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We introduce a new iterative algorithm for solving a common solution of the set of solutions of
fixed point for an infinite family of nonexpansive mappings, the set of solution of a system of
mixed equilibrium problems, and the set of solutions of the variational inclusion for a p-inverse-
strongly monotone mapping in a real Hilbert space. We prove that the sequence converges strongly
to a common element of the above three sets under some mild conditions. Furthermore, we give a
numerical example which supports our main theorem in the last part.

1. Introduction

Let C be a closed convex subset of a real Hilbert space H with the inner product (-,-) and the
norm || - ||. Let F be a bifunction of C x C into R, where R is the set of real numbers, ¢ : C — R
be a real-valued function. Let A be arbitrary index set. The system of mixed equilibrium problem
is for finding x € C such that

Fe(x,y) +9(y) —9(x) 20, keA, VyeC. (1.1)
The set of solutions of (1.1) is denoted by SMEP(Fj), that is,

SMEP(Fi) = {x € C:= Fc(x,y) +9(v) —p(x) >0, k € A, Yy € C}. (1.2)
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If A is a singleton, then problem (1.1) becomes the following mixed equilibrium problem: finding
x € C such that

F(x,y) +9(y) —p(x) 20, VyeC. (13)

The set of solutions of (1.3) is denoted by MEP(F).
If ¢ = 0, the problem (1.3) is reduced into the equilibrium problem [1] for finding x € C
such that

F(x,y) >0, VyeC (1.4)

The set of solutions of (1.4) is denoted by EP(F). This problem contains fixed-point problems,
includes as special cases numerous problems in physics, optimization, and economics. Some
methods have been proposed to solve the system of mixed equilibrium problem and the
equilibrium problem, please consult [2-19].

Recall that, a mapping S : C — C is said to be nonexpansive if

[|Sx = Sy|| < |lx- v, (1.5)

for all x,y € C. If C is a bounded closed convex and S is a nonexpansive mapping of C into
itself, then F(S) is nonempty [20]. Let A : C — H be a mapping, the Hartmann-Stampacchia
variational inequality for finding x € C such that

(Ax,y-x)>0, VYyeC. (1.6)

The set of solutions of (1.6) is denoted by VI(C, A). The variational inequality has been
extensively studied in the literature [21-28].

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems. Convex minimization problems have a great impact and
influence on the development of almost all branches of pure and applied sciences. A typical
problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive
mapping on a real Hilbert space H:

0(x) = %(Ax,x) -(x,y), VYx€F(S), (1.7)

where A is a linear bounded operator, F(S) is the fixed point set of a nonexpansive mapping
S, and vy is a given point in H [29].

We denote weak convergence and strong convergence by notations — and —,
respectively. A mapping A of C into H is called monotone if

(Ax - Ay, x-y) >0, (1.8)
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for all x,y € C. A mapping A of C into H is called a-inverse-strongly monotone if there exists a
positive real number a such that

(Ax - Ay,x—y) 2 a|| Ax - Ay]", (19)

forall x, y € C. Itis obvious that any a-inverse-strongly monotone mappings A are monotone
and Lipschitz continuous mapping. A linear bounded operator A is strongly positive if there
exists a constant y > 0 with the property

(Ax,x) > 7|, (1.10)

for all x € H. A self-mapping f : C — C is a contraction on C if there exists a constant
a € (0,1) such that

£ )= fFW) |l <allx -yl (1.11)

for all x,y € C. We use Ilc to denote the collection of all contraction on C. Note that each
f €TIlc has a unique fixed point in C.

Let B: H — H be a single-valued nonlinear mapping and M : H — 2 be a set-
valued mapping. The variational inclusion problem is to find x € H such that

0 € B(x) + M(x), (1.12)

where 0 is the zero vector in H. The set of solutions of problem (1.12) is denoted by I(B, M).
The variational inclusion has been extensively studied in the literature, see, for example, [30-
32] and the reference therein.

A set-valued mapping M : H — 2 is called monotone if for all x,y € H, f € M(x),
and g € M(y) impling (x -y, f — g) > 0. A monotone mapping M is maximal if its graph
G(M) = {(f,x) €e Hx H : f € M(x)} of M is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping M is maximal if and only if
for (x,f)e HxH, (x-y, f-g)>0forall (y,g) € G(M) impling f € M(x).

Let B be an inverse-strongly monotone mapping of C into H, and let Ncv be normal
cone to Catwv € C, thatis, Ncv={w e H : (v—-u,w) >0, for all u € C}, and define

Bv + Nco, ifveC,
Tov = (1.13)
@, ifvéeC.

Then, T is a maximal monotone and 6 € Tv if and only if v € VI(C, B) (see [33]).
Let M : H — 2H be a set-valued maximal monotone mapping, then the single-valued
mapping Jay : H — H defined by

Tva(x) = (I+AM) ' (x), xeH, (1.14)

is called the resolvent operator associated with M, where \ is any positive number and I is
the identity mapping. It is worth mentioning that the resolvent operator is nonexpansive,
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l-inverse-strongly monotone, and that a solution of problem (1.12) is a fixed point of the
operator Jar, (I — AB) for all A > 0, (for more details see [34]).

In 2000, Moudafi [35] introduced the viscosity approximation method for nonexpan-
sive mappings and proved that if H is a real Hilbert space, the sequence {x,} defined by the
iterative method below, with the initial guess x € C is chosen arbitrarily,

Xn+1 = O f (xy) + (1 —a)Sx,, 120, (1.15)

where {a,} C (0,1) satisfies certain conditions and converges strongly to a fixed point of S
(say x € C), which is then a unique solution of the following variational inequality:

(I-f)x,x-x)>0, VxeF(S). (1.16)

In 2006, Marino and Xu [29] introduced a general iterative method for nonexpansive
mapping. They defined the sequence {x,} generated by the algorithm x, € C,

Xn+1 = oY f(xn) + (I — 2, A)Sx,, n>0, (1.17)

where {a,} C (0,1), and A is a strongly positive linear bounded operator. They proved that
if C = H, and the sequence {a,} satisfies appropriate conditions, then the sequence {x,}
generated by (1.17) converges strongly to a fixed point of S (say x € H) which is the unique
solution of the following variational inequality:

((A-yf)X,x-%) >0, VxeF(S), (1.18)

which is the optimality condition for the minimization problem

1
i (A - .
xeF(IsI}rlwII}P(FQ %,x) = h(x), (1.19)

where h is a potential function for yf (i.e., I'(x) = yf(x) for x € H).

For finding a common element of the set of fixed points of nonexpansive mappings
and the set of solution of the variational inequalities. Let Pc be the projection of H onto C. In
2005, Iiduka and Takahashi [36] introduced the following iterative process for xy € C,

Xp1 = au+ (1 —a,)SPe(x, — \,Axy,), Yn>0, (1.20)

where u € C, {a,} C (0,1), and {A,} C [a,b] for some a,b with 0 < a < b < 2. They
proved that under certain appropriate conditions imposed on {a,} and {\,}, the sequence
{x,} generated by (1.20) converges strongly to a common element of the set of fixed points of
a nonexpansive mapping and the set of solutions of the variational inequality for an inverse-
strongly monotone mapping (say x € C) which solve some variational inequality

(x—u,x-x)>0, VxeF(S)NVIC,A). (1.21)
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In 2008, Su et al. [37] introduced the following iterative scheme by the viscosity ap-
proximation method in a real Hilbert space: x1,u, € H

F(u"’y) +i<y_umun_xn> >0, vyEC,
T (1.22)

Xn41 = O f (xn) + (1 — a) SPc(un — Ly Auy,),

for all n € N, where {a,} C [0,1) and {r,} C (0, c0) satisfing some appropriate conditions.
Furthermore, they proved that {x,} and {u,} converge strongly to the same point z € F(S) N
VI(C, A) NEP(F), where z = Pr(s)nvi(c,a)nep(F) f (2)-

Let {T;} be an infinite family of nonexpansive mappings of H into itself, and let {1;}
be a real sequence such that 0 < \; <1 for every i € N. For n > 1, we defined a mapping W,
of H into itself as follows:

un,n+1 =1,
un,n = /lnTnun,nJrl + (1 - /\n)Ir

U,k = MUy + (1= M), (1.23)

Lln,z = /\szun,g, + (1 - ./\,2)[,
Wy =U,1 = LTy + (1- )L

In 2011, He et al. [38] introduced the following iterative process for {T,, : C — C}
which is a sequence of nonexpansive mappings. Let {z,} be the sequence defined by

Zpi1 = €xY f(2n) + (I - en)WnK1 K2 ... KK = Vn € N. (1.24)

rnTrnn rg,n<ns

The sequence {z,} defined by (1.24) converges strongly to a common element of the set of
fixed points of nonexpansive mappings, the set of solutions of the variational inequality,
and the generalized equilibrium problem. Recently, Jitpeera and Kumam [39] introduced
the following new general iterative method for finding a common element of the set of
solutions of fixed point for nonexpansive mappings, the set of solution of generalized mixed
equilibrium problems, and the set of solutions of the variational inclusion for a f-inverse-
strongly monotone mapping in a real Hilbert space.

In this paper, we modify the iterative methods (1.17), (1.22), and (1.24) by purposing
the following new general viscosity iterative method: xy, 1, € C,

_ Fn Fnq Fnoo F. F
up = Kyl - Ko Ky K2y - KoLy - X, VREN

X1 = Pe[eny f(xn) + (I — €2 A)Wa M (ttn — ABuy)],

(1.25)
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for all n € N, where {a,} C (0,1), {r.} C (0,20), and X € (0,2p) satisfy some appropriate
conditions. The purpose of this paper shows that under some control conditions the sequence
{xn} converges strongly to a common element of the set of common fixed points of nonex-
pansive mappings, the solution of the system of mixed equilibrium problems, and the set of
solutions of the variational inclusion in a real Hilbert space. Moreover, we apply our results
to the class of strictly pseudocontractive mappings. Finally, we give a numerical example
which supports our main theorem in the last part. Our results improve and extend the
corresponding results of Marino and Xu [29], Su et al. [37], He et al. [38], and some authors.

2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed and convex subset of H. Recall that
the (nearest point) projection Pc from H onto C assigns to each x € H and the unique point
in Pcx € C satisfies the property

Il = Pex] = min|x ~ ], (2.1)
which is equivalent to the following inequality
(x=Pcx,Pcx-y) >0, VYyeC. (2.2)

The following characterizes the projection Pc. We recall some lemmas which will be needed
in the rest of this paper.

Lemma 2.1. The function u € C is a solution of the variational inequality if and only if u € C satisfies
the relation u = Pc(u — ABu) forall A > 0.

Lemma 2.2. Foragivenz€ H ue C,u=Pezs (u-z,v-u) >0, Yo e C.
It is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies
|| Pex - Pcy||2 <(Pcx-Pcy,x-vy), Vx,ye€H. (2.3)

Moreover, Pcx is characterized by the following properties: Pcx € C and for all x € H,y € C,

(x = Pcx,y — Pcx) < 0. (2.4)

Lemma 2.3 (see [40]). Let M : H — 2! be a maximal monotone mapping, and let B: H — H be
a monotone and Lipshitz continuous mapping. Then the mapping L = M+ B : H — 2H is a maximal
monotone mapping.

Lemma 2.4 (see [41]). Each Hilbert space H satisfies Opial’s condition, that is, for any sequence
{xn} C H with x, — x, the inequality iminf, _, . ||x, — x|| < liminf,_, ||x, — y||, hold for each
y € Hwithy #x.
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Lemma 2.5 (see [42]). Assume {a,} is a sequence of nonnegative real numbers such that

ani1 < (L—yn)an+06,, VYn2>0, (2.5)

where {y,} € (0,1) and {6,} is a sequence in R such that

(i) Xz Yn = 00,
(i) limsup,,_,  6,/yn <007 3721 [64] < o0.

Then lim,, _, xa, = 0.

Lemma 2.6 (see [43]). Let C be a closed convex subset of a real Hilbert space H, and let T : C — C
be a nonexpansive mapping. Then I — T is demiclosed at zero, that is,

Xy — X, X, —Tx, — 0, (2.6)

implying x = Tx.

For solving the mixed equilibrium problem, let us assume that the bifunction F : C x
C — R and the nonlinear mapping ¢ : C — R satisfy the following conditions:

(A1) F(x,x) =0forallx € C;
(A2) F is monotone, that is, F(x, y) + F(y,x) <0 for any x,y € C;

)

)
(A3) for each fixed y € C, x — F(x,y) is weakly upper semicontinuous;
(A4) for each fixed x € C, y — F(x,y) is convex and lower semicontinuous;
)

(B1) for each x € C and r > 0, there exist a bounded subset D, C C and y, € C such that
forany z € C\ Dy,

F(z,yx) +¢o(yx) — p(z) + %(yx -z,z-x) <0, (2.7)

(B2) C is a bounded set.

Lemma 2.7 (see [44]). Let C be a nonempty closed and convex subset of a real Hilbert space H. Let
F : C x C — R be a bifunction mapping satisfying (A1)-(A4), and let ¢ : C — R be a convex and
lower semicontinuous function such that C N dom ¢ # 0. Assume that either (B1) or (B2) holds. For
r > 0and x € H, then there exists u € C such that

1
F(uy) +¢(y) - p@) + —(y ~u,u-x) 20. (2.8)
Define a mapping K, : H — C as follows:

K, (x) = {u €eC:F(uy)+o(y)—p)+ %(y—u,u—x) >0, Yy e C}, (2.9)



8 Journal of Applied Mathematics
forall x € H. Then, the following hold:

(i) K; is single-valued;

(ii) K, is firmly nonexpansive, that is, for any x,y € H, | K,x - K,y||*> < (K,x-K,y,x-y);
(iii) F(K,) = MEP(F);
(iv) MEP(F) is closed and convex.

Lemma 2.8 (see [29]). Assume A is a strongly positive linear bounded operator on a Hilbert space
H with coefficient ¥ > 0and 0 < p < ||A||™", then ||I - pA|| <1 - py.

Lemma 2.9 (see [38]). Let C be a nonempty closed and convex subset of a strictly convex Banach
space. Let {Ti},cn be an infinite family of nonexpansive mappings of C into itself such that
NieNF(T;) #0, and let {A;} be a real sequence such that 0 < \; < b < 1 for every i € N. Then
F(W) = nienF(T3) #0.

Lemma 2.10 (see [38]). Let C be a nonempty closed and convex subset of a strictly convex Banach
space. Let {T;} be an infinite family of nonexpansive mappings of C into itself, and let {\;} be a real
sequence such that 0 < \; < b < 1 for every i € N. Then, for every x € C and k € N, the limit
lim,, _, U, i exist.

In view of the previous lemma, we define

Wx = lim U, x = lim W,x. (2.10)

n—oo n— oo

3. Strong Convergence Theorems

In this section, we show a strong convergence theorem which solves the problem of finding
a common element of the common fixed points, the common solution of a system of mixed
equilibrium problems and variational inclusion of inverse-strongly monotone mappings in a
Hilbert space.

Theorem 3.1. Let H be a real Hilbert space and C a nonempty close and convex subset of H, and let
B be a p-inverse-strongly monotone mapping. Let ¢ : C — R be a convex and lower semicontinuous
function, f : C — C a contraction mapping with coefficient a (0 < a <1),and M : H — 2H g
maximal monotone mapping. Let A be a strongly positive linear bounded operator of H into itself with
coefficient y > 0. Assume that 0 <y <y/aand X € (0,2f). Let {T,} be a family of nonexpansive
mappings of H into itself such that

o) N
0 :=(F(T,) N <ﬂSMEP(Fk)> NI1(B, M) #0. (3.1)

n=1 k=1
Suppose that {x,} is a sequence generated by the following algorithm for xo € C arbitrarily and

_ Fn Fnq Fnoo F. F
up = Kyl Ko Ky Ky - KoLy - X, VREN

X1 = Pe[eny f(xn) + (I — €2 A)Wa M (ttn — ABuy)],

(3.2)
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forallm=1,2,3,..., where

Kfiin(x) = {un €C: Fi(uny) +o(y) — p(u,) + %(y— Un, Un — Xn) 20, Vy € C},
: in (33)

i=1,23,...,N,

and the following conditions are satisfied
(Cl) {en} C (O/ 1)/hmn—>O€n =0, Zz.;l €y = 0O, Z;oﬂ |€n+1 - €n| < o,
(C2): {rn} C [c,d] withc,d € (0,20) and 3771 |tns1 — Tn| < o0.

Then, the sequence {x,} converges strongly to q € 0, where g = Po(yf + I — A)(q) which
solves the following variational inequality:

((rf-A)gp-q)<0, VYpeb, (3.4)

which is the optimality condition for the minimization problem
mink(Aq,q) - h(q) (3.5)
vee 2 9.9 q), :

where h is a potential function for yf (i.e., W' (q) = yf(q) for g € H).

Proof. For condition (C1), we may assume without loss of generality, and e, € (0, ||Al|™") for
all n. By Lemma 2.8, we have ||I - €, A|| < 1-¢€,Y. Next, we will assume that |- A| < ||[1-7]|.
Next, we will divide the proof into six steps.

Step 1. First, we will show that {x,} and {u,} are bounded. Since B is p-inverse-strongly
monotone mappings, we have
|(I = AB)x - (I - AB)y||” = ||Ix - ABx — Iy + \By||’
= || = v — ABx + ABy||’
= [|(x - ) - A(Bx + By) |’
(3.6)
< |lx =y |I” = 24(x ~ y)(Bx + By) + 1*|| Bx ~ By

< [lx = yII” - 24p]|Bx + By||" + 1*|| Bx - By||"

2
7

<|lx=ylI* + 4(A - 2p)||Bx + By

if 0 < A < 2p, then I — AB is nonexpansive.
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Put v, == Jma(uy — ABuy),n 2 0. Since Jpr) and I — AB are nonexpansive mapping, it

follows that

lyn = qll = 1T (tn = ABuy) = Tna(q - ABg) ||
< || (un = ABuy) = (q - ABq) ||

< flun -~ all-
By Lemma 2.7, we have
F Fn- Fn- F. F
Uy = Ky - KN - KGN e K., Kyl xy, forn>0
k _ 1F) Fi_ F, F
T, = Kol Kyl oo K.}, - K, forke{0,1,2,...,N},

and 70 =1 forallne N, q=1.5q, u, = f:an Then, we have

N F
TrenXn ~ Trendq

n ~ qlI” =

= [lxa -~ all”
Hence, we get
Iy =4l < llxn = qll
From (3.2), we deduce that

l|xne1 = ql| = | Pc(eny f (x0) + (I = €2 A)Woyn) = Peq|
< lea(yf (xn) = Aq) + (I - €2 A) (Wayn — q) |
<enl|yf(xn) = Aqll + (1 =€) lyn - 4|
<eyen|lxn—qll +eallyf(8) - Adll
+ (1= en¥) [|xn =4l
= (1= (y-ve)en)llxn = qll - enllyf (9) - Aq]|

= (1-(F-ve)en)||xn— gl + (F—ve)en ye

| lyf(a) —Aqll}
R CHE

<max{ 2,

lIvf (q) - Aql|
?_

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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It follows by induction that

- A
o qll < max v - ), DT A2 G12)
Yy-Ye
Therefore {x,} is bounded, so are {y,}, { Bu,}, { f(x,)}, and {AW,y,}.

Step 2. We claim that lim,, _, oo |[Xy+1 — X,|| = 0 and lim,, _, || Yn+1 — Yu|| = 0. From (3.2), we have

151 = xull = || P (eny f (xn) + (I = €, A)Wyp) = Pe(€na1y f(xn-1) + (I = €q1 A) Wy ) ||
< || - €AY (Wayn = Wayn1) = (€n — €n1) AWyYn
+Yen(f(xn) = f(xn-1)) + ¥ (€n = €n-1) f (xn-1) |
< (1= en)) |¥n = Ynr || + len — encal|| AWy || + yeenllxn — xnll
+¥len = x| f (xn1) |-

(3.13)
Since Jpy and I — AB are nonexpansive, we also have
lvn = ya-1]| = 1Tma (tn = ABun) = Jasa (tn1 — ABuy1) ||
<y — -)LBun) = (Un-1 — ABuy_1) || (3.14)
< “un - un—l“-
On the other hand, from u,,_1 = Tr’:{ w1 Xn-1 and u, = TN x,,, it follows that
1
F(un-1,y) +9(y) — p(ty1) + -~ (¥ —tn-1,Up1 —x421) 20, VyeC, (3.15)
1
F(un,y) +o(y) — ¢(u,) + r—(y —Up, Uy —Xp) 20, VyeC. (3.16)
Substituting v = u, into (3.15) and v = u,_; into (3.16), we get
F(up-1,un) + @(tn) — (un-1) + - (Un — Up-1,Un-1— Xp-1) 20,
" (3.17)

1
F(up, tne1) + @(Uns1) — o(uy) + r—<un+1 — Uy, UN — Xp) 2 0.
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From (A2), we obtain

Tn- n

Up-1 — Xn-1 Uy — Xn
<un — Up-1, - Z 0/

(3.18)
Tn—
<un —Up-1,Up-1 — Xp-1— - (un - xn)> >0,
Tn
SO,
Yn-1
<un —Up-1,Up-1 — Up + Uy — Xp-1 — r (un - xn)> 2 0. (319)
n
It follows that
Tn-1
<un —Up-1,Up-1 —Up + Uy — Xy — r (un - xn)> 2 O/
! (3.20)

n

<un —Up-1,Up-1 — un> + <un — Up-1, <1 - r:_l > (un - xn)> 2 0.

Without loss of generality, let us assume that there exists a real number c such that r,,; > ¢ >
0, for all n € N. Then, we have

2 Tn-1
”un - unflll < <un — Un-1, <1 - : )(un - xn)>

n
Tn-1
< B =2 1= 22 =

n

(3.21)

and hence

1
”un - un—ln < ”xn - xn—l” + r_lrn - Tn—ll””n - xn”
n

(3.22)
M,
< ”xn - xn—l” + T|r'rl - rn—llr

where M, = sup{||u, — x,|| : n € N}. Substituting (3.22) into (3.14), we have

M
lvn = yna|| < llxn = xna]l + Tllrn = Tnal- (3.23)
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Substituting (3.23) into (3.13), we get

_ M
||xn+1 - xn” < (1 - EnY) <||xn - xn—l” + Tllrn - rn—ll) + |€n - €n—1|”AWnyn—1 II
+ ye€n||xn — x|l + ylen — en—1|”f(xn—1) ”
_ _ M,
= (1= en?)len = xn-all + (1= €n¥) —|r = T + len - en1||| AWy ||
+yeenl|xn — xnal + ylen — en—1|||f(xn—1) ” (3.24)
_ My
< (1= (r-ve)en)llxn = xnall + T|rn — Tna| + l€n — €nal|| AWy ||
+ ¥len = enaall| f (xn-n) |

_ M
< (1 - (Y - Ye)en)”xn = X1 + Tl|rn — Tnt1| + Male, — €,1],

where M, = sup{max{||AW,y,-||, || f(xn-1)|| : n € N}}. Since conditions (C1)-(C2) and by
Lemma 2.5, we have ||x,41 — x4|| = 0asn — oo. From (3.23), we also have ||yy+1 — yul| — 0
asn — oo.

Step 3. Next, we show that lim,, _, »||Bu, — Bg|| = 0.
For g € 0 hence g = Jma (g — ABg). By (3.6) and (3.9), we get

|y = all” = | /st (tn — ABuw) = Jaaa(q - ABg)||®
< || (un = ABuy,) - (q - ABg)||® 525)
< ltn = q||* + M(A - 28) || Bu - Bq|)*

< [|xn = qlI” + A(A - 28) || B, - Bq]|”.
It follows that

ll2n1 = qll* = | Pc(eny f () + (I = €0 AYWoy) = Pe(a) |I°
< llen(yf(xa) = Ag) + (I = en ) (Wayn —9) |
< (enllyf(xa) = Aql| + (1 = a7 [y - 4ll)°
< enllyf Gen) = Aql* + (1~ ea?) |y~ all”
+26, (1~ €n¥) Iy f (xn) = Aq||[|yn — 4|
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< eullyf () = Aq|l” + 2en (1~ ea?) |y f (xa) = Aql |y ~ gl
+ (1= &) ([l = all” + (1 - 26) | B - Ba)
< eullyf (en) = Aql + 264 (1~ ea?) Iy f () = Aqll ||y 4l

+ [l = qll* + (1= ea¥) A(A - 28) | Bu, - Bq*.
(3.26)

So, we obtain

(1- ) A(2B8 - 1) || B — Bq||” < en||yf (xa) - Aq]|?

+ [|xn _xn+1||(||xn - q” + ||x"+1 - q”) +ns

(3.27)

where ¢, = 2e,(1-€,Y) ||y f (x1)—Aglllly»—4|. By conditions (C1), (C3) and limy, —, || xy41—2Xn|| =
0, then, we obtain that ||Bu, — Bq|| — Oasn — oo.

Step 4. We show the following;:

(1) imy, — ool — unl| = 0;
(ii) limy, -, o [Jten — yn” =0;

(iii) imy - o [[y/n = Waynll = 0.

Since K, (x) is firmly nonexpansive and (2.3), we observe that

2

N N
TryonXn — Tr, nq

llen — q]I" =

< (%0 - - 0)
1 , , , (3.28)
= (= alP + e alF 1~ 4~ - g1

1
< 2 (Il =gl + llew = all* =l - ),

it follows that

[ = q||” < (|0 = gl = lotw = uall™ (3.29)
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Since [, is 1-inverse-strongly monotone and by (2.3), we compute

1y = all* = | T3 (1tn = ABun) = Jara (q - ABq) ||?
< {(un — ABu,) — (9= ABq), yn — q)

1
= 5 (164 = ABu) = (g - 1Bg) |* + [|y» - 4’

-/t = ABuy) = (q - ABq) - (yu - @) |I°)

(3.30)
1
< 5 (Il = all* + llya = 4ll* = 1| ttn = yu) = A(Bus — By) ||*)
1
= 5 (Il = al* + 1y = all” = lfen = )
+20(14y = Y, Buty — Bq) = 12| Bu, - Bq||*),
which implies that
Iy = qll* < lln = qll” = [t = v ll” + 2014 = || B — B (3:31)

Substituting (3.31) into (3.26), we have

i1 = ql|” < €nllyf Gn) = Aql* + || ym - ql|* + 260 (1 = &aF) |y £ (xa) = Aq| [y — 4|
< eallyf(xn) - Aq]|* + (||”n =1 = [t = yu||* + 22|t = ||| Brtn - BQ||>

+2€, (1 =€) |y f (xn) = Aq||||yn - 4l|-
(3.32)

Then, we derive

1 = ttall® + (|t = || < €nlly f Cea) = Aq|)” + |20 = ql” = || w1 = q]]*
+ 20 ||n = yn ||| Butn = Bql| + 2€4 (1 = €xY) ||y f (xn) = Aq||[|yn - q-
= eallyf(en) = Al + 10 = Xwa | ([| 20 = ql| + |01 - q])
+ 20|[tn = yul| || Bun — Bq|| +2en (1 - €xY) ||y f (xn) = Aql|{|yn (—3&13“3-)

By condition (C1), lim,, —, o ||x; — Xp+1|| = 0 and lim,, _, .|| Bu,, — Bg|| = 0.
So, we have ||x, — u,|| — O, ||uy — yull = Oasn — oo. It follows that

l2¢n = vu|| < llxn = tnll + ||ttn — yu|]| — 0, as n— co. (3.34)
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From (3.2), we have
120 = Waynl| <[]0 = Wy || + [Waynt = Wayn|

< ”PC(en—lYf(xn—l) + (I - “n—lA)Wnyn—l) - PC(Wnyn—l) ” + ”yn—l - yn”

< ent||y fon1 = AWyt || + [yn-1 = yal|-
(3.35)

By condition (C1) and limy, —, o ||Y#-1 — ¥xl| = 0, we obtain that ||x, - Wy,y,|| — 0asn — oo.
Hence, we have

”xn - ann” < ”xn - Wn]/n” + ”Wn]/n - ann”

(3.36)
< Jloew = Wayml| + [lyn = xa]l-
By (3.34) and lim,,_, oo ||x, — W, || = 0, we obtain ||x,, - W,x,|| — 0asn — oo.
Moreover, we also have
v = Waynll < [lyn = xa|| + [0 = Wayal|- (3.37)

By (3.34) and lim,, _, oo ||x, — Wyy,|| = 0, we obtain ||y, — W,y,|| — Oasn — oo.

Step 5. We show thatg € 0 := (", F(T,)N (ﬂ]k\]:1 SMEP(Fi))NI(B, M) and limsup,, _,_((yf -
A)q, Wypyn —q) < 0. Itis easy to see that Py(y f + (I — A)) is a contraction of H into itself.
Indeed, since 0 < y <y /e, we have

1 Po(yf+ (I =A))x~Po(yf+T-A))yll <yllfx) =) +IT - Alll|x -yl
<yellx =yl + (1 -y)[|x -yl (3.38)
<(-y+ye)|x-yl-

Since H is complete, then there exists a unique fixed point g € H such that g = Py(yf + (I -
A))(g). By Lemma 2.2, we obtain that ((yf - A)q,w —¢g) <0forallw € 6.

Next, we show that limsup, _,_((yf—A)q, Wy, —q) <0, where g = Py(yf +1-A)(q)
is the unique solution of the variational inequality ((yf — A)gq,w —q) > 0 for all w € 6. We
can choose a subsequence {y,,} of {y,} such that

limsup((yf - A)q, Wyayn—q) = ilirg((yf - A)q, Walyn, — q)- (3.39)

n—oo

As {y,,} is bounded, there exists a subsequence {yni]_ } of {yn, } which converges weakly to w.
We may assume without loss of generality that y,, — w.

Next we claim that w € 0. Since ||y, =Wyl — 0, ||xn—Wuxy|| — 0, and ||x, —ya|| —
0, and by Lemma 2.6, we have w € (", F(T,).
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Next, we show that w € (\{_; SMEP(Fy). Since u, = Tml\’,nxn, fork =1,2,3,...,N, we
know that

Fe(un,y) +o(v) — @(u,) + %(y — Up, Up —Xp) >0, VyeC. (3.40)
It follows by (A2) that
¢(y) = p(un) + %(y ~ U, U~ Xn) > F(y, 1), YyeC. (3.41)
Hence, for k =1,2,3,...,N, we get
o (y) —pun) + r%(y — Uy, Un, — Xn,) > Fe(y,un,), Yy eC. (3.42)
Forte (0,1]and y € H, let y; = ty + (1 — t)w. From (3.42), we have

1
02 @(yt) +p(un) = —— (Yo = s thn; = Xn ) + Fic (Y, tn,). (3.43)

i

Since ||uy, — xp,|| — 0, from (A4) and the weakly lower semicontinuity of ¢, (u,, —
Xy, )/1n; — 0and u,, — w. From (A1) and (A4), we have

0=Fr(yr,yt) —o(ye) +o(wr)
<tFe(yr,y) + (1= OF(yr,w) +to(y) + (1 - Hpw) - ¢(yr) (344)
<tHFe(yry) +o(y) — ()]

Dividing by t, we get
Fi(yry) +9(y) = o() 20 (3.45)
The weakly lower semicontinuity of ¢ for k =1,2,3,..., N, we get
Fi(w,y) +o(y) 2 p(w). (3.46)
So, we have

Fe(w,y) +9(y) —p(w) >0, Vk=1,2,3,...,N. (3.47)

This implies that w € ., SMEP(Fy).
Lastly, we show that w € I(B, M). In fact, since B is p-inverse strongly monotone,
hence B is a monotone and Lipschitz continuous mapping. It follows from Lemma 2.3 that
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M + B is a maximal monotone. Let (v,g) € G(M + B), since g — Bv € M(v). Again since

Yn = Jma(Up, — ABuy,,), we have u,, — ABuy,, € (I + AM)(y,,), thatis, (1/A)(u,, — yn, — ABuy,) €
M(yy,). By virtue of the maximal monotonicity of M + B, we have

<U_yni'g_BU_ %(”ni —Yn _/\Buni)> >0, (348)

and hence

<U _yni’g> 2 <‘0 _yni'BU + %(”ni ~ Yn _/\Buni)>

1
= <U - y"i’Bv - By"i> + <U - yni/Byni - Bu"i> + <U = Ynis X(”Tli - yni)>'
(3.49)

It follows from limy, _, ||, — ¥u|| = 0, we have lim,, _, .|| Bu,, — By, || = 0 and y,, — w, it follows
that

limsup(v — yn, g) = (v-w, g) > 0. (3.50)

n—oo

It follows from the maximal monotonicity of B+ M that 6 € (M + B)(w), thatis, w € I(B, M).
Therefore, w € 0. We observe that

timsup{(yf = A)q, Wayn = q) = im {(yf = A)q, Wan, = ) = ((vf - A)q, w0 - ) < 0.
(3.51)

Step 6. Finally, we prove x, — g. By using (3.2) and together with Schwarz inequality, we
have

%1 = ql* = P (eny f(xn) + (I = €4 A)Way) = Pe(q) |

< llen(yf Cea) = Aq) + (I - €2 A) (Wayn - 9) |

< (1= e AV [|(Wayn = ) |I” + enllvf (o) = Aq|®
+ 2en{(I = €nA) (Watrn — q), 1 f (xu) — Ag)

< (1-e])’[lya = all” + enlly f (x) - Aq]]®
+ 260 (Wnyn — 4,7 f (xn) = Aq) = 26;( A(Woyu - ), 7 f (xn) = Aq)

< (1= ead)’[|xn = qlI” + exlly f (xn) = Aqll” + 260 (W = 4,7 f (x0) =Y (9))
+26n(Wayn = 4,Yf(q) = Aq) = 265( AWy = q), Y f (xn) = Aq)



Journal of Applied Mathematics 19
< (1-ed)’[|x = qll” + enlly f(xa) = Aq|l® + 2ea Wy = qll v (en) = v (@) |
+2en(Wayn — 4,7 (q) = Aq) = 26, (A(Wuyn = q), Y f (xn) = Aq)
< (1= ea?)’[|xn = qlI* + exlly £ (xn) = Aqll” + 2yeenl|yn - qll[|x: - 4
+260(Watyn = 4,Yf (q) = Aq) = 26, (A(Wayn = q), Y f (xn) = Aq)
< (1= &) [|xn = qll” + exlly f (xa) = Aq||” + 2yeen||xn - q]|°
+2ex(Wayn = 4,Yf(q) = Aq) = 265( AWy = q), Y f (x2) = Aq)
< ((1-eny)* + 2yeen) [ xn -l
+enf enllyf (xa) = Aql* + 2(Wayn - .7 (q) - Ag)
=264 || A(Waya = @) 17 () - Aq|}
= (1-2(v - ye)en)[|xn - 4’
+ea{enllyf (ea) = Al + 2(Waya - 4,7f (4) - Aq)
= 2eul| A(Wnyn — @) [l (xa) - Aql|
et [lxn - aqll*}-

(3.52)

Since {x,} is bounded, where 77 > |ly f (%) = AqlI* = 2l AWoypn — @) lIlly f (%) — Aql| +
?2||xn - q||2 for all n > 0. It follows that

st = all* < (1=2(F - ye)en) s~ al* + ey (353)

where 6, = 2(Wy,y, — q,vf(q) — Aq) + nay. Since limsup, _,_((yf — A)g, Wayn —q) <0, we
get limsup, | 6, < 0. Applying Lemma 2.5, we can conclude that x, — g. This completes
the proof. 0

Corollary 3.2. Let H be a real Hilbert space and C a nonempty closed and convex subset of H. Let
B be p-inverse-strongly monotone and ¢ : C — R a convex and lower semicontinuous function. Let
f : C — C be a contraction with coefficient a (0 < a < 1), M : H — 2H g maximal monotone
mapping, and {T,} a family of nonexpansive mappings of H into itself such that

n=1 k=1

© N
6 :=(\F(T,)N <ﬂ5MEP(Fk)> NI1(B, M) #0. (3.54)
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Suppose that {x,} is a sequence generated by the following algorithm for x, u, € C arbitrarily:

_ N Fn-1 Fn-2 F. F
U, = Krn,n'Krn_l,n'Krn_z,n""'K : Ko'o-x, VneN

n,n n,n

(3.55)
Xn+1 = Pc [enf(xn) + (I = en) Wi ma (un - )LBun)]/

foralln=0,1,2,..., and the conditions (C1)—(C3) in Theorem 3.1 are satisfied.

Then, the sequence {x,} converges strongly to q € 0, where q = Po(f + I)(q) which solves the
following variational inequality:

((f-I)g,p—q)<0, Vpeb. (3.56)

Proof. Putting A = I and y =1 in Theorem 3.1, we can obtain the desired conclusion immedi-
ately. O

Corollary 3.3. Let H be a real Hilbert space and C a nonempty closed and convex subset of H. Let
B be p-inverse-strongly monotone, ¢ : C — R a convex and lower semicontinuous function, and
M : H — 29 g maximal monotone mapping. Let {Ty,} be a family of nonexpansive mappings of H
into itself such that

© N
6 :=(\F(T,) N <ﬂSMEP(Fk)> NI1(B, M) #0. (3.57)

n=1 k=1
Suppose that {x,} is a sequence generated by the following algorithm for xo,u € C and u,, € C:

_ wFn Fna Fnoo F. F
Uy = Ko K - Ko e K2, K. -x,, VneN

nn r,n

(3.58)
Xpi1 = Pelequ+ (I — €)WnJma (Un — ABuy)],

foralln=0,1,2,..., and the conditions (C1)—(C3) in Theorem 3.1 are satisfied.
Then, the sequence {x,} converges strongly to q € 0, where q = Py(q) which solves the
following variational inequality:

(u-q,p-q)<0, VYpebo. (3.59)

Proof. Putting f(x) = u, for all x € C in Corollary 3.2, we can obtain the desired conclusion
immediately. O

Corollary 3.4. Let H be a real Hilbert space and C a nonempty closed and convex subset of H, and
let B be p-inverse-strongly monotone mapping and A a strongly positive linear bounded operator of
H into itself with coefficient y > 0. Assume that 0 <y <y/a. Let f : C — C be a contraction with
coefficient a(0 < a < 1) and {T,,} be a family of nonexpansive mappings of H into itself such that

0 := ﬁF(Tn) NVI(C, B) #0. (3.60)

n=1
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Suppose that {x,} is a sequence generated by the following algorithm for xo € C arbitrarily:
Xn+1 = Pc [ean(xn) + (I - e, A)W, Pc(xy, - )‘an)]/ (3.61)

foralln=0,1,2,..., and the conditions (C1)—(C3) in Theorem 3.1 are satisfied.
Then, the sequence {x,} converges strongly to q € 0, where q = Po(yf + I — A)(q) which
solves the following variational inequality:

((rf-A)gp-q)<0, VYpeo. (3.62)

Proof. Taking F =0, =0, u, = x,, and Jp, = Pc in Theorem 3.1, we can obtain the desired
conclusion immediately. O

Remark 3.5. Corollary 3.4 generalizes and improves the result of Klin-Eam and Suantai [45].

4. Applications

In this section, we apply the iterative scheme (1.25) for finding a common fixed point of
nonexpansive mapping and strictly pseudocontractive mapping.

Definition 4.1. A mapping S : C — C is called a strictly pseudocontraction if there exists a
constant 0 < x < 1 such that

|Sx = Sy||” < |x-y|* + x| (T - S)x - I -S)y|’, V¥x,yeC. (4.1)

If xk = 0, then S is nonexpansive. In this case, we say that S : C — C is a x-strictly
pseudocontraction. Putting B = I — S. Then, we have

||(I-B)x - (I—B)y”2 < ||x—]/||2 +x||Bx - By 2 Vx,y € C. (4.2)

Observe that
|- B)x— (1= Byl = llx -yl + [Bx~ Byl ~2(x—y,Bx~By), VxyeC (43)
Hence, we obtain

(x-y,Bx-By) > 1_TK |Bx - By|’, Vx,yeC. (4.4)

Then, B is a ((1 — x)/2)-inverse-strongly monotone mapping.

Using Theorem 3.1, we first prove a strongly convergence theorem for finding a com-
mon fixed point of a nonexpansive mapping and a strictly pseudocontraction.
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Theorem 4.2. Let H be a real Hilbert space and C a nonempty closed and convex subset of H, and
let B be an p-inverse-strongly monotone, ¢ : C — R a convex and lower semicontinuous function,
and f : C — C a contraction with coefficient & (0 < a < 1), and let A be a strongly positive linear
bounded operator of H into itself with coefficient y > 0. Assume that 0 < y < y/a. Let {T,} be a
family of nonexpansive mappings of H into itself, and let S be a x-strictly pseudocontraction of C into
itself such that

© N
6 :=(F(T,) N <ﬂ5MEP(Pk)> NF(S) #0. (4.5)

n=1 k=1
Suppose that {x,} is a sequence generated by the following algorithm for xo, u, € C arbitrarily:

F, Fn- Fn-2 F. F.
U, = Ky - KN - K)o K2 K -x, VneN

n,n r,n

(4.6)
X1 = Pe[eny f(2xn) + (I — €4 A)Wy(1 — X)xy + ASx,],

foralln=0,1,2,..., and the conditions (C1)—(C3) in Theorem 3.1 are satisfied.
Then, the sequence {x,} converges strongly to q € 0, where q = Po(yf + I — A)(q) which
solves the following variational inequality:

((rf-A)g,p-q) <0, Vpeb, (4.7)

which is the Optimality COTldl’tl‘OTl'fOI" the minimization problem
min. (Aq,9) - h(q) 4.8
qee 2 q’ q q 4 ( . )

where h is a potential function for yf (i.e., h'(q) = yf(q) for g € H).

Proof. Put B=1-T, then B is (1 — x)/2 inverse-strongly monotone and F(S) = I(B, M), and
Jama(xy — ABxy) = (1 - A)x,, + ATx,. So by Theorem 3.1, we obtain the desired result. O

Corollary 4.3. Let H be a real Hilbert space and C a closed convex subset of H, and let B be B-inverse-
strongly monotone and ¢ : C — R a convex and lower semicontinuous function. Let f : C — C be
a contraction with coefficient a (0 < a < 1) and T,, a nonexpansive mapping of H into itself, and let
S be a k-strictly pseudocontraction of C into itself such that

© N
6 :=(E(T,) N <ﬂ5MEP(Fk)> N F(S) #0. (4.9)

n=1 k=1
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Suppose that {x,} is a sequence generated by the following algorithm for xo € C arbitrarily:

_xF Fna Fno2 F F
U, = K5 - Ko - Koo e K2 -K.' -x, VYneN

mn,n rn,n

(4.10)
Xn1 = Pc [enf(xn) + (I - €)W ((1 = Vuy, + )lsun)]/

foralln=0,1,2,..., and the conditions (C1)—(C3) in Theorem 3.1 are satisfied.
Then, the sequence {x,} converges strongly to q € 0, where q = Po(f + I)(q) which solves the
following variational inequality:

((f-Dgp-q)<0, V¥peo, (4.11)

which is the optimality condition for the minimization problem

1
min> (Aq,q) — h(4), (4.12)

where h is a potential function for yf (i.e., h'(q) = yf(q) for g € H).

Proof. Put A =1 and y = 1 in Theorem 4.2, we obtain the desired result. O

5. Numerical Example

Now, we give a real numerical example in which the condition satisfies the ones of
Theorem 3.1 and some numerical experiment results to explain the main result Theorem 3.1
as follows.

Example 51. Let H = R, C = [-1,1], T, =1, A\, = p € (0,1), n € N, Fr(x,y) = 0, for all
x,yeC, rm,=1 ke{1,2,3,...,N},p(x) =0,forallx e C,B=A =1, f(x) = (1/5)x, for all
x € H, A = 1/2 with contraction coefficient & = 1/10, €, = 1/n for everyn € N, and y = 1.
Then {x,} is the sequence generated by

1 3
Xnl = (E - m)xn, (6.1)

and x, — 0asn — oo, where 0 is the unique solution of the minimization problem

2,
== . 2
T ET 2

Proof. We prove Example 5.1 by Step 1, Step 2, and Step 3. By Step 4, we give two numerical
experiment results which can directly explain that the sequence {x,} strongly converges to 0.

Step 1. We show

KiNx=Pcx, VxeH, Fy€{1,2,3,...,N}, (5.3)
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where

i, xeH\C
Pex =3 x| (5.4)

X, x €C.

Indeed, since Fi(x,y) =0forallx,y € C, n € {1,2,3,..., N}, due to the definition of
K,(x), for all x € H, as Lemma 2.7, we have

K,(x)={ueC:{(y-uu-x)>0, Vy e C}. (5.5)

Also by the equivalent property (2.2) of the nearest projection Pc from H — C, we
obtain this conclusion, when we take x € C, K{%,x = Pcx = Ix. By (iii) in Lemma 2.7, we
have

ﬁSMEP(Fk) =C. (5.6)
k=1

Step 2. We show that

w, =1 (5.7)
Indeed. By (1.23), we have

Wi = U = WTiln + (1= AL = MTi+ (1= A,
Wy = Ut = LWTillos + (1= 1) = M Ty (aTollos + (1= A2)T) + (1= AT
=T+ (1 -A)Th + (1 - )],
Wi =Uz = LTz + (1 - )1 = LW Th(LTolss + (1 - A)1) + (1 - M) (5.8)
=ML T oUss + A (1= A2)Th + (1 - M),
= LTI To(AsTsUss + (1= A3D)) + (1= A2)Th + (1 - M),
= M3 TiToT5 + AMAa (1 = A3)ThTo + A (1= X)) Ty + (1 - Aq) 1.

Computing in this way by (1.23), we obtain

Wp=Upm =Ml L, T1To- Ty + MAy- - Ly (L= X)) T T - - Ty
+ )t1)t2 s .)Ln_z(l - )Ln_l)Tsz s Tn—2 + -+ .)Ll(l — )Lz)Tl + (1 — )Ll)I

(5.9)

Since T, = I, A, = p,n € N, thus

Wa= [+ (1=p) -+ pA-p)+ (1-p)|T =1L (5.10)
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Table 1: This table shows the value of sequence {x,} on each iteration step (initial value x; = 1).

n Xn n Xn
1 1.000000000000000 31 0.000000000054337
2 0.200000000000000 32 0.000000000026643
3 0.070000000000000 33 0.000000000013072
4 0.028000000000000 34 0.000000000006417
19 0.000000301580666 39 0.000000000000184
20 0.000000146028533 40 0.000000000000091
21 0.000000070823839 41 0.000000000000045
29 0.000000000226469 47 0.000000000000001
30 0.000000000110892 48 0.000000000000000
Step 3. We show that
1 3
Xpsl = 2" Ton Xn, Xpy1 — 0, asn — oo, (5.11)

where 0 is the unique solution of the minimization problem

min%x2 +q. (5.12)

xeC

Indeed, we can see that A = I is a strongly position bounded linear operator with
coefficient y = 1/2 and y is a real number such that 0 < y < y/a, so we can take y = 1. Due to
(5.1), (5.4), and (5.7), we can obtain a special sequence {x,} of (3.2) in Theorem 3.1 as follows:

1 3
Xp+1 = <§ - m).xn. (513)
Since T, =I,n € N, so,
ﬂF(Tn) =H, (5.14)
n=1

combining with (5.6), we have

n=1 k=1

o0 N
6 :=(\F(T,) N <ﬂSMEP(Fk)> NI(B,M)=C =[-1,1]. (5.15)
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Table 2: This table shows the value of sequence {x,} on each iteration step (initial value x; = 1/2).

n Xn n Xn
1 0.500000000000000 31 0.000000000027168
2 0.100000000000000 32 0.000000000013321
3 0.035000000000000 33 0.000000000006536
4 0.014000000000000 34 0.000000000003208
19 0.000000150790333 39 0.000000000000092
20 0.000000073014267 40 0.000000000000045
21 0.000000035411919 41 0.000000000000022
29 0.000000000113235 46 0.000000000000001
30 0.000000000055446 47 0.000000000000000
0.2 0.1
0.18 0.09
0.16 0.08
g 014 i;? 0.07
'E 012 £ 0.06
g 01 g 0.05
g 0.08 g 00
ER 2.0
@ 0.06 & 0.03
0.04 0.02
0.02 0.01
0 - 0
10° 10 102 10° 10 102
Iteration steps Iteration steps

(a) (b)

Figure 1: The iteration comparison chart of different initial values. (a) x; =1 and (b) x; = 1/2.

By Lemma 2.5, it is obviously that z, — 0, 0 is the unique solution of the minimization
problem

min;x2 +q, (5.16)

xeC

where g is a constant number.

Step 4. We give the numerical experiment results using software Mathlab 7.0 and get Table 1
to Table 2, which show that the iteration process of the sequence {x,} is a monotone-
decreasing sequence and converges to 0, but the more the iteration steps are, the more showily
the sequence {x,} converges to 0. O

Now, we turn to realizing (3.2) for approximating a fixed point of T. We take the initial
valued x; = 1 and x; = 1/2, respectively. All the numerical results are given in Tables 1 and
2. The corresponding graph appears in Figures 1(a) and 1(b).
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The numerical results support our main theorem as shown by calculating and plotting
graphs using Matlab 7.11.0.
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