Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2011, Article ID 813137, 10 pages
doi:10.1155/2011/813137

Research Article

Generalized Hyers-Ulam Stability of the
Second-Order Linear Differential Equations

A. Javadian,! E. Sorouri,”> G. H. Kim,®> and M. Eshaghi Gordji*

1 Department of Physics, Semnan University, P. O. Box 35195-363, Semnan, Iran
2 Department of Mathematics, Semnan University, P. O. Box 35195-363, Semnan, Iran
3 Department of Mathematics, Kangnam University, Yongin, Gyeonggi 446-702, Republic of Korea

Correspondence should be addressed to G. H. Kim, ghkim@kangnam.ac.kr
Received 26 September 2011; Accepted 23 October 2011
Academic Editor: Kuppalapalle Vajravelu

Copyright © 2011 A. Javadian et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We prove the generalized Hyers-Ulam stability of the 2nd-order linear differential equation of
the form y" + p(x)y' + q(x)y = f(x), with condition that there exists a nonzero y; : I — X
in C2(I) such that ¥} + p(x)y} + g(x)y1 = 0 and I is an open interval. As a consequence of our
main theorem, we prove the generalized Hyers-Ulam stability of several important well-known
differential equations.

1. Introduction

The stability problem of functional equations started with the question concerning stability
of group homomorphisms proposed by Ulam [1] during a talk before a Mathematical
Colloquium at the University of Wisconsin, Madison. In 1941, Hyers [2] gave a partial
solution of Ulam'’s problem for the case of approximate additive mappings in the context
of Banach spaces. In 1978, Rassias [3] generalized the theorem of Hyers by considering the
stability problem with unbounded Cauchy differences || f(x + y) — f(x) — f(y)|| < e(||x||P +
llyll"), (e > 0, p € [0,1)). This phenomenon of stability that was introduced by Rassias [3] is
called the Hyers-Ulam-Rassias stability (or the generalized Hyers-Ulam stability).

Let X be a normed space over a scalar field K, and let I be an open interval. Assume
that for any function f : I — X satisfying the differential inequality

o (Y™ ® + ana YTV + -+ @ OY ) + aOy®) + k)| < e (1.1)
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for all t € I and for some € > 0, there exists a function f; : I — X satisfying

an Oy () + a1 (Y@ + -+ ar ()Y (t) + ao(y(t) + h(t) =0,

(1.2)
(1) = fo®|| < K(e)

forall t € I; here K(t) is an expression for € with lim._,0K(e) = 0. Then, we say that the above
differential equation has the Hyers-Ulam stability.

If the above statement is also true when we replace € and K (¢) by ¢(t) and ¢(t), where
¢, ¢ : I — [0, 00) are functions not depending on f and fy explicitly, then we say that the
corresponding differential equation has the Hyers-Ulam-Rassias stability (or the generalized
Hyers-Ulam stability).

The Hyers-Ulam stability of differential equation y' = y was first investigated by
Alsina and Ger [4]. This result has been generalized by Takahasi et al. [5] for the Banach
space-valued differential equation y' = Ay. In [6], Miura et al. also proved the Hyers-Ulam-
Rassias stability of linear differential of first order, y' + g(f)y(t) = 0, where g(t) is a continuous
function, while the author [7] proved the Hyers-Ulam-Rassias stability of linear differential
of the form c(f)y'(t) = y(t). Jung [8] proved the Hyers-Ulam-Rassias stability of linear
differential of first order of the form c(t)y'(t) + g(t)y(t) + h(t) = 0.

In this paper, we investigate the generalized Hyers-Ulam stability of differential
equations of the form

y' +p(xX)y +q(x)y = f(x). (1.3)

We assume that X is a complex Banach space, I = (a,b) is an arbitrary interval, and y; : [ —
X is a nonzero solution of corresponding homogeneous equation of (1.3), where

Yy +p@)yy +q(0)y1 =0. (1.4)

2. Main Results

Taking some idea from [8], we are going to investigate the stability of the 2nd-order linear
differential equations. For the sake of convenience, all the integrals and derivations will be
viewed as existing and 9 (w) denotes the real part of complex number w. Moreover, let I =
(a, b) be an open interval, where a,b € R{J{+oo} are arbitrarily given with a < b.

Theorem 2.1. Let X be a complex Banach space. Assume that p,q : I — Cand f : I — X are
continuous functions and y : I — X is a nonzero twice continuously differentiable function which
satisfies the differential equation (1.4). If a twice continuously differentiable function y : I — X
satisfies

[y +px)y +qx)y - f(x)|| < px) (2.1)
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forall x € I, where k = y(a)/y1(a) € X and ¢ : I — (0, 00) is a continuous function, then there
exists a unique xo € X such that

rsen (e £t o)
* f(v) © /2y, (u)
'[’“”L (o) e"p{L< G TP )d”}d”]>d“k> “
x 2
snyl(x)u-fa( { j(jl(‘ 9 >d}
1 2w’ .0
L exp {9‘{<J‘ < Y1 () (u)du>> ||y1(t)||dt}'>ds

(2.2)

Proof. We assume that

_ y(x)
v(x) = 1) (2.3)

for all x € I. It follows from (1.4), (2.1), and (2.3) that

|21 0)" + p) (@)Y ) + () (@Y ) - F@)|
= [ @@ 110 + 003 () + p() (00 1 (x) + D)y (x)')

+q(x)v(x)y1(x) = f(x)]|
= lo(®)"y1 (%) + 0(x) 2y1(x)' + p(x)y1(x))

+0(x) (Y1 (%) + p(X)y1(x)" + g(x)y1 (%)) - f ()|
= [[o(x)"y1(x) + v(x)' (2y1(x)" + p(x)y1(x)) = f(x) |

TGO S (G
y1(x) y1(x)

(2.4)

v(x)" +v(x) <

= lyi @]
<opx),
so, we have

¢(x)
. 2.5
Tl 29

" / zyl(x), _ f(X)
v(x)" +v(x) < 1) +p(x)> e <
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For simplicity, we use the following notation:
Z“>*”*Pfﬁ(if537”“”>d”}'<iﬁ3>
[ (Agen{ ] Cotar o e o
for all s € I. By making use of this notation and by (2.5), we get
eXP{J‘ <2]‘1//1((s)) P(u)>du} . <51((i))>’
[ (e LG v oo
—onl Gy v )} - (55)
o < 1) o K(Zg;;g;’ +p<u>>du dv> \
L (exp j(zyyf((;‘; ‘ <u>>du- (29
J<;<v> {L<231<(u>) i ()> }> U)
APy o) oo{ [ (ot s v Jau)

5) + { <2;/1<(u)) o )> } %>>

< ;((tt)) { f <2;/1((u)) >du}>dt

fonff G o)

<<23]//1((t))/ +p(t)> (yl((tt))> " (3]//1((?))’ ) Jl((tt))>dt
(b3 ]

(2.6)

12(s) =z(DIl =

2.7)




Journal of Applied Mathematics 5

for all [, x € I. Since exp{D‘i(fZ((Zyl(u)'/%(u)) + p(u)du)) - (p(t)/||ly1(t)]]) is assumed to be
integrable on I, we may select Iy € I, for any given € > 0, such that [, x > Iy implies ||z(x) —
z()|| < €. Thatis, {z(I) },c; is a Cauchy net. By completeness of X, there exists an xy € X such
that z(I) converges to xo as [ — b. It follows from (2.7) and the previous argument that, for
any x €1,

‘ Y0 -0 <f <exp{— f(zyyf((:)) +p<u>>du}

x[x0+ :;1((7;)) exp{I:<2yyll((s)), +P(u)>du}dv]>ds+k> H

- yl(x)-<j:<exp{—js<2;/11((z)),+ (u)>du}~(z(s)—xo)>ds>
<l f<ex{ <y1(”) p(u))du}~||z<s)—z(l>||>ds
+||y1<x>||-f:<ex { j Zyl(”) > u}-llz(l)—x0||>ds

(2.8)
<l - <exp{—%f (2%((”)) +p<u>)du}
. exp{ < <2yl(u) du>>.ﬂdt‘>ds
ly: )]
Al [ (oo [ (2 o 120 - s
— [ (esef - [ (it +p<u>) }
()
u)d N d
ex"{ < < >> ||y1<t>||””‘> ;
as | — b. Moreover,
Yo(x) = y1(x) - <f (eXp{f <2;/11((s)) p(u)>du}
(2.9)

* f(o) ¢ 2y (u)
.[xo + e exp{L < Y1) +p(u)>du}dv]>ds + k>

is a solution of (1.3).
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Now, we prove the uniqueness property of xg. Assume that xi,x, € X satisfy
inequality (2.2) in place of xp. Then, we have

y1(x) - fx <exp{—fs<2yyll((5)) +p(u)>du} - (o —x1)>ds
SZII%(x)II-L < { SRJ‘ <2yyll((s)) u)>du} (2.10)

e NEAO) ¢(t) >

[or{(L G -rne)) pe] e

thus,

lloc2 = x|

< z.f:<exp{—mf:e4du}.

Ib eXp{%<£(°"d“)> XCOUAGINEL
(EEEn

where o denotes ((2y1 (1) /y1(w)) + p(u)).
It follows from the integrability hypothesis that

v Y2y (w) p(t)
L exp{D‘i<L< ) +p(u)du>> . mdt' —0 (2.12)

as s — b. This implies that x; = x, and the proof is complete. O

>d5 (2.11)

7

Remark 2.2. It follows from Theorem 2.1 that

vt (ol (22 o]
s v 2 !
-[a +J‘u ;1((1;)) eXP{L< yyll((::)) +P(u)>du}dv]>ds+cz>

is the general solution of the differential equation (1.3), where c;, ¢, are arbitrary elements of
X and y; (x) is a nonzero solution of the corresponding homogeneous equation (1.3).

(2.13)

Remark 2.3. If we replace C by R in the proof of Theorem 2.1 and we assume that p, g are
real-valued continuous functions, then we can see that Theorem 2.1 is true for a real Banach
space X.
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Hence, every 2nd-order linear differential equation has the generalized Hyers-Ulam
stability with the condition that there exists a solution of corresponding homogeneous
equation or there exists a general solution in the ordinary differential equations.

Example 2.4. Consider the second-order linear differential equation with constant coefficients
y' +by +cy = f(x). (2.14)

Let b> —4c > 0,m = (-b+ Vb2 -4c)/2,and let f : [ — R, ¢ : I — [0, 0) be continuous
functions. Assume that y : I — R is a twice continuously differential function satisfying the
differential inequality

ly" +by +cy - f(x)] < p(x) (2.15)

for all x € I. On the other hand, by ordinary differential equations, we know that v (x) =
exp(mx) is a solution of corresponding homogeneous equation of (2.14). It follows from
Theorem 2.1, Remark 2.3, and (2.14) that there exists a solution 1y : I — R of (2.14) such
that

yo(x) = exp(mx) - <I (exp(-(2m +b)(s — a))
¢ (2.16)

. [xo + ij(v) -exp(v(m+b) —a(2m+ b))dv] )ds + k)

for all x € I and that

ly(x) = yo(x)| < |exp(mx)| - f <exp(—(2m +b)(s-a))
’ b (2.17)
: f exp((2m +b)(t - a)) - — 2Dy

s |exp(mx)|

)as

Example 2.5. Consider (2.14). Let b*> —4c < 0, m = (-b+ Vb?>—4c)/2 = a +if, and let f :
I — R, : I — [0,00) be continuous functions. Let y : I — R be a twice continuously
differential function satisfying the differential inequality of (2.15) for all x € I. It follows
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from the ordinary differential equations that y;(x) = exp(ax) cos(fx). Then it follows from
Theorem 2.1, Remark 2.3, and (2.15) that there exists a solution y : I — R of (2.14) such that

Yo(x) = exp(ax) cos(px) - <xo cos?(pa) jx exp((2a + b)(a —s)) ds>

cos?(Ps)

*“exp(—(2a +b)s) .

+ exp(ax) cos(fx) - <L Y (Jj f(v)-expov(a+b)

-cos(pv)dv - expv(a + b))ds + k)
(2.18)

for all x € I, where k = y(a)/(exp(aa) cos(fa)) and xy € R is unique and

exp(—(2a+b)s) _

)as

x b
|y () =y, (x) [ < exp(ax) COS(ﬂx)|'f < f cos® (ft)- exp((a+b)t)-g(t)dt

cos?(Ps) s
(2.19)
Example 2.6. Consider the equation
" 2x / 2 _ 2
y—1+ﬂy+l+ﬁy—60+x> (2.20)

Let I = (a,b) be an open interval, where a,b € [1,+c0] are arbitrarily given with a < b,
f:I—Randg:I— [0,00) are continuous functions. Assume that y : I — R is a twice
continuously differential function satisfying the differential inequality

2x 2
v - 1+x2y,+ 1+x2y—6<1+x2>

< o(x) (2.21)

for all x € I. By the trial of yo(x) = x, we see that it is a solution of corresponding
homogeneous equation of (2.20). Then it follows from Theorem 2.1, Remark 2.3, and (2.21)
that there exists a solution vy : I — R of (2.20) such that

yo(x) = x( xpa - +k—-6a+2a° +<x2—1> X a —-3a® ) +x*+3x% (2.22)
’ N1+ 0T 22 -

for all x € I, where k = y(a)/a and xy € R is unique and

X 2
[¥(x) - ()] <x- [ <<1;S >

b
J‘ 1 Jf 2 -p(t)dt >ds. (2.23)
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Remark 2.7. We know that Eulars differential equation of second order has the general
solution in ordinary differential equations, then we can use Theorem 2.1 and Remark 2.3 for

the Hyers-Ulam-Rassias stability in this case.

Let p be a real constant, and I = [-1, 1]. We know that Legender’s differential equation
(1 —x2>y" -2xy' +p(p+1)y =0 (2.24)

has the general solution
¥ = agy1(x) + ar1y2(x), (2.25)

where

Pt o (P-2p(pr1)(P+3) 4
2 4! ’

_P=D(p+2) 5 (p-3)E-DE+2)(p+d) 5
3! 5!

yi(x) =1
(2.26)

y2(x) =X

and ap, a; are arbitrary constants. By Theorem 2.1 and Remark 2.3, Legender’s differential
equation has Hyers-Ulam-Rassias stability.
Hermite’s differential equation

y' =2xy +2py =0, (2.27)
where p is a real constant, has the general solution
y = aoy1(x) + a1y2(x) (2.28)

that

© (-1)"2"p(p-2) - (p-2n+2
yl (X) — 1 + Z ( ) p(P (221)' (p n+ ) x2n[
n=1 .

(2.29)
D"2"(p-1)(p=3)-(p-2n+1) 5,
(2n +1)!

y2(x) =x+

for all x € R, and ag, a; are arbitrary constants. Thus Hermites differential equation has
generalized Hyers-Ulam stability.
It is well known from the ordinary differential equations that

i -1)" 2n+,
D0 = = S () (230)
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for all x € IR, is a solution of Bessel’s differential equation
2.1 / 2 2
x“y +xy+<x —p>y=0 (2.31)

thatp > 0.

Then Bessel’s differential equation has Hyers-Ulam-Rassias stability.

We know from the ordinary differential equations that Laguerre, Chebyshev, and
Gauss hypergeometric differential equations have the general solution. Then we can show
that those have generalized Hyers-Ulam stability.
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