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By integrating the cardinality balanced multitarget multi-Bernoulli (CBMeMBer) filter with the interacting multiple models (IMM)
algorithm, an MM-CBMeMBer filter is proposed in this paper for tracking multiple maneuvering targets in clutter. The sequential
Monte Carlo (SMC) method is used to implement the filter for generic multi-target models and the Gaussian mixture (GM)
method is used to implement the filter for linear-Gaussian multi-target models. Then, the extended Kalman (EK) and unscented
Kalman filtering approximations for the GM-MM-CBMeMBer filter to accommodate mildly nonlinear models are described briefly.
Simulation results are presented to show the effectiveness of the proposed filter.

1. Introduction

Recently, the random-finite-set-(RFS-) based multitarget
tracking approaches [1] have attracted extensive attention.
Although theoretically solid, the RFS-based approaches usu-
ally are involved with intractable computations. By introduc-
ing the finite-set statistics (FISST) [2], Mahler developed the
probability hypothesis density (PHD) [3] and cardinalized
PHD (CPHD) [4] filters, which have been shown to be a
computationally tractable alternative to full multitarget Bayes
filters in the RFS framework. The sequential Monte Carlo
(SMC) implementations for the PHD and CPHD filters were
devised by Zajic and Mahler [5], Sidenbladh [6], and Vo
et al. [7]. Vo et al. and Zhang et al. [8-10] devised the
Gaussian mixture (GM) implementations for the PHD and
CPHD filters under the linear-Gaussian assumption on target
dynamics, birth process, and sensor model. The PHD-based
approaches have been successfully used for many real-world
problems [11-13]. However, the SMC-PHD and SMC-CPHD
approaches require clustering to extract state estimates from
the particle population, which is expensive and unreliable
(14, 15].

In 2007, Mahler proposed the multitarget multi-Bernoulli
(MeMBer) [2] recursion, which is an approximation to the
full multitarget Bayes recursion using multi-Bernoulli RFSs

under low clutter density scenarios. In 2009, Vo et al. showed
that the MeMBer filter overestimates the number of targets
and proposed a cardinality-balanced MeMBer (CBMeMBer)
filter [16] to reduce the cardinality bias. Then, the SMC
and GM implementations for the MeMBer and CBMeMBer
filters were, respectively, proposed for generic and linear-
Gaussian dynamic and measurement models. The MeMBer
and CBMeMBer recursions propagate not the moments and
cardinality distributions which are propagated by the PHD
and CPHD filters but rather the approximate multitarget
multi-Bernoulli posterior density. Therefore, the key advan-
tage of the SMC-CBMeMBer filter over the SMC-PHD and
SMC-CPHD filters is that the multi-Bernoulli representation
of the posterior density allows reliable and inexpensive
extraction of state estimates. The CBMeMBer filter has been
applied for tracking multiple targets according to their audio
and visual information [17].

The original CBMeMBer filter does not consider the
target maneuvers. Maneuvering targets might switch between
different models of operation, so tracking using a single-
model CBMeMBer filter might fail since the filter does not
match the actual system dynamics. It is well known that
the interacting multiple models (IMM) approaches [18] have
been proven to be very effective and have better performance



than the single-model filters in tracking a single maneuvering
target without clutter. In the IMM approaches, a bank of
filters, each matched with a different target motion model,
operate in parallel. In general, there are three key steps
in the IMM estimators: (1) mixing the model-conditioned
estimates; (2) model-conditioned base-state estimation; (3)
deriving the overall state estimate by combining the estimates
from each model-conditioned base-state filters.

By integrating the CBMeMBer filter with the IMM algo-
rithm, an MM-CBMeMBer filter is proposed to address the
problem of tracking multiple maneuvering targets in clutter,
which is much more difficult than the problem of tracking a
single maneuvering target without clutter since the associa-
tion between the measurements and the targets is unknown.
The SMC method is used to implement the filter for generic
multitarget models while the GM method is used to imple-
ment the filter for linear-Gaussian multitarget models. Then,
the extended Kalman (EK) [19] and unscented Kalman (UK)
[20] filtering approximations for the GM-MM-CBMeMBer
filter to accommodate mildly nonlinear models are described
briefly. Nonlinear and linear-Gaussian examples of multiple
maneuvering targets tracking are, respectively, presented for
comparing the performance of the MM-CBMeMBer filter
with that of the single-model CBMeMBer filters, MM-PHD
filter [21-24], and MM-CPHD filter [25]. The simulation
results show that (1) the proposed filter can estimate the num-
ber and states of multiple maneuvering targets effectively,
whereas the performance of the single-model CBMeMBer
filters is rather poor; (2) under relatively low clutter density,
the SMC-MM-CBMeMBer filter outperforms the SMC-MM-
PHD and SMC-MM-CPHD filters; (3) the performance of the
GM-MM-CBMeMBer filter is similar to that of the GM-MM-
PHD filter and hence is inferior to that of GM-MM-CPHD
filter.

The rest of the paper is organized as follows. Section 2
describes the problem of multiple maneuvering targets track-
ing. In Section 3, the MM-CBMeMBer recursion is given. The
generic SMC implementation of the MM-CBMeMBer filter
is described in Section 4. The analytic GM implementation
of the MM-CBMeMBer filter for linear-Gaussian multitarget
models and its EK and UK extensions for nonlinear multi-
target models are, respectively, given in Section 5. Numerical
studies are shown in Section 6. The conclusions and the future
work are given in Section 7.

2. Problem Statement for Multiple
Maneuvering Targets Tracking

The multiple maneuvering targets appear and disappear
randomly against time over an observation region. At time
k, let x, € R" denote the kinematical state of a target and
1. € N the label of the model in effect, where N is the discrete
set of all model labels. The models follow a discrete Markov
chain with transition probability Ay, (. | m_y). Let y, =
(%, 1) € R" x N denote the augmented state vector, whose
transition is governed by the density

fklk—l (Yk | Yk—l) = fklk—l (Xk | Xk—l’”k) hklk—l (”k | nk—l)(’ )
1
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where fj -1 (X | Xy, 7) is the kinematical state transition
density conditioned on model .

The measurement originates either from target or from
random clutter (false alarm). Moreover, the target-generated
measurements are indistinguishable from the clutter. At time
k, let z, € R™ denote the measurement vector received by
a sensor. The single-measurement single-target likelihood is
described by the density conditioned on model #;,

9k (i 1 vi) = fugre (i | i mg) (2)

Attime k, let T} denote the number of the existing targets
and S; the number of the measurements. Then, multiple
augmented states and unlabelled sensor measurements can

T
‘and Z, =

be represented as finite sets Y = {(x,(f),nl(f))}i:1

§
{ZI(CS)}SL’ respectively. In addition, let Z,, = Z,,..., Z; denote

a sequence of the measurement sets available up to and
including time k.

3. MM-CBMeMBer Filter

A Bernoulli RFS Y} has probability 1 — ;. of being empty and
probability r, (0 < 1, < 1) of being a singleton whose only
element is distributed according to a probability density py.
The probability density of Y} is

l—rk,

e Pe (X 1) »

Y, =0,
Vi = {(x 1)} -

A multi-Bernoulli RFS Y, is a union of a fixed number
of independent Bernoulli RFSs Y,E’) i = 1,..., My, that is,

Y, = Uf\f’l‘ Y,Ei). Y, is thus completely described by the multi-
Bernoulli parameter set {(r,(ci), p,(j)

cardinality Zf\fﬁ r,(j) and the probability density [2]

2 (Y,) = { 3)

(X nk))}f\f’l‘ with the mean

M, ARG
) n P (X i)
ﬂ(Yk):l |(1_Tk]) Z II [
=1 1<iy # - iy, <M j=1 1-1

(4)

where | - | denotes the cardinality of a set.

Throughout this paper, we abbreviate a probability den-
sity of the form (4) by 7(Yy) = {(r?, p® (xp, m))} k.

Let pg i (Vx_) denote the probability that the maneuvering
target with augmented state y,_, survives at time k; let
Ppi(vi) denote the probability that the maneuvering target
with augmented state y, generates an observation at time k.
RFS modeling the multiple maneuvering targets state ) and
the sensor measurement Z, are, respectively, given by the
union

Y, = U Qo1 (Viet) | U T
Yi-1€Y%
(5)
Z = U Oy (Yk)] U K,
Vi€
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where I}, denotes the multi-Bernoulli RES of spontaneous
births; the Bernoulli RES Oy (yx—;) with 1 = pg(yi_1)
and pi(yx) = fik-1(Yk | Yx-1) is used to model the dynamic
behavior of y;_, € Y,_;; the Bernoulli RFS ®,(y;) with
1. = Ppi(yi) and pr(z;) = gi(z | yi) is used to model the
observation behavior of y, € Y;; the clutter is modeled as a
Poisson RFS K| with the intensity #;.(z;) = A ;. f. x(2), where
Acx and f, () are, respectively, the average clutter number
and the probability density of clutter spatial distribution at
time k.

Based on the above RFS models of the multiple maneu-
vering targets and the method of Mahler’s FISST, the MM-
CBMeMBer filter, which implicitly requires a finite number of
single-model CBMeMBer filters operate in parallel, is derived
by introducing the mixing and combination strategies in the
IMM approaches [18]. As the multiple-model approaches, the
MM-CBMeMBer filter does not need a maneuver detection
decision and undergoes a soft switching between the models.
One cycle of the recursive MM-CBMeMBer algorithm can be
described as follows.

(1) The Mixing and Prediction Stage. If at time k — 1, the pos-
terior density is a multi-Bernoulli of the form m;_,(Y,_; |

Zige) = {00 pP (%1, me))} i, then the mixed multi-

Bernoulli density is

e 1<Yk ppare 1) {(rk b (e 1>”k))}Mk L6
where

= ZP}& (Xpe—1> Mo 1)

My

P;(Ql (X 1> 111)

= Z P;(Ql (e | K> ey P;(Ql (X1 g1 ) -
My
7)
Since the models switching is only decided by the model tran-

sition probability and is independent of the target kinematical
state:

= thuﬂ (e | ”kfl)Pz(Ql (K15 1)

Mgy

(8)

is a combination of the previous model-dependent densities.
Finally, the mixed and predicted density is also a multi-
Bernoulli and is given by

Thelk-1 (Yi | Z1xa)

{(rl(D)klk g

u{(r% P

Ppk|k 1 (Xk’ ”k))}Mk 1

(Xk>”k))}Mrk>

€)

0 _ ) -, (p

. . M.
where {(r#}c, p;’ )k(xk, nk))}izi’k are the parameters of the multi-

Bernoulli RES of births at time k:

(i)
Tpklk-1

= ”;(cijlzzhuka (e | my)

My My
X <P1(<iz1 (1) > P (5 ”k71)> ,

Pg,)k|k4 (%> 1)

1
{

Z - (e | mey)

M1

X <fk|k—1 (% | 1) ’P;(Ql (1) Ps (- ”k1)>>

Zzhklk—l (e | miy)

My Mgy

-1
X <P1(21 (1) > P ("”k1)>> )

(10)
where (-, -) defines the integral inner product, that is,

(P, (

= J Pz((iz1 (%15 Me1) Psge (Keo1> M) Ay

SM1)s Psk (s ”k71)>
(11)

(2) The Update Stage. If at time k, the mixed and predicted
density is a multi-Bernoulli of the form rmy_; (Yy | Z14_y) =

My . .
{(r,i’l)k » pklk (X nk))}i::‘k , then the posterior density can
be approximated by a multi-Bernoulli as follows:

i My
m (Y | Zy) = {( i)k)PLk (Xk>”k))} |
(12)
U {(ruk (zi) » pug (%4 14 Zk))}zkgzk’
where
z(ci|)k_1 (~me)s P (5 ”k)>

Lk = Tkk-1

)
= Thlke1 2, <P

(@)
klk—1

(1) s Pog (5 ”k)> ’
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1 - pp (X 1)) P;(j)k,l (X 1)

p](j)k (X 1) =

klk-1

1- an <pl(ci|)k—1 ("nk)’PD,k (s

Mo (1= 10 ) it T (it ) > e (i L) Py (i)

”k)>

Uk (z) =

(1-

I(cl&c 1an <Pk|k () s pog (6 ”k)>)

(@)

Mger ) W , . !
% (Kk(zk) + Z rk|k71 an <pk|k71 ( nk) Ik (zk | ”k) pD,k( ”k)> > )

i=1

1- Thlk-1 an <p](<l|)k_1 (" ”k) > PDk (" nk)>

Mo 1 0 ) .
Zi:l{'k ' (f;(j)k_l/ (1 - r;(<l|)k_1)) P;(<1|)k_1 (X% 1) G (24 | Xpo 1) Ppi (%> 115)

Puk (X i3 2) =

(3) The Multitarget State Estimation. For the multi-Bernoulli
representation (Y, | Z;) = {(r,(c'),pl(c')(xk, ”k))}, ¥, the
extraction of multitarget number and state estimates are
straightforward since the probability r,(ci) indicates how likely
the ith hypothesized track is a true track, and the posterior
density p,(ci)(xk, n;) describes the distribution of the estimated
augmented state of the track. The state estimation proce-
dure for the MM-CBMeMBer filter [8] is summarized in
Algorithm 1.

4. SMC-MM-CBMeMBer Filter

In this section, a generic SMC implementation of the
proposed MM-CBMeMBer filter is presented for accom-
modating nonlinear dynamic and measurement models. In
this implementation, the samples or particles, which are
used to represent the multi-Bernoulli density of multiple
maneuvering targets, consists of the kinematical state and
model information with associated weights. One cycle of the
recursive SMC-MM-CBMeMBer algorithm can be described
as follows.

(1) The SMC Mixing and Prediction Stage. Suppose that at

time k — 1 the multi-Bernoulli posterior density 7,_; (Y,_; |
1k D = {(718)1’1)(1) (xk 1> Mg 1))}M"1 is given and each
pk 1(Xk Mey), 1= M, 1s composed of a set of

D GD Gl
weighted samples {w” i, M i}l

>

LY,
=(i) _ (1) (1) (i.0)
Prly (Xk—l’nk—l) = Z“’qu(Xk 1~ X p e — 1y 1)
(14)

where 8(x — x9) is Dirac delta function centered at x'.
Then, the mixed and predicted multi-Bernoulli density

_ M.

Tl Y | Zyg) = {(Ag)kuc 1’pPk|k 1(Xk’ ”k))},»::l U
M

{(?ﬁc, p;’;((xk, nk))}i:i’k can be computed as follows:

T (s (1= 1)) Zo (Pics () 05 i 1 om0) P (1))

(13)
L (i,0) (i,])
A0 ) ) ( (i.D) (zl))hklk 1( "pkik-1 | )
Tpkik-1= k- s wk 1Psk X202y ) —@7an @y
& (nPka I )
?{F’L = parameter given by birth model,

LY

~(i) (8] ()] ((®))]
Pp k-1 (X 1) = szklkl (X = Xpkk-1> % ~ Mpeji— 1)

19,
() (1) (1) (i.0)
P (% 1) Zwl 6( — X M — ”rlk)

(15)
where the particles x;, k)l 1’ ng,?l 41 corresponding to the sur-
viving maneuvering targets can be derived by sampling from
the proposal densities q,(c’)(- | X;_1, 1> Zy) and oc,((’)(- | 1)

Gh 0 il)
nPklkl K (ln ) I=1 L
) Gl) @] = bl
Xpglk-1 "~ ( | X 1 ki 1’Zk)
(16)
with the associated weights
= (1)
@y “pklk-1
Wpklk-1 = [0 ’
k-1 (I)(l’l)
1=1 “PPilk-1
(@i,1) @) @]) @@l (@,])
) fklk 1( Xppeor | %5 l’nPklk 1)P8k( Xye— 1’”k 1)
Pklk-1 — @) (G, @) (])
i ( Xp klk-1 | X~ nP,klk—l’Zk)

(&) (M) (@0)
hklk 1( Mpik-r | ) )

‘W
@ (@D ((8))] k-1
k (nP,klk—l | ”k—l)

17)

and the particles xr' ,?, n(r']i) corresponding to the new born
maneuvering targets can be derived by sampling from the

proposal densities b (- | ng, Z) and /3(’)

(i)
”rl,k ~ ﬁkl ©)

G .G i)
Xy ~ b ( |”rk’Zk)

I=1,..,LY  (8)
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(i)

fori=1,...,M,

T, =T, +1,
probability of model

output: X, = {A(’ }

given (Y}, | Z) = {(r} ,pk (xk,nk))}f\f’l‘; set Tk =0, Xk =@

if r,(:> > a given threshold (i.e. 0.5);

state estimation conditioned on model

il(cm = Z Pz((i>(”k) Jxkng)(kak)dxk Z J XkPk (Xp 1) A,
nk nk
X = [Xox™];
end;
end;

ALGORITHM 1: Multitarget state estimation procedure for the MM-CBMeMBer filter.

with the associated weights

= (i.0)

w0 = Wr
Tk ZL(& ol 1)
1=1 @rj
(19)
@) @D
LG Prk( rk’”rk)

(Ur,k - b}il)( (i.0) | ngllc’zk) (l)< gl?)

(2) The SMC Update Stage. Suppose that at time k the mixed
and predicted multi-Bernoulli density 7Ty, (Yy | Z14-1) =

~ Mgy . . e

{('ff(’l)k l’pklk (X))} is given and each p,(('l)]ﬁl(xk,nk),

i=1,..., Mgy, is composed of a set of weighted samples
(i1) (@i,1) (1 1) k|k 1

{wklk 1> Xile-1> M- 1}1 ’

0
Lk\k 1

(i,1) (@i,]) (@)
Z Wp_y ( X~ Xpe—1> e~ M- 1)

(20)

Pk|k 1 (X 1) =

Then, the multi-Bernoulli approximation of the updated
density T, (Yy | Z14) = {(.{Ll)k,’ﬁL (X ) Y2 k‘k " UA{(Fuk(ze)s

Pui(Xi> i3 24))}, ez, can be computed as follows:

0D G G
Wk— 1PDk( X - 1’nk|k—1)

1— k\k 1
=
1— ~(1)
Thk=1 Zi=1
JiYl

klk-1

IB(LI);c (X 1) = Z ‘U(Li,’;l()s (

I=1

Lk\k 1

>

(1 1) () ()
WOp e 1pDk(Xk|k > Melk— 1)

(1) (M) )
~ X1 e ~ Mg

M, ~(i) k\kl (i) (@i,1) (@i,1) (i,1)
_ _ & l(1 Vilie— l)rklk 121 wklk 19k (zk | Xklk—l’nklk—l)pD,k( Xlk—1° Mk 1)
Tuk (z) = Z 2 (21)
i=1 k\k 1, (D) (€M) (i,])
( k|k 121 O e lpDk(Xklk 1 Ml 1))
Mgy #0) b 6 @) D) W) D -
| 1 (z) + f:l K1 2i=1  @i-19k (zk | X1 P 1)PDk( X1 M= 1)
e \Zg >
i= ~(z) k|k 1, (i0) (M) ()
= Thlk— 121 Wy lk— lpDk(Xklk > Melk— 1)

(i)
Mygge—r Lt

Pux (X 5 24.)

le Z “’ (Zk)‘s( kalc)v”k nl(cllllc)l)
1= :
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where
= (1)
@) Wy
“Lk gc\k (i,])
-1 (i,
=1 @k
Gh Gl
CGl) G PDk( Kk l’nklk—l)
CLk = ket Ly G G Gh \
1
1= 200 @i 1PDk(Xk|k > M- 1)
~(ll)
(: ) D (2,) = Wy () (22)
k
M <Ly -
Zi:ilk 1 lk\lk 1 w(z ) (zk)
~(1)
< (i) Thik—1 w0l
Wk (z) = — 0 Wrelk—19k
Thlk-1

WGl @) D)
x (2 | X1 e 1)PDk(Xk|k k)

(3) The Resampling and Pruning Stage. It is the same as the
resampling and pruning stage of the SMC-CBMeMBer filter
[16].

(4) The SMC Multitarget State Estimation. Given the SMC
multi-Bernoulli posterior density

My

i (Yie | Zie) = {(71(;)’131(;) (% nk))}izl
L(i) (23)
it 05 = Y0 (5,5,

from the method described in Algorithm 1, the SMC multi-
target state estimation can be easily obtained as

LY
with £ = YxPo, i=1,..., T, (4
=1

%= {501

Note that the MCMC move step [26] can be introduced
for increasing the particle variety after the resample step
without affecting the validity of the SMC approximation.

5. GM-MM-CBMeMBer Filter and
Its EK and UK Extensions

An analytic solution to the MM-CBMeMBer recursion for
linear-Gaussian multiple maneuvering targets models is pre-
sented in this section. The resulting filter propagates the GM
multi-Bernoulli density against time. Some certain assump-
tions about the linear-Gaussian multiple maneuvering targets
models are firstly summarized below.

Journal of Applied Mathematics

(A) The dynamic and measurement models for the
augmented state of each maneuvering target have the form

Futier (o1 | X1y
= (x5 Fy ()Xo A () Qe () (A (m)")
X My (m | ) (25)
Ir (2 | X 1)
= A (2 H (m) %30 By () R () (B (m)")

where //(-; m, P) denotes the density of Gaussian distribution
with the mean m and covariance P; Fi(n;), Q(n;), and
A (ny.) are, respectively, the kinematical state transition, pro-
cess noise covariance, and process noise coefficient matrixes
conditioned on model n;; Hy(n.), Re(ng), and By () are,
respectively, the observation, observation noise covariance,
and observation noise coeflicient matrixes conditioned on
model ry.

(B) The probabilities of maneuvering target survival
and maneuvering target detection are independent of the
kinematical state:

= Psk (1) s
= Ppk () -

Psk (X 1> g1
(26)

Ppk (x5 7.)

(C) The birth model for the maneuvering targets is a
multi-Bernoulli with parameter set {(rr o prk(xk, nk))}l R
where Pr,k(kak)’ i=1,..., My, are GM of the form

ﬁ(rl)k (Xk’ ”k) = ﬁg)k (Xk | ”k) h(rl)k (”k)

]rik (nk)

= hi) () Z oy (m)

x A (x5 my U) v () Pr(lkj) (m))
(27)

where h) k(nk) is the distribution of model births and p p (xk |
n) is the distribution of the birth kinematical state glven
model . f(r’ )k(xk | 1) is GM of the form with the parameter

set 10 (), m) (), P (V4™

Accordmg to the above Assumptlons A, B,and C, a closed
form solution to the MM-CBMeMBer recursion, namely, the
GM-MM-CBMeMBer filter, can be derived by applying the

following two standard results for Gaussian functions:
J A (xFx',Q) ¥ (x'sm,P)dx' = ¥ (x;Fm,Q+ FPF"),
A (z; Hx, R) / (x; m, P)

= _/V(z; Hm,R + HPHT)/V (x; I;l, 13>,
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where
K = PHT(HPHT +R) ",

m=m +K (z- Hm), (29)

p= (I - KH)P.

One cycle of the recursive GM-MM-CBMeMBer algo-
rithm can be described as follows.

(1) The GM Mixing and Prediction Stage. Suppose that at
time k — 1 the multi- Bernoulli posterior density m,_; (Y, |

Zik) = {(_k o pk 1(Xk ) ) Mt g given and each

f,(jzl(xk,l,nk,l), i=1,...,M;_,,is composed of GM of the
form

Pk 1(Xk 1 M1)

]lit)l(”k )

Z @) (mey) (30)

i
x N (xk—1§ mklfl) (”k—l) > Pliijl) (”k—l)) .

Then, the mixed and predicted multi Bernoulli density

ﬁklk I(Yk | Zl:k—l) {(rPklk l)ppk|k 1(Xk>nk))} M U
{(_(rl )k, f(rl )k(xk, nk))}f\f{’k can be computed as follows:
]15’)1 (1)
7 —(l)
"pkik-1 = ;nz Z Py (g | )
k -1 :

X Psj (1) ‘D;(;ljl) (M) >
JO ()

ﬁg,)lqk 1 (X 1) = Z Z wéifk 1(”k>”k—1)

oy =1
x/V(x-m(i’j) (> Miey)
k> Pk k-1 k> k—1)»
(i,7)
PPka 1 (”k’”kfl))’

{(_(rl)k’ p(rl)k (Xp nk))}Mi = given by the birth model (27),
(31)

70 70

where
(l’]) _ F (i, )
mpy k-1 (M ) = Fy (”k)mk (Mer) s
(i,] T
= Fy () Pklfl) (1) (Fe (i)

+ A () Qe () (A ()"

(i,7)
Ppl,k]|k4 (nk’ nk—l)

(i,j
‘Dplk|k 1(”k’ My 1)

= (hklk—l (e | ey P (1) ‘D;(jljl) (nk—l))

],5’_) (1)

ZZ z i 1 (e I myey)

My My :

XPsy (M-y) (D;(;ljl) (1)

(32)

(2) The GM Update Stage. Suppose that at time k the mixed
and predicted multi-Bernoulli density 7y, (Yy | Z14-;) =

{(FI(cll)k 1’fz(<l|k 1 (X m))}is) s given and each ?;cll)k—l(xk’ ),

i=1,..., My, is composed of GM of the form

ﬁl(cll)k—l (%5 i)

]k\k 1 ()

Z o,gl,fl (33)

XN (xk;m,(jl’,ﬁl (),

(i:7)
Py (m0)).

Then, the multi-Bernoulli approximation of the updated

density (Y | Z14) = {70 PLx (0 mL " U ((uk(zo),
Pux (i M3 2i))}, ez, can be computed as follows:

JO ()
1=, Z g ;(cluf)l () o ()

k= k|k1

_ T (me) ol
(0=t ), B 5 O ) s )6

>

— 7O () )
i’&lzmzk‘“k @, (m) Po (me)

(”k;zk)

Tuk (z) =

2
i=1 _( i) ] (ny.) (, )
1 ( kllk 1 an Z & Ope-1 () PDk(”k))



8 Journal of Applied Mathematics
-1
JO () )
| x (z) + Milrz(sz 1an Z g ;(fuf 1(”k)PDk(”k)@ (”k;zk)
k \Zk
— 7O () N
= 1- Vk|k 1 X 2t g kluf L () o ()
T () ) (0.j) )
5 (xm,) = Py Y (1= pog (m) @ L (m) A (x5m m (), Pkikj L (m)
Lk A% Tk ]klk l(nk) 1]) ’
1- an Z klk 1 (”k) PDk (nk)
Mk\k—ljl(cli;c—l(nk) “h “ ¢
— 1, 1,
Pux (X i 2.) = Z Z @ (”k;zk)/‘/(xk;mu,i (M zi), P o) (”k))
=1 =1
(34)
where (4) The GM Multitarget State Estimation. Given the GM

@ﬁf’j) (mszg) =N (Zk; Hy () m 1(<|1i) L (),
By () Ry (1) (B ()"
+Hy () Pkik)l (m) (Hy (”k))T)

(U (nk’zk)

—(l)
Kk .
- (ﬁ I(clli () Ppk(nk)@ (”k;lk)>

Tklk-1
Mygr T () 70
-1 )
x Z Z Z =(0) ‘Dklui y (M) Po
i=1 M j=1 1_rk|k—1
-1 (35)
x () @;(:]) (msze) | >

Ky (m) = P, (me) (B ()"
x (Hi () P (me) (i ()"
+By () R () (B (m))")
mfi? () = mi) | (m) + KG2 ()

X (Zk - Hy (ny) m,f{i)_l (”k)) ,

P(I e () = (I - Kf}i) () Hy (nk)) kikj)l () -

(3) The Pruning and Merging Stage. It is the same as the
pruning and merging stage of the GM-CBMeMBer filter [16].

multi-Bernoulli posterior density

T (Y | Z1g) = {(71(;)’51(5) (X ”k))}f’; with

. RO g g
P (1) = Z ‘D;(;’]) (nk)/V(xk;m,i"” (”k)>P1£l’J) (”k))
j=1

(36)

from the method described in Algorithm 1, the GM multitar-
get state estimation can be easily obtained as

J; ;((i) ()

X, = {ig)}zl with x(’) Z Z (D,(j’j) () m}(j’j) (m),
e j=1
i = 1, ceey Tk‘
(37)

Now turn to considering the extension of the GM-MM-
CBMeMBer filter to nonlinear dynamical and observation
models using the EK filtering approximation. Assumptions
B and C are still required, but the dynamic and observation
processes can be relaxed to the nonlinear models

Xk = Gk (Xk—l’wk (”k) ’"k)>
(38)

i = g (Xp Vi (1) s 1) 5

where a, (-, -, ) and u (-, -, 1) are known model-dependent
nonlinear functions, and wy(rn) and v (1) are model-
dependent process and observation noise vectors of known
statistics.

For the EK-GM-MM-CBMeMBer filter, the closed form
expressions for the mixing, prediction, and update of indi-
vidual Gaussian components are approximated by replacing
E (m), A (ny), H(ny), Bi(n) in the corresponding recur-
sive equations (30)-(35) of the GM-MM-CBMeMBer filter
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with the corresponding local linearization of the nonlinear
dynamical and observation models

oy, (xk—1> Wi (”k) > ”k)

EK _
Fk (nk) - an71 xk—lzik—l >
Wi (1,)=0
AFK (n) = 0ay. (X1, Wy (i) , 1)
k k aWk (nk) X =Ky
wi (. )=0
(5% () 1) (39)
ou, (x,,v, (1) ,n
HEK _ Ok Ko Vie (i) > 1y ’
e (m) 16) & X1 =K1
Vi (1m)=0
BEK( ) = Ouy (x4, vie (my) s 1) .
k k ovi.(ny.) Xp 1 =Xy
Vi(1)=0

Note that the unscented Kalman version for the GM-
MM-CBMeMBer filter can be derived by approximating the
mean and covariance of individual Gaussian components
with a set of sigma points and the unscented transform [20].
Because of the space limitation, the details of the UK-GM-
MM-CBMeMBer filter are not presented here.

6. Simulations

6.1. Nonlinear Example Using SMC Implementations. In this
nonlinear example, we evaluate the performance of the
proposed MM-CBMeMBer filter by benchmarking it against
the single-model CBMeMBer filters, the MM-PHD filter, and
the MM-CPHD filter using the SMC implementations.

Consider a two-dimensional scenario with an unknown
and time varying number of the maneuvering targets
observed over the region [-1000, 1000] x [-1000, 1000] (m)
for a period of N = 50 time steps. The sampling interval is
At =1 (s). Each of the targets may move at a nearly constant
velocity or execute a coordinated turn in the surveillance
period. Therefore, the model set designed for this example
can be composed of a constant velocity (CV) model and a
coordinated turn (CT) model with varying turn rate [27]. The
target kinematical state is X, = [X; Xp Ve Vi Sk]T, where
[xx yk]T and [x )'/k]T, respectively, represent the position
and the velocity in x and y coordinates and 9, represents the
turn rate. For the turn rate 9y, let the anticlockwise direction
be positive and the clockwise direction be negative.

The model-dependent dynamics for the individual
maneuvering target is given by the linear-Gaussian model

Freer (% | oo ) = A (X5 By () X1, Qi (1)) -
(40)

Let#n;, = 1 denote the CV model and n;. = 2 the CT model;
then

E (n,=1)= [FCV 0],

F(m,=2) = [FCT (%-1) 1] i

Q (41)
2
Qulm =1 = m=1[? o]
2
o1, (M =2)Q
=2) = 1w \"*k
Qe =2) [ Aoy, (g = 2)]
with
1 At 0 O
0100
Fev=10 0 1 at|’
00 01
r ) At sin 9, 1 - Atcos9_q ]
9 9
0 Atcos9_, 0 —Atsind_,
FCT (19](71) = . >
1 - Atcosd_, Atsin9;_,
= =
L0 Atsin9_, 0  Atcosd_,
(At AP ]
— — 0 0
4 2
AP
- A0 0
Q= 4 A3 |
o o A ar
4 2
3
0 o A ap
L 2 J
(42)

where o0,(1;,) is the level of the power spectral density of the
process noise for model 7. In this example, they are given
by o, = 1) = 0.1 (m/s?), op,(m = 2) =02 (m/s?),
0y =2) = 1x 1073 (rad/s%).

The Markovian model transition probability matrix is
taken as

0.8 0.2]

(Pagiy (gl )] = [0.2 08 (43)

At time k, the range p, and bearing ¢, measurements
of the targets are generated by a sensor located at [0 O]T.
The measurement noise is independent and identically dis-
tributed (IID) zero-mean Gaussian white noise with covari-
ance matrix R, = diag (O’ﬁ 0;), where diag(-) denotes the
diagonal matrix, and o, and o, are, respectively, standard
deviations (STDs) of the range and bearing measurements.

In this example, they are taken as g, = 10 (m) and
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0, = 0.01 (rad). The single-measurement single-target likeli-
hood density is

Ik (Zk | Yk) =N 2 Ve | Re |- (44)

The detection probability and the survival probability
are, respectively, taken as pp,(x;,7) = pp = 0.95 and
Psk(Xx_1-1_1) = ps = 0.95 in this example.

The clutter is modeled as a Poisson RFS with the intensity
k(z) = Ao fex(zi). In this example, we take A, = 20 and
Sfex(:) = %(-), where %(-) denotes the density of the uniform
distribution over the observation region.

Figure 1 shows the true trajectories for the maneuvering
targets and sensor location.

In Figure 1, “o” denotes the locations at which targets are
born and “0” denotes the locations at which targets die. Target
lisbornatlsand diesat 30 s. It first moves at a nearly constant
velocity from the first second to the 15th second and then
executes a coordinated turn in the anticlockwise direction
from the 16th second to the 30th second. Target 2 is born
at 1s and dies at 35s. It first executes a coordinated turn in
the anticlockwise direction from the first second to the 20th
second and then moves at a nearly constant velocity from the
21st second to the 35th second. Target 3 is born at 10 s and dies
at42s. It first executes a coordinated turn in the anticlockwise
direction from the 10th second to the 30th second and then
moves at a nearly constant velocity from the 31st second to the
42nd second. Target 4 is born at 20 s and dies at 50 s. It first
moves at a nearly constant velocity from the 20th second to
the 30th second and then executes a coordinated turn in the
clockwise direction from the 31st second to the 50th second.
The motions of the targets are summarized in Table 1.

The birth process is a multi-Bernoulli RFS with density
(Y = {(r&, pg)k(xk, nk))}le, where rglz = 0.04, rﬁl =
r) = 0.02, pi (% 1) = B (m) A (x5 mY,, PY)) with

m{) = [-600 0 800 0 0]",

m?) = [-650 0 -800 0 0]",

(45)
m{ = [400 0 -400 0 0]",
P} = PY) = P} = diag (400 400 400 400 0.01)
and the distribution of the model births
[h9, ()] = [0.5 0.5]. (46)

For the purpose of comparison, we estimate the num-
ber and states of the maneuvering targets using the pro-
posed SMC-MM-CBMeMBer filter, the CV model SMC-
CBMeMBer filter, the CT model SMC-CBMeMBer filter,
the SMC-MM-PHD filter, and the SMC-MM-CPHD filter,
respectively. At each time step in the SMC implementations
of the CBMeMBer-based filters, a maximum of L, = 1000
and minimum of L,;, = 300 particles per hypothesized
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FIGURE 1: The true trajectories for the maneuvering targets and
sensor location.

TaBLE 1: The motions of the targets.

Born Die

time time CV motion CT motion
Target 1 1s 30s 1s-15s 16 s-30 s, anticlockwise
Target2  1s 35s 21s-35s  1s-20s, anticlockwise
Target3 10s 425 31s-42s 10s-30s, anticlockwise
Target4 20s 50s 20s-30s 31s5-50s, clockwise

track are imposed, and pruning of hypothesized tracks is
performed with a threshold of 7}, .qo1q = 0-001. At each time
step in the SMC implementations of the PHD-based filters,
1000 particles are used to represent one target and K-means
method [14] is used to cluster the resampled particles to

extract the multitarget states. The proposal densities oc,(j)(nk |

1) ﬂ,(;)(nk), q,(c’)(xk | X,_1> M Z5), and bIE')(xk | n, Zy)
in (16) and (18) are, respectively, taken as hk|k,1(nk | 1e_q),
hﬁ)k(nk), Sieeer (X | Xg_1, 1) and ,/l/(xk;m(ri’)lc, PIE'])() We now
conduct 500 Monte Carlo (MC) simulation experiments
on the same clutter intensity and target trajectories, but
with independently generated clutter and target-generated
measurements in each trial.

The MC averages of the mean and STD of the cardinality
distribution for the five methods at each time step are shown
along with the true target number in Figure 2, respectively.

Figures 2(a)-2(e) demonstrate that the target number
estimates from the SMC-MM-PHD, SMC-MM-CPHD, and
SMC-MM-CBMeMBer filters converge to the ground truth,
whereas the CV model SMC-CBMeMBer and CT model
SMC-CBMeMBer filters produce significant bias in esti-
mating the target number. This is because the SMC-MM-
PHD, SMC-MM-CPHD, and SMC-MM-CBMeMBer filters
can effectively capture the model switching property of the
maneuvering targets, so their performance is significantly
better than that of the two single-model SMC-CBMeMBer
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FIGURE 2: The 500 MC run averages of cardinality statistics versus time for the (a) CV model SMC-CBMeMBer filter, (b) CT model SMC-
CBMeMBer filter, (c¢) SMC-MM-PHD filter, (d) SMC-MM-CPHD filter, and (¢) SMC-MM-CBMeMBer filter.
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filters, which show poor adaptation to target maneuvers and
yield larger estimation errors.

Moreover, as plotted in Figures 2(c)-2(e), the STD of
the cardinality distribution from the SMC-MM-CBMeMBer
filter is lower than that of the SMC-MM-PHD filter, but larger
than that of SMC-MM-CPHD filter. In addition, the STDs
of the cardinality distributions from the three MM-based
filters increase in different degrees at the instances when
the maneuver occurs (i.e., 16 (s), 21 (s), and 31 (s)). The
STD plots of the SMC-MM-PHD and SMC-MM-CPHD
filters seem to fluctuate more obviously than the SMC-
MM-CBMeMBer filter. This phenomenon indicates that the
performance of the SMC-MM-CBMeMBer filter may be
more stable and robust at the maneuver instances than that
of the SMC-MM-PHD and SMC-MM-CPHD filters.

The optimal subpattern assignment (OSPA) metric [28],
which can jointly capture differences in cardinality and indi-
vidual elements between two finite sets, is used to evaluate
the performance of the five methods. Given the actual and
estimated multitarget state sets X, = {xk }Tk1 and X, =

{)A(,(C }l > the OSPA metric of order p = 2 with cut-off ¢
between the two sets is defined by

OSPAY) (X1 Xy

< (;21%1} Ymin (e ! L)
1/2
+¢* (T = T) ) )

if T, < Tj and OSPAY) (X, X,,) = OSPAY) (X, X, ) if Ty >
Tk. ka denotes the set of permutationson {1, 2,..., Tk}. -1,
denotes the 2-norm. In this example, we take ¢ = 100 (m).

The MC averages of the OSPA metric for the target
position estimates, derived by the five methods, are shown in
Figure 3.

The OSPA metric is composed of two components each
separately accounting for “localization” and “cardinality”
errors. This results in high peaks in OSPA metric at the
instances where the estimated number is incorrect. Figure 3
shows that (1) both the single-model SMC-CBMeMBer filters
perform significantly worse than the other MM-based filters
because of the large cardinality errors produced by the two
filters as seen in Figures 2(a) and 2(b); (2) although the
SMC-MM-CPHD filter can estimate the target number most
accurately, the OSPA metric of the SMC-MM-CBMeMBer
filter is smaller than that of the SMC-MM-CPHD filter, which
is in turn smaller than that of the SMC-MM-PHD filter.
This phenomenon indicates that the SMC-MM-CBMeMBer
filter outperforms the SMC-MM-CPHD (and hence SMC-
MM-PHD) filter in jointly estimating the multitarget number
and states. A reason for this is that the additional errors
could be introduced in the clustering processes of the SMC-
MM-PHD and SMC-MM-CPHD filters to extract state esti-
mates from the particle population; (3) the OSPA plots of
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FIGURE 3: The 500 MC run averages of OSPA against time.

the three MM-based filters in Figure 3 fluctuate against time
due to the varying target number, the target maneuvers,
and clutter. However, increase of the OSPA from the SMC-
MM-CBMeMBer filter seems to be smallest at the maneuver
instances (i.e., 16 (s), 21 (s), and 31 (s)) among the three
MM-based methods. This phenomenon also indicates that
the performance of the SMC-MM-CBMeMBer filter may be
more stable and robust at the maneuver instances than that of
the SMC-MM-PHD and SMC-MM-CPHD filters.

For comparing the overall performance of the three MM-
based filters, the 500 MC trial averages of the OSPA distance
(time-averaged over the duration of the scenario) for the
three MM-based filters are shown in Table 2 against the
clutter rate from A, = 20 to A, = 100. The result of
time-averaging can be viewed as a broad indication of filter
performance, although the average is likely to be scenario
dependent.

Table 2 shows that the OSPA distances of the three MM-
based filters increase with higher A ;. It reflects that the
performance of the three MM-based algorithms degrades by
different degrees as the A_; increases. Among the three MM-
based algorithms, the SMC-MM-PHD filter always works
the worst. The SMC-MM-CBMeMBer filter outperforms the
SMC-MM-CPHD filter when A is relatively lower (A ; <
60). However, as the A, increases, the OSPA distance of
SMC-MM-CBMeMBer filter increases more rapidly than that
of the SMC-MM-CPHD filter. Therefore, as A_; continues
to increase until it reaches A1, = 80, the OSPA distance of
SMC-MM-CBMeMBer filter is very close to that of the SMC-
MM-CPHD filter. When A is relatively higher (i.e., A.; =
80), the SMC-MM-CPHD filter outperforms the SMC-MM-
CBMeMBer filter. A possible reason for this is that, compared
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TaBLE 2: Time-averaged OSPA distance () in various A ;.
Aoy = 20 Aoy = 40 Aoy = 60 Ay = 80 Aoy = 100
SMC-MM-PHD filter 38.3 48.2 60.5 74.3 88.1
SMC-MM-CPHD filter 32.8 35.9 394 43.4 47.8
SMC-MM-CBMeMBer filter 25.6 31.3 374 432 48.9

with the SMC-MM-CBMeMBer filter, the advantage of the
target number estimate for the SMC-MM-CPHD filter is
more obvious as the A increases and it finally leads that the
OSPA distance of the SMC-MM-CPHD filter is smaller than
that of the SMC-MM-CBMeMBer filter when A is relatively
higher (i.e., A ; = 80).

6.2. Linear-Gaussian Example Using GM Implementations. In
this linear-Gaussian example, we evaluate the performance
of the proposed MM-CBMeMBer filter by benchmarking it
against the single-model CBMeMBer filters, the MM-PHD
filter, and the MM-CPHD filter using the GM implementa-
tions.

The simulation scenario and true trajectories for the
maneuvering targets are the same as those of Example
1. The target kinematical state now turns into X, =

[x XK Ve )'/k]T. The model set for this example is designed
as follows. Model n, = 1 is a CV model with linear-
Gaussian dynamics given by 4/ (x;; FeyXy_;» Uév,wQ); models
nm, = 2,3,4,5 are, respectively, CT models with turn rates
of 9 = /30, -m/30,7/20,7t/15 (rad/s) with linear-Gaussian
dynamics given by /' (x;; For(9)x_;, aéT)wQ). In this exam-
ple, oy, and o¢r,, are given by ocy, = 0.1 (m/s%), o¢ry, =
0.2 (m/s’).

The Markovian model transition probability matrix now
turns into

0.6 0.1 0.1 0.1 0.1
0.1 0.6 0.1 0.1 0.1
(e (g [ _y)] = [ 0.1 0.1 0.6 0.1 0.1f.  (48)
0.1 0.1 0.1 0.6 0.1
0.1 0.1 0.1 0.1 0.6

The x-position and y-position measurements z, =
T .
[x yk] of the maneuvering targets are generated by the
linear-Gaussian single-measurement single-target likelihood
density given by /¥ (z;; Hix,, R) with

1000
Hk:[o 01 0] (49)

and R, = diag (0)2( 0_}2})' In this example, they are taken as
o, = 0, = 8 (m), and the kinematical state independent
survival and detection probabilities are taken as pp () =

pD =0.95and ps’k(nk_l) = pS = 0.95.

The experiment settings of the clutter and birth model are

also the same as those of Example 1 except that the mg’)k, PIEf,)(,
i=1,2,3,and [h(r’)k(nk)] turn into
(1) T
m{!) = [-600 0 800 0],
m?) = [-650 0 -800 0]',
m® = [400 0 —400 0]", (50)

Pé,lk) - pr(’zk) - pg = diag (400 400 400 400),
[hg")k (nk)] =[02 0.2 02 0.2 02].

For the purpose of comparison, we estimate the number
and states of the maneuvering targets using the proposed
GM-MM-CBMeMBer filter, the CV model GM-CBMeMBer
filter, the CT model GM-CBMeMBer filter with turn rate
of 9 = /20 (rad/s), (this turn rate seems to be most
suitable for the scenario among the above four turn rates),
the GM-MM-PHD filter, and the GM-MM-CPHD filter,
respectively. At each time step in the GM implementations
of the CBMeMBer-based filters, pruning of hypothesized
tracks is performed with a threshold of 7y .g,0iq = 0.001. In
addition, the pruning and merging of Gaussian components
are performed for each hypothesized track using a weight
threshold of 107, a merging threshold of 4 (m), and a
maximum of J,, = 100 components, which are also used
in the GM implementations of the PHD-based filters.

The MC averages of the mean and STD of the cardinality
distribution for the five methods at each time step are shown
along with the true target number in Figure 4, respectively.

Similar to the SMC implementations, Figures 4(a)-4(e)
demonstrate that the GM implementations of the three MM-
based filters are unbiased in the target number estimates,
whereas the GM implementations of the two single-model
GM-CBMeMBer filters are significantly biased. Moreover,
the GM-MM-CBMeMBer filter has a lower STD of the
estimated cardinality than the GM-MM-PHD filter but has a
larger STD than the GM-MM-CPHD filter. Again, The STD
plots of the GM-MM-PHD and GM-MM-CPHD filters seem
to fluctuate more obviously than the GM-MM-CBMeMBer
filter at the maneuver instances (i.e., 16 (s), 21 (s), and 31 (s)).

The MC averages of the OSPA metric for the target
position estimates, derived by the five methods, are shown in
Figure 5.

In contrast to the SMC case, Figure 5 shows that (1)
the rather poor performance of the two single-model GM-
CBMeMBer filters can be expected as the direct results of
their significant cardinality biase as seen in Figures 4(a) and
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FIGURE 4: The 500 MC run averages of cardinality statistics versus time for the (a) CV model GM-CBMeMBer filter, (b) CT model GM-
CBMeMBer filter, (¢) GM-MM-PHD filter, (d) GM-MM-CPHD filter, and (¢) GM-MM-CBMeMBer filter.
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TaBLE 3: Time-averaged OSPA distance (1) in various A .
Aoy = 20 Aoy = 40 Aoy = 60 Ay = 80 Aoy = 100
GM-MM-PHD filter 22.8 28.2 34.5 40.9 471
GM-MM-CPHD filter 20.0 24.8 30.3 36.1 41.9
GM-MM-CBMeMBer filter 22.6 277 341 40.6 46.7
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FIGURE 5: The 500 MC run averages of OSPA against time.

4(b); (2) the OSPA metric of the GM-MM-CBMeMBer filter
is similar to that of the GM-MM-PHD filter but is larger
than that of the GM-MM-CPHD filter. This is because that,
like the MM-CBMeMBer filter, the GM implementations
of the MM-PHD and MM-CPHD filters also allow state
estimates to be extracted from the posterior intensity in
a much more efficient and reliable manner than particle
clustering in the SMC-based approach. As a result, the GM-
MM-CPHD filter, which has the lowest STD of the estimated
cardinality, performs best among the three MM-based filters.
Although the GM-MM-CBMeMBer filter has a lower STD of
the estimated cardinality than the GM-MM-PHD filter, the
performance of the two filters is similar. A reason for this is
that the GM-MM-PHD filter may have more of an advantage
than the GM-MM-CBMeMBer filter in the relatively high
signal to noise ratio (SNR) of this scenario.

Although the GM-MM-CPHD filter outperforms the
proposed GM-MM-CBMeMBer filter, it can be only used
in the linear-Gaussian condition. In the nonlinear non-
Gaussian conditions, both the MM-CPHD filter and MM-
CBMeMBer filter must be implemented by the SMC method.
In this case, the GM-MM-CBMeMBer filter outperforms
the GM-MM-CPHD filter significantly, which is shown in
Section 6.1.

The 500 MC trial averages of the OSPA distance (time-
averaged over the duration of the scenario) for the three

MM-based filters are shown in Table 3 against the clutter rate
from A ; =20to A, = 100.

Similar to the SMC implementations, Table 3 shows that
the OSPA distances of the GM implementations of the three
MM-based filters increase with higher A_;. However, in
various A_j, the GM-MM-CPHD filter always has the best
performance among the three MM-based algorithms, and the
GM-MM-CBMeMBer filter has the similar performance with
the GM-MM-PHD filter.

7. Conclusions and Future Work

An MM-CBMeMBer filter, which is a multiple-model exten-
sion to the CBMeMBer filter, is proposed for tracking
multiple maneuvering targets in clutter. The SMC and GM
implementations of the proposed filter are, respectively,
presented for generic models and for linear-Gaussian models.
Then, the EK and UK filtering approximations for the GM-
MM-CBMeMBer filter in nonlinear condition are described
briefly. Simulation results show that (1) the proposed MM-
CBMeMBer filter significantly outperforms the single-model
CBMeMBer filters in tracking multiple maneuvering tar-
gets; (2) under relatively low clutter density, the SMC-
MM-CBMeMBer filter outperforms the SMC-MM-PHD and
SMC-MM-CPHD filters; (3) the performance of the GM-
MM-CBMeMBer filter is similar to that of the GM-MM-PHD
filter and hence is inferior to that of GM-MM-CPHD filter.

The future work is focused on the following three aspects.
First, the track labeling problem in the proposed approach
needs to be considered. Second, practical data need to be used
for the performance evaluation of the proposed approaches.
Third, the multiple-sensor versions of the CBMeMBer and
MM-CBMeMBer filters need to be proposed for improving
the performance of the single-sensor CBMeMBer and MM-
CBMeMBer filters.
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