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We study some algebraic properties of Toeplitz operator with quasihomogeneous or separately quasihomogeneous symbol on
the pluriharmonic Bergman space of the unit ball in C". We determine when the product of two Toeplitz operators with
certain separately quasi-homogeneous symbols is a Toeplitz operator. Next, we discuss the zero-product problem for several
Toeplitz operators, one of whose symbols is separately quasihomogeneous and the others are quasi-homogeneous functions, and
show that the zero-product problem for two Toeplitz operators has only a trivial solution if one of the symbols is separately
quasihomogeneous and the other is arbitrary. Finally, we also characterize the commutativity of certain quasihomogeneous or

separately quasihomogeneous Toeplitz operators.

1. Introduction

For n > 1, let C" be the cartesian product of n copies of C.
For any points z = (z,25,...,2,) and w = (w;, w,,...,w,)
in C", we use the notions (z,w) = z,w; + Z,w, + - + z,W,

and |z| = \/Izll2 +|z,|> + -+ + |2,,|? for the inner product and
the associated Euclidean norm. Let B,, denote the open unit
ball which consists of points z € C" with |z| < 1 and let S,
denote the unit sphere. Let dV be the normalized Lebesgue
volume measure on B, and let do be the normalized surface
areameasureon S,,. L*(B,,, dV) is the Hilbert space consisting
of all Lebesgue square integrable functions on B, with the
inner product

(f9) = JB f @ 9@V (). R

n

The Bergman space L (B,,) is the closed subspace con-
sisting of the analytic functions in L*(B,,dV). Let P be the

orthogonal projection from L*(B,,dV) onto L*(B,,), then P
can be expressed by

(Pf) (2) = (f.K.) = j fw ! V), @

1 - (z,w))""! d

where K, (w) = 1/(1 — (w, 2" s the Bergman reproduc-
ing kernel.

A function f is said to be pluriharmonic if and only if
f satisfies that Djﬁkf =0 (jik =1,2,...,n), where D; =
a/az]. and Bj = a/an (see page 9 of [1]). The pluriharmonic
Bergman space, denoted by L} (B,,), is the closed subspace of
L*(B,,dV) consisting of all the pluriharmonic functions on
B,. It is well known that L (B,) is also a Hilbert space. We
will write Q for the orthogonal projection from L*(B,,dV)
onto L} (B,,). It is easy to verify that each point evaluation is a



bounded linear functional on LZh(BV,). It follows that Lzh([EBn)
is also a reproducing function space with reproducing kernel:

R,(w)=K,(w)+K,(w)-1, z,weB,,

(3)

Qf (2) = Pf () + Pf(2) - Pf (0), feL*(B,dV).
For a function ¢ € L*(B,,dV), we define the Toeplitz
operator T, : Lzh([EB,,) - Lzh([EBn) with symbol ¢ by

Ty(f)=Q(¢f), feL(B,). )

For product problem, on the Hardy space, Brown and
Halmos [2] showed that if f and g are bounded functions
on the unit circle, then T,T, is another Toeplitz operator if

and only if either f or g is analytic. In the setting of the
Bergman space, the condition that either f or g is analytic
is still sufficient, but it is no longer necessary. Ahern and
Cu&kovi¢ [3] showed that a Brown-Halmos type result holds
for Toeplitz operators with harmonic symbols on L% (B,,). In
[4], Ahern characterized when the product of two Toeplitz
operators with harmonic symbols is a Toeplitz operator. Later
in [5], Louhichi et al. gave the necessary and sufficient con-
ditions for the product of two quasihomogeneous Toeplitz
operators to be a Toeplitz operator. Recently, Dong and Zhou
[6] characterized when the product of quasihomogeneous
Toeplitz operators is a Toeplitz operator on the harmonic
Bergman space of the unit disk.

The situation is more complicated on the Hardy,
Bergman, and harmonic Bergman spaces of several complex
variables. In 2003, Ding [7] discussed the product problem
for two Toeplitz operators with bounded symbols on the
Hardy space H%(D"). After that, Choe et al. [8] solved the
product problem for pluriharmonic Toeplitz operators on
the Bergman space of the polydisk. On the Bergman space
of the unit ball, Zhou and Dong [9] determined when
the product of two radial Toeplitz operators is a Toeplitz
operator. Later in [10], they discussed the product problem
for two separately quasihomogeneous Toeplitz operators. In
Zhang and Lu’s paper [11], they characterized the product
problem for two Toeplitz operators with quasihomogeneous
symbols. On the pluriharmonic Bergman space, Yang et
al. [12] gave the necessary and sufficient conditions for the
product of two radial Toeplitz operators to be a Toeplitz
operator.

For zero-product problem, on the Hardy space, Brown
and Halmos [2] proved that if f,g € L*™(T) such that
T,T, = 0, then one of the symbols must be the zero function.
Motivated by this result, Guo [13] showed that Ty Ty, Ty, =
0 implies that ¢, = 0 for some i, when n = 5. After that,
Gu [14] proved that for n = 6, the result in [13] is also
true. Recently, Aleman and Vukoti¢ [15] completely solved
the zero-product problem for several Toeplitz operators on
the Hardy space. On the Bergman space of the unit disk,
Ahern and Cutkovi¢ [3] obtained that the result is analogous
to that in [2] for the zero-product problem of two harmonic
Toeplitz operators. Furthermore,they got that T,T, = 0
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implies f = 0 or g = 0, where f is arbitrary bounded
and g is radial in [16]. In 2003, Cutkovi¢ [17] proved that if
f € L®(D) such that TiT, o= 0, where j, [ are both positive
integers, then f = 0. Later in [18], Louhichi et al. considered
the zero-product problem for f,g € L*(D,dA) with g =
ZkN:_OO ¢ g,, where g, is a bounded radial function and N
is a positive integer. On the Bergman space of the unit ball,
Dong and Zhou [10] investigated the zero-product problem
of two Toeplitz operators, one of whose symbols is separately
quasihomogeneous and the other is arbitrary bounded. Bauer
and Vasilevski [19] considered the zero-product problem and
a more general problem of zero finite sum of finite products
of Toeplitz operators. Recently, Yang et al. [12] discussed the
zero-product problem for several radial Toeplitz operators on
the pluriharmonic Bergman space of the unit ball.

For commuting problem, Brown and Halmos [2] firstly
considered the commutativity of two Toeplitz operators on
the Hardy space. They showed that two bounded Toeplitz
operators Ty, and T,, commute if and only if (1) both ¢
and v are analytic, (2) both ¢ and y are coanalytic, or
(3) one is a linear function of the other. On the Bergman
space of the unit disk, Axler and Cu&kovi¢ [20] obtained
that the same result is also true for Toeplitz operators with
bounded harmonic symbols. In [21], Cutkovi¢ and Rao used
the Mellin transform to study the commutativity of two
Toeplitz operators on L (D) and described those operators
which commute with T, for (p,m) € N x N. Later
in [22], Louhichi and Zakariasy characterized commuting
Toeplitz operators on Lﬁ(ID) with quasihomogeneous sym-
bols. On the Bergman space of the unit ball, Zheng [23]
studied commuting Toeplitz operators with pluriharmonic
symbols. Recently, extending Vasilevski’s results in [24, 25],
Quiroga-Barranco and Vasilevski gave the description of
many (geometrically defined) classes of commuting Toeplitz
operators of the unit ball in [26, 27]. Zhou and Dong
[9] studied the commuting problem for quasihomogeneous
Toeplitz operators. In 2012, Dong and Zhou [28] and Louhichi
and Zakariasy [29] characterized the commuting Toeplitz
operators with radial or quasihomogeneous symbols on the
harmonic Bergman space of the unit disk. In papers [19,
30-33], the authors studied the wide classes of (nongeo-
metrically defined) commutative Banach algebras generated
by Toeplitz operators of the Bergman spaces on the unit
ball.

Motivated by recent results of the unit ball in [9, 10,
12], in this paper, on the pluriharmonic space of the unit
ball, we first characterize the product of two Toeplitz oper-
ators with certain separately quasihomogeneous symbols to
be a Toeplitz operator. Next, we solve the zero-product
problem for several Toeplitz operators when one of the
symbols is separately quasihomogeneous and the others are
quasihomogeneous and show that zero-product problem
for two Toeplitz operators with certain symbols has only
a trivial solution. At last, the commutativity of certain
(separately) quasihomogeneous Toeplitz operators is also
discussed.
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2. Preliminaries

Let N denote the set of all nonnegative integers. For any o =

(o), 5, ..., 0,) € N", for any point z = (z,2,,...,2,) € B,
we write
| =0y +ay +- -+,
al =l .. ], (5)
2" =212, . .z
For two multi-indexes & = (&}, y,...,,), B = (B1, By

..>B,) € N”, the notations &« » S and « L S mean that
a; > fB; foreveryiand oy 3 + a, 5, + - + &, 3, = 0. Leta —
denote («; — B, &, — By, ..., — f3,). Moreover, if « > f3,
o = Bl = || = | B.

For a function ¢ € L'(B,,dV), ¢ is said to be radial if
and only if ¢(Uz) = ¢(z) for any unitary transformation U
of C"; ¢ is said to be separately radial if and only if $(Uz) =
¢(z) for any unitary transformation U of C" with a diagonal
matrix. This implies that a radial function has a form ¢(z) =
¢(|z]) and a separately radial function has a form ¢(z) =
(121l 12,).

Using radial function and separately radial function, we
give the following definition.

Definition 1. Let p,s € N" with p 1 sand f € L'(B,,dV).
(I) f is called a quasihomogeneous function of degree
(p» s) if f has the following decomposition:

f(Ir1&) = EPE $(Irl) 6)

S, r = (r ...
\/|T’1|2 + 1,2+ +|r, |2, wherer; = |z;| for 1 <i<nand¢is
aradial function. In this case, T', is called quasihomogeneous
Toeplitz operator of degree (p, s).

(II) f is called a separately quasihomogeneous function
of degree (p, s) if f has the following decomposition:

Fr &) = EE$(r) )

for any & € S,, where ¢ is a separately radial function. In
this case, T, is called separately quasihomogeneous Toeplitz
operator of degree (p, s).

We now recall some useful results from [34]. Denote by
7(B,,) the base of B,,, that is,

for any & € ,t,) and |r| =

T(Bn) = {T = (rl’r2>""rn) = (lzl|’ |ZZ| e Izn|) : (8)
z=(z,23...,2,) € B,}.
If ¢ is a bounded separately radial function, we get that
| s@ave -2n| soran o
B, 7(B,)

where rdr = [[,r,dr;.
Let Z = {¢: B, — C is separately radial : L(B ) lp(r)|?
rdr < oo}. Dong and Zhou [10] showed that for f €

L*(B,,dV), f has the decomposition
D= T S0, St g

pLs,p,seN”

They also proved the following result.

Lemma 2. Let f(2) = 3, ,senr €stfp,s(r) € L®(B,,dV);

then zq’stfp,s(r) is bounded on B,, for multi-indexes p,s € N"
with p L s.

In order to get our main results, we need to introduce
the Mellin transform, which is defined for any function ¢ €
L'([0,1], rdr) by the formula

1
$(2) = L ¢ (r)r*dr. (11)

It is well known that ¢ is well defined on the right half-plane
{z : Rez > 2} and is analytic on {z : Rez > 2}. It is helpful
that the Mellin transform is uniquely determined by its value
on an arithmetic sequence of integers. In fact, we have the
following result (see [35, page 102]).

Lemma 3. Suppose that ¢ is a bounded analytic function on
{z : Rez > 0} which vanishes at the pairwise distinct points
Z1,2,, .., where

(I) inf{lz,[} > 0, and
(I1) ¥,5; Re(1/z,) = oo.
Then ¢ vanishes identically on {z : Rez > 0}.

Remark 4. We will often use Lemma 3 to show that if ¢ €
L'([0, 1], 7dr) and if there exists a sequence {n;} ¢ N such
that

¢ () =0, — =00, (12)

then(ﬁ(z) =0forallz € {z:Rez >2}andso ¢ = 0.

In this paper, we will need a similar result in higher
dimensions. Now we give the following definition.

Definition 5. Let E be a subset of Z>; one says that E satisfies
condition (I) if the following statement holds:

(I) there exists a sequence {cxl.(l)};fl such that Z:’:l =1/ alV

i
1 .
= 00, and for every fixed ocl.( ), there also exists a sequence

(2) yoo ©o 2) _ n @2y .
{?J;i)}j(i)zl su;h that 7, a; = o0 and {(a; NG
i) =1,2,..} cE.

Remark 6. It follows from Definition 5 that for a multi-index
8 € N?,if E is a subset of {a € Zi : o > 8} and if E is the
complement of E in {« € Z> : & » 8}, then either E or E°
satisfies condition (I).

In this paper, we will often use Lemmas 4 and 12 in [12]
and Lemma 2.1 and Corollary 2.7 in [10] which can be stated
as follows.

Lemma 7. Let ¢ be an integrable radial function on B, such
that T is a bounded operator then for any multi-index o,

Ty (2%) = 2(n+ la)!$ (2n + 2 |a) 2%,
(13)
Ty (%) = 2(n+ la))!$ (2n + 2 |a]) 2*.



Lemma 8. Let p,s be two multi-indexes and let ¢ be an

integrable radial function on B,, such that Tgy g, T o and Ty s
are bounded operators. Then for any multi-index (x

Togy (2°)
[ 2(p+a)(n+|p| +lal = Is])! +

(p+a—s)(n—1+lal+|p|)
x(2n+2al +|p| = Is) 2" p+axs,

_ ] 2st(n+lsl = lal - p])! ~
(s—a=p)l(n-1+][s!
x (2n +|s| - |p| FAE szpta,
SFp+a,
0 sEp+a
prats;
B (14)
Tegy (2°)
2(s+a)! (n+1s| + lal - |p|)! ~
(s+a—p)!(n—1+|al+|s])!
x(@2n+2lal + sl = [p) 2P s+axp,
_ ] 2pt(n+ o] = lal = Is)! -
(p-a—3)(n-1+p])!
x(2n+|p| |s| ZPocs pzs+a,
p#s+a,
0 pts+a,
statp.

In particular, if p, s are two nonzero multi-indexes with p L s,
one has

Tegy (2°)
2(p+a)(n+|p|+lal - Is])! ~

(p+a-s)(n-1+]|af +|p|)!
x(2n+2al +|p| = Is]) 2P a =5,
0 ats

Tagy (2°)

2(s+ )l (n+ sl +lal = [p])! +
(s+a—p)l(n—1+]al +]s])!

(15)

x(2n+2al +[s| - |p|) 277 ax=p,
0 atp.

Lemma9. Let o, f € N" witha# Sandlett € [0,1). Ifpisa
bounded separately radial function on B,, then

L ¢t EEdo () = 0. 16)

Lemma 10. Let p,s € N? and let g(r) be a bounded function
on 7(B,). If the set
E= {oc € Zi Tax s,J g () PP rdr = 0} 17)
7(B,)

satisfies condition (I), then g = 0.
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3. The Product of Toeplitz Operators with
Separately Quasihomogeneous Symbols

We start this section with the following result.

Lemma 11. Let ¢ be a bounded separately radial function on
B,; then for any multi-index o € N",

2 (n+la)! [ g () P rdr

T, (2%) = o z7,
J, , (18)
2" (n+ |al)! ¢ (r)r*rdr
T, (z%) = G, 7.
¢ ol

Proof. For multi-indexes o, 8 € N, it is well known that
0 atp,
(z“,Zﬂ) - nla! =B, (19)

According to (9) and Lemma 9, we get that
(Tyz".2") = (92".2")

= J ¢ (2) 2°ZPdV (2)
B, (20)

0 atf,
R J ¢ (r)r*rdr «=p.
=(B,)

Similarly, if § > 0, [5’# 0, we obtain (T¢z”‘ zﬁ) =0= (" zﬁ)

Since {z* }ﬁzo U {z }ﬁzo,ﬁﬂ) is a basis of the pluriharmonic
Bergman space, we have

2" (n+la! [, g @ (1) r*rdr
n Z(X

ol

T, (%) = (21)

By a similar argument, one can deduce that T¢(Z°‘) =(2"n+
le])! L(B ) (/)(r)rz“rdr)/(x!)E“. This completes the proof. [

The following theorem is crucial for us to get our main
results.

Theorem 12. Let f be a bounded function on D. Then the
following conditions are equivalent:
(a) for any a € N", there exists A, € C such that Tf(z“) =
A 2%
(b) for any o € N", there exists A, € C such that Tf(?x) =

=
AgZ".

Proof. Assume (a) holds; that is, Tf(z”‘) =
multi-index 8 € N, it follows from (19) that

(1/2%2°) = (fz.2") = (1, 2"%)
= (1252%) = Mg (,2%)

_][0 a#p,
A (252 a=pB

Aq2". For any
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=1, (z%7"),
(12%,2) = (f22") = (f=".="")

_ <TfZO,Z“+ﬁ> _ Ao <ZO,Z“+'B>

|0 a#0or f#0,
A a=B=0
=1, (z2"). (22)

(2P }ﬁzo u {Zﬁ }ﬁzo which is a basis of the pluriharmonic
Bergman space implies that T(2") = 1,2".
By a similar argument, one can show that (b) implies (a),

which completes the proof. O

Using Theorem 12, we give the necessary and sufficient
condition when a bounded function is a separately radial
function.

Theorem 13. Let ¢ €
statements are equivalent:

L®(B,,dV). Then the following

(a) for any a € N", there exists A, € C such that T, (2%) =
A,z%

(b) ¢ is a separately radial function.

Proof. It is easy to show that (b) implies (a) by Lemma 11.
Now suppose (a) holds. That is, T¢(z“) = A,z% Then
for any unitary transformation U of C" with diagonal matrix
and z € B, we get U 'z € B,. Hence, one can obtain
T¢(U_1z)“ =1, (U'2)% A direct calculation shows that

¢ (Uz) z*

A=y ®

P[¢Uz)z"] (w) = JB

-1 24
[ O v
B, (1 - (w, U_IZ>) (23)

-1 21
- @)
B, (1 — (Uw,z))
=P[¢p(2) (U '2)"] (Uw).

Similarly, we get that

P[$U2)2%] (w) = P[¢(2) (U2)"] (Uw),
(24)
P[¢Uz)2*](0) = P[¢(2) (U '2)"] (0).
It follows that

Ty (2%) (w) = P[¢ (Uz) 2°] (w)

+ P [¢(Uz) 2% () - P[¢ (Uz)2*] (0)

- P[p(@) (U2) | Ow + P[¢ 2 U 2)]
x (Uw) - P [ (2) (U'2)"] (0)
=T, ((U"2)") Uw) = A, (U'2)" (Uw)
= A" =T, (2%) (w). (25)
By Theorem 12, we have Ty,(2%) = 1,2 = Ty(z%).
Consequently, one can get that Ty,; = Tg and so ¢ o U = ¢.

Then ¢ is a separately radial function. This completes the
proof. O

A direct calculation gives the following lemma, which we
will use often.

Lemma 14. Let p, s be two multi-indexes and let ¢ € R and
EPESqS € L®(B,,dV). Then for any multi-index o € N",

(2" (rovlad+ [p] - sl
S $ O
><|r|—<|p|+|s|>rd,>
x((p +a- s)!>_l> 2P praxs,
o ((z (n+1s] - lad - |p|)!
3 R I
><|r|—<|p|+|s|>rd,)
x((s —a- p)!>_l>?_“—P sxp+a,
s¥p+a,
0 Stpta,
| prats;
((z" (n+ lod +1s] - | p|)!
x -[[(Bn) ¢ (r) r206+25
><|r|—(|p|+|s|>rdr)
x((s +o— p)!>_l>?+"‘77 staxp,
L (201 1a1+ ol - 151
TR R R [i, oM™
><|1,|—(|17|+|S|),,d1,)
x((p —a- s)!)il) 2P prs+a
pFs+a,
0 pEs+ta,
s+atp.
(26)



Furthermore, if p, s are two nonzero multi-indexes with p L s,
one has

[((2" (nvlad + [p] - sl

> J ¢ (r) r2:x+2p
7(B,)
x|r|_(|p|+lsl)rdr)

><<(p+oc—s)!)%)z"’“’H praxs,
L 0 prats;

r ( (2" (n+ L+ 1s] - |p)!
20+2s
X L(Bn) ¢(r)r

><|r|—<|p|+|s|>rdr>

((s+oc p)) )”"‘P s+axp,

L 0 s+a ¥ p.
(27)

Togy (=)=

Ty (2°) = 4

Proof. Here, we only prove that (26) and (27) hold. For any
multi-index € N", if p + « # s, then there exists i such that
a; + p; < s;. Hence, p + a# 5 + s. It follows from Lemma 9
that

(P[] ) - | #Fs@Fav

n

1
= | 2l

(=1

<[ ptroe T a0 -0
Sy

(28)
For o + p > s, using Lemma 9, (9), and (19), we get
(plerge="].2")
- | #Tp@Fav )
Bn
0 B#Ep+a-—s,
=2 [ o g
x|r|PHDrdr  B=pta—s,
0 B#Ep+a-s,
pta—s ﬁ — ! _ !
(P17, 2F) nl(p+a-s) B pra-s
(n+lal + [p| = Isl)!
(29)
Moreover, for B > 0, 3+ 0, we have (P[Ep?qu“],Eﬁ) =0.It

follows that for p+a > s, (P[EPE ¢2°],2F) = (277, ZF) = 0.

Thus, one can obtain that
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(2" i+ ol - 151
~ J ¢ (1’) 72a+2p
(B,,)

P[P ¢e"] = | |12 gy
X ((p ta- s)!)_1> 2P praxs,
0 pt+ats.
(30)

Note that ¢ is still a separately radial function; by a similar
argument, we get that

(2 Gre 1= 1t - Loy

X ()™
(B,)

P[EE9z] = | xlrl_(lpl+|5|)rd1’>

x((s —a- p)!)_1> 2P srxpta,

L 0 stpta.
(3D

It follows from above two equations that

( <2" (n+lal + |p| - Is)!
% (/5(7’) r2nx+2p
(B,

><|r|_(|p|+|s|)rdr

x((p +ta- 5)!)71> 2P praxs,

« 2" (n+|s| = la| = |p|)!

xJ ¢ (r)r™

e (IpI+ISI) dr)

((s—(x p)') ) 7P sxp+a,
SEp+a,

0 stpta,
prats.
(32)

Furthermore, if p L s and p,s are nonzero multi-indexes,
there exists i € {1,2,...,n} such that p; > 0 and s; = 0. This
implies that there does not exist &« € N” such thats > p + a.
It follows that (27) holds. This completes the proof. O

Theorem 15. Let p,s € N" be two nonzero multi-indexes with
p L sandlet ¢ be a bounded function on B,. Then the following
conditions are equivalent:

(a) for any a € N”, there exists A, € C such that

0 pra¥s,

T¢ (Z ) = {Aazpﬂxs praxs (33)
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(b) ¢ is a separately quasihomogeneous function of degree

(p,s).

Proof. Itis obvious that (b) implies (a). Now assume (a) holds.
For any multi-index f3 € N", we have

<T2Pz‘¢ (Zoc) ,Zﬁ> _ <¢z‘x+s,zp+ﬁ> _ <T¢zoc+s’zp+ﬁ>

= (A2, 27

(34)
0 atp,
=1 Agistt! ((X + P)' _
(n+lal + |p|)! «=p.

Similarly, for 8 = 0 and 3+ 0, we get that <TEPZS¢(Z‘X),E[; ) =
0= (z"‘,Eﬁ ). In light of (19), one can deduce that

Agss (0 + p) (n+ |al)!

ol (n+ |al + |p|)! (35)

Tr 0 (%) =

It follows from Theorem 13 that z°z°® is a separately radial
function. Let Zz°¢(z) = y(z), where v is a separately radial
function on B,,. It follows that

¢ () =y (r) 7 2pt2s) |r|(|P|+|S|)EPES, (36)

which implies that ¢ is a separately quasihomogeneous
function of degree (p, s). O

Now we discuss when the product of two Toeplitz
operators with certain symbols is a Toeplitz operator.

Theorem 16. Let ¢, ¢, be two bounded separately radial
functions on B, If there exists a bounded function h such that
Ty, Ty, = Ty, then h is also a separately radial function on B,,.

Proof. 1t follows from Lemma 11 that for « € N
T, (2%) = Ty, Ty, (=)
2" (n+ 1! [, g o (1) P> rdr
- ol

2" (n+la)! [ g ) b (1) ¥ rdr
. <.

(37)

ol

In virtue of Theorem 13, we get that h is a separately radial
function. This completes the proof.

Theorem 17. Let p,s € N" be two nonzero multi-indexes with
p L sandlet ., ¢, € B such that & ,,E2¢, € L°(B,,dV).
If there exists a bounded function h such that Ty " Terg, = Tps
then h is a separately quasihomogeneous function of degree

(p>s).

Proof. For any multi-index o € N", using Lemma 14, one can
obtain that

A28 P a+p s,

0 a+piEs, (38)

(&) = Ty T, () - |

where A, = @'"(n + lof + Ipl - |S|)!J‘T(Bn)

SO rdr/(p + a - s)) - 2'n + la| +
P! [, 92002 Plrdr/(p + a))). Tt follows from

Theorem 15 that /1 is a separately quasihomogeneous function
of degree (p, s). O

Using the same technique, we give the following result
and omit the proof.

Theorem 18. Let p,s € N" be two nonzero multi-indexes with
p L sandlet ¢, € R such that ,,EPE ¢, € LV(B,,dV).
If there exists a bounded function h such that T, TEP? 5= Ty
then h is a separately quasihomogeneous function of degree

(p>s).

4. The Zero-Product Problem of Toeplitz
Operators with Quasihomogeneous and
Separately Quasihomogeneous Symbols

In this section, we will study the zero-product problem for
several Toeplitz operators when one of the symbols is sepa-
rately quasihomogeneous and the others are homogeneous,
and show that the zero-product problem for two Toeplitz
operators with certain symbols has only a trivial solution on
the pluriharmonic Bergman space of the unit ball.

Theorem 19. Let p;,s; (1 < i < m) € N" be nonzero
multi-indexes with p; L s; and let ¢,,¢,,...,¢,,_, be square

integrable radial functions and ¢, € R such that Epfzsigbi €
L®(B,,dV). Then

T,

ey, L

prre Ty, =0 (9

if and only if ¢; = 0 for some i.

Proof. Suppose TEP1€51¢1 TEPZESZ¢2 ...Tgpmgsm% = 0. Then for
multi-index & € N”,
o4 —
Tengrg, Tengeg, - Temmy, (=) =0,
. (40)
Tengrg, Temgrg, -+ Tomimg,, (1) = 0.
It follows from Lemmas 8 and 14 that
o
Tengrg, Temgg, -+ o™y, (z")
[(C, 225 P25 S
m—1
O+ Py Z Sy O+ Zopm_j (41)
_ ] =
- m—1
= Y Smejp
=0
| 0 others,




where

C. - <2“ (n+ 1ol + |py] ~ [s,,])!

X J ¢, (r) T |r|_(|p’"|+|s’“|)rdr>
T

n

X ((p, + o — sm)!)_1
m-1 i i-1
. <2 <(X+mej_zsmj>!
i=1 j=0 j=0
X (n + || + Z |pm,j| - Z |$mj|>!>
j=0 j=0

X <<(x+ Zi:pm_j - i%—j)l
j=0 j=0
i i-1 B
X <1’1— 1+ |af + Z 'Pm—jl - Z |5m—j|>!>
j=0 Jj=0

i—-1
X P <2n+ 2ol +2) Py
=0

i-1
_ZZ 'Sm—j' + |Pm—i| - |Sm—i|>
=0

(42)

Ty, Tengng, - Temgms,

index « € N" such that « + p,,, = s,,,, ...

(%) = 0, then, for any multi-

m—1
O+ Dy P =

m—1 h
Yito Sm-j» we have

J . )¢m (r) P22 | OBl
T

n

m—1 i-1 i-1
1 (2” +21al +2) [poy| = 2[5 (43)
i=1 j=0 j=0
+ |Pm—i| - |Sm—i| > =0.

Now we are ready to show that ¢, = 0 for some i. For the

sake of simplicity, we will consider the case of n = 2. Let
-1 _

E= o= Y15 syt fig ) $m@r? i Pntonbygy =

0}. If E satisfies condition (I), then ¢,, = 0 by Lemma 10.

Otherwise, let E° denote the complement of E in {« € Zi :
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o> Z;Z)I $m—;j}> and it follows from Remark 6 that E° satisfies
condition (I). Now let

m—1
M=qa+p, =8,,...,00+ me,j

j=0
m—1
S A T ST
=0 (B,)

|01 iy 20

It is obvious that M > E°, which implies that M satisfies
condition (I). Furthermore, we get that

1
— = Q. 45
oceM'“l ( )
Set
m—1 m=1
M= 30+ Py = Sy @t Y P = 5, i
j=0 j=0
. m—i—1
Gl 2n+2laf+2 )
=0
(46)

m-—i—

1
| Pus| =2 Y fsunci]
P

+|Pi|_|5i|>:0

for1 < i < m — 1. According to (43), we obtain that M c
U " M,. Hence there exists some i such that

T = 0o (47)

By Remark 4, one can deduce that ¢; = 0 for somei (1<i<
m — 1). Moreover, if ¢, = 0 for some i (1 < i < m), then
T, T

= o LT, zm (2%) = 0.
EnE ¢ 52 ¢, EmET g,
Conversely, it is obvious that if ¢; = 0 for some i, then
Tengrg, Teming, -+ Temgmy, = O (48)
This completes the proof. O

The following result is a partial answer to the zero-
product problem for two Toeplitz operators on Li([EBn).

—s
Theorem 20. Let f(2) = ¥, enmpros0,pis EPE £, (r) €

L®(B,.dV), where f,(r) € R.Let g = E''E ¢(r) e
L*(B,,, dV), where p*,s™ are two nonzero indexes with p* L
s"and ¢ € R. Then T;T, = 0 if and only if either f = 0 or
g=0.
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Proof. By Lemma 2, we get that £” ES fp,s(r) is bounded for any
multi-indexes p,s e N*, p#0, s#0,p L.

IfoTg = 0, then for any multi-index o € N", Tng(z“) =
0 and Tng(?x) = 0. It follows from (27) that

o
Teg 1,0 (")
=c(p,s a) J o )fp,S (r) PP (49)
(B,
x || UPIHD gy ot
where
0 ptats,
c(pos,a) = 12" (n+lal +|p| - Is)! s (50)
(pta-s) pra=s
and consequently,
T, (=) - (p.sic)
p,seN",p#0,s#0,pLs

(51)
X J fps (1) 120020 |y~ 1 g poctps
7(B,)
Tng (z%) = 0 together with (27) implies that for any multi-
indexes p,s € N, p#0,s+#0,and p L s,

J Fou () 2ar2p’ =2s +2p|r|—(|p|+|5|)rdr
T n

(52)
, j & (r) P22 [y 0PI D gy
T

n

for all « > 2s™ + s. Next we will prove that either ¢ = 0 or
fps=0for p,s € N", p£0,s#0,and p L s. Similarly as the
proof of Theorem 19, we will prove it in the case of n = 2. Let

_ 2, * 20+2p" 25" +2p
E, = {(x €7, :ax2s +5,J(B )fp)s(r)r
T

n

|r| P gy = 0]» .
(53)

If E,,  satisfies condition (I), noting that

| fpe O P71 P < |PE 1 ()] < 00, (54)

then f,; = 0 by Lemma10. Otherwise, let E;’s denote the
complement of E,,; in {a € 7> : a » 25° + s} then E,,
satisfies condition (I) by Remark 6. It follows from (52) that

[ o 2o, vae R, (s
7(B,) ’
Using Lemma 10 again, we obtain that ¢ = 0. Moreover, if
either f = 0 or ¢ = 0, then T, T,(2%) = 0. Hence, T(T, = 0
implies that either f =0 or ¢ = 0.

The converse implication is obvious. This completes the
proof. O

Corollary 21. Let f(z) = Epzsfp)s(r) € L*(B,,dV), where
pseN, p#0,5#0,p L s and f, (r) € R. Then TJ% =Ty
implies that either f = 0or f = 1.

5. The Commutativity of Toeplitz Operators
with Quasihomogeneous and Separately
Quasihomogeneous Symbols

In this section, we will consider the commuting problem for
two Toeplitz operators with certain symbols.

Theorem 22. Let p,s € N" be two nonzero multi-indexes with

p L slety € R such that EPEy e L°(B,,dV), and let ¢
be a bounded radial function on B,,. If ¢ is nonconstant, then
T‘*’TEP?W = TEP?WT‘b if and only if either |p| = |s| or y = 0.
Proof. It follows from Lemmas 7 and 14 that T¢T£
TEP?WT‘b if and only if

ey

j W (r) PR | PHD g
«®,)

x (2n+2al +2|p| - 21sl)

x (2n+2]al +2|p| - 21sl) (56)

= J W (r) P2 P, g
T

x (2n+2al) ¢ 2n + |af)

for p+ a > sand
J’(B )‘//(r) 2025 UPHSD .
T n

><(2n+2|oc|+2|5|—2|P|)$

x(2n+2al+2(s| - 2|p|) (57)

_ J W (r) P22 P g
(B,)

X (2n+2al) ¢ 2n + |af)

for s+a > p. Asin the proof of Theorem 5.1in [10], for p+a >
s, (56) and the property that ¢ is nonconstant imply that either
|pl = Is| or v = 0. Furthermore, if either |p| = |s| or v = 0,
it is easy to show that (57) holds for s + & > p. Hence, Ty
commutes with T,z implies either |p| = [s| or y = 0.

gy
Conversely, if either |p| = [s| or ¢y = 0, one can get
that (56) and (57) hold. That is, T‘PTE"?V/ = TEP?WT‘#' This
completes the proof. O

As for n = 1, a separately radial function is a radial and it
follows that Toeplitz operators with separately radial symbols
commute, there is no contradiction with an extension of a
result in [29] to the case of n > 2. It is given in [29] that
a Toeplitz operator on LZh(ID) with radial symbol commutes
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with another Toeplitz operator if that operator also has a
radial symbol. The following theorem will show that this
result is not true on Lzh([EBn) (n=>2).

Theorem 23. For n > 2, let y(z) be a bounded separately
radial function and let ¢(z) be a bounded radial function on
B,. Then T,, and Ty commute.

Proof. The proof is similar to that of Theorem 22, so we omit
it. O
Next, we will give a description of commuting quasiho-

mogeneous Toeplitz operators the with same degree.

Theorem 24. Let p,s € N" be two nonzero multi-indexes with
p L s |pl#]ls| and let ¢, w be two square integrable radial

function on B, such that §stgb Epzslp € L™(B,,dV). Then

Tz oTer, = Toe, o if and only if ¢ = Cy for some
constant C.

Proof. It follows from Lemma 8 that

TazsTory = Tor, Tor, (58)

if and only if

¢(n+2lal+3|p|-31Isl) ¥ (2n+2lal +|p| - Is])

=@ (2n+2]al+3|p|-31sl) (59)

x (2n+21al +[p| - Isl)
forall @ + 2p > 2s and

¢ (2n+2]al+31s| - 3|p|) ¥ (2n+2]al + |s| - |p|)

-3lph ¢ (60)
x (2n+2al +|s| - |p|)

=y (2n+2]al +3]s|

forall o + 2s > 2p. If |p| > |s|, according to Lemma 3, then
(59) holds which implies that

$(z+2]p|-21s)¥ (@) =¥ (z+2]p|-21s) § (), )

z€{z:Rez >0}.

It follows from Lemma 6 in [36] that ¢ = Cy. Furthermore, if
¢ = Cy, then (60) holds. Otherwise, if | p| < |s|, by a similar
argument, (60) implies that ¢ = Cy and so (59) holds.

The converse implication is obvious. This completes the
proof. O

Theorem 25. Let f(z) = ) .\ Esfs(r) € L(B,,dV), where
fi(r) € R. Let ¢ be a bounded separately radial function on
B,. Then T, Ty = TyT if and only if Ty Er wle = T¢T5st(r) for

every multi-index s € N".
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Proof. Using Lemmas 11 and 14, one can get that for any multi-
index a € N"

(2") = ta ) Ty (

seN"

w| X

seN",a>s

v

seN" s>at,s # o

3 Term (Za)]

seN" ats,sta

m[ Y ((2”(n+|oc|—|s|>!
seN" a>s

TiTy (2

£ (@)

(04
T?fs(r) (Z )

X J fo(r) r2“|r|7|5|rdr>
(B,)
x((a = s)H7* > 2
+ ) ((z (n+ |s| - |a])!
seN" s>a,s +
2s
X L(B,,) fo(r)r

><|r|7|5|rdr>

X((s—a)) >_S “]

(62)

where p, = 2"(n + |af)! L(B )gb(r)rz“rdr/tx!. It follows that

(177 (=).2")

0 atp,
| 2" (n+B|) L(Bn) faep (7) 72| -1 gy
B!
X <zﬁ,z‘6> axpf
(63)
for B > 0 and

(1,1, (%),7")
271”“ (” + |ﬁ|)' .[T([B ) foc+ﬁ (1’) r2a+2ﬂ|r|_(|ﬁl+|al)rd7’

(64)

X <Zﬁ, Zﬁ>

for > 0and B +0.
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By a similar argument, one can deduce that

SCORY

; atp,
2y 0 ), fg O
!

X<zﬁx Zﬁ) o> ﬁ

(65)

for f > 0and

(TyTs (z),29)

2" (4 |B)! [ g,y farp () P20 28| =B,
= 5

(66)

x(zﬂ,zﬁ)

for B > 0 and B#0, where v =
(p(r)rzﬂrdr/ﬁ!.

Now suppose that T;T, = T,T;. It follows that
TfT¢(z“) = T¢Tf(z“) and TfT¢(Z“) = T¢Tf(2“) for any
multi-index « € N”. Using Lemmas 11 and 14 again, we have

2"(n + 1B [,

(Tg, Ty (), 2")

(2" (n+ 181
o Jap (1) r
= < ><|7,||ﬁ|—|0t|rdr)
x(ﬁ!)_l)(zﬁ,zﬁ) B=a-s,
0 others

(@1, pa-s
“ o others

(@ T peans
o others

(2" (n + 1B))!
o Jap (1) r
= 1 ><|r||ﬁ|_|"‘|rdr)
x(B) ) (PP B=a-s,

0 others

= <T¢TEsfs (z“),zﬁ)
(67)

1
for any multi-indexes 8 € N” and s € N” and
(T, Ty (z%),7Z")
((2"a G+ 1B]):
Syl
=1 )
x(ﬁ!)_1>(zﬁ,zﬁ) B=s-a
0 others
_ [T (%)% B=s-a
0 others
(68)

(T ()2 p=s-a
o others

(2" (n + ]!
X J-T([B,,) f“*ﬁ (7‘) r206+25
= 4 ><|T|_(|ﬁ|+|a|)rd1’
xB)") Py B=s-a
0 others
- <T¢ gy, ()2 >

for any multi-indexes § € N, B#0, and s € N". By the same
technique, we get that

<Tgs ; > <T—s Ty ()2 > (69)

for any multi-indexes § € N" and s € N”, and

(Te, 1, )2 ) = (Tg, T, @), 7)  00)

for any multi-indexes 8 € N, B0, and s € N". Hence

Ef, Ef
Conversely, if T 7 fT¢ = T¢Tgs Iy it is easy to show that
T;Ty = T4Ty. This completes the proof. O

It is well known that T(;
following result.

= Tj, so one can easily get the

Theorem 26. Let f(z) = Y e & f,(r) e L¥(B,,dV),
where f,(r) € R. Let ¢ be a bounded separately radial function
on Bn. ’17/1671 TfT¢ = T¢Tf lfand Ol’lly l.fopr(T)Tgb = T¢T5pr(f)
for every multi-index p € N".
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