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We investigate o-approximate contractibility and c-approximate amenability of Banach algebras,

which are extensions of usual notions of contractibility and amenability, respectively, where o is a
dense range or an idempotent bounded endomorphism of the corresponding Banach algebra.

1. Introduction

For a Banach algebra «/, an «#-bimodule will always refer to a Banach «#-bimodule X, that is,
a Banach space which is algebraically an «#/-bimodule, and for which there is a constant ¢ > 0
such that for a € 4, x € X, we have

lla- x|l < cllalllixll, —llx-all < cllallllx]- (1.1)
A derivation D : &# — A is a linear map, always taken to be continuous, satisfying
D(ab) =D(a) -b+a-D(b) (a,beA). (1.2)

A Banach algebra «f is amenable if for any «#/-bimodule X, any derivation D : 4 — X*is
inner, that is, there exists x* € X*, with

D(a)=a-x*—x"-a=06x(a) (ac). (1.3)
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Let </ be a Banach algebra and ¢ a bounded endomorphism of 4, that is, a bounded Banach
algebra homomorphism from f into 4. A o-derivation from 4 into a Banach «/-bimodule X
is a bounded linear map D : # — X satisfying

D(ab) =o(a)- D) + D(a)-o(b) (a,beH). (1.4)

For each x € X, the mapping

89— X (1.5)

defined by 6¢(a) = o(a) - x — x - o(a), for all a € &4, is a o-derivation called an inner o-
derivation.

Remark 1.1. Throughout this paper, we will assume that </ is a Banach algebra, and o is
a bounded endomorphism of </ unless otherwise specified. Also, we write (o-a.i) for o-
approximately inner, (o-a.a) for o-approximately amenable, and (o-a.c) for o-approximately
contractible.

The basic definition for the present paper is as follows.
Definition 1.2. A o-derivation D : 4 — X is 0-a., if there exists a net (x,) C X such that for
every a € A4, D(a) = lim,0(a)-x,—x,-0(a), the limit being in norm and we write D = lim 6 .

Note that we do not suppose (x,) to be bounded.

Definition 1.3. A Banach algebra o is called o-a.c if for any «#-bimodule X, every o-derivation
D:o# — Xiso-ai.

Definition 1.4. A Banach algebra < is called 0-a.a if for any «#-bimodule X, every o-derivation
D:o# — X*iso-ai.

Definition 1.5. Let o be a Banach algebra, and let X and Y be Banach «#-bimodules. The linear
map T : X — Y is called a 0-«4-bimodule homomorphism if

T(a-x)=o0(a)- T(x), T(x-a)=T(x)-o(a) (ae, xeX). (1.6)
2. Basic Properties
Proposition 2.1. Let o be a o-a.c Banach algebra. Then o(#4) has a left and right approximate
identity.

Proof. Consider X = & as a Banach «-bimodule with the trivial right action, that is,

a-x=ax, x-a=0 (aed,xeX). (2.1)
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Then D : # — X defined by D(a) = o(a) is a o-derivation, and so there is a net {u,} C X (=
4) such that D = lim,6;, . Hence for each a € A,

o(a) =D(a) = 1i£n o, (a) = liin o(a) U, —u,-o(a) = liin o(a)uy,, (2.2)

which shows that {u,} is a right approximate identity for o(<#). Similarly, one can find a left
approximate identity for o(<#). O

Corollary 2.2. Let 4 be a o-a.c Banach algebra and o a continuous epimorphism of #A. Then <4 has
a left and right approximate identity.

Proposition 2.3. Let ¢ be a bounded endomorphism of Banach algebra <A4. If 4 is o-a.c, then <4 is
(poo)-a.c.

Proof. Let X be a Banach «#-bimodule and let D : &/ — X be a (poo)-derivation. Then (X, )
is an «#-bimodule with the following module actions:

axx=(a)-x, xxa=x-p(a) (aed xcX). (2.3)

For each a,b € 4, we have
D(ab) = (yoo(a)) - D(b) + D(a) - (oo (b)) = o(a) * D(b) + D(a) * o(b). (24)

Thus D : 4 — (X, *)isa continuous o-derivation. Since &/ is 0-a.c, there existsanet {x,} C X
such that D = lim 67 . In fact,

D(a) = licr!n(o(a) * Xy — Xz *x0(a))

= liﬁrzn(q)ocr(a) - Xg — Xg - OO () (2.5)

=1im6%7(a) (aeA).

Therefore, D is a (poo)-a.i and so & is (poo)-a.c. O

Corollary 2.4. Let o be an a.c Banach algebra. Then o4 is o-a.c for each bounded endomorphism o of
A.

Proposition 2.5. Let o be a o-a.c Banach algebra, where o is a bounded epimorphism of H#. Then A
is a.c.

Proof. Let X be a Banach <#-bimodule and let d : &# — X be a continuous derivation. It is
easy to see that doo is a o-derivation. Since & is o-a.c, there exists a net {x,} C X such that
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doo(a) = limzo(a)x, — x,0(a). Now for b € o there exists a € & such that b = ¢(a), and,

therefore,

db) =d(o(a)) = lignxao(a) —o(a)x,

(2.6)
= lim x,b — bx,,

which shows that d is approximately inner and so < is a.c. O

Corollary 2.6. Let ¢ be a bounded endomorphism of Banach algebra 4. If A is o-a.a then it is (poo)-
a.a too.

Corollary 2.7. Let o be an a.a Banach algebra. For each bounded endomorphism o, &4 is o-a.a.

Corollary 2.8. Let o be a 0-a.a Banach algebra, where o is a bounded epimorphism of H#. Then A is
a.a.

Proposition 2.9. Suppose that B3 is a Banach algebra and ¢ : 4 — B is a continuous epimorphism.
If A is a.c, then B is o-a.c for each bounded endomorphism o of B.

Proof. Let 0 : B — B be a bounded endomorphism of B and X a Banach B-bimodule, then
(X, *) is an #-bimodule with the following module actions:

axx=o0(p(a))-x, xxa=x-0(p(a)) (aedxeX). (2.7)

Now let D : B — X be a continuous o-derivation. It is easy to check that Doy : # — (X, *)
is a derivation. Since +# is approximately contractible, there exists a net {x,} € X such that
Dog(a) = lim,06y,(a). We have

D(¢p(a)) = Doy(a) = liﬁI{n 6y, (a) = lign(a * Xy — Xg % Q)
(2.8)
= ligno((p(a))xa - x,0(p(a)) (aedh).

Since ¢ is an epimorphism, so for each b € B there exists a € A such that b = ¢(a), and we
have

D(b) = liﬁr{n o(b)x, — x,0(b), (2.9)

which shows that D is ¢-a.i and so B is o-a.c. O

Proposition 2.10. Suppose that o and B are Banach algebras, and let o and T be bounded
endomorphism of A and B, respectively. Let ¢ : # — B be a bounded epimorphism such that
oo = Toy. If # is o-a.c, then B is T-a.c.



Abstract and Applied Analysis 5

Proof. Let X be a Banach B-bimodule and D : B — X a continuous 7-derivation. Then (X, )
is an «/-bimodule with the following actions:

axx=(a)-x, xxa=x-p(a) (aed, xeX). (2.10)

It is easy to check that Doy : # — (X, *) is a o-derivation. Since &/ is 0-a.c, there exists a net
{xa} C X such that Dog(a) = lim,6% (a), so we have

D(¢p(a)) = ligl o(a) * x, — x, *0(a)
= limg(0(a)) - Xa — xa - @(0(a)) (2.11)

=lim7(p(a)) - xa—xa - T(p(a)) (a€H).
Since ¢ is epimorphism, so D(b) = lim,7(b)x, — x,7(b) for all b € B, and hence Bis 7-a.c. O

3. o-Approximate Contractibility for Unital Banach Algebras

In this section we state some properties of o-approximate contractibility when < has an
identity. First we express the following proposition that one can see its proof in [1, Proposition
3.3], and bring some corollaries when o(+#) is dense in <.

Proposition 3.1. Let o be a unital Banach algebra with unit e, o(H#) dense in #, X a Banach A-
bimodule, and D : # — X a o-derivation. Then, there is a o-derivation D1 : A — e - X - e and
n € X, such that D = Dy + &,,.

The following definition extends the definition of the unital Banach «##-module in the
classical sense.

Definition 3.2. Let &/ be a unital Banach algebra with identity e. Banach <#-bimodule X is
called o-unital if X = o(e) - L - o(e).

Corollary 3.3. Let o# be a unital Banach algebra and o (H#) dense in HA. Then, A is o-a.c (resp.,0-a.a)
if and only if for all o-unital Banach #-bimodule X, every o-derivation D : 4 — X (resp., D :
A4 — X*¥)is o-a.i.

Proof. Since o(e) is a unit for o(+#), and o(A) is dense in «#, we see that o(e) = e, so that
e - X - e is a o-unital Banach «/-bimodule. Now by Proposition 3.1, the proof is complete. [

Corollary 3.4. Suppose that o is a unital Banach algebra and o (A) is dense in 4. Let X be a Banach
A-bimodule and D : H# — X* a o-derivation. If 4 is o-a.a, then there exists a net (1) Ce - X* - e,
and 1 € X*, such that D = limu6§1’a + 06y

Proof. By Proposition 3.1, D = Dy + 6, such that 7 € X*and Dy : # — e- X*-eisa o-
derivation. Sincee- X*-e = (e- X -e)*and A isc-a.a, D1 : A — (e- X -e)" is 0-a.i. Hence
Dy = lim,6;, for some net (77,) C e - X* - e. O
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In the following proposition we consider o-approximate contractibility when o is an
idempotent endomorphism of «#. We can see the proof of the following proposition in [1,
Proposition 4.1].

Proposition 3.5. Assume that 4 has an element e which is a unit for o(#) and X is a Banach #4-
bimodule. If o is a bounded idempotent endomorphism of <4, then for each o-derivation D : A — X
there exists a o-derivation D1 : A — o(e) - X - o(e) and 11 € X, such that D = Dy + 6.

Corollary 3.6. Assume that <4 has an element e which is a unit for o(#) and o is a bounded
idempotent endomorphism of &4, then A is o-a.c (vesp., o-a.a) if and only if for all o-unital Banach
A-bimodule, X, every o-derivation D : A — X (resp., D : A — X*) is o-a.i.

Lemma 3.7. Assume that & is a unital Banach algebra with the identity e, and (X, *) is a o-unital
Banach A-bimodule with the following module actions:

axx=0(a)x, xxa=xo0(a) (aeH xeX). (3.1)

If D : # — X*isa o-derivation, then D(e) = 0.

Proof. We have D(e) = D(ee) = o(e)D(e) + D(e)o(e) and

(exx,D(e)o(e)) = (x,D(e)o(e) xe) = (x,D(e)o(e)o(e)) 32)
= (x,D(e)o(e)) = (exx,D(e)) (x € X). ‘
Hence D(e)o(e) = D(e) and so o(e)D(e) = 0. Hence D(e) = 0. O

Proposition 3.8. Let o be a bounded idempotent endomorphism of Banach algebra A. If 4 is o-a.a,
then A" is G-a.a, where G is the endomorphism of A% induced by o, that is, 6(a + a) = o(a) + a.

Proof. Let X be a Banach «#*-bimodule and D : #* — A* a continuous G-derivation. By
Proposition 3.5, there exits 7 € A* and D; : 4" — G(e) - £* - 6(e) such that D = Dy + 0y Set
d:Di|y:H# — O(e)-X*-0(e). Itis easy to check that d is a o-derivation. Since f is 0-a.a, there
exists a net (x;) C X* such that d = limyﬁz;. Hence D;(a) = limyo(a)x; - x;o(a), (a e ).

Since G(e) - X* - G(e) is 6-unital, by Lemma 3.7, Dy (e) = 0 and for each a + a € 4" we have
Di(a+a) = Di(a) + aD:(e) = Di(a) = limo(a)x; - xyo(a)
¥
=lim(G(a+a)-a)x;—xl(6la+a)—a
r(( ) —a)xy —x;(6(a+a)-a) (3.3)

= li;n p(a+a)xy —xpp(a+a).

This shows that D is 6-a.i, and so «#* is G-a.a. O

Proposition 3.9. Let ¢ be a bounded endomorphism of Banach algebra 4. If A* is G-a.a, then o4 is
o-a.a.
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Proof. Let X be a Banach «#/-bimodule and D : &# — A* a continuous o-derivation. X is a
Banach A*-bimodule with the following module actions:

(a+a)-x=a-x+ax, x-(a+a)=x-a+ax, (3.4)

forall a € o4, x € X,a € C. Define D* : 4% — A* with D*(a + a) = D(a). Clearly, D* is a
continuous o-derivation. Hence, there is a net (x;) C «* such that D = limfy’(Sx;. Hence, for
each a € &4 we have

D(a) = D¥(a+a) =lim&(a + a)x* — x*6(a+a) = limo(a)x* - x*o(a
(a) ( ) Y( )Xy — x,0( ) Y()y yo(a) (3.5)
which shows that D is o-a.i and so &4 is o-a.a. O

4. o-Approximate Amenability When « Has
a Bounded Approximate Identity

Lemma 4.1. Let & be a Banach algebra with bounded approximate identity and X a Banach -
bimodule with trivial left or right action, then every o-derivation D : A — X* is o-inner.

Proof. Let X be a Banach <#-bimodule with trivial left action. Hence, X* is a Banach /-
bimodule with trivial right action, that is,

x*-a=0, a-x"=ax* (x*eX',aed). (4.1)

Let D : # — X* beacontinuous o-derivation and (e,) a bounded approximate identity of 4.

By Banach Alaoglu’s Theorem, (D(e,)) has a subnet (D(ep)) such that D(ep) Z x;, for some

x5 € X*.Sincea-e Iy a and D is continuous, D(a - ep) Iy D(a). Hence, D(a - ep) “ D(a).
0 p p p

On the other hand, D(a - eg) = o(a)D(ep) “ o(a)xj and so D(a) = o(a)x;. Hence,
D(a) = o(a)x; — xjo(a) and D is o-inner. O

The following definitions extends the definition of the neo-unital and essential Banach
#-bimodule in the classical sense.

Definition 4.2. Let X be a Banach &#-bimodule. Then X is called o-neo-unital (o-pseudo-
unital), if X = o(#) - X - 0(<#). Similarly, one defines o-neo-unital left and right Banach
modules.

Definition 4.3. Let X be a Banach <f-bimodule. Then X is called o-essential if X =
o(H#)Xo(H#) = spano(H4) - X - 0(4). Similarly, one defines o-essential left and right Banach
modules.

We recall that a bounded approximate identity in Banach algebra < for Banach
A-bimodule X is a bounded net (e,) in & such that for each x € X, e,x — x and xe, — x.

Proposition 4.4. Assume that &4 has a left bounded approximate identity, o is a bounded idempotent
endomorphism of 4, and X is a left Banach #-module. Then X is o-neo-unital if and only if X is
o-essential.
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Proof. Let X be a o-essential Banach «#-bimodule. Since ¢ is idempotent, o(<#) is Banach
subalgebra of /. Let (e) C < be left approximate identity with bound m. First suppose that
z € spano(<4) - X, so there exist ay, ..., a, € #, x1,...,x, € X such that z = 37", o(a;)x;. For
1<i<mn, eza; — a;and, therefore, o(e,)z — z.

Now suppose that z € o(e#)X. There exists {z,} C spano(s#) - X such that z, — z.
Thus,

2
dngeNst. V > ny; - _— 42
meN st V(> millz, 2l < gr s ) 42)

On the other hand, for each n € N we have o(e,)z, % z, and so o(ex)zn, 5 Zng-
Therefore,

€
Jay; Va(cx > ag; ||o(ea)zn, — Zn, || < §> (4.3)

Now we have

lo(ea)z = 2| < llo(ea)z = 0(€a) Zny + O(€a) Zny = Zny + 20y = 2|

< liolllleallllz = znll + llo(ea)zny = znoll + 1120, = 2l

£ (4.4)

< (lolllleall + Dllz = zu [l + 5

< (lofjm +1) g

£ + £ _
(lo|lm+1)2 "2

which shows that (c(ex)) C o(+#) is a left bounded approximate identity for X. Now by
Cohen factorization Theorem, X = o(#)- X. So X is o-neo-unital. The other side is trivial. [J

Corollary 4.5. Every o-neo-unital left Banach #4-module is essential.

Proof. Let A be a o0-neo-unital left Banach «#-module. Wehave X = 0(A4) XL C A X CAX C X
so X =AX. O

Proposition 4.6. Let <# be a Banach algebra with a left bounded approximate identity, o be a bounded
idempotent endomorphism of o4, and X a left Banach #-module. Then o(A) - X is closed weakly
complemented submodule of X.

Proof. Set Y = o(H#)X, since o# has a left bounded approximate identity, by Cohen
factorization Theorem «#2 = o, and we have 0(#)Y = o(A)o(H) X = o(A)X =c(HA)X =Y,
which shows that Y is o-essential by Proposition 4.4, Y is o-neo unital that is, Y = o(#) - Y.
Hence, o(A)X =Y =0(H#) - Y Co(H#)- Xand so o(H4) X = 0(A) - X. Thus o(4) - X is closed
submodule of X.

Now we prove that o(+#) - X is weakly complemented in X. Let (e,) be a left
approximate identity in « with bound m, and define a net (T,) in B(X*) by setting T,(x*) =
x* - o(ey) (x* € X*). We have ||T,|| < |lo|lm. Thus (T,) is a bounded net in B(A*) since
B(X*) = (X* ® X)" and ball B(X*) is w*-compact, so there exists T € B(X*) such that we
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may suppose that w* —lim,T, = T and ||T|| < ||o||m. For each a € &, x € X, and x* € X*, we
have

(o(a)-x,T(x*)) = lign(cr(a) -x,x" - 0(eq))
= lign(o(ea)o(a) -x, x") (4.5)

= (o(a) - x,x"),

and so x* — Tx* € (o(+4) - X)*. On other hand, for each x* € A*,

T?x* = T(Tx*) = li;n T(x")o(ey) = li;n x*o(ey) = T(x"). (4.6)

Thus T is projection, and Ix- — T : X* — (o(H4) - )t is projection. So o(<#) - X is weakly
complemented in X and, we have X* = (o(+4) - X)t e (o(H) - X)*. O

Corollary 4.7. Let 4 have a bounded approximate identity, and let X be a Banach <4-bimodule and
o a bounded idempotent endomorphism of 4. Then

(i) o(#) - X - o(H#) is a closed weakly complemented submodule of X,

(ii) o is o-a.a if and only if for every o-neo-unital Banach #4-bimodule X, every o-derivation
D : A4 — X*is o-approximately inner.

Proof. Set Y = o(+#) - X. By Proposition4.6, Y is a closed and weakly complemented
submodule of X, and T : £* — Y*and I-T : X* — Y* are projection maps. Let D : o — A*
be a o-derivation, so ToD and (I — T)oD are o-derivations and D = (ToD) + (I — T)oD.
Since A - (X/Y) = {0} by Lemma 4.1, (I - T)oD is o-inner. So there exists Jo € Y* such that
(I-T)oD = 6? Thus D = ToD+6? and so D is c-a.iif and only if ToD : # — Y* is o-ai.
Now let 2 = Y - o(+#). By Proposition 4.6, X is a closed weakly complemented in Y,
andT': Y* —» 2*and [-T': Y* — 2! are projection maps. Assume that D; : o/ — Y*isao-
derivation, thus T'oD and (I -T')oD are o-derivations, and we have Dy = T'oD1+ (I -T") - Ds.
Since (Y/R) - # = {0}, by Lemma 4.1, (I - T') - D; is o-inner and so there exists zy € Z*
such that (I - T")oD; = 6%0. Therefore, D1 = T'oD; + 6%0. Thus, D; is o.a.i if and only if
T'oD; is c.a.i. Set DoT = D;. Thus, D = T'oD; + 6%0 + 6}’0. Therefore, D is 0-a.i, if and only if
ToDy: A — 2* = (o(H#) - X-0(H#))" is 0.a.i. Recall that 2 is o-neo-unital. Thus,  is o-a.a if
and only if for every o-neo-unital Banach «#-bimodul, X, every o-derivation D : A — X* is
o-a.i. O

Corollary 4.8. Let o# have a bounded approximate identity, and let X be a Banach #-bimodule and o
a bounded idempotent endomorphism of 4. Then o4 is o-a.a if and only if for every o-essential Banach
A-bimodule X, every o-derivation D : A — X* is o-approximately inner.

Proposition 4.9. Suppose that o is a bounded idempotent endomorphism of 4 and define & : A* —
A* with 6(a + a) = o(a) + a. The following statements are equivalent.

(1) A4 is o-a.a.

(2) There is a net (pa) C (A*&A*)™ such that for each a € A4*,5(a) - pu — po - 6(a) — 0and
7 (pa) — €.
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(3) There is a net () C (A*&A™)™ such that for each a € A%, 5(a) - piu — po - 6(a) — 0and
for every a, 7r**(pl,) = €.

Proof. (1=3) Suppose that </ is o-a.a, by Proposition 3.8, #" is G-a.a. Let u = e ® e € A*@A".
A*®A" is a Banach ##*-bimodule with the following module actions:

a-(boc)=6(abec), (bec) a=(bec)da) (a,b,c € ,4#>. (4.7)

Set 6; : A" — ker r** with definition 6;(a) = 6(a) - i — 1 - 6(a) (a € #%). 6; is 5-derivation.
Recall that ker r** = (ker or)™. Since /" is G-a.a, thus there exists (e,) C ker 7—** such that

6u(a) = lim & (a)ea - e,6(a) (a € 4/**). (4.8)

Set pl, = 1l — e, € (A*®A")™. We have
G(a)py — u,6(a) = 6(a)i — uc(a) — (6(a)e, — e,6(a)) — 0, (4.9)

and for each «a,
a (py) = (U — eq) = ™ (1) — 1 (eq) = 7w (u) = e. (4.10)

(3=2) is clear.

(2=1) By Proposition 3.9, it is sufficient to show that A* is 6-a.a.

Let D : A* — AX* be a derivation. By Corollary 4.7, we may take X to be o-neo-unital.
We run the standard argument, so for each a € I, set f,(x) = pa(¢y), where for a,b € i
x € X, we have ¢, (a®b) = (x,6(a)D(b)). Then, (m)) c Atea? converging w* to p, (a € I)
and noting that for m € #*@<4*,a € 4", x € X, then

¥5(a)x-x5(a) (M) = (6(@)¢px — x5 (a)) (m) = (x, 5 (o (m)) D(a)). (4.11)
Since A is G-neo-unital, so X = X6 (#%). So for each a € A and x € X, we have

(6(a)x - X5(a),fa> = <(F6'(a)x—x5(a)///lzx>

= li;n<m£, W6 (a)x—x6(a) >
(4.12)
= (6(a)yx ~ ::0(a), ) ~lim (1,5 (o (k) D(@)) )

= (@x, a0 (a) — 6(a)pa) — (x, 7 (o) D(a)).
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Thus,
|{x,6(a) fa = faG(a)) — (x,D(a))||
< |[{¢px, G (@) pta = paG (@) || + llxl]|or™ (1) = €][ID(a) (4.13)
<|IDI- x| (@) pta = pad (@) || + llxll[| 7 () = e|[ID (@)1,
and, therefore, D = limaﬁz. It follows that «#* is G-a.a and so « is o-a.a. O

Proposition 4.10. Suppose that o is o-a.a, and let
s0—x Ly (4.14)

be an admissible short exact sequence of left A-module and left o-A-module homomorphism. Then
2, o-approximately split, that is, there is a net G, : 2 — Y of right inverse maps to g such that
lim,(c(a)Gy — Gyo(a)) =0 for a € A, and anet F, : Y — X* of left inverse maps to f such that
lim,(o(a) fa — fao(a)) =0 fora € A.

Proof. Following the proof of [2, Theorem 2.3], for a right inverse G for g, oc-approximate
amenability gives a net (¢p,) C B(X, X*) such that

o(a)-G-G-o(a) = ligln(o(a) - fGa— fGy-0(a)) (ach). (4.15)
Setting G, = G — fy, gives the required net. Applying the same argument as [2,
Proposition 1.1] provides (F). O

We recall that if « is a Banach algebra with a weak left (right) approximate identity,
then o has a left (right) approximate identity [1, Lemma 2.2].

Corollary 4.11. Suppose that Banach algebra &4 is o-a.a, then o(#) has left and right approximate
identities.

Corollary 4.12. Suppose that Banach algebra o4 is o-a.a and o is a bounded epimorphism of 4, then
oA has left and right approximate identities.

Lemma 4.13. Let o be a bounded idempotent endomorphism of Banach algebra &4 and X a o-neo-
unital Banach HA-module. If (e) , is a bounded approximate identity in 4, then (o (ey)), is a bounded
approximate identity for X.

Proof. For every a € & we have e,0(a) — o(a). Since o is idempotent, o(e )o(a) — o(a).
For each x € X, there exists a € «# and y € X such that x = o(a) - y. Therefore,

o(es) - x=0(es)o(a) -y —o(a) - y=x, (4.16)

which shows that (o(e,)) is a bounded approximate identity for X. O
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It is often convenient to extend a derivation to a large algebra. If a Banach algebra I is
contained as a closed ideal in another Banach algebra <4, then the strict topology on «/ with
respect to I is defined through the family of seminorms (F;);.;, where

Pi(a) = ||ai| + |lia]| (a € #). (4.17)

Note that the strict topology is Hausdorff only if {fa e # :a-1=1-a= {0}} = {0} [3].

Proposition 4.14. Let <# be a Banach algebra and I a closed ideal in A4. let o be a bounded idempotent
endomorphism of # and I has a bounded approximate identity. Let X be a o-neo-unital Banach I-
module and D : I — X* a o-derivation. Then, X is a Banach #A-bimodule in a canonical fashion, and
there is a unique o-derivation D:o# — X*such that

(i) Dli =D,

(ii) D is continuous with respect to the strict topology on <# and the w*-topology on X*.
Proof. Since X is a o-neo-unital Banach I-module, so for each x € X, there exists i € I and
y € X such that x = o(i) - y. Define a - x = o(ai) - y(a € &#).

We claim that a - x is well defined, that is, independent of the choices of i and y. Let

i’ € I and y' € X be such that x = (') - v/, and let (e,), be a bounded approximate identity
for I. For each a € &/ and x € X we have

a-x=o(ai)-y=limo(aes) -y
= limo(aey)o(i) - y = limo(aeqs)x
(4.18)
=limo(aes)o (i) -y =limo(aeqd’) - '
a a

=o(ai')-y.

It is obvious that this operation of & on X turns X into a left Banach «#-module. Similarly,
one defines a right Banach «#-module structure on X. So that, eventually, X becomes a Banach
A-bimodule. To extend D, let

D:fA— X, a—w - lim(D(aes) - 0(a) - D(e))- (4.19)

We claim that D is well-defined, that is, the limit in (4.19) does exist. Let x € A, and leti € I
and y € X such that x = y - 0(i). By Lemma 4.13, o(e,) is bounded approximate identity for
X, and we have

(x,D(aeq) —0(a) - D(es)) = (y - (i), D(aeq) — 0(a) - D(ea))

= (y,0(i)D(aey) — o(ia) - D(ea))



Abstract and Applied Analysis 13
= (y,D(iae,) — D(i)o(ae,) — D(iae,) + D(ia)o(eq))
= (o(ea) -y, D(ia)) - (o(aeq) - y, D(i))

-5 (y,D(ia)) - (o(a) -y, D(i)) (a€A).
(4.20)

So the limit in (4.19) exists. Furthermore, fori € I,

D(i) = w* - lim(D(ie,) — o (i) - D(ey))
¢ (4.21)
=w" - lignD(ie,x) —D(iey) + D(i)o(e,) = D(i),

so D is an extension of D. Also for a € & and i € I we have
<l~)a> -0(i) = w* = lim(D(ae,) - o(i) —o(a) - D(e,) - (i)
= w* —lim(D(aeqi) — o(aey) - D(i) — o(a) - D(eqi) + o(a)o(ey) - D))  (4.22)
= w* —lim(D(ae,i) — 0(a) - D(exi)) = D(ai) — o(a) - D(i).
We claim that D is continuous with respect to the strict topology on </ and the w*-topology

an X*.
strict .
Leta, — ain .

Viel, |anl +llian| — llai] +[ia]. (4.23)

For each x € X,

|(x,D(an) ) - (x,D(a) )|
= liinl(x, D(aneu) -o(ay)- D(ea)> - <X,D(t1€,x) -o(a)- D(ea)>|
=lim|(x, D(anex) — D(aes) — 0(a,)D(es) + o(a)D(eq))|
¢ (4.24)
<lim|lx[[[[(D(anea) — D(aea)) = (0(ao) - D(ea) = o(an)D(ea))ll
< lim|lx[[ (D]l anes = aeal| + llo(an) = o(a)[[ID(ea)l)

< lim|x|[([[D][|ax — allllexll + llolllax - allllD(e)l) — O,

so D is continuous.
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It remains to show that D is a o-derivation. From the definition of the strict topology,
we have ae, — ain the strict topology for all a € o because ||ae,i||+|/iae,|| 5 |ail|+|lial G €
I) and so ﬁ(aea) i ﬁ(a). Therefore,

D(ab) = w* - ligflliérlﬁ((aea)(beﬁ))

w" —lim liEnD((aea) (bep))
= w" - lim lign(o(aea)D(beﬂ) + D(ae,) - o(bep)) (4.25)
=w* - lign li£n<cr(aeu)15(beﬂ) + D(aey) 'o(beﬁ)>

= o(a)D(b) + D(a)o(b),

that is, D is o-derivation. ]

Corollary 4.15. Suppose that <4 is o-a.a, where o is bounded idempotent endomorphism of #4,1 is a
closed ideal in <A4. If I has a bounded approximate identity, then I is c-a.a.

Proof. Suppose that I has a bounded approximate identity, X is a o-neo-unital Banach I-
bimodule, and D : I — X* is a o-derivation. By Proposition 4.14, X becomes to a Banach
#-bimodule and D has a unique extension D : &# — AX* which is a o-derivation. Since &4 is
o-a.a,

I{xt} C A st D(a) = limo(a) - x;, ~ x, - 0(a) (aed). (4.26)

So we have D(i) = f)(i) = lim,0(i) - x} — x}, - 0(i), which shows that D = limaS;’; is o-a.i, and
Iis o-a.a. O

Corollary 4.16. Let # be an a.a Banach algebra and I a closed ideal of #. Then &4 /1 is o-a.a for each
bounded endomorphism o of 4 /1.

Proposition 4.17. Let I be a closed ideal of &4 such that o(I) C 1. If 4 is o-a.a, then 4 /1 is G-a.c,
where G is an endomorphism of 4 /1 induced by o (i.e., 6(a+1) = o(a) + I for a € A).

Proof. Let X be a Banach «//I-bimodule and D : #/1 — X a 6-derivation. Then X becomes
an «#/-bimodule with the following module actions:

a-x=umx(a)-x, x-a=x-m(a) (aeHd,xeXN), (4.27)
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where i is the canonical homomorphism o : # — /1. It is easy to see that Dor : A — X
becomes a o-derivation. Since 4 is 0-a.c, there exists a net {x,} C X such that Dosx(a) =
limyo(a) - x4 — x4 - 0(a) (a € #). Therefore, for each (a € A),

D(a+1I) = Dox(a) = liglno(a) “ Xy — Xy - 0(a)

= ligwr(o(a)) “Xq = Xq - 7r(0(a))

(4.28)
= liin(a(a) +1)-x4—x4-(0(a) +1)

=limo(a+ I)x, — x,0(a+1I).

Thus, 4 /1 is 6-a.c. O

Proposition 4.18. Suppose that I is a closed ideal in A. If I is o-amenable and A/ is a.a, then & is
o-a.a.

Proof. Let X be a Banach &/-bimodule and D : &/ — X* a o-derivation. X is a Banach I-
bimodule too.

Clearly, d = D|; : I — X*is a o-derivation, and by o-amenability of I there exists
x; € X* such that D = 623, and, therefore, for each i € I we have d(i) = o(i) - x; — x(, - 0(i). Set
Dy =D- 655. Clearly, D; is o-derivation and D;|; = 0. Now let Xy = span(X -c(I)Uo(I) - X)-
(X/Xy) is a Banach «#/I-bimodule via the following module actions:

(a+1)(x+ Xp) =o(a)x + Ko, (x+Xo)(a+I)=x0(a)+ Xy (xeX,aecd). (429)

Now we define

O

:#%(%)*; <x+%o,ﬁ(a+1)>:(x,D1(a)) (aed,xeX). (4.30)

Leta+I=d +ITand x + Xy =x"+ Xy forsome a,a € 4 and x,x' € X.So a—-a’ € I,and we
have D;(a — a') = 0. Thus, D;(a) = D(a’). Now we have

<x+xo,15(a+1)> = <x'+xo,15(a'+1)>. (4.31)

Thus, (x,D1(a)) = (x',D1(a')) = (x', D1(a)), and, therefore,
(x—=x',D1(a)) = 0. (4.32)
It is enough to show that D (a) is zero on X. Suppose that o(i)x € Xy, we have

(c(i)x, Di(a)) = (x, Di(a)o(i)) = (x, Dy (ai) - (a)Di (i)) = 0, .
(x0(i), D1(a)) = (x,0()D1(a)) = (x, Dy (ia) - Dy (i)a(a)) = 0. '
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Soforallae &, Di(a) =0ono(I)- XU X -oc(I)and so for all a € &4, D1(a) = 0 on Xy. Since

x — x' € Xy, therefore (x — x', D1(a)) = 0 which shows that D; is well defined. We claim that
D is a derivation;

<x + KXo, D((a+ Db+ I))> = (x, D1 (ab))
= (x,0(a)D;(b) + D1(a)o(b))
= (xo(a), D1(b)) + (o (b)x, D1(a))

- <x0'(a) + Ko, Db+ I)> (434)
+ <o(b)x + Ko, D(a+ 1)>
- <(x+xo)(a+1),15(b+1)>

+ <(b+ I)(x + Xo), D(a + 1)>.

So there exists a net (¢p,) C (X/Xo)" such that D = lim,6,,. Let g : X — X /X, be the
quotient map. For every a, (¢,0q) € X*. Set (x},) = (¢p.0q) C X*. We have

(x,Di(a)) = <x +Xo,D(a + 1)>

= <x + Xo,im(a + 1o~ pala+ I)>

= lim(xo(a) + Xo, ¢a) = (0(a)x + Xo, ¢a)

= lim(q(x0()), pa) = (q(0(a)x), Pa) (4.35)
= lim p,0q(x0(a) - 0(a)x) = (xo(a) - o (a)x, x;)

= lign(x,o(a)x; —x,0(a))
= <x, lign 6§;(a)>.

So Dy = D - 6%. = lim,67., and, therefore, D = limaéz’x,, ey Which shows that D is o-a.i and
a a 0
so A is o-a.a. O

Example 4.19. Let o be a Banach algebra and let 0# ¢ € Ball(¢#*). Then « with the product
a-a’ = ¢(a)a' becomes a Banach algebra. We denote this algebra with &,,. It is easy to see that
4, has a left identity e, while it has not right approximate identity, so <4, is not contractible
and is not approximately contractible. Also &4, is biprojective. Now suppose that o : 4, —
A, be defined by o(a) = ¢(a)e. We have

o*(a) = o(p(a)e) = p(a)o(e) = p(a)p(e)e = p(a)e = o(a). (4.36)
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Thus o is idempotent. It is easy to see that e is identity for o(+4,), and since  is biprojective
by [1, Corollary 5.3], &4, is o-biprojective. Thus by [1, Theorem 4.3], &4, is o-contractible and
S0 A4, is o-a.c.

It is easy to see that ker ¢ and all subspaces of ker ¢ are all ideals of <4, and o (ker ¢) C
ker ¢ so o(I) C I for each ideal of &/. Therefore, by Proposition 4.17, &4,,/1 is G-a.c for each
ideal I of A, where 6(a+1) =0o(a) +1=¢(a)e+1.

Corollary 4.20. Suppose that o is a bounded idempotent endomorphism of Banach algebra <4. Then
o is o-a.a if and only if there are nets (ply) in (ARHA)™ and (F,),(Ga) C H#**, such that for each
aeH,

(1) o) - W — py - o(a) + Fa© 0(a) - 9(a) © G — 0,
(2) 0(a) - Fa = 0(a),Ga - (@) = 0(a),
(3) 7™ (pa) - 0(a) = Fa-0(a) - Gy -0(a) — 0.
Proof. Suppose that & is 0-a.a, take the net (y,) given in Proposition 4.9 and write

Ua = o —Fr@e-®Gy+c e, (4.37)

where (i) C (ARA)™, (Fa), (Ga) C A*,and (c,) C C. Applying 7**, r** (i) = Fa =Gy +co€ —
e, hence c, — 1, then

a**(uy) -0(a) = Fa-0(a) = Gy-o(a) +é-o(a) — e-o(a) (aed). (4.38)

So we have (iii) further, by Proposition 4.9, for a € 4,

G(a) -y —6(a) - Fa0é-6(a)®Gy+6(a)®e
(4.39)

noo=

+U,-0(a)+Fr®6(a)+e®G,-0(a)—e®d(a) — 0.

Thus 6(a) - py—py-6(a)+F,©6(a)-0(a)@G, — 0,and 6(a)-Fx — 6(a),Gy-6(a) — &(a).
Soforae 4,

o(a) - py—py-o(a)+Fao0(a)—o(a)® G, — 0,
(4.40)
o(a) - Fy, — o(a), Gy -0(a) — o(a).
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Conversely, setc, =1 and p, = piy —-F,®e - e® G, + e ® é. We have

G(a+a) o~ o 5(a+a) = (0(a) + &) - o~ pa - (0(a) + @)

0(a) - pa — pa - 0(a) + apla — Ay

o(a) - pa = pa - 0(a)

o(a) -y, —o(a)Fy,®e—o(a) ® G,

(4.41)
+0(a)®e(-uy - o(a)
+F,®0(a) +e®Gyo(a)—e®o(a))
=0(a) - fy — po - 0(a)
+F,®0(a)—oc(a)eG, — 0 (aeA).
SoG(a) - pa — pa - 6(a) — 0 (a € 4. Also
7 (pe) -0(a) = o™ (py —Fa®e -G, +e®e)o(a)
= (uy)o(a) — Fy - o(a) (4.42)
-Gy-0(a)+0o(a) —o(a) (aeH),
and so 7**(u.) — €. Now, by Proposition 4.9, & is 0-a.a. O

For o-approximate contractibility we have the following parallel result.
Proposition 4.21. o is o-a.c if and only if any of the following equivalent conditions hold:

(1) there is a net (pa) C A*@A" such that for each a € A*, 0(a) - po — po - 0(a) — 0and
T (fa) — €

(2) there is a net (ul,) C A*@A" such that for each a € A", o(a) - yly — p, - o(a) — 0and
(i) = €

(3) there are nets (p) C ARA, (Fy),(Ga) C A, such that for each a € A,

(i) o(a) - uh — o -o(a)+ Fa@0(a) —o(a) ®G, — 0;

(ii) 6(i) - Fa — 0(a),Gy-0(a) — o(a);
(iii) o (py) - 0(a) = Fa - 0(a) = Ga - 0(a) — 0.

We know Banach algebra <4 is amenable if and only if &/ has bounded approximate
diagonal [3].

Proposition 4.22. Banach algebra & is o-amenable if and only if # has bounded approximate o-
diagonal, that is, there is a bounded net (pa) C AR such that for each a € #, 0(a) - pa—pa-0(a) —
0and 7 (uy) - o(a) — o(a).

Proposition 4.23. If Banach algebra &4 is o-amenable, then 4 is o-a.c.
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Proof. Suppose that «# is o-amenable. Then there exists a bounded net (y,) in 4 ® +# such that
foreach a € &4,

0(a) - pa — po - 0(a) — 0, 7 (pa) - o(a) — o(a). (4.43)

Set fo = o (pq). It is easy to see that (f,) is a bounded approximate identity. Then y, =
Ua + fa ® foand Fp = G, = f, satisfy (i)—(iii) of Proposition 4.21, because

(i) o(a) - po— po-0(a) + fa®0(a) —0(a) ® fa = 0(a) - pa — pa - 0(a) + 0(a) fa ® fu = fa ®
o(a)+ fa®o(a)-c(a)® fa — 0 (acA),

(ii) o(a) - fa = o(a) - w(Ha) — o(a), fa-o(a) =x(4a) -o(a) — o(a),
(iii) o (py) - 0(a) = w(pa + fa ® fo) - 0(a) = fo-o(a) + f2-o(a).

So
w(uy) -o(a) = Fr-0(a) =Gy o(a) = foa-o(a) + f2-0(a) = fa-0(a) - foa-o(a) — 0. (4.44)

Note that f2 is a bounded approximate identity too, thus, by Proposition 4.21, o/ is 0-a.c. [

Corollary 4.24. Suppose that 4 is a 0-a.a Banach algebra where o is an idempotent endomorphism of
o and I is a closed two-sided ideal of # which o(I) has a bounded approximate identity and o(I) C I.
Then, I is o-a.a.

Proof. Let {e,} be a bounded approximate identity in o(I), so {€,} is bounded net in o(I)™,
and so by Banach-Alaoglu theorem there exists a subnet {és} C {é,} and E € o(I)*" such that

ep Y E.Eisa right identity in o(I)™ because for each F € o(I)™ and f € o(I)",
(f, FOE) = (f - E.E) =lim(ep, fF) = lim{ey, F) = (£, F). w1

Also E acts as an identity on o(I) itself. Let (ua), (Fa), (Ga) be the nets given by
Corollary 4.20 for «. Define p), = E - p, - E € (I®I)™,F, = E-F, € I**,and G, = G, - E € I'"**.
Then, fori € I,

(i) we consider

o (i) - py — ply - 0(0) + Fy © 0(i) - o(i) © G,
=0()-E-poE-E-py-E-0(i)+E-F,®0(i)—0(i)®@G, - E
=0(i) o E-E-pao(i)+E-Fo®0(i) —0(i) ®Gy - E
(4.46)
=E-0(i) pa E-E-py-0(i)-E
+E-F,®0()-E-E-0(i)®G,-E

=E(0(i) pa — pa - 0(i) + Fx®0(i) —0(i) ® Gs) - E — 0,
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(ii) we consider

o()-F,=0()-E-Fy=0()Fx — 0(i),

(4.47)
G,-0(i)=Ga-E-0(i) =Gy 0(i) — o(i)
(iii) we consider
" () -0(a) ~ F, - o(a) - G~ o(a)
=]Z.**(E.#a.15) 'G(Ll)—E'Fa'O(a)—Ga-E-G(a)
=E- -7 (fa)-E-0(a)—E-Fy-0(a) - Gu-o(a) (4.48)

=E- -7 (fa) - 0(a) —E-Fy-0(a) - Gy - 0(a) — E - Gzo(a) + E - Gzo(a)
=E- (™ (ua) - 0(a) - Fx.o(a) — Geo(a)) + (E - €)Gao(a) — 0.

An alternative proof would be to follow the standard argument stated in Corollary 4.15. [
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