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We define a new modified basis 7 which is an association of two bases, ¢, and e,. We give an expression of the form z = x, + iz,,
where x, is a real number and z; is a complex number on three-dimensional real skew field. And we research the properties of
regular functions with values in ternary field and reduced quaternions by Clifford analysis.

1. Introduction

The noncommutative three-dimensional real field R* of the
hypercomplex numbers is called a ternary number system T.
The quaternions are represented by the form z = Z?:o €;X >
where x f (j=0,...,3) are real numbers on four dimensional
real field R*. Fueter [1] has given a definition of quater-
nionic functions in R* and Deavours [2] and Sudbery [3]
have developed theories of quaternionic analysis. Naser [4]
investigated some properties of hyperholomorphic functions
and Koriyama et al. [5] researched properties of hyperhol-
omorphic functions and holomorphic functions in quater-
nionic analysis. Nono [6] obtained several results for regular
functions which have a complex number form in quaternion
analysis. Cho [7] researched some properties of Euler’s for-
mula and De moivre’s formula for quaternions. Sangwine
and Bihan [8] obtained some results for the quaternionic
polar representation with a complex modulus and complex
argument inspired by the cayley-dickson form. Fueter [9]
obtained some properties of the three variables which are
called the Fueter variables and researched the fact that struc-
tures lead to the set of all Fueter-regular functions in the gen-
eral cases of Clifford analysis. By Brackx et al. [10], the theory
of Fueter-regularity has been developed and generalized as
quaternionic variables for theories of Clifford-valued regular
functions.

Lim and Shon [11-13] researched the existence of hyper-
conjugate harmonic functions of octonion variables, proper-
ties of dual quaternion functions, and regularity of functions

with values in a noncommutative subalgebra of complex
matrix algebras.

We consider that ternary numbers are generated by a new
basis i and give some properties of regular functions with val-
uesin T. Also, we represent the corresponding Euler’s formula
for the form z = x, + iz, and investigate calculating rules
for regular functions in Clifford analysis. We research new
representations of Fueter variables in reduced quaternions
with 7 and some characteristics of regularity of functions on
the Fueter variable system.

2. Preliminaries

The ternary number system T is a three dimensional non-
commutative and associative real field by three bases e, e;,
and e, with the following rules:

2_ 21 _
ej =¢e;=-1, e e, = —ee,

)

G=en  g=-¢ (j=12).
The element ¢, is the identity of T and e, identifies the
imaginary unit V-1 in the complex field. We consider an
association of two bases e; and e, as follows:

7= ae o0 ber _ ae, + Pe
where a := a/Va? +b?, B := b/Va® +b?, and a, b are real

numbers except both zeros.

with 7% = -1, (2)



The number of the skew field T is

Z =Xy +eX +ex, 5
3

= X, + iz,

where x; (j = 0,1,2) are real variables, z; = y(x; — x,e¢,),
and y := a + Pe;e,.
We define the ternary number system

Ti={z|z=x,+iz}. (4)
The conjugate number z* of z in T is given by the form:
Z" = x, — iz,. (5)

And the norm |z| of z and the inverse z™' of z are given by

the following forms:

2
lz| = Vzz* = \|x] + Zyz, = \)fo

j=0

! (6)

*

z
z = z#0),
o (z#0)

where z, = Y(x; + x,e,e,) and y = a — Be;e,.
We define the addition and multiplication of two ternary
numbers z = x, + iz, and w = y, + iw, as follows:
z+w=(x+ ) +1(Z + W),
7)

zw = (x, ¥, — ZyWy) + ?(xow_o +Z5p) -

Theorem 1. Let z be an arbitrary number in T. Then the cor-
responding Euler formula for z is

ef=e" (cos |zo| + 20 Fsin |zo|>. (8)
||

Moreover, taking logarithms of both sides, one obtains the equa-
tion as follows:

Zog~ (%
Inz =In|z| + —icos 1<—0>. 9)
|| |2l
Proof. For the number z = x,, + iz, in T, we get [iZ,| = |Z,] =

|zo| and ((zo/|2])i)* = ~1. Then,

7 = R0t oo TR TZ)IE]

- (cos|z0| + |Zolzsm|zo|>

2=l |( & A'“')
|Zo| |zl
= |z| {cos (cos_1 (%)) 11
o ()

(10)

From
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we have
Inz =1In|z| + ~%icos <ﬁ> (12)
|Z0| |zl

We consider the following differential operators:

1<_0 1/9 -0
D=3 e—===—-i—|,
ejax <ax0 lazo>

]0
(252)
ox, 0z,)’

:_Z]ax

where 0/0z, = y(0/0x, —e,e,(0/0x,)) and 0/0z,, = y(0/0x, +
e,6,(0/0x,)). Then the Laplacian operator is

(13)

2 aZ 2 2

3 3
4A :=DD" =D'D = P ——
ox " ozz Lo MW

Let Q be an open set in R®. The function f(z) that is
defined by the following form in Q with values in T:

f:Q—T (15)
satisfies

z = (x0,Z9) € Q> f(2) = uy (x0,Z0) +fy (x029) € T,
(16)

where u . (j =0,1,2) are real-valued functions and

1~ ”26162) 17)

fo =7 (u +uee,), % =y (u

are complex-valued functions with values in T. O

Remark 2. 'The operators D and D* act for the function f(z)
on T as follows:

1 [(ouy  0fy\ . +f0f Ou

(e s)
1 ofo O0fy Ouy
5{< aZo> <ax0_a_zo>}’
l{(auo afo 1<af0 a”o)}
2 [\ox, 0z, ox, 0zy/)]"

3. Properties of Regular Functions with
Valuesin T

Definition 3. Let Q) be an open set in R’. A function f(z) =
Uy (x4, Z9) + 1 fo(X0> Zg) is said to be L(R)-regular in €, if the
following two conditions are satisfied:

(i) uy and f, are continuously differential functions on
O
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(ii) D*f(2) = 0 (f(2)D* = 0) on Q.

Remark 4. The left equation (ii) of Definition 3 is equivalent
to the following:

duy _0fy  0fy _

_ Oug
ox, 0z, ox, 0z

(19)

The equations in (19) are called the corresponding Cauchy-
Riemann system for f(z) in T. The right equation (ii) of
Definition 3 is equivalent to (19). When the function f(z) =
1y (x4, Zg) + 1fy(xp>Zg) is a L-regular function on Q ¢ R?,
simply we say that f(z) is a regular function on Q ¢ R°.
In this case, we often say that f(z) is a biregular function on
QcR’.

Remark 5. Let Qbean open setin R® and let f(z) be a regular
function on Q. Then we can replace the corresponding
Cauchy-Riemann system in R* as follows:

Oup _ Oy Ouy 0wy _ 0w
Ox, 0x, 0x, ox, 0x,
(20)
Qug _ 0wy Oy Oty
ox,  0x, ox,  0x,

where u; (j = 0, 1,2) are real-valued functions.

Theorem 6. Let Q be an open set in R* and let f be a regular
function on Q. Then the derivative f' of f defined by Df is

y_of  -of
;= ox, lazo @
on Q.

Proof. By the definition of regular function with values in T,
we have

1| ou, ofe\ - aﬁ_auo
Df_z{(ax0+az_0 T\ 9%, 9z,

- (22)

w0 _ O

C0x,  0x, 0x,

on Q. And
of, -0u, ¢( 0 — au0> _of

Df=-22_7 2§ — o)y G2 (23
f =5 o, N\am ot e, )T ey P
on Q. O

Theorem 7. Let Q be an open set in R and let f = uy+if, be
a function with values in T. Suppose that 0f [0x, and 0f [0z,
exist and are continuous on Q. If

of  -of

axo —1 a_Zo (24)

on Q, then f is regular on Q.

Proof. Since df /0x, = —i(3f /0z,), we have
o _ %, 390 25)
0x, Ox, 0x,

Hence, we have D* f = 0 and then f is regular on Q. O

Definition 8. Let Q be an open setin R*. A function f = u, +
if, is said to be harmonic on ( if all its components u, and
f, of f are harmonic on Q.

Proposition 9. Let Q be an open set in R>. If the function f is
regular on Q, then f is harmonic on Q.

Proof. Since f is regular function on ), we have

pDfy = X {(ia_ﬁ+ia_fo)

4 [\ 0x,0x, 0z,0z,
o o (26)
BRI R AN
0x, 0z, 0z, 0x,

Similarly, we can prove that DD*u, = 0. So, we obtain the
result. O

Proposition10. Let Q be an open set in R> andlet f = uy+if,

and g = v, + ig, be regular functions on Q. Then the following
properties hold:

(i) fois regular on Q, if o is any ternary constant;
(ii) af is not regular on Q, if o is any ternary constant;
(iii) f + g is regular on Q;

(iv) fg is not regular on Q. Moreover, if g is a real-valued
function, then fg is regular on Q.

Proof. It is sufficient to show the second condition of
Definition 3.

(i) Let & be a ternary constant with a = a, + icy, where

qa, + a, —¢a
=11"2a2+021 1%,

0 12 (27)
V@ +d g +d
and ay, a,, a,, ¢, and ¢, are real numbers. Then the
equation
. 1{o0 0
D = —+i—
(fo) =5 <ax0 laz0>

x {(”oao ~ fol) + ?(“0“_0 + ﬁao)}

1 (( oug ofy__ Ouy__ 0f,
_2(<Bx0ao ax, 0 0z, 0 oz,

+?(%(X_+ %ao + %ao — %%))

0
Xo 0x, 0z, 0z,

=0.
(28)

Hence, fo is regular on Q.



(ii) Since

(o2 -0 2,

ax,  Cox, dx, 0z

- 9f, _ ou ou, 0
* (“Oa_f”‘)a_x()”"azo Oaf))
0 0 0 0

(29)

is not zero, af is not always regular on Q.

(iii) Since
D' (/) =§(ai+?i){<uoiv0>+?(%i%)}

X, 0%
_L((omo v 9o
2 az—o

0x, 0x, 0z,
+;r(% + N 9, afo

0z, 0z, axo

f + gisregular on Q.

(iv) Since

x {(”0"0 - fo90) +?(”0%+EV0)}

(G-32)wonl3-)
(B ()
+?{<g—2 - g—i’))%+uo<g—z_z + Z_:Z>

T, om),
axo 9z, ) °

0| =

is not zero, fg is not always regular on Q. O
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Theorem 11. Let Q be an open set in R> and let f and g be
regular functions on Q. Then we have the following equations:

2D () = (0 )+ F52 +T (w5 + T ). (22
2D (f9) = (D) g+ 5% T (e + gL ). o

Proof. From the proof of Proposition 10, we have the follow-
ing equations:

HCRESORES S B
~(hg2Toge)+i(Ag2-A32)
ou, 0f, fo  Ouy =

(G- )G S )b

v, ago> < 99, —61/0)
v (22 SR s T

O

0x, 0z, 0z,
~ (0g, avo > ( v, a%)
i <ax0 Yoz ) T\ Uoax, T ods,
; 9g g 99 )
=(D I 2 -9
( f) +fax0+l< an+1f08z—0
(34)
Similarly, we can prove (33).
We let
k= elezédzo N dz; + eyadxy A dz; — e, fdx, A dZ;.
(35)
]

Theorem 12. Let Q be an open set in R* and U be any domain

in Q with smooth boundary bU such thatU ¢ QUIf f = ug+if,
is a regular function on Q, then

J kf =0, (36)
120}

where kf is the ternary product of the form k on the function
f(@).

Proof. Since the function f = u, + e;af, + e, f, exists, we
have

1 — 1 — —
ezi‘xfo +el§,8f0>dz0 Ndz,

e1Pug) dxo A dzg (37)

kf = (elez1
+ (eyauy —

+ (—elezazﬁ - elezﬁzﬁ) dx, A dz,.
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Then
o0) =G - - PR v
R
o (#58e2 Jav

(38)
( uple fo +apho fo)

f, )
= elez % — i_o a f 0 auo
0x, 0z, 0x, azo

va(5R 5 )av

where dV = dx, A dz, A dz, in U, and by the corresponding
Cauchy-Riemann system for f(z) in T, d(kf) = 0. By Stokes
theorem, we obtain the result. O

Remark 13. Since

=k (—1)k/2(|20|)k, k: even
%) = = - 39
(l 0) {(—1)[k/2]i(|zo|)k IZ_(), k: odd, (39)
we have
2= Y ak)xg e 7%, (40)
k=0
where

(n) (-1, k: even

(Z) -D*IF k: odd, (1)

0)
h

And [k/2] is the greatest integer that is less than or equal to
k/2.

=

(k) =

k: even
k: odd.

Theorem 14. Let f be a homogeneous polynomial of degree n
with respect to the variables x, and z,. If f is regular on Q,
then

an
f=20 B (42)
0
nl 0"
f @) =(-) nl' az"f’éz) 2", (43)

where r is a nonnegative integer.

5
Proof. Since f(z) is a homogeneous polynomial, then
10 (z)
f@)=- f (44)
0%,

Also, since df (z)/0x,, is a homogeneous polynomial of degree
n— 1, we have

of z) 1 f(2)
0x, n-1 0x} “ (45)
Then we have
2
f(z)_ 1 af(Z) 2 (46)

Continuing this process, we can get the result (42). Similarly,
we obtain the result (43). O

4. Properties of Regular Functions with
Values in T(C)

We define the number system
T(C) = {z |z =1iy(z, - elezzz)}, (47)

where z; = x; — (1/2)e;x, and z, = x, — (1/2)e,x,.
The non-commutative multiplication of two numbers z =
iy(z, —e,6,2,) and w = ip(w, — e,e,w,) is defined by
zw = — {(z1w) + 7w,) +eje; (Zw, —Zywy)}, (48)

wz = —{(w,z) + wy2,) + eje, (0,2, — W, 2,)} .

The conjugate number z* of z in T(C) is given by the
following:

2" =iy (2 - e16%;). (49)

And the norm |z| of z and the inverse z ™' of z are given by

the following forms:

ol = Va2 = Vo'z

V(@7 +2.5) + a0, (557 - 775)

2
JZ% o0
=0

*

_1 —
|z|?

(z+0).

We consider the following differential operators:

1~
D= _EW (DZl - €1€2D22) , D" = —ly( —ee, D ),
(51)
where
0 0 0
D, =-e + =, D, =-e,—+—. (52
z; 1 X, axl 2z 2 0 ax2 ( )



Then the Laplacian operator is

aZ

4A = DD* =D*D = Zax'

(53)

Let G be an open set in C*. The function f(z) that is
defined by the following form in G with values in T(C):

f:G - T(©) (54)
satisfies
z2=(21,2,) €G> f(2) = f (21, 2,)
_ (55)
=iy (fl (ZI’ZZ) —eef, (ZI’ZZ)) >
where f, = u; — (1/2)eyuy and f, = u, — (1/2)e,u, are

complex-valued functions with values in T(C) and u; (=
0, 1,2) are real-valued functions.

Remark 15. The operators D and D" act for a function f(z)
on T(C) as follows:

Df = -7 {(Dzlfl + D22f2) tee (szl - szz)} ’

D f=7 {(Daﬂ +D5f2) tee (Dszl _Dzlfz)}'
(56)

We define a commutative multiplication of two numbers

z = iy(z, — e,e,z,) and w = iy(w, — e,e,w,) by
1
ZOW=w0oz= E(zw+wz)
= 1? {(zyw; + zyw, + w2, + w,2,)
2 (57)
+eje, (Zw, - Zw,
iy, - W2}

Remark 16. 'The operators D and D™ act for a function f(z)
on T(C) as follows:

Do f = (Df + /D)

~{(D.£1+D..1,)

+ seies (Dt - Dsf
+FD., - D) |

(s 2)

1
+ e (DZfl - D f,

0. %-0.7) |,
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* 1 % %
D @f:E(Df+fD)
- {(szl +Dzf,)
1
+ 56192 (Dzzfl -D, f,
+f2Dz; - EDZ)}

1 0uy )
2 0x,

1
+ Eelez (Dzzfl -D, f,

—{(Daf1 +D5f2

+Dyf, - DZE) }
(58)

Definition 17. Let G be a domain in C*. A function f =

iy(f, — eje, f,) is said to be dot-regular in G if the following
two conditions are satisfied:

(i) f, and f, are differential functions in G,

(i) D*© f = 0inG.

Remark 18. The above equation (ii) of Definition 17 is equiv-
alent as follows:

lau0
Difi+ D f, = 23
%o (59)
Dzzfl _Dzle = DZ.TI_DZE

Theorem 19. Let G be an open set in C* and let f be a dot-
regular function on G. Then the derivative f' of f defined by
Do fis

f'=2iy(D5-D,,) f =26, (D5 - D) f;

f'=-2iy(D, - D) f =2¢,(D5; - D,)) f.

Proof. By the definition of a dot-regular function with values
in T(C), we have

(60)

ou, ou,

38u0>
Do f=(D,f +Ds e
f < w1t z2f2+e1ax0+ 23%,

2 0x,

1 _
+ 56132 <Dz2f1 -D, f,+ Dz f,

(61)
~D_f, - 2e, gxo +2e IZ”2>
=2iy(D;-D,) f
on G. And, similarly, we have
Do f=-2iy(D, -Dz)f (62)
on G. O
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