
ku Zia )= 1l_[sm k(1)1 costmlg
k=1"k
(20)

3
Since
J"/Z cos" o sin"odp - LM D/DT((+D/2) ),
0 L A’ (m+n+2)/2)
we obtain
J H(xi - ai)Vidx
Q=1
n v+l
_ s J g RO
H?:lri 0
« 1—[ J sinZren D1 DIy g0
C IR Em) (e ) /2n)
2! Zi:1 (v +1)/r;) T (Z?:l (v; +1)/2r;) .
(22)
The proof of Lemma 4 is complete. O

3. Main Results

Now, we start out to state and prove our main results.

Theorem 5. Let f: [0,1] — R be an (m + 1)-times differen-
tiable function satisfying

N(m) < £V ) < M (m). (23)
Then, one has

27" (n - )1, b
Ir(n/2)(n+m+1)!

< Ll £ (g () dx

min {(-1)"*"'M (m), (-1)"*'N (m)}

m (121" (n - DI b
(n+ k)T (n/2)

f(k) (1)

k=0

27" (n - DT,
T T m2)(n+m+1)!

x max {(-1)""' M (m),, (-1)""'N (m)} .
(24)

Proof. Using the transformation in (17) on Q; and letting r; =

1fori=1,2,...,nyield the Jacobian determinant
n
=d" lnbknsm " P (25)
k=1 k=1

0<s<1, 0<¢LPy...;¢, 5 <,

(26)
0<¢, ; <2m.
Because

n/
J ’ cos"tdt = M, (27)

L sintedr =2 | T T2 /2)



we have
n=2 g 21 n/2
| | . n—k-1 2m
Sin d J d = . 28
o JO (Pk (Pk 0 (Pn 1 r (n/z) ( )

By integration by parts, one has

F n—-1
Js f(s)ds

¥ (=D = D B FP (B) - o f) ()]

(n+k)!
_ B
" (_1)m+1 ((:+ r}/l))!! J‘X f(m+1) (s) M.

(29)

Choosing « = 0 and 3 = 1 in the above equality shows that

| 7loeax
Q

n 1 n=2 . 2
= ku J S (s) dsH J sin" ¥ g, dg, J de,_,
k=1 -0 k=10 0

271"/2]_[1 b Z 1) -D1f® )
T I'(n)2) (n+k)!

k=0

2
et 27 PTTL by (n— 1))

FEUT T e

J f(m+1)( ) n+mds
(30)

Further utilizing the condition (23) leads to the inequality
(24). The proof of Theorem 5 is completed. O

Theorem 6. Let f : [p;,p,] — R be an (m + 1)-times
differentiable function satisfying the inequality (23). Then, one
has

n/2 (pg+m+1 pT+m+1) (n _ 1)!

Ir(n2)(n+m+1)!

x min {(=1)""'M (m), (-1)"*' N (m)}

27?2
T (1n/2)
i( DE (= 1) [ £P (p,) = o P (py)]

prard (n+k)!

n/2 (Pg+m+1 p;t+m+1) (I’l _ 1)|
ITr(n/2)(n+m+1)!

< jﬂz F(g, (0) dx

X max{(—l)m”M (m),(-1)""'N (m)} .
(31)
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Proof. Using the transformation in (17) on Q, and choosing

r;=1,a,=0,andb, = 1fori=1,2,...,nyield
n-2
J= Sn—ll_[sinn—k—1¢k’
k=1
(32)
pPr=S< P 0<¢n@p--s@yup <71,
0<¢,; <2m.
Further letting & = p, and 8 = p, in (29) gives
|, £lo@)ax
Q,
1 k-1 o
= J ) dSH J sin” " gy dgy L de,
P1
o n/2 m
1 -1)!
= T (3)

<[ F9 (py) = P 9 ()]
x ((n+k)H™"

( 1)m+12n_n/2 (n _ 1)'
I'(n/2) (n+m)!

J f(m+1) (S) $n+mds
A

Hence, by virtue of the condition (23), the inequality (31) fol-
lows immediately. The proof of Theorem 6 is completed. [J

Theorem 7. Let f : [0,p] — R be an (m + 1)-times dif-
ferentiable function satisfying (23). Then, one has

n/2 1)| n+m+1

(n-
F(n/2) (n+m+1)!

min {(-1)"*'M (m), (-1)"*'N (m)}

<| flo@)ax
Q3

B m (_1)k2n_n/2 (1’1 _ 1)!Pn+k
(n+ k)T (n/2)

£ (p)

k=0

n/2 1)!pn+m+1

(n-
F(n/2) n+m+1)!

x max {(-1)""' M (m), (-1)""'N (m)} .
(34)

Proof. Similar to the proof of Theorem 5, by choosing b, =
b,=---=0b,=pand 0 < s < p, we obtain the inequality
(34). The proof is complete. O
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Corollary 8. Under the conditions of Theorem 7, if f®(p) = 0
fork=0,1,2,...,m, then

n/2 1)| n+m+1

(n-
F(n/2) n+m+1)!

N (m)

< ()™ jﬂ £ (9 () dx (35)

27_[n/2 (l’l _ 1)!pn+m+1

I'(n/2)(n+m+1)!

M (m).

4. A More General Inequality

Let v = (v,%,...,7,) be an n-tuple index; that is, the
numbers v,,7%,,...,7, are nonnegative and denote [v| =
Y, 7. Let f: Q, — Rbea function which has anm + 1
times continuous derivative on (),,, and let

) f (x)
IO e
no(prtt n
bty = — e ) LT (0 ¢ f2r)
270 (v + 1) [r) T(X, (v + 1) /2r)
(36)
and |[v| = m + 1.
Theorem 9. Let f € C"™'(Q,,) satisfy
Ny ) <D f(x) <M, (), x€Qy. (37)
Then
(V)
H(»,b,7) Nons1
Ivlzm+1 [Ti=1v!
D'f (a)
sj f(x)dx—H(b,r ),ZWZJII o (38)
(V)
< H(b,7) Mo
|v|Zm:+1 l_.[l 1 1

Proof. By Taylor’s formula, we obtain

fx)= Z [Z(

j
] (a) + R, (x), (39)

where
1 n 5 Il
R, (x) = (mﬂ)![izzl(xi—ai)a—xi] fla+0(x-a),
0¢€(0,1).
(40)
Using

n J n i
<Zqi> =J‘!ZH%, (41)
i=1 :

we have

fx)= ZZ H[ —ai)a%]vif(a)

j=0|y|=j L Li=1 Vi i=1
Y (42)
e [l !

] fla+0(x—-a)).

XH[

Integrating on both sides of the above equality leads to
J f(x)dx
er

L m

11/

0 1"
a,)a—xi] f(a)dx

L fl

Oy =1
1
n
Al
|v]=m+1 Hi:lyz‘

- JQ ﬁ[(xi ~ ) %r

2r j=1 i

+

x f(a+0(x—-a))dx

L 1 " f)
_;Z: ‘V'Hzlax

< fle-

2r j=1
Z 1
n

K

[vl=m+1 [Tio !

+

a“| f(a+0(x-a))

J'Qh H(x - [T, 0x;"

dx

=1, +1,
(43)

where
n 1 "f (@ L .
= . —a: xd 5
JZ: Z:: 1 1‘)/' Hz 1ax '[er g(xl al) * (44)

M f@+0(x- D),
Hl 1a

1 J’ L
L= Y o[ []e-a)
’ Ivlzzmﬂ H;leil Qr g l l

(45)



By Lemma 4 and (44), one has

m 1 |v|f(a)
11: n
j:z()h;JHl i [T 0%
[T (87 ) I (v +1) /2r)
TS (r ) /) T (S, (3 + 1) /2r)
:iz f(a)H( br).
=0 [v]=j

111

(46)

From (37) and

L= Z ﬁ J H(xi -a)"D'f(a+0(x-a)dx,

[v]=m+1 2r =1
(47)
we have
M
Ny (7 )H(v,b,r) <L< ) ":j—l(vl)H(v,b,r).
[v|=m+1 Hz 1 1 [y|=m+1 Hi:lvi'
(48)
Consequently, the proof of Theorem 9 is complete. O

Corollary 10. Let |v| = m + 1, and let f € C'"“(Q4) with
(37). Then, for t € (0, 1] one has

(V)
H (V, t) m+1
|1/|Zm+1 H1 1 1
" f (a)
< Jm f(x)dx - H (» t)JZoMZ, N (49)
Mm+1 (7})
<A |7/|:Zm+1 [Tt
where
n+m+1 n 1\
H('V,t): P Hi=1 []'-t( 1) ]
n+m+1 2n-1 (50)
Hz 1F ((7/ + 1) /2) tn+m+1
T (i) /2) '
5. An Application

Now, we list some special cases of (), as follows.

(1) If we take ry = r, = -+ = r, = 1/2, the body Q,,
becomes a closed region between the n-dimensional
pyramid and the rectangle x; = g, fori = 1,2,...,n.

(2) If wetaker; = r, = -+ = r, = 1, the body Q,, is
a closed region between the n-dimensional ellipsoid
Q,(a,b) and the rectangle x; = g, fori = 1,2,...,n

Abstract and Applied Analysis

(3) Ifwetaker, =1, =---=r,=landb =b, =--- =
b, = p, the body ,, is a closed region between the
n-dimensional ball Q;(a, p) and the rectangle x; = g;
fori=1,2,...,n

In the calculation of the uniform #-dimensional vol-
ume, static moment, the moment of inertia, the centrifu-
gal moment, and so on, have important applications. See
[21, 22].

To show the applicability of the above main results, we
now estimate the value of a triple integral

2

2 5/2
I=Jjjvsin(x—+%+z—) dxdydz, (51)

where V is the ellipsoid

2
2 ZZ
+ —_

> <L (52)

+

©/s

QN|><

C

Choosingn = 3,b; = a,b, = b,and b; = cin (25), the Jacobian
determinant is

J= abcs® sin 1 (53)

2 I 1
I= J do, J do, J abc s* sin ¢, sin s°ds
0 0 0

: (54)
= 47tabc J s*sins°ds.
0
Using Taylor’s formula, it follows that
m 1 x2k—1 2m+1
inx=Y (-)fF ' = 4 (-1)"——— cos (0x),
s k;( Voo T Y Gy s 0%
0<0<1.
(55)
Specially, we have
3 2k-1 7
. k-1 X X
smx:kz:;(—l) k1) —ﬁcoselx,
(56)
‘ 6 Ok JRE
sinx = ;;1(_1) k-1 + el cos 0, x,
where 0 < 0,0, < 1and 0 < x < 1. Therefore,
6 2k-1 2k-1
k-1 X k-1 X
-1 < 1 . (57
2.1 ok — 1y =X Z( ooy @7

k=1
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By (54) and the above inequality, we have
Z -D*" Jl RIS
(2k - 1)!
D ok
SJ SSlnSdS<Z(2k_1)|J s ds,

J (-1 (58)
k;(zk )10k -2)

Yoos : )+
—_ i d - ’
<LS sin s S<k;(2k_1)!(10k—2)

61249255037 3509
————mabc < [ <
131964940800 7560

nabce.
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