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This paper deals with approximating properties of the g-generalization of the Szdsz-Mirakjan
operators in the case g > 1. Quantitative estimates of the convergence in the polynomial-weighted
spaces and the Voronovskaja’s theorem are given. In particular, it is proved that the rate of
approximation by the g-Szdsz-Mirakjan operators (g > 1) is of order 47" versus 1/n for the classical
Szész-Mirakjan operators.

1. Introduction

The approximation of functions by using linear positive operators introduced via g-Calculus
is currently under intensive research. The pioneer work has been made by Lupas [1] and
Phillips [2] who proposed generalizations of Bernstein polynomials based on the g-integers.
The g-Bernstein polynomials quickly gained the popularity, see [3-11]. Other important
classes of discrete operators have been investigated by using g-Calculus in the case 0 < g < 1,
for example, g-Meyer-Konig operators [12-14], g-Bleimann, Butzer and Hahn operators [15—
17], g-Szész-Mirakjan operators [18-21], and g-Baskakov operators [22, 23].

In the present paper, we introduce a g-generalization of the Szdsz operators in the case
q > 1. Notice that different g-generalizations of Szdsz-Mirakjan operators were introduced
and studied by Aral and Gupta [18, 19], by Radu [20], and by Mahmudov [21] in the case
0 < g < 1. Since we define g-Szdsz-Mirakjan operators for g > 1, the rate of approximation
by the g-Szédsz-Mirakjan operators (g > 1) is of order g, which is essentially better than 1/n
(rate of approximation for the classical Szdsz-Mirakjan operators). Thus our g-Szdsz-Mirakjan
operators have better approximation properties than the classical Szasz-Mirakjan operators
and the other g-Szdsz-Mirakjan operators.
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The paper is organized as follows. In Section 2, we give standard notations that will be
used throughout the paper, introduce g-Szdsz-Mirakjan operators, and evaluate the moments
of M, 4. In Section 3 we study convergence properties of the g-Szasz-Mirakjan operators in
the polynomial-weighted spaces. In Section 4, we give the quantitative Voronovskaja-type

asymptotic formula.

2. Construction of M, , and Estimation of Moments

Throughout the paper we employ the standard notations of g-calculus, see [24, 25].

g-integer and g-factorial are defined by

1-4"
ST ifgeRr\ (1),

ml, =4 1-q "1 Ve (0] =0,
n, ifg=1,

[n],!t:=[1],02],...[n],, formneN, [0]'=1.

For integers 0 < k < n g-binomial is defined by
[ﬂ] L [n]q!
k P 9 P L A

The g-derivative of a function f(x), denoted by D, f, is defined by

_ f(gx) - f(x)

(Daf)(x) = =5, x#0,  (Dyf)(0) := lim (Dyf)(x).

(g-1)x
The formula for the g-derivative of a product and quotient are
D,(u(x)v(x)) = Dg(u(x))v(x) + u(qx)Dy(v(x)).
Also, it is known that

Dyx" = [n]qx"‘l, D,E(ax) = aE(qax).

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

If gl >1,0r 0<|q| <1and |z| <1/(1-gq), the g-exponential function e,(x) was defined by

Jackson

o) Zk
eq(z) = kzz(:)[k]q!.

(2.6)
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If |g| > 1, e4(z) is an entire function and

ey(2) :ﬁ<1+ (G-1)

j=0

>, lq] > 1. (2.7)

z
qj+1

There is another g-exponential function which is entire when 0 < |g| < 1 and which converges
when |z| < 1/|1 - g| if |g] > 1. To obtain it we must invert the base in (2.6), thatis,q — 1/g:

o qk(k—l)/zzk

E (z) = e1/4(z) = Z—' (2.8)
o Kl
We immediately obtain from (2.7) that
E,(z) =H<1+(1—q)zq7>, 0<|q|<1. (2.9)
i=0
The g-difference equations corresponding to e;(z) and E,(z) are
Dyeq(az) = aey(qz), D4E,(az) = aE4(qaz),

(2.10)

D1/4e4(z) = D1/4E1/4(2) = Evyq (q‘lz> = ey <q‘1z>, q#0.

Let C, be the set of all real valued functions f, continuous on [0, o), such that w,f is
uniformly continuous and bounded on [0, o) endowed with the norm

A1, = :;P)wp(x)lf(x)l- (2.11)
Here
wo(x) =1,  wy(x):=(1+x")", ifpeN. (2.12)

The corresponding Lipschitz classes are given for 0 < a <2 by

A2f(x) == f(x+2h) —2f(x + h) + f(x),

Wi (f36) = sup ||a2f Lip2a = {f € Gy : w}(f;6) = 0(6%), 6 — 0°}. 213)
0<h<é

7
p

Now we introduce the g-parametric Szasz-Mirakjan operator.
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Definition 2.1. Let ¢ > 1 and n € N. For f : [0,00) — R one defines the Szdsz-Mirakjan
operator based on the g-integers

1 [l

o /K] )
M (f36) = kgof < [n]Z) 7 TRl eq(~[nl, 77" x). (2.14)

Similarly as a classical Szdsz-Mirakjan operator S,, the operator M, ; is linear and
positive. Furthermore, in the case of § — 1* we obtain classical Szasz-Mirakjan operators.

Moments M, 4(t"; x) are of particular importance in the theory of approximation
by positive operators. From (2.14) one easily derives the following recurrence formula and
explicit formulas for moments M, ,(t"; x), m=0,1,2,3,4.

Lemma 2.2. Let g > 1. The following recurrence formula holds

(1) = S ) ™). e

j=0 [n]q

Proof. The recurrence formula (2.15) easily follows from the definition of M, ; and g[k],+1 =
[k +1], as show below:

Mn,q <tm+1,‘ x>

q q -k
e;(—[n x
"]ZM gk(k-D/2 [k]q! ‘7< [ ]qq )

[KI7# 1 [n]hx*
[

0 [k]m 1 [n]k—lxk )
= Z [n]7 g6-D72 [k j 11, €q <—[n]qq kx>

(alkl,+1)" 1 [ulfxen Y
g g (il ) 216)

k_k+1

© 1 m ' ) 1 [71] X o
B ZW.Z(T)q][k]{%qk(ku)/z [;Z]q! eq(‘["]qq “q 1x>

xq i[k]g 1 [n]pxt

],=0<] ) [n];nfi pard [n]é gk(k-1/2 [k]q!qk
(7)

eq(~[n],q7*q ' x)
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Lemma 2.3. The following identities hold for all g > 1, x € [0,00), n € N, and k > O:

[k],
XDqS"k(q;x) = [”]q W -X Snk(q}x),
I (2.17)
My (#741;x) = [;—]quMn,,,(tm; X) + xM,, 4 (£ %),

where sy (q; x) = (1/qk(k_1)/2)(["]Zxk/[k]q!)eq(_["]qq_kx)~

Proof. The first identitiy follows from the following simple calculations

xDygsux(g; x)
1 [nlkxk i i 1 [nliqtxt _
- [k]qm[k—beq<_[”lq x) - xg k[”]qquk—l)/z [Ii]q! ea(- [l ) (2.18)

(k]
= [kl sk (q;x) = x[n] sk (q; x) = [n]q<# - X> Suk (45 X).
q
The second one follows from the first:
k1, \" / K], .
5 (o) (i -)mion

o /K, \"™" @ / [k, \" 2.19
=[n]qz<#> snk(q;x)—[n]quz::o<[n—]q> suk (q; %) (2.19)

q

XDgMy,4(t"; x) = [n]

O
Lemma 2.4. Let g > 1. One has
1
x) = ) = S
Mn,q(l,x) =1, Mn,q(t,x) =x, Mg <t ,x) =x°+ [n]qx,
M, <t3'x> =x3+ 2+qx2 + Lx
4 [, [71]5 (2.20)
M <t4'x> =x*+ <3+2q+q2> x + <3+3q+q2> x F—
ng\t s = T 5 T 3X
(1 ()5 [nlg
Proof. For a fixed x € R,, by the g-Taylor theorem [24], we obtain
© (t-x)f,
Pn(t) = Z—!qpf /g (%)- (2.21)

k=0 [k]l/q
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Choosing t = 0 and taking into account
= (-)f g2 DY ey (<Inl x) = (<1 g2 n] ke, (<[n],q7x) (222)

(- x)l/q

we get for ¢, (x) = e, (- [n] ) that

& 1
0= zé k(k( 1)/)2 i{/q‘f’"(x)
g ( 1)k —k (k- 1)/2[n]’;eq<—[n]qq*kx> (2.23)
o k xk

- Z |qk(k 1)/2 ( [n]qq_kz>.

In other words M, 4(1;x) = 1.
Calculation of Mn,q(ti; x), i = 1,2,3,4, based on the recurrence formula (2.17)
(or (2.15)). We only calculate M,,4(#*; x) and M,,4(#*; x):

M4 <t3;x> = ﬁDan,q (tz; x> + XM 4 (tz; x>
q

_ RS
- [nh(m [n1q> < ' [nlf)

1 2+
X 9.2, .3

(2.24)
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Lemma 2.5. Assume that q > 1. For every x € [0, o) there hold

X
Mn,q<(t - x)2/ x> = m’ (225)
M, <(t—x)3;x> - Lxs (Q‘l)x_zr (2.26)
4 [n]fi [n]q .
1 x2 s x°
Mn,q((t - x)4,' x) = [n—]gx + (qz + 3q — 1>[n_]3 + (6] — 1) @ (227)

Proof. First of all we give an explicit formula for M,, ;((t - x)% x).
M4 <(t - x)3; x) =My, <t3; x> = 3xMp4 (tz; x> + 3x2Mn,q(t; x) — x3

2
:x3+ﬂx2+izx—3x PRI A LY
[n]q [Tl] [n]q

q
1 x>
- xi(g-1),

[

M4 <(t - x)4; x) = M, <t4,‘ x> —4xMy 4 <t3,‘ x> + 6x2Mn,q <t2,' x) - 4x3Mn,q(t; x) + x*

1 x? x?
= —x+(3+3g+4°)— +(3+29+4*) — +x*
[n]3 < q q>[n]§ < q q)[n]q
—4x L2x+2+—qx2+x3 + 6x? x2+i —dxt 4 x*
[Tl]q [n]q [n]q
x2 5, x3
= —x+(-1+3q+¢*)—= +(9-1)"—
[n]] ( >m§ [n],
(2.28)
O

Now we prove explicit formula for the moments M,, ,(t"; x), which is a g-analogue of
a result of Becker, see [26, Lemma 3].

Lemma 2.6. For q > 1, m € N there holds

xJ

[n]y "

Mg (£7;2) = 3 8q(m, j) (2.29)
j=1
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where

Sq(m+1,7) = [jISq(m, j) +Sq(m,j=1), m=20,j=1, 230
S,(0,00=1,  S,(m,0)=0, m>0, S,(m,j)=0, m<j. '

In particular My, 4(t™; x) is a polynomial of degree m without a constant term.

Proof. Because of M, 4(t; x) = x, Mn,q(tz; x) = x>+x/[n] o the representation (2.29) holds true
form=1,2with §;(2,1) =1, S4(1,1) = 1.
Now assume (2.29) to be valued for m then by Lemma 2.3 we have

Mn,q<t"’+1;x> = %D,,Mnlq(tm;x) + XM, 4(t"; x)
q
= ﬁz [il,S (m,J) +XZSq(m J)
q j=1 [n q
= -21:[]] Sq(m, j) —=7 ]m Tt (2.31)
<
- [n’; S (m, 1) + x™1S, (m, m)
m i
+ 2 ([1]8qma 1) + 8y (mj=1)) ——.
j=2 [n]q =

Remark 2.7. Notice that S,(m,j) are Stirling numbers of the second kind introduced by
Goodman et al. in [8]. For g = 1 the formulae (2.30) become recurrence formulas satisfied
by Stirling numbers of the second type.

3. M, , in Polynomial-Weighted Spaces

Lemma 3.1. Let p € NU {0} and q € (1,00) be fixed. Then there exists a positive constant K1(q, p)
such that

[Ming(1/wp; x)||, < Ki(q,p), meN. (3.1)
Moreover for every f € Cp, one has

IMug(H)I], < K

neN. (3.2)

Thus M, 4 is a linear positive operator from C, into Cp, for any p € NU {0}.
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Proof. The inequality (3.1) is obvious for p = 0. Let p > 1. Then by (2.29) we have

Wp () Mg (1/wp; X) = wp(x) + wp(x) ZS (P:])[ ]p - < Ki(g.p), (3.3)
j=1 q

Ki(g,p) is a positive constant depending on p and g. From this follows (3.1). On the other

hand
1
Mg (I, < Mg )| (3.4)
P Wy
P
for every f € C,. By applying (3.1), we obtain (3.2). O
Lemma 3.2. Let p € NU {0} and q € (1, 0) be fixed. Then there exists a positive constant K, (g, p)
such that
(t-)? K(q,p)
Mn, ;t S 7 ne N 35
' q(wpm ) (3.5
Proof. The formula (2.25) imply (3.5) for p = 0. We have
(t-x)*
M, < ) = Mn,,,((t —x)% x> + Mn,q<(t - x)ztr’;x>, (3.6)

for p,n € N. If p = 1 then we get

M, ((t —x)%(1+ t);x> - Mn,q<(t —x)% x> + Mn,q<(t — %)% x>
(3.7)
= Mn,q<(t - x)3;x> +(1+ x)Mnlq<(t - x)2;x>,

which by Lemma 2.5 yields (3.5) for p = 1.
Let p > 2. By applying (2.29), we get

wp(x)Mpq <(t - x)*tP; x)

= wp(x) (Mn,q (t””; x) -2xM,, <t”*1; x) + 32 My o (#; x))

p+1 ' '+1
= wp(x) <x’” +2 +ZS (p+2, ]) p+2 ; —2xP*2 ZZS (p+1, ]) p+1 :
j=1 q j=1 q

]+2
+xP*2 4 ZS (P/]) >
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= wp(%) <Z(S (P+2,7) =2S(p+1,j) +8 (Pf])) ,,+1_,

j=2 q

+S(p+21) ] +(S (p+2,2) - ZSq(p+21))—>

q (g
=0 G /)p(q/ x),
(3.8)
where [, (q; x) is a polynomial of degree p. Therefore one has
x
wy () Mg (= 0)°15x) < Ka(@,p) 1 (3.9)
q
O

Our first main result in this section is a local approximation property of M, , stated
below.

Theorem 3.3. There exists an absolute constant C > 0 such that

wp ()| Mua(853) = $ 9] < Ks(@.p) 18 I g (3.10)
q

where g € C2, g > 1and x € [0,0).

Proof. Using the Taylor formula
t ps
g(t) = g(x) + ¢ (x)(t—x) + f I ¢"(u)duds, ge Cz?, (3.11)
we obtain that

Wp ()| Mng(g;x) = g(x)| = wp(x)

M, 4 <J‘; Jj ¢"(u)duds; x)
£ f: <"(u)duds ;x>

¢ "™ du ds

< wp(x)Mn,q<

< wp(x)Mn,q <

< wp(x)% ||g"||pMn,q<(t - x)z(l/wp(x) + 1/wp(t));x>
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1 "
< 2 s “p(MWJ((t -x)% x> +wp(x) My, q ((t - x)zwp(t);x>>

n X
< Ks(g,x)[|g “”W'

q
(3.12)
O
Now we consider the modified Steklov means
4 h/2
fr(x) = ﬁ” [2f(x+s+t) - f(x +2(s+1))]dsdt. (3.13)
0

fn(x) has the following properties:

4 h/2
f(x) = fulx) = ﬁffo AL, f(x)dsdt, n(x)=h" <8Ai of (x) - A f(x)> (3.14)
and therefore
, 1
1 =l <), N, < grawd(Fi) @15

We have the following direct approximation theorem.

Theorem 3.4. For everyp € NU {0}, f € C, and x € [0,0), g > 1, one has

2 x 2 -1)x
wp(x)an,q(f}x>_f(X)|SMpwp<f; [n—]q>=1v1pwp<f;1 ((Zn—)1)>' (3.16)

Particularly, if Lipf,zx for some a € (0, 2], then

X

a/2
Wy (x) [ My q(f;x) = f(x)] < Mp<—]> : (3.17)

[n],
Proof. For f € C,and h >0
| Mg (fix) = fO] < [Mag((f = f)i%) = (f = f) (O] + [ Mg (fsi¥) = fux)| - (3.18)

and therefore

w0y ()| Mg (f3:) = ()] < IIf—fhllp<wp(x)Mn,q<—w1(t);X> + 1)
p
(3.19)

“Ka(a DAl 7
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Since wy, (x) My q(1/wy(t); x) < Ki1(q,p), we get that

w0 Ma () - 0] < M) 150) 1 . 20
q
Thus, choosing h = 4 /x/[n],, the proof is completed. O

Corollary 3.5. If pe NU {0}, f € C,, g>1and x € [0,0), then

lim M,y q(f;x) = f(x). (3.21)

This converegnce is uniform on every [a,b],0 < a <b.

Remark 3.6. Theorem 3.4 shows the rate of approximation by the g-Szdsz-Mirakjan operators
(g > 1) is of order 7" versus 1/ for the classical Szdsz-Mirakjan operators.

4. Convergence of g-Szasz-Mirakjan Operators

An interesting problem is to determine the class of all continuous functions f such that
M, 4(f) converges to f uniformly on the whole interval [0,o0) as n — co. This problem
was investigated by Totik [27, Theorem 1] and de la Cal and Carcamo [28, Theorem 1]. The
following result is a g-analogue of Theorem 1 [28].

Theorem 4.1. Assume that f : [0,00) — R is bounded or uniformly continuous. Let
f(z) = f<zz>, z€[0,00). (4.1)

One has, for all t > 0 and x > 0,

| Mg (fix) = f(x)] szw<f*; %) (4.2)
q

n]

Therefore, M, 4(f;x) converges to f uniformly on [0,00) as n — oo, whenever f* is uniformly
continuous.

Proof. By the definition of f* we have

Myg(fix) = Mg (f*(V2); %) (4.3)
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Thus we can write

|Monq(f3) = f()] = [Mng (f* (V)i ) = £ (V)

Z< < [k]> f<f>>sn,k<q;x>

2 [k],
<2 f*< [—> f(f)> 5k (4:%)
k0 (4.4)

< iaJ<f*, N >snk(q,x)
k=0
*\/k]/[n f| S .
Ow f nq(|\/ \/*| "rq(l T x|’x) Snlk(q’x)'
Finally, from the inequality
w(f5a6) <A +a)w(f6), a,6=0, (4.5)

we obtain

| Miq(f3x) = f()] < w(f* Mq(|V- - \/’ﬂ"x))kz:a)(l * M, (|V- = Vx|; x)

| VIKlg/ [l — ﬁ| >sn,k(q,' x)

= 2w(f"; Mg (|- = v/x[;%))-
(4.6)

In order to complete the proof we need to show that we have for all t >0 and x > 0,

[ 1
Mn,q(|\[_\/;cl;x) < [n_]q (47)
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Indeed we obtain from the Cauchy-Schwarz inequality:

0,

M, (|V- - Vx|; —Vx|Spi(g;x)

|1/ ]y~ |
- X

Snk(q;x) < Sk (g x)
04/ [kly/ [mly + v k ‘FZ n]" k (4.8)

< }Ji Snk(q;x) = f\/an - x)? x)

S

showing (4.2), and completing the proof. O

M

=~
Il

2

- X

(K],
[nl,

Next we prove Voronovskaja type result for g-Szdsz-Mirakjan operators.

Theorem 4.2. Assume that q € (1, 00). Forany f € C%, the following equality holds

n— oo

lim 1], (Mg (f; x) = f(x)) = % £, (4.9)

for every x € [0, 00).

Proof. Let x € [0, o) be fixed. By the Taylor formula we may write
1
F) = f(x) + f1QO(E =) + 5 f' (@) (= 200"+ r(t;2) (E - %)%, (4.10)

where 7 (t; x) is the Peano form of the remainder, r(-; x) € Cp,, and lim; . ,7(t; x) = 0. Applying
M, 4 to (4.10) we obtain

[n](Mug(fix) = f(x)) = f'(x)[n];Myq(t - x; %)

+ %f”(x) [n]an,q<(t - x)z;x> + [n]an,q <r(t; x)(t- x)2;x>.
(4.11)

By the Cauchy-Schwartz inequality, we have

Mg (r(6:2) (¢ - %)% x) < W\/Mq ((t-x)%x). 4.12)
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Observe that 7?(x; x) = 0. Then it follows from Corollary 3.5 that

lim M, (rz(t; x); x> = 72(x; x) = 0. (4.13)
Now from (4.12), (4.13), and Lemma 2.5 we get immediately

lim [n], My, (rG)t-x)%x) =0, (4.14)

The proof is completed. O
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