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We obtain a sufficient condition for the analyticity and the univalence of a class of functions defined by an integral operator. The
well-known univalence criteria of Alexander, Noshiro-Warschawski, Nehari, Goluzin, Ozaki-Nunokawa, Becker, and Lewandowski
would follow upon specializing the functions and the parameters involved in the main result. The results obtained not only reduce
to those earlier works, but they also extend the previous results.

1. Introduction

Let%, ={z € C:|z| <r}, 0 <r <1, be the disk of radius r
centered at 0, let % = %, be the unit disk, and let I = [0, 0c0).

Denote by o/ the class of analytic functions in % which
satisty the usual normalization f(0) = f "0)=1=0.

The first results concerning univalence criteria are related
to the univalence of an analytic function in the unit disk.
Among the most important sufficient conditions for univa-
lence we mention those obtained by Alexander [1], Noshiro
[2] and Warschawski [3], Nehari [4], Goluzin [5], Ozaki and
Nunokawa [6], Becker [7], and Lewandowski [8].

Furthermore, the first extension of univalence criteria
was obtained by Pascu in [9]. In his paper, starting from an
analytic function f in the unit disk he established not only the
univalence of f but also the analyticity and the univalence of
a whole class of functions defined by an integral operator.

Other extensions of the univalence criteria, for an integral
operator, were obtained in the papers [10-14]. From the main
result of this paper, we found all the univalence criteria
mentioned earlier and at the same time other new ones.

2. Loewner Chains

Before proving our main result we need a brief summary of
theory of Loewner chains.

A function L(z,t) : % x I — C is said to be a Loewner
chain or a subordination chain if

(i) L(z,t) is analytic and univalent in % for all t € I;

(ii) L(z,t) < L(z,s) forall0 < t < s < 0o, where the
symbol “<” stands for subordination.

The following result due to Pommerenke is often used to
obtain univalence criteria.

Theorem 1 (see (15, 16]). Let L(z,t) = a,(t)z + c;Q(t)z2 +oeeey
a,(t) #0, be an analytic function in %, for all t € I, locally
absolutely continuous in I, locally uniform with respect to U,.
For almost all t € I, suppose that

Zz

0L (z,t) oL (z,t)
= )t - . > 1

0z PENTH T 2e Y O
where p(z,t) is analytic in % and satisfying R p(z,t) > 0 for
allz € U, t € I Iflim, _, |a,(t)] = co and {L(z,t)/a,(t)},s,
forms a normal family in %, then for each t € I, the function

L(z,t) has an analytic and univalent extension to the whole
disk %.

3. Main Result

Making use of Theorem1, the essence of which is the
construction of suitable Loewner chain, we can prove our
main result.



Theorem 2. Let &, [3, and c be complex numbers such that
Ra >0, |Bl < R(ax+ ), Re>-1/2, and

ac—f3

a(l+c¢)

<1 (2)

For f € o, if there exist two analytic functions in %, g(z) =

1+bz+-, h(z) =+ ¢z +-- such that the inequalities
!
& -1 < 1, (3)
(I1+c)g(z)

fle) 2t )
‘((1 +09®@ 1) i

N 1 - |z[2@P) & +Bzf' (z)h(z)
a+pf I+c  g(2)
(1- 19y
(ot B) [P

X(Mﬁf’(Z)hz(Z) .
l+c  g(2)

zg' (2) )
" 9(z) P

(4)

g @) h(z)
g(z)

<1

+(a—1)@—h’(z)>

are true for all z € % \ {0}, then the function F,,

z 1/
F,(z) = <oc Jo () du) , (5)

is analytic and univalent in %, where the principal branch is
intended.

Proof. We consider the function p, (z,t) defined by
pi(z,t) =1+ (62(‘“/3” - 1) ce'zh (eitz). (6)

Forallt > 0 and z € % we have e 'z € %, and from the
analyticity of 4 in % it follows that p, (z,t) is also analytic in
. Since p(0,t) = 1, there exists adisk %, ,0 < r; < 1,in
which p,(z,t) #0 for all t > 0. Since f € o, it is easy to see
that the function
e’z
p (z,t) = (a+ p) J ' (w) du )
0
can be written as p,(z,t) = z% - p;(z,t), where p;(z,t) is
analytic in u,, forallt > 0,and p5(0,t) = ((a + ﬁ)/a)efat. It
follows that the function
. —aty 9 (¢72)
(z,t) = py (z,1) + (1 +¢) (2P _ gty L =2 (3)
P4 Ps ( ) 1 (2 0)

is also analyticina disk %, , 0 <7, <r,and

[0

P, (0,1) = **2P! [(1 +o)+ <E - c) e*2<“*/3>f] )
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Let us prove that p,(0,£)#0 for all ¢+ > 0. We have
p4(0,0) = 1+ B/a. From || < R(a + ) and since R(x +
B) < la + Bl, we see that || < |a + B| which is equivalent
to Re(B/a) > —1/2. It follows that p,(0,0) #0. Assume
now that there exists £, > 0 such that p,(0,t,) = 0. Then
APl = (e — B)/a(1l + c). From R(a + B) > 0,t, > 0,
it results that 2%@*P% > 1, and from inequality (2), we
conclude that p,(0,¢) #0 for all t > 0. Therefore, there is a
disk %, , 0 <1y < rp, in which py(z,1) #0, forall £ > 0, and
we can choose an analytic branch of [p,(z, £)]"/*, denoted by
p(z,t). We fix a determination of (1 + ﬁ/oc)l/“, denoted by §.
For §(t) we fix, for t = 0, the determination equal to §, where

1/a
S(@t) = e(”z(ﬁ/“))t[(l +c)+ (E - c) efz(‘”ﬁ)t] . (10)
14
From these considerations it follows that the function
L(z,t) = z - p(z,1) is analytic in %, , for all t > 0, and can
be written as follows:

ez
0

L(z,t) = [ (mﬁ)j W (W) du+ (1 + )
(11)

(e(tx+2ﬁ)t _ e—oct) Z(xg (e—tz) 1o

X
1+ (e2Pt —1).etzh(e'z)

If L(z,t) = a,(t)z + cla(t)z2 + --- is the Taylor expansion
of L(z,t) in U,,, we have a,(t) = (). Since R(x + B) >
0, R(B/a) > —1/2, we have lim, _, la,(t)] = co. We saw
also that a, () #0 for all t € I.

From the analyticity of L(z, t) in %, , it follows that there
exists a number r,, 0 < r, < 73, and a constant K = K(r,)
such that

L(z,t)
a (t)

<K, Vze,,tel (12)

and thus {L(z,t)/a,(t)} is a normal family in ,,. From the
analyticity of 0L(z,t)/ot, for all fixed numbers T > 0 and
rs, 0 < rs < 7, there exists a constant K; > 0 (that depends
on T and r5) such that

<K, Vze%,, te[0,T]. (13)

’ 0L (z,t)
ot

It follows that the function L(z, t) is locally absolutely contin-
uous in [0, 00), locally uniform with respect to z € %rs' The
function p(z, t) defined by (1) isanalyticina disk%,, 0 < r <
ts, for all t > 0. In order to prove that the function p(z,t) is
analytic and has positive real part in %, we will show that the
function w(z,t) = (p(z,t) - 1)/(p(z,t) + 1), z € %,, t € I,
is analytic in %, and

lw(z,t)| <1 Vzel, tel. (14)
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Elementary calculation gives
f'(ez) _ ~2(a+p)t
(1+¢)g(etz)

L1 ¢ 2orh L%+ B e'zf (e'z)h(ez)
a+f l+c¢ gletz)

w(z,t) = (

e'zg' (e7'2)
e

(1 _ e—2(zx+ﬂ)t)2
+ (a+p) o 2@pr €

a+pf (e'2)h (e'z)

=2t _2
z

g (e'z)h(e'z2)

l+c¢ gle'z) gle'z)
—t
+(ax—1) Ltz) - (eitz)
etz

(15)

From (3) and (4) we deduce that g(z) #0, for all z € %, and
then the function w(z, t) is analytic in the unit disk %. For
t = 0, in view of (3), we have

|w(z,0)] <1. (16)

:’&_1’
(1+c)g(z)

In order to evaluate |w(0,t)|, we will use the following
inequality (see [17]):

1- |C|2§R(x

, CE€U c#0, Ra>0. (17)
Ra

1- |C|20c
<
[

Forz =0andt > 0, from (15), we have

“2a+p)t
| € apr 1€
w(0,8)] = [——e +— (-
w0l - |5 s
- (18)
e, e
“ll+ec R (a+p) '

From Rc¢ > —1/2 which is equivalent to |c| < |c¢+ 1| and since
1Bl < R(x + ), we have |w(0,t)] < 1.

Let t be a fixed number, t > 0, and let z € %, z #0. Since
ezl < e’ < 1forallz € %i {z € C: |z <1},
the function w(z,t) is analytic in %. Using the maximum
modulus principle it follows that for each t > 0, arbitrary
fixed, there exists 0 = 6(t) € R such that

|w@m<EgWQM=W@@m_ 19)

Denote that u = ¢ - €. Then lu| = e* < 1, and from (15) we
obtain

0\ _ flw 2oy L= [P
w(e ’t)_ ((l+c)g(u) 1>|u| " a+pf

o (2a+[3uf' (W) h(u) . ug' (1) _[3>
1+c¢ g W) g W)

(1= Py’
—— 7 U
(o + B [P

y a+ B f () h* (u)
1+c¢ g u)

2

g W hu)
g(u)

+m—ng?—wmﬂ.

(20)

Since u € %, inequality (4) implies that lw(e®, t)| < 1, and
from (16), (18), and (19) we conclude that inequality (14) holds
true for all z € 2% and t > 0. Since all the conditions of
Theorem 1 are satisfied, it follows that L(z,t) is a Loewner
chain, for each t > 0. For ¢ = 0 it results that the function

L(z,0) = [(oc +B) J: ! (w) du] . (21)

is analytic and univalent in %, and then the function F,
defined by (5) is analytic and univalent in %. O]

4. Specific Cases and Examples

Suitable choices of the functions g and h and special values
of the parameter c yield various types of univalence criteria.
So, if in Theorem 2 we take ¢ = 0 and h(z) = 0, we get the
following result.

Theorem 3. Let o and [3 be complex numbers such that Ro >
0, 1Bl < R(a + B), and || < lal. For f € o, if there exists
an analytic function in %, g(z) =1+ bz +---, such that the
inequalities

&—1‘<1,

9(2)

'@\ e 1—|z|2‘“*ﬁ>(zg'<z>_ )
Kg(z) 1)'2' " Tarf Vg P)IF!

(22)

are true for all z € U \ {0}, then the function F, defined by (5)
is analytic and univalent in %, where the principal branch is

intended.

Theorem 3 gives us a “continuous” passage from Becker’s
criterion to Lewandowski’s criterion. Indeed, for g(z) =
f'(z), we have the following.



Corollary 4. Let o and f3 be complex numbers, Ra > 0, | B| <
R(a+P), Pl < |al, and f € A. If forall z € U \ {0}

1— |Z|2(oc+ﬁ) zf" (2)
e G R

then the function F,, defined by (5) is analytic and univalent in
«.

Remark 5. Corollary 4 generalizes the well-known univa-
lence criterion due to Becker. For 8 = 0 we found the result
from [9]. In the case when § = 0 and & = 1, the previous
corollary reduces to Becker’s criterion [7].

For g(z) = f’(z) - (p(z) + 1)/2, where p is analytic in %,
p(0) = 1, from Theorem 3 we have the following.

Corollary 6. Let o and f3 be complex numbers, Ro > 0, | B| <
Rx + P), Il < lal, and f € o. If there exists an analytic
function p with positive real part in %, p(0) = 1, such that the
inequality

1-p(z) PECE 1 [z]X+P)

1+p(z) a+f
'@ @)
X(f%m @1 'ﬁNSI

is true for all z € U \ {0}, then the function F, defined by (5) is
analytic and univalent in % .

(24)

Remark 7. Corollary 6 represents a generalization of the
univalence criterion due to Lewandowski. For 8 = 0 we found
the result from [12]. In the case when 8 = 0 and « = 1, the
previous corollary reduces to Lewandowski’s criterion [8].

For ¢ = B and h(z) = 0, from Theorem 2 we can derived
some results from paper [18].

Theorem 8. Let o and 3 be complex numbers such that Ro >
1/2, |Bl < R(a + B). For f € o, if there exists an analytic
functionin %, g(z) = 1+ b,z + - -+, such that the inequalities

‘ e
(1+B)g ()

f (2 B ) 2a+p)
Ku+mgw>l i
+1—|z|2<“+ﬁ><zg’<z>_ )

a+pf g(2)

are true for all z € % \ {0}, then the function F, defined by (5)
is analytic and univalent in %.

11 <1, (25)

(26)

<1

Proof. Inview of assumption Ra > 1/2 and since R(a+ ) >
0, it follows that R > —1/2. But R« > 1/2 is equivalent to
loo — 1| < || and RPB > —1/2 with || < |B + 1|. It results that
inequality (2) is true. From (3) and (4) we get immediately
inequalities (25) and (26). O
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For « = 1 and g(z) = f(z)/z, from Theorem 8 we obtain
the following.

Corollary 9. Let f3 be a complex number, || < R(1 + p). If
forall z € U the function f € o satisfies

zf' (2)
f(2)

then the function f is univalent in %. Moreover, it is a spiral-
like function.

-(B+1)| <[B+1], (27)

Proof. For &« = 1, we have F; = f, and in view of (27),
inequality (25) of Theorem 8 is verified and inequality (26)
is also reduced to (25). It follows that f is univalent in
. The condition (27) of the corollary can be written as
[(1/(B + 1))(zf'(z)/f(z)) — 1| < 1. It follows that R((1/(8 +
D)(zf'(2)/ f(z))) > 0.If we put f+1 = |B+1]e"?, where from
R(1 + ) > 0 we have |@| < /2, then for all z € % we have
R(e"(zf'(2)/ f(z))) > 0, which shows that f is spiral-like
in. ]

Taking g(z) = f(z)/z, we get the following useful
corollary which generalizes the result from [19].

Corollary 10. Let o and 3 be complex numbers such that
Ra>1/2, |+ 1] < R(a+ f), and f € d. If the inequality

zf' (2)
f(2)

holds true for all z € %, then the function F, defined by (5) is
analytic and univalent in %.

-(B+1)|<|B+1] (28)

Proof. It is easy to check that inequality (28) implies inequal-
ity (26) of Theorem 8. Indeed, for |3 + 1| < R(«a + ) and
making use of (17), we have

l 1 (Zf’(Z)_(ﬁ+l))|z|2(oc+/3)

B+1\ f(2)
1- 22 P [ zf' (2)
Tarp (f@)_w+10‘ >
2R (a+p) |B+1] 1 2R(@p)
< Il * R (@ P (1-1el )<L .

For the function g(z) = 1, from Theorem 8 we get the
following.

Corollary1l. Let « and f3 be complex numbers such that Ro >
1/2, |8l < R(x + B), and f € . If the inequality

|f' ()= (B+1)| < [B+1] (30)

holds true for all z € %, then the function F, defined by (5)
is analytic and univalent in 2. In particular, the function f is
univalent in %, where || < R(1 + B).
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Remark 12. From inequality (30), only for 3 real number,
B > —1/2, we get Rf'(z) > 0. For B complex number, if
weput S+ 1 = |f + 1|e"?, where from R(1 + ) > 0 we have
lp| < 77/2, then from inequality (28) we obtain Re*? f'(z) >
0. So, in both cases, we can also conclude that f is univalent
in % from Alexander’s theorem [1], and respectively, from
Noshiro-Warschawski’s theorem [2, 3].

Example 1. Consider the function f(z) = z + ([3/4)22 +
(B/6)z>, where B € C, | —1/3| < 2/3. The condition (30)

of Corollary 11 is satisfied. Indeed, since | — 1/3| < 2/3 is
equivalent with 2|3| < | + 1], we get
‘f'(z) [3+1)' z+ﬁz Bl<2|pl<|B+1]. 3D

Then, for all complex numbers o, Rax > 1/2, and |B| < R(a+
B), by using (5), we obtain that

z 1/
J ! (w) du>
0

= z(l p p

N o
+2((x+1)z+2(oc+2)z>

F,(2) = <oc
(32)

is analytic and univalent in %.

If in Theorem 2 we take ¢ = 0 and g(z) = f '(z), then we

have the following.

Theorem 13. Let o and 3 be complex numbers such that Ro >
0, Bl < R(a + P), and |B| < |a|. For f € o, if there exists an
analytic function in %, h(z) = ¢, + ¢,z + -+, such that the
inequality

1—|z|2("‘+ﬁ)( N zf" (2) )
S (e pae LD

2
(1)
((X + ‘3) |Z|2(06+/3)

f" @) h(z)

X ((cx+ﬁ)h2 (z) + —~——= f’ @

+(a —1)“2) h’@))‘
<1
(33)

is true for all z € % \ {0}, then the function F, defined by (5) is
analytic and univalent in % .

For h(z) = —-(1/2(«x + ﬁ))(f”(z)/f’(z)) the following

results.

Corollary 14. Let o and 3 be complex numbers, R > 0, |B| <
R+ P), 1Bl < lal, and f € A. If forall z € % \ {0}

1— |z|2((x+ﬁ) 2 "
(—zﬂ)ﬁ)( (g +1-0 L (z)>
2(a+ )|zl f'(@)

(34)
—ﬁ(l—ldﬂ”’”) <1

where

L fII (2) I_l fll (2) 2
- (55) -5(F8). @

then the function F, defined by (5) is analytic and univalent in
«.

Remark 15. For special values of the parameters aw and f3, from
Corollary 14 we get some known results. For § = 0, we get
the result given in [13]. For « = 1, since F,(z) = f(2),
Corollary 14 generalizes the criterion of univalence due to
Nehari, and for « = 1 and § = 0 we obtain the univalence
criterion due to Nehari [4].

For h(z) = (1/(a + B))(1/z — f'(2)/ f(2)) we have the
following.

Corollary 16. Let « and f3 be complex numbers, R > 0, | B| <
R(a+ ), 1Bl < lal, and f € o. If forall z € % \ {0}

1z B [ g 2 (2)
ot p [zd_zk’g( @ )ﬁ]

1 — [[2erB))? Lva g1
L (Pe?)  a og(w) .

(ot BPIPeP Tdz T\ ()

(36)

then the function F,, defined by (5) is analytic and univalent in
«.

Remark 17. Corollary 16 represents a generalization of the
univalence criterion due to Goluzin. For 3 = 0 we obtain the
results from paper [11]. For « = 1 and f3 = 0 we get Goluzin’s
criterion [5].

Forc =0, g(z) = (f(z)/2)* and h(z) = (1/(a+B))(1/z~
f(z)/ z%), from Theorem 2 we get the following.



Corollary 18. Let o and [3 be complex numbers, R > 0, | B| <
R+ P), 1Bl < lal, and f € . If f satisfies the inequalities

2F (2)
W -1/ <1, (37)
2 f'(2) 2atp) | 1 — |z[2@*P
< e ‘1)'2' MY

22 f' (z) (1 - |Z|2(Mﬁ))2
X [2 <—f2 @ 1) - /3] + —(“ + B) 1P (38)

22 f' (z) f (2
X[(W_l)-’-(l_“)(T_l)ngl’

then the function F,, defined by (5) is analytic and univalent in
U.

Remark 19. Corollary 18 represents a generalization of the
univalence criterion due to Ozaki and Nunokawa. For § = 0
we found the result from [14]. In the case when 8 = 0 and
a = 1, Corollary 18 reduces to the univalence criterion of
Ozaki and Nunokawa [6].

Example 2. Let nbe a natural number, n > 3. We consider the
function

Zz

f(z)= T n (39)
We note that
2f' @ o fl 2
W -1 = N 2 -1= m (40)

The condition (37) of Corollary 18 is verified, and it assures
the univalence of the function f. Taking into account (40),
for « = nand = (1 — n)/2, from (38) we have that

1-|z|™! -1
Zn+1|z|n+1 ) |z| <2Zn+1 n n >
n+1 2
2
1-— |Z|"+1 iy
+4((1’l + 1)2|Z|n)+1 (Z”+1 + (1 - T’l) n— Zn+1 )
1-|z n+1
< |22 4 bl 7 dlz"™ +n-1 (41)
n+1
8 2
+ 2(1 _ |Z|n+1)
(n+1)
1

2 2(n+1)
=—|(n -2n+5)|z|
(n+1)> ( )

- (nz —4n+ 11) lz"! + (n2 + 7)] <1,
because the greatest value of the function

gx)=(n*-2n+5)x" - (n* —an+11)x + (n* +7),
(42)
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for x € [0,1], n > 3,is taken for x = 1 and is g(1) = (n + 1%
It follows that all the conditions of Corollary 18 are satisfied,
and therefore the function F, defined by (5) is analytic and
univalent in %.

Remark 20. Theorem 2 gives us a connection between
Alexander’s theorem, Noshiro-Warschawski’s theorem, and
the univalence criteria of Becker, Lewandowski, Nehari,
Goluzin, and Ozaki and Nunokawa as well as their general-
izations.
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