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We create some new ideas of mappings called quasi-strict f-pseudocontractions. Moreover, we also find the significant inequality
related to such mappings and firmly nonexpansive mappings within the framework of Hilbert spaces. By using the ideas of metric
f-projection, we propose an iterative shrinking metric f-projection method for finding a common fixed point of a quasi-strict
f-pseudocontraction and a countable family of firmly nonexpansive mappings. In addition, we provide some applications of the
main theorem to find a common solution of fixed point problems and generalized mixed equilibrium problems as well as other

related results.

1. Introduction

It is well known that the metric projection operators in
Hilbert spaces and Banach spaces play an important role
in various fields of mathematics such as functional analysis,
optimization theory, fixed point theory, nonlinear program-
ming, game theory, variational inequality, and complemen-
tarity problem (see, e.g., [1, 2]). In 1994, Alber [3] introduced
and studied the generalized projections from Hilbert spaces
to uniformly convex and uniformly smooth Banach spaces.
Moreover, Alber [1] presented some applications of the gener-
alized projections to approximately solve variational inequal-
ities and von Neumann intersection problem in Banach
spaces. In 2005, Li [2] extended the generalized projection
operator from uniformly convex and uniformly smooth
Banach spaces to reflexive Banach spaces and studied some
properties of the generalized projection operator with appli-
cations to solve the variational inequality in Banach spaces.
Later, Wu and Huang [4] introduced a new generalized f-
projection operator in Banach spaces. They extended the
definition of the generalized projection operators introduced

by [3] and proved some properties of the generalized f-
projection operator. Fan et al. [5] presented some basic results
for the generalized f-projection operator and discussed the
existence of solutions and approximation of the solutions for
generalized variational inequalities in noncompact subsets of
Banach spaces.

Let H be a real Hilbert space; a mapping T' with domain
D(T) and range R(T) in H is called firmly nonexpansive if

ITx - Ty|* < (Tx - Ty,x - y), Vx,yeD(T), ()
nonexpansive if
ITx = Ty| <|x =y, VxyeD(D). @)

Throughout this paper, I stands for an identity mapping. The
mapping T is said to be a strict pseudocontraction if there
exists a constant 0 < k < 1 such that

[T =1yl < = I

+k|I-T)x-(I-T)y|’, Vx,yeD(T).
(3)



In this case, T may be called a k-strict pseudocontraction. We
use F(T) to denote the set of fixed points of T (i.e. F(T) =
{x € D(T) : Tx = x}). T is said to be a quasi-strict
pseudocontraction if the set of fixed point F(T') is nonempty
and if there exists a constant 0 < k < 1 such that

ITx = p|* < |Jx - pl* + kllx - TxII%,

VxeD(T), peF(T).

Construction of fixed points of nonexpansive mappings
via Mann’ algorithm [6] has extensively been investigated in
the literature; see, for example, [6-10] and references therein.
However, we note that Mann’s iterations have only weak
convergence even in a Hilbert space (see, e.g., [11]). Nakajo
and Takahashi [12] modified the Mann iteration method so
that strong convergence is guaranteed, later well known as
a hybrid projection iteration method. Since then, the hybrid
method has received rapid developments. For the details,
the readers are referred to papers [13-26] and the references
therein.

On the other hand, for a real Banach space E and the dual
E*, let C be a nonempty closed convex subset of E. Let © :
CxC — R beabifunction, let ¢ : C — R be a real-valued
function, and let A : C — E” be a nonlinear mapping. The
generalized mixed equilibrium problem is to find x € C such
that

O(x,y)+(Ax,y-x) +¢(y)—9(x) 20, VyeC. (5)

The solution set of (5) is denoted by GMEP(0, A, ¢); that is,
GMEP (0, A,¢) ={x € C:0(x,y) + (Ax, y — x)

+9(y) -9 (x) 20,Vy € C}.
(6)

If A = 0, the problem (5) reduces to the mixed equilibrium
problem for ©, denoted by MEP(®, ¢), which is to find that
x € C such that

O(x,y)+9(y) -9 (x) 20,

If ® = 0, the problem (5) reduces to the mixed variational
inequality of Browder type, denoted by VI(C, A, ¢), which is
to find that x € C such that

VyeC. @)

(Ax,y—x)+9(y) -9 (x) 20, VyeC. (8)

If A = 0and ¢ = 0, the problem (5) reduces to the equilibrium
problem for @ (for short, EP), denoted by EP(®), which is to
find that x € C such that

O(x,y)=0, VyeC. 9)

If® = 0and A = 0, the problem (5) reduces to the
minimization problem for ¢, denoted by Arg min(¢), which
is to find that x € C such that

p(x)<e(y), VyeC (10)

The previous formulation, (8), was shown in [27] to
cover monotone inclusion problems, saddle point problems,
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variational inequality problems, minimization problems,
optimization problems, vector equilibrium problems, and
Nash equilibria in noncooperative games. In addition, there
are several other problems, for example, the complementarity
problem, fixed point problem, and the optimization problem,
which can also be written in the form of (9). However, (5)
is very general; it covers the problems mentioned above as
special cases.

In 2007, S. T. Takahashi and W. T. Takahashi [28] and Tada
and Takahashi [29, 30] proved weak and strong convergence
theorems for finding a common element of the set of solutions
of the equilibrium problem (9) and the set of fixed points
of a nonexpansive mapping in a Hilbert space. Takahashi et
al. [22] studied a strong convergence theorem by the hybrid
method for a family of nonexpansive mappings in Hilbert
spaces as follows: x, € H,C, = C, and x; = P x,, and
let

In = 6 Xy + (1 - ‘xn) Tnxn’

B (11)

Cn+1 =z¢€ Cn : "yn_Z” = ||xn—z

X neN,

n+l = Pcmlxo’
where 0 < «, < a < 1,foralln € N, and {T,}
is a sequence of nonexpansive mappings of C into itself
such that ()2, F(T,) # ¢. They proved that if {T,} satisfies
some appropriate conditions, then {x,} converges strongly to
P, par, %o-

Motivated by Takahashi et al. [22], Takahashi and Zem-
bayashi [31] (see also [32]) introduced and proved a hybrid
projection algorithm for solving equilibrium problems and
fixed point problems of a relatively nonexpansive mapping
within the framework of a uniformly smooth and uniformly
convex Banach space.

In 2011, Saewan and Kumam [33] introduced a new
hybrid projection method based on the modified Mann
iterative scheme by the generalized f-projection operator for
a countable family of relatively quasi-nonexpansive mappings
and the solutions of the system of generalized mixed equilib-
rium problems. Later, they [34] also studied the new hybrid
Ishikawa iteration process by the generalized f-projection
operator for finding a common element of the fixed point
set for two countable families of weak relatively nonexpansive
mappings and the set of solutions of the system of generalized
Ky Fan inequalities in a uniformly convex and uniformly
smooth Banach space.

Recently, Li et al. [35] have studied the following hybrid
iterative scheme for a relatively nonexpansive mapping
by using the generalized f-projection operator in Banach
spaces:

xg €C,
Yn = ]71 (‘xn]xn + (1 - an) ]Txn) >
Cn+1 = {w € Cn : G(w’]yn) < G(w>]xn)}’

f
Xpi1 =HC Xg n21.

n+l

C, =G,

(12)

Under some appropriate assumptions, they obtained strong
convergence theorems in Banach spaces.
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Motivated and inspired by the work mentioned above, in
this paper, we are interested to study our theorems within the
framework of a real Hibert space, and we create some new
ideas of mappings called quasi-strict f-pseudocontractions.
Moreover, we also find the significant inequality related to
such mappings and firmly nonexpansive mappings within the
framework of Hilbert spaces. By using the ideas of metric
f-projection, we propose an iterative shrinking metric f-
projection method for find a common fixed point of an
quasi-strict f-pseudocontraction and a countable family of
firmly nonexpansive mappings. In addition, we provide some
applications of the main theorem to finding a common
solution of fixed point problems and generalized mixed
equilibrium problems as well as other related results.

2. Preliminaries

In this section, some definitions are provided, and some
relevant lemmas which are useful to prove in the following
section are collected. Most of them are known, and others are
not hard to find or understand their proofs. Throughout this
paper, we will use the notation — for weak convergence and
— for strong convergence.

Lemma 1 (see Takahashi [36]). Let {a,} be a sequence of
real numbers. Then, lim a, = 0 if and only if, for any

n— 00 n

subsequence {a, } of {a,}, there exists a subsequence {a,_ } of
1 1]'

{a,} such that lim; _, , Ay, = 0.

Definition 2 (see [37-40]). Let C be a nonempty, closed, and
convex subset of a Banach space E, and let {T},} be a sequence
of mappings of C into itself such that (2, F(T,) # 0. Then,
{T,} is said to satisty the NST-condition if, for each bounded
sequence {z,,} ¢ C,

nh_{%O "Zn - Tnzn" =0 (13)

implies that w,(z,) C [, F(T,), where w,,(z,) is the set of
all weak cluster points of {z,} (ie., w,(z,) = {z | 3z, } ¢
{z,} such that z, — z}).

Let H be a real Hilbert space, and let C be nonempty,
closed, and convex subset of H. Let (), : C X H —
(=00, +00] be a functional defined as follows (see Li et al. [35]
(see also [4])):

(3x); = Iyl =2 (3 ) + I
+2pf (y) = |y - x|” +2of (3),

where y € C, x € H, p is positive number, and f : C —
(—00,+00] is proper, convex, and lower semicontinuous.
From the definitions of (-,-); and f, it is easy to see the
following properties:

(14)

(i) (y,x), is convex and continuous with respect to x
Vs X) ¢ P
when y is fixed;
(ii) (y,x), is convex and lower semicontinuous with
X5
respect to y when x is fixed.

Definition 3 (see Li et al. [35] (see also [4])). Let H be a real
Hilbert space, and let C be nonempty, closed, and convex
subset of H. We say that Pg : H — 2%is a metric f-
projection operator if

Fo_ .
ch—{uECI(u,x)f élg(f:(ﬁ,x)f}, Vx e H. (15)

Lemma 4 (see Li et al. [35, Lemma 3.1(ii)]). Let H be a real
Hilbert space, and let ¢ + C c H. Then, for every x € H, X =

P(J;x if and only if

(X=ypx=-X)+pf(y)-pf ()20, VyeC. (16)

Lemma 5 (see Li et al. [35, Lemma 3.2]). Let H be a real
Hilbert space, let C be a nonempty, closed, and convex subset

ofH,andlet x € H, X = Péx. Then,

Iy -=|° + & x)p<(nx)p VyeC (17)

Lemma 6 (see Deimling [41]). Let H be a real Hilbert space,
and f: H — R U {+o0} be a lower semicontinuous convex
functional. Then, there exist z € H and o € R such that

f(x)={(xz)+a VxeH. (18)

Due to the properties of f, we have the motivation and
ideas to create a new type of mappings which is general and
covers a quasi-strict pseud-contraction as follows.

Definition 7. Let H be a real Hilbert space, and a mapping
T with domain D(T) and range R(T) in H is called quasi-
strict f-pseudocontraction if the set of fixed points F(T) is
nonempty and if there exists a constant 0 < k < 1 such that,
for each p € F(T),

(p.Tx); < (p:x); +k((x,Tx)f —2pf(p)), Vx € D(T).
(19)

It is obvious from the previous definition that (19) is
equivalent to

lp =Tl < lp =l + Kl ~ Tel?

+2kp(f(x)- f(p)), VxeC, peF(T).

(20)

Definition 8. A mapping T : C — C s said to be closed if, for
any sequence {x,} ¢ Cwithx, — xandTx, — y,x = y.

Example 9. Let T : H — H be a mapping defined by Tx =
(3/2)x, for all x € H. Then, it is easy to see that F(T) = {x €
H : Tx = x} = {0}. Moreover, it is found that
2
10~ Tx|? = ||§x
2
9

2 2, 0,2
= —lxl” = llxlI” + = llx
2 Il = ™+ el

3 1 8
< Il + S1al = P+ (¢ + 2 ) 1l




4
2
—o— x|+ —llx B
2
2 2 2
+2(5 @ (=1 - 1ol*)
=110 = x|I* + kllx = Tx||* + 2kp (f (x) - £ (0)),
(21)
forall x € H, wherek = 2/3,p = l,and f = ||-|*

Furthermore, if {x,} ¢ H such that x, — x, then we have
Tx, = (3/2)x, — (3/2)x and Tx = (3/2)x. This means that
T is closed and quasi-strict f-pseudocontraction.

For solving the equilibrium problem for a bifunction ® :
C x C — R, let us assume that © satisfies the following
conditions:

(Al) O(x,x) =0, for all x € C;

(A2) ® is monotone; that is, ®(x,y) + O(y,x) <
0,for all x,y € C;

(A3) foreach x, y,z € C,lim; ,®(tz+(1-t)x, y) < O(x, y);

(A4) for each x € C, y — O(x, y) is convex and lower
semicontinuous.

Lemma 10 (see [27]). Let C be a nonempty closed convex
subset of H, and let ® be a bifunction of C x C into R satisfying
(A1)-(A4). Let r > 0 and x € H. Then, there exists z € C
such that

®(z,y)+l(y—z,z—x)20, Vy e C. (22)
r

Lemma 11 (see [32]). Let C be a closed convex subset of H and
let © be a bifunction from C x C to R satisfying (A1)-(A4). For
r > 0 and x € H, define a mapping T, : H — C as follows:

T,x = {z eC:@(z,y)+%(y—z,z—x) ZO,VyEC},
(23)
for all x € C. Then, the following hold:
(i) T, is single-valued;
(ii) T, is firmly nonexpansive-type mapping; that is, for any
x,yeH (T.x-T,y,T,x-T,y) <(T,x-T,y,x—y);
(iii) F(T,) = EP(®);
(iv) EP(®) is closed and convex;

W) llp - Trx||2+||Trx —x* < lp- x||2,forallx €H, pe
F(T,).

Lemma 12 (see [42]). Let C be a closed convex subset of a
smooth, strictly convex, and reflexive Hilbert space H. Let A :
C — C be a continuous and monotone mapping, letp : C —
R be a lower semicontinuous and convex function, and let © be
a bifunction from C x C to R satisfying (Al1)-(A4). Forr > 0
and x € E, then, there exists u € C such that

O (uy) + (A y —u) + ¢ (y) — ¢ W)
1 (24)
+;(y—u,u—x)20, Vy e C.
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Define a mapping K, : C — C as follows:

K, (x) = {ueC:@(u,y)+<Au,y—u)+(p(y)
(25)
—(p(u)+%<y—u,u—x> 20,Vy€C},

for all x € C. Then, the following conclusions hold:

(1) K, is single-valued;

(2) K, is firmly nonexpansive type; that is, for all x, y € E,
(K,x-K,y,K,x-K,y) < (K,x-K,y,x - y);

(3) F(K,) = GMEP(®, A, ¢);
(4) GMEP(0®, A, @) is closed and convex;

G) lp - Kxl* + IK,x - xI* <
H, p € F(K,).

Ip - xI?, for all x €

Lemmal3. Let H be a real Hilbert space, and let K : D(K) —
R(K) be a mapping. Then, the following are equivalent:

(i) K is firmly nonexpansive (i.e., |[Kx — Kyll2 < (Kx —
Ky,x — y), for all x, y € D(K));

(i) I1Kx = Kyl < llx = yI> = I(I = K)x = (I - K)y|?, for
all x, y € D(K).

Proof. For each x, y € D(K), we notice that
|Kx - Ky|”

< (Kx—-Ky,x-y)

= |Kx-Ky[ <|x -’
~x=yI* + (x -y Kx - Ky)
+ (Kx = Ky,x - y) - |[Kx - Ky|

= [Kx - Ky|" < x|’
—(x-y,(I-K)x-(I-K)y)
+(Kx-Ky,I-K)x-(I-K)y)

(26)

= [Kx- Ky < Jx - o)
~(I-K)x-(I-K)y,(I-K)x-(I-K)y)
= |Kx - Ky < x5’
~lI-K)x-1-K) |
The proof is complete. O

The following lemma is important since it provides
the significant inequality related to quasi-strict f-
pseudocontractions and firmly nonexpansive mappings
within the framework of Hilbert spaces.

Lemma 14. Let C be a nonempty, closed, convex subset of
real Hilbert spaces H. Let T : C — C be a quasi-strict
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f-pseudocontraction, and let K : C — C be a firmly
nonexpansive mapping such that Q := F(T) N F(K) # 0. Then,

lx — KTx|* + |[KTx — Tx|)*
2
<
1-k

+ 2 (£ £ (o),

(x - p,x—Tx)+2{x— p,Tx - KTx) 27)

forallx e Cand p € Q.

Proof. Let x € C and p € Q. By the quasi-strict f-
pseudocontractility of T', we have that

(p.Tx), < (p. %), + k(5. Tx) s = 20f (p))
= lp-Tx <[p-I’
+ kllx = Txll* + 2kp (f (x) = £ (p))
= |p- x”2 +2{p-x,x-Tx)+ |x - Tx|’
< llp=x|” +kllx - Tl + 2kp (f () - £ (p))  (28)
e (1-k)|x-Tx|* <2 (x - p,x - Tx)

+2kp (f (x) - £ (p))
2

1-k
2P (160 £ (o).

= |lx-Tx|* <

(x=p,x—Tx)

It follows from Lemma 13 and (28) that
lp = x|* + Ilx = KTx|* + 2 {p - x,x - KTx)
= |lp - KTx|’
<|p-Tx|* - IKTx - Tx|?
= (p.Tx); - 2pf (p) - IKTx - Tx|’

< (p,x)f + k((x,Tx)f -2pf (p))
- 2pf (p) - IKTx - Tx||*
= ((p.%); = 2pf (p)) + kllx - Tx/*

+2kp (f (x) - f (p)) - IKTx - Tx|?
<|p-« (29)

+k<ﬁ (x-p,x—Tx)
22 (10~ 1 0)
+2kp (f (x) = f (p)) - IKTx - Tx|
<ol + 12 - poxTx)
2L (f@- £ ()
+2kp (f (x) - f(p)) - IKTx - Tx|?,

5
and, then,
lx — KTx||* + |[KTx - Tx|*
< 12_kk (x=p,x—Tx)+2(x— p,x—KTIx)
2k
+[1_§+2kp] (f )= £ (p))
2k
=——(x—-p,x—Tx)+2(x—p,x—Tx
R lxp ) +2(x—p ) 30)
+2(x - p,Tx - KTx)
k
+2kP[m+1](f(X)—f(P))
=é(x—p,x—Tx>+2(x—p,Tx—KTx>
2k
L (£ )= 1 (p))-
This completes the proof. O

3. Main Result

In this section, some available properties of a quasi-strict f-
pseudocontraction T are used to prove that the set of fixed
points F(T) is closed and convex. An iterative shrinking
metric f-projection method is provided in order to find a
common fixed point of a quasi-strict f-pseudocontraction
and a countable family of firmly nonexpansive mappings.

Lemma 15. Let C be a nonempty, closed, convex subset of a
real Hilbert space H, and let T : C — C be a quasi-strict f-
pseudocontraction. Then, the fixed point set F(T') of T is closed
and convex.

Proof. Let {p,} be a sequence in F(T) such that p, — peC
asn — 00. It follows from (28) that

(P TP); < (P ) s + K ((2TD) ; = 201 (p2))

2
=lp-1pI < = (P-pwr-TP) @)

2kp
+ 22 (1 (p) - ().

Taking lim sup,, _, ., on both sides of (31), so we have that

o= Tl = tim sup] p - 7|
. 2
< hmsup(m(P—Pn’P_ Tp)
2k
28 (7 (0)- 1 (6))

2 .
— kl1ﬂsogp (P-pPwp-Tp)
2kp .

2 imsup (7 (5) - £ (p,)

<

+




< 2kp (hmsup f(P)+11m5uP (- (Pn)))

1 k n— 0o

n— 00

= _P _
= (f () ~liminf £ (p,)) <0
(32)
This means that p = Tp.
We next show that F(T) is convex. For arbitrary p,, p, €

F(T)andt € (0,1), welet p, = tp, +(1—t) p,. By the definition
of T, we have that

(00 TP0); < (P 2); + k(21 Tor) = 20F (1))

(33)
(2T0.) ; < (P2 2) ¢ + K (o To) f = 20F () -
f f f

By (28), it is easy to see that (33) are equivalent to

I =Tol* < - (e = oo 2= T0)
(34)

2k
+ = (F(p) - £ (),
2 2

lpe=Tp" < =7 {pr = o2 = Tp2)

(35)

=L (F () - £ (),

respectively. Multiplying by ¢ and (1 — t) on both sides of
(34) and (35), respectively, and adding the two inequalities,
we have that

Ip: - TPt"2

—(tpy +(L=1) py) > p, = Tpy)

2k
()~ tf () - (1= (p)
2
= m(Pt — Po P = Tpy) (36)

+ f’f—’ak(f(tpl +(1-1)py)
~tf (p1) = (1=1) f (p2))
< 22 (tf (p)+ -0 £ (p)
~tf (p1) = (1=1) f (p2)) = 0.

Hence, Tp, = p,. This complete the proof. O

Theorem 16. Let H be a real Hilbert space, C a nonempty,
closed, be convex subset of E, let T be a closed and quasi-
strict f-pseudocontraction from C into itself, and let {K,}°,
be a countable family of firmly nonexpansive mappings from
C into itself which satisfies the NST-condition such that Q) :=
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F(T) n ()2, F(K,) #0. Define a sequence {x,} in C by the
following algorithm:

Xy € H, chosen arbitrarily,
C, =C,

x| = Pél Xg»
CMlz{zeCnHMn—Kﬂ%wz

+ ||KnTxn - Txn"2

(37)

ik <xn 22X, — Txn)
+2(x,-zTx,
P ()= F @}

Xn+1 = P(ch

n+1

-K,Tx,)

Xo-
Then, the sequence {x,} converges strongly to Péxo.
Proof. The proof is divided into six steps.

Step 1. Show that C,, is closed and convex, for all n > 1.
Forn =1,C, = Cis closed and convex. Assume that C; is
closed and convex for some i € N. For z € C,,;, we have that

;- KiTxi||2 +|KiTx; - Txi"z

x; = Tx;) +2{(x; -z, Tx; — KTx;) (38)

+ 2 (1)~ f ).

It is not hard to see that the continuity and linearity of
(»x; — Tx;) and (-, Tx; — KTx;) together with the lower
semicontinuity and convexity of f allow C,,; to be closed and
convex. Then, for alln > 1, C,, is closed and convex.

Step 2. Show that O c (2, C,, := D.

It is obvious that Q := F(T) n ()2, F(K,) < C = C,.
Suppose that Q ¢ C; for some i € N. For any p € Q, we have
p € C;, and by Lemma 14 we obtain that

;= KTxi||* + | K Tx; = T
p>xi —Tx;)y +2(x; — p,Tx; — KTx;)
2k
+ =L (f () - £ (o)
(39)

This means that p € C;,,. By mathematical induction, Q c C,
for alln > 1. Therefore, Q ¢ (2, C, := D #0.

Step 3.
lim

Show that {x,} is bounded and that the
11— 00Xy Xo) ¢ €Xists.

Since f: X — R is a convex and lower semicontinuous
mapping, applying Lemma 6, we see that there exist z € H
and o € R such that

f(»)=2{yz)+a VyeH. (40)



Abstract and Applied Analysis

It follows that

(% %) = %al” = 202 x0) + 0]” + 20 (,)
> [lxall* = 2 (x5 0) + x0ll” +2p (6, 2) + 2p00
=[x l” = 2 (%, %0 — p2) + |13 |* + 2t
> [l = 2 %0 = p2l Il + lxol” + 2p00

= (lxall = o = 2l + ol = o = p2ll” + 2p

(41)
Since x,, = Péﬂ X, it follows from (41) that
Ixoll* = 10 = P2l + 2pe
< (el = o = 2l + ol
= %o = pz| + 2px (42)

= (xn’xo)f = (P(];n(xo)’xo)f
= Elencfn(& xo)f < (u, xo)f

for each u € Q. This implies that {x,} and (x,,x,) are

bounded. By the fact that x,,,;, € C,,; ¢ C, and Lemma 5,
we obtain that

"xn+1 - xnnz + (xn’ xo)f < (xn+1’x())f' (43)

Since ||x,,,; — xnll2 >0, {(xn,xo)f} is nondecreasing. There-

n+1
fore, the limit of {(x,,, x,) f} exists.

Step 4. Show that x,, — pasn — 00, where p = Pg)xo.
Let {xni} C {x,}. From the boundedness of {xni}, there
exists {x,, } € {x, } such that
i) :

xnij — p asj— oo. (44)

Writing X; := Xy it is easy to see that p € C. » where C ;=
C,, . Note that
i

(fj’xo)f = (Péj(xo))xo)f = ?Zlén(g’ xO)_f < (p, xo)f' (45)

On the other hand, since X; — p,s0 X; - x, — p — X,
and, then, by weakly lower semicontinuity of || - |* and f, we

obtain that

Ip =l < liminf |7 - x|, (46)
f (p) <liminf £ (%;). (47)

Combining (46) and (47), we obtain that

(prxo) s = lp = xoll” +2pf (p)

<liminf |, - xof + 2pliminf f (%)) -
<timinf (|5~ x| +20f (%))

J—

= li];rli()rcl)f(k'j, xo)f.

It follows from (45) and (48), that
(prxo) s < liJ_rrlig;f(J?j,xo)f < liﬁs;p(fj,xo)f < (px0) p>
(49)
and, then,
jlingo(xpxo)f =(p, xo)f- (50)

Next, we consider that
lim sup |, — x| = lim sup ((xj,xo)f - 20f (%))
j—oo j—oo
< lim sup(fj,xo)f + lim sup (—2pf (561))
j— o0 j— o0

= (ps xo)f - 2pli].rgior;ff(5f,~)

< (pxo); —20f (p) = P - x|

(51)
Combining (46) and (51), we obtain that
Ip — | < timinf &, x|
< lim sup "9?] - xo"z (52)
j— o0
<lp-xl’
and, then,
Jim {7 x| = o -l (53)
Note that
- | . -
F(®) = 55 ((Fpm) =[5l ) 0
Then, we have that
lim sup f (9?])
j— oo
1., - -
= Zhjnlsolip ((xj,xo)f - ”xj - x0||2) (55)

- ﬁ ((px0) - Ip - xoIF)
= f(p).

Combining (47) and (55), we obtain that
f(p) < hjnll(gf f(ij) < limsup f(k“]) = f(p), (56)
J‘)OO
and, then,

lim f(xni_) = lim f(~j) =f(p)- (57)

j— oo i j—o oo



By Lemma 1, this implies that
Jim f(x,)=f(p). (58)
On the other hand, we note that
~(p-x)[
Xoo P — x0> (59)

%~ ol = (% - x0)
— 2 ~
=% -l -2(5;-
o=l
It follows from (44) and (53) that

lim ”x —p“

j—oo
2 —_~
= Jim (% -5l = 2(% - x0.p - %0)
2
+p =)
(60)
= Jlgrgo ”x - x0|| - 2 11m <x - X, P — x0>
+p = x|
2 2
=p = ol = 2{p — x0 P~ x0) + | P = 0
=0.
Therefore, Xy = X; — pasj — oo. This implies by
Lemma I that
X, — p asn— oo. (61)
Thus,
w, (x,) = {p}- (62)
It is easy to show that p € C,, for all m > 1. Hence, p €
N, C, = D. Since x,, = Pg Xg> 80, by Lemma 4, we have
that
(xn = 3o %0 = x,) + pf (y) = pf (x,) 20, Vy e D. (63)
Lettingn — 00, so we obtain that
(p-yxo-p)+pf(y)-pf(P) 20, VyeD, (64)

which implies that p =

Step 5. Show that p € Q.

Firstly, we prove that {Tx,} and {K,Tx,} are bounded.
Indeed, taking v € Q = F(T) n(2, F(K,,) and then by (28),
we have that

VI = 20 | T, | + [ T,
= (W= [T, )° < v - T,
< |v=xl + Kl - T,

+2kp (f (x,) = f (1)

2
< v -
+k<ﬁ (x, - v,x, — Tx,)
2k
22 (v~ f )

+2kp (f (x,) = f ()
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<ol + 2 (-

+Min-ﬂ)qw»—ﬂw)

-Tx,)

<fv-xf +1—||x — v =l
2k

e

kp
_k (f (xn) - f(V)) .

=~V 7=

(65)
By a simple calculation, we get that
2 2 2k
|7, < <I|V—xn|| g = el
I+ 2 ( () - )
2k

+{ —|lx,—v +2||v||> Tx,

(1_k" leam)isd

— 1 —

< M+ BT, | = M+ 2 (23 |1,
1, —

<M+ 3 (M2 + ||Txn||2)
1— 1

=M + EMZ + 5||Txn||2,

where M := sup{||v — x> + (2k/1 = k)||x, — v|| x [|x,, [ - [V]* +
(2kp/1 - k)(f(x,) = f(v)) | n € N} and M := sup{(2k/1 —
)lx, — vl +2|lvll | n € N}. So we have that

ITx,|* < 2M + M2, (67)

for all n € N. Therefore, {Tx,} is bounded. Notice that, for
eachv e Q,

||v - K,,Txn" < ||v - Tx,," , (68)

for all n € N. Therefore, {K,Tx,} is also bounded. Moreover,
we note that

+]p-x,| — 0 asn— co.
(69)

||xn+1 - xn” < "xn+1 - P”

Thus, by the fact that x,,,; = Pé Xp € Cyyy and by (58), we
obtain that

[, = KnTan2 +||K,Tx, - Txn"2
k (%0 = Xpy1> X, — T,,)
+2(x, — x,,1,Tx, — KnTxn> (70)
+ 2P () £ (50)) — 0
as 1 — 00.
This means that
e L L EL
as n — oo.
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For this reason, we have that

[x, = Tx,|| = |x, — K, Tx, + K,Tx, — Tx,|
< |x, = K, Tx, |

+ ||KnTxn - Txn" — 0 asn-— oo.
(72)

Next, we have that

“Txn - P" s “Txn - xn” * "xn - p“ — 0 asn-— oo.
(73)

That is, Tx, — pasn — oo. It follows from the closed
mapping of T, that Tp = p; thus, p € F(T).
On the other hand, let us consider that
||xn - Knxn" < ||xn - K,,Txn” + ||KnTxn - Knxn"
< |x, = K, Ix,| + |Tx, - x,]| — ©
as n — 00.
(74)

It follows from the NST-condition of {K, } and (62), that p €
N2, F(K,,). Therefore, x, — p € F(T)N( 2, F(K,) = Q.

Step 6. Show that p = Péxo.

Notice by Step 2 that Q ¢ Dj; so we have that P(J;x0 €D,
and then by Step 5 it yields that

(ps xo)f = (ngo’xo)f = églg(f’ xo)f
< (Péxo,xo)f = élel(f)((’ Xo) ¢ (75)
< (P %) -

This shows that (Péxo, Xo) ;= (p>xg) £ It follows from the

uniqueness p = P(];xo. Then, {x,} converges strongly to p =
Péxo. This completes the proof. O

4. Deduced Theorems and Applications

In this section, some applications of the main theorem
are provided in order to find some common solutions of
problems in a Hilbert space.
If £ = 11, then (x, )y = I = yIP + 2plxl, for all
2
(x,y) € Cx H,and Pé Xy = Pg“ X, for all n € N; then, by
Theorem 16, we obtain the following corollary.

Corollary 17. Let C, H, {K,;} be the same as in Theorem I6,

and T be a closed and quasi-strict | - ||2—pseud0contmction
from C into itself such that Q == F(T)n( 2, F(K,) # 0. Define
a sequence {x,} in C by the following algorithm:

X, € H, chosen arbitrarily,
C, =C,

LI12
x =Pl (%),

9
C. = {z € C, ||, - K,Tx,|* + |K,Tx, - Tx, |
2
ST % (x, - z,x, — Tx,)
+2(x,-zTx, - K,Tx,)
2kp 2 2
T (lxall” = 1=l )} >
X = P (o).
(76)

2
Then, the sequence {x,} converges strongly to Pglg" Xo-

If f is a constant function, saying that f = a € R,
then (x,y), = llx - yII2 + 2pa, and it is not hard to see that
T coincides with a quasi-strict pseudocontraction. Thus, by
Theorem 16, we obtain the following corollary.

Corollary 18. Let C, H, {K, } be the same as in Theorem 16,
and let T be a closed and quasi-strict pseudocontraction from
C into itself such that Q := F(T) n (2, F(K,) # 0. Define a
sequence {x,} in C by the following algorithm:
X, € H, chosen arbitrarily,
C, =C,
x; = R gfl (%0) 5

2 2

Co = {2 € C = KT, [+ K, T, = T, | -

2
Sl—k<x”

-z,x,—Tx,)
+2(x, -z, Tx, - K,Tx,) } ,

Xpt1 = Pgm (%) -

Then, the sequence {x,,} converges strongly to P x,.

Let K : C — C be a firmly nonexpansive mapping and
K, = K for all n € N. Then, it is not hard to verify that a
family {K,,} satisfies NST-condition. Therefore, if f = a = 0,
then Corollary 18 reduces to the following corollary.

Corollary 19. Let C, H, T be the same as in Corollary 18, and
let K be a firmly nonexpansive mapping from C into itself such
that Q== F(T) N F(K) # 0. Define a sequence {x,} in C by the
following algorithm:

x, € H, chosen arbitrarily,
C, =C,
X, = Pc1 (Xo)>
Cpu = {z €C, | |x, - KTx,|* + |KTx, - Tx, |
(78)
2
<
1-k
+2(x, — z,Tx, — KTx,) } ,

<xn — X, — Txn)

Xp1 = P (xo)-

n+1

Then, the sequence {x,} converges strongly to P, x,,.
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Finally, we provide some applications of the main theo-
rem to find a common solution of fixed point problems of a
closed and quasi-strict f-pseudocontraction and generalized
mixed equilibrium problems via an iterative shrinking metric
f-projection method within the framework of Hilbert spaces.

Theorem 20. Let C, H, T be the same as in Theorem 16, let
O be a bifunction from C x C to R satisfying (Al)-(A4), let
@ be a lower semicontinuous and convex function, and let A :
C — H be a continuous and monotone mapping such that
Q := F(T) N GMEP(®, A, ¢) # 0. Define a sequence {x,} in C
by the following algorithm:

X, € H, chosen arbitrarily,
C, =G,

x| = Pélxo,

u, € C such that
® (> y) + (Auy, y —u,) + 9 (y)

1
-o(u,) + r—(y—un,un—Txn) >0,

Vy eC, (79)
C. = {z € Cy | =, + 1ty = T,
2

ST o

+2(x,-z,Tx,—u,)

2kp
20 () - F @]

z,x, - Tx,)

- pf
Xni1 = Pg, | Xos

where k € [0,1) and r, > 0, for all n € N, with

liminf, |  r, > 0. Then, {x,} converges strongly to Pé (x0)
Proof. By Lemmal2(3) it is not hard to see that
M1 F(K,) = GMEP(®, A,¢). From the definition of
{x,}, it is easy to see that u,, = K, Tx,, and by (62) we have
that w,,(x,,) = {p}. Next, we will show that a countable family
{K, } satisfies the NST-condition. It is sufficient to show
that p € GMEP(O, A, ¢). It follows from (61) and (71) that
u, = K, Tx, — pasn — 00.Define® : CxC — R
by O(x,y) = O(x,y) + (Ax,y — x) + ¢(y) — ¢(x), for all
x,y € C. It is not hard to verify that ® satisfies conditions
(A1)-(A4). By (A2), we have that

1
r_<y_un’un_xn> 2(I)(y’un)’ V}/EC (80)
By using (A4) and liminf, , 7, > 0, we obtain, that 0 >
O(y,p), forall y € C.Fort € (0,1] and y € C, let y, =
ty + (1 —t)p. So, from (Al) and (A4), we have that
0= () =@ (ypty+(1-1)p) (31
<t0 (3 y) + (=1 @ (3, p) 1O (33 ).
Dividing by t, we have that
@(y,y)=0, VyeC. (82)

Abstract and Applied Analysis

From (A3), we have that 0 < lim, ,, ®(y,y) =
lim, ,,®(ty + (1 — t)p,y) < O(p,y), forall y € C,
and, hence, p € GMEP(O,A,9) = (2, F(K, ), so
@, (x,) € (2 F(K, ). Therefore, {K, }* = satisfies NST-
condition. Applying Theorem 16, we conclude that x, —
Plx, O
a%o-
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