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New explicit conditions of asymptotic and exponential stability are obtained for the scalar
nonautonomous linear delay differential equation x(t) + >}, ax(f)x(hk(t)) = 0 with measurable
delays and coefficients. These results are compared to known stability tests.

1. Introduction

In this paper we continue the study of stability properties for the scalar linear differential
equation with several delays and an arbitrary number of positive and negative coefficients

£+ S actx(he(0) =0, £, (L1)
k=1

which was begun in [1-3]. Equation (1.1) and its special cases were intensively studied, for
example, in [4-21]. In [2] we gave a review of stability tests obtained in these papers.

In almost all papers on stability of delay-differential equations coefficients and delays
are assumed to be continuous, which is essentially used in the proofs of main results. In real-
world problems, for example, in biological and ecological models with seasonal fluctuations
of parameters and in economical models with investments, parameters of differential equa-
tions are not necessarily continuous.

There are also some mathematical reasons to consider differential equations without
the assumption that parameters are continuous functions. One of the main methods to
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investigate impulsive differential equations is their reduction to a nonimpulsive differential
equation with discontinuous coefficients. Similarly, difference equations can sometimes be
reduced to the similar problems for delay-differential equations with discontinuous piece-
wise constant delays.

In paper [1] some problems for differential equations with several delays were re-
duced to similar problems for equations with one delay which generally is not continuous.

One of the purposes of this paper is to extend and partially improve most popular
stability results for linear delay equations with continuous coefficients and delays to equa-
tions with measurable parameters.

Another purpose is to generalize some results of [1-3]. In these papers, the sum of
coefficients was supposed to be separated from zero and delays were assumed to be bounded.
So the results of these papers are not applicable, for example, to the following equations:

x(t) + |sint|x(t—T) =0,

x(t) + a(Jsint| - sint)x(t - 7) =0, (1.2)

x(t) + %x(t) + %x(é) - 0.

In most results of the present paper these restrictions are omitted, so we can consider all
the equations mentioned above. Besides, necessary stability conditions (probably for the first
time) are obtained for (1.1) with nonnegative coefficients and bounded delays. In particular,
if this equation is exponentially stable then the ordinary differential equation

X(t) + Y ar(b)x(t) = 0 (1.3)
k=1
is also exponentially stable.

2. Preliminaries

We consider the scalar linear equation with several delays (1.1) for t > t, with the initial
conditions (for any f > 0)

x(t) =(t), t<ty, x(ty) = xo, (2.1)

and under the following assumptions:
(al) ax(t) are Lebesgue measurable essentially bounded on [0, o0) functions;

(a2) hi(t) are Lebesgue measurable functions,

he(t) <t, lim sup hi(t) = oo; (2.2)

t— o0

(a3) ¢ : (—oo,t9p) — Ris a Borel measurable bounded function.

We assume conditions (al)—(a3) hold for all equations throughout the paper.
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Definition 2.1. A locally absolutely continuous for t > t, function x : R — Ris called a solution
of problem (1.1), (2.1) if it satisfies (1.1) for almost all t € [t, o) and the equalities (2.1) for
t < to.

Below we present a solution representation formula for the nonhomogeneous equation
with locally Lebesgue integrable right-hand side f(t):

m
x(t) + > ar(B)x(he(t)) = (1), t> to. (2.3)
k=1
Definition 2.2. A solution X(t, s) of the problem

x(t) + iak(t)x(hk(t)) =0, t>s>0, oo
k=1 .

x(t)=0, t<s, x(s) =1,

is called the fundamental function of (1.1).

Lemma 2.3 (see [22, 23]). Suppose conditions (al)—(a3) hold. Then the solution of (2.3), (2.1) has
the following form

t m t
x(t) = X(t, to)xo — J. X(t, S)Zak(s)(p(hk(s))ds + J. X(t,s)f(s)ds, (2.5)
to k=1 to

where ¢(t) =0, > t.

Definition 2.4 (see [22]). Equation (1.1) is stable if for any initial point ty and number ¢ > 0
there exists 6 > 0 such that the inequality sup,_; [¢(f)[+ |x(to)| < 6 implies |x(t)| < ¢, t > to, for
the solution of problem (1.1), (2.1).

Equation (1.1) is asymptotically stable if it is stable and all solutions of (1.1)-(2.1) for any
initial point ¢y tend to zero ast — co.

In particular, (1.1) is asymptotically stable if the fundamental function is uniformly
bounded: |X(t,s)| £ K, t > s > 0 and all solutions tend to zero ast — co.

We apply in this paper only these two conditions of asymptotic stability.

Definition 2.5. Equation (1.1) is (uniformly) exponentially stable, if there exist M > 0, u > 0 such
that the solution of problem (1.1), (2.1) has the estimate

|x ()] < Me#(tH0) <|x(t0)| + sup|(p(t)|>, t>to, (2.6)
t<ty

where M and y do not depend on t.
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Definition 2.6. The fundamental function X(t, s) of (1.1) has an exponential estimation if there
exist K >0, A > 0 such that

IX(ts)| < Ke*t), t>s>0. (2.7)

For the linear (1.1) with bounded delays the last two definitions are equivalent. For
unbounded delays estimation (2.7) implies asymptotic stability of (1.1).

Under our assumptions the exponential stability does not depend on values of equa-
tion parameters on any finite interval.

Lemma 2.7 (see [24, 25]). Suppose ax(t) > 0. If

t m
J. Zai(s)ds < 1, h(t) =min{hg(t)}, t>to, (2.8)
max {h(t),to} 321 € k
or there exists A > 0, such that
m
A> D Are®, (2.9)
k=1
where
0<ar(t) <Ax, t—hi(t)<ox, t>t, (2.10)

then X (t,s) >0, t > s > to, where X(t,s) is the fundamental function of (1.1).

Lemma 2.8 (see [3]). Suppose ax(t) >0,

m
lim inf Y ai(t) >0, (2.11)
=1
limsup(t — hi(t)) <o, k=1,...,m, (2.12)

t— o0

and there exists r(t) < t such that for sufficiently large t

t m
f > ai(s)ds < é (2.13)

r(t) k=1
If

limsup y _a® <1, (2.14)

t—ow =1 Zﬁl ai(t)

r(t) m
f Za,-(s)ds

hi(t) i=1

then (1.1) is exponentially stable.
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Lemma 2.9 (see [3]). Suppose (2.12) holds and there exists a set of indices I C {1,...,m}, such that
ar(t) 20, kel,

lim infy () > 0, (2.15)
7% kel '

and the fundamental function of the equation

x(t) + D ar(t)x(he(t) =0 (2.16)
kel
is eventually positive. If
t
Jim sup 2=k¢| 2% (0] (2.17)

< 7
t—>oop Zke] ak(t)

then (1.1) is exponentially stable.
The following lemma was obtained in [26, Corollary 2], see also [27].

Lemma 2.10. Suppose for (1.1) condition (2.12) holds and this equation is exponentially stable. If

- i|bk(s)|ds < oo, limsup (f - gk (£)) <oo, gk(t) <t, (2.18)
0 k=1 t— oo
then the equation
x(t) + D ar(B)x(he (1) + D br(t)x(gk(t)) =0 (2.19)
k=1 k=1

is exponentially stable.
The following elementary result will be used in the paper.

Lemma 2.11. The ordinary differential equation
x(t) +a(t)x(t) =0 (2.20)

is exponentially stable if and only if there exists R > 0 such that

t+R
lim ian. a(s)ds > 0. (2.21)

t— oo t
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The following example illustrates that a stronger than (2.21) sufficient condition

t
lim infL f a(t)dr >0 (2.22)
t—s )

t,s— o0

is not necessary for the exponential stability of the ordinary differential equation (2.20).
Example 2.12. Consider the equation
1, te2n,2n+1),

x(t) +a(t)x(t) =0, where a(t) = n=0,12,... (2.23)
0, te2n+1,2n+2),

Then lim inf in (2.22) equals zero, but |X(t, s)| < ee™*>%), so the equation is exponentially
stable. Moreover, if we consider lim inf in (2.22) under the condition  — s > R, then it is still
zero for any R < 1.

3. Main Results

Lemma 3.1. Suppose ar(t) >0, (2.11), (2.12) hold and

hmsupm a(t) J‘ Za (s)ds<1+1 (3.1)
tooo k= 121 1ai() ) i=1 1 ' .

Then (1.1) is exponentially stable.

Proof. By (2.11) there exists function r(t) < t such that for sufficiently large ¢

f Zak(s)ds = (3.2)

) k=1

For this function condition (2.14) has the form

) m k(t) t m ~
man st oo, 3 s
Coa(t) '

n’l
=lim sup < 1.

t—oo = 121 1[1,(1’)

L Zal(s)ds - -

k() i=1

The latter inequality follows from (3.1). The reference to Lemma 2.8 completes the proof. O
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Corollary 3.2. Suppose ax(t) > 0, (2.11), (2.12) hold and

t
lim sup Za,(s)ds <1+ 1 (3.4)

t— o0 ming {h(t)} §

Then (1.1) is exponentially stable.

The following theorem contains stability conditions for equations with unbounded
delays. We also omit condition (2.11) in Lemma 3.1.

We recall that b(t) > 0 in the space of Lebesgue measurable essentially bounded
functions means b(t) > 0 and b(t) #0 almost everywhere.

Theorem 3.3. Suppose ax(t) > 0, condition (3.1) holds, >}, ax(t) > 0 and

o m t
fo > ar(t)dt=co,  limsup fh Za,(s)ds < oo. (3.5)

k=1 t—oo k() i=1

Then (1.1) is asymptotically stable.
If in addition there exists R > 0 such that

t+R m
lqu inf Zak (t)dr >0 (3.6)
7t k=

then the fundamental function of (1.1) has an exponential estimation.
If condition (2.12) also holds then (1.1) is exponentially stable.

Proof. Lets = p(t) := fé Sty ak(T)dr, y(s) = x(t), where p(t) is a strictly increasing function.
Then x(h(t)) = y(k(5)), Ik(s) < 5, Ik(s) = [(*”) 3, a;(7)dr and (1.1) can be rewritten in the
form

y(s) + Dbr(s)y(lk(s)) =0, (3.7)
k=1

where bi(s) = ax(t)/ X2 ai(t), s — Ik(s) = ﬁlk(t) 7 ai(t)dr. Since Y01, br(s) = 1 and
limsup, (s —Ik(s)) < oo, then Lemma 3.1 can be applied to (3.7). We have

. m bk(S) J< m
limsu bi(t)dr
sﬂoopkzzl 2t bi(s) Jis) lzl

=lim supibk(s)(s —1Ik(s)) (3.8)

S§— ™ =1

< ak(t) f 1
—11msu E al(s)ds<l+—.
t—>oopk 121 1 al(t) hi(t) i=1
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By Lemma 3.1, (3.7) is exponentially stable. Due to the first equality in (3.5) t — co implies
s — oo. Hence lim;_, o, x(t) = limy_ ,y(s) = 0.

Equation (3.7) is exponentially stable, thus the fundamental function Y (u, v) of (3.7)
has an exponential estimation

Y (u,0)| < Ke™" ™, u>0>0, (3.9)

with K > 0, A > 0. Since X(t,s) = Y(fé Sy a(T)dr, [§ Sk, ax(t)dr), where X(t, s) is the
fundamental function of (1.1), then (3.9) yields

|X(t,s)| < Kexp{—/\ ft iak (T)d’l‘}. (3.10)

s k=1

Hence [X(t,s)] < K, t > s > 0, which together with lim;_x(f) = 0 yields that (1.1) is
asymptotically stable.

Suppose now that (3.6) holds. Without loss of generality we can assume that for some
R >0, a >0 we have

t+R m
f Zak(T)dT >a>0, t>s2>0. (3.11)
k=1
Hence
t m m
exp { -1 f Zak(T)dT} < exp{)LR supz ai(t) }e_)‘”‘(t_s)/R. (3.12)
s k=1 £0 k=1

Thus, condition (3.6) implies the exponential estimate for X(t, s).
The last statement of the theorem is evident. O

Remark 3.4. The substitution s = p(t) := jé Sy ax(T)dr, y(s) = x(t) was first used in [28].

Note that in [10, Lemma 2] this idea was extended to a more general equation

x(t) + ft x(s)dsr(t,s) = 0. (3.13)

to

The ideas of [10] allow to generalize the results of the present paper to equations with a
distributed delay.

Corollary 3.5. Suppose ax(t) >0, >}%; ax(t) = a > 0, condition (2.12) holds and

limsupiak(t) (t—he() <1+ %. (3.14)

t—oo g

Then (1.1) is exponentially stable.



Abstract and Applied Analysis 9

Corollary 3.6. Suppose ay(t) = axp(t), ax > 0, p(t) > 0, [;° p(t)dt = oo and

m t
, 1
lim supZakI p(s)ds <1+ > (3.15)

too kol k()

Then (1.1) is asymptotically stable.
If in addition there exists R > 0 such that

t+R
li¥n inf p(t)dr >0, (3.16)
— 00 t

then the fundamental function of (1.1) has an exponential estimation.
Ifalso (2.12) holds then (1.1) is exponentially stable.

Remark 3.7. Let us note that similar results for (3.13) were obtained in [10], see Corollary
3.4 and remark after it, Theorem 4 and Corollaries 4.1 and 4.2 in [10], where an analogue
of condition (3.16) was applied. This allows to extend the results of the present paper to
equations with a distributed delay.

Corollary 3.8. Suppose a(t) >0, b(t) >0, a(t) + b(t) >0,

fw(a(t) +b(t))dt = oo, lim sup t (a(s) +b(s))ds < oo,
0 f)

t— oo h(

b t , (3.17)
lirtrls;}pm h(t)(a(s) +b(s))ds <1+ >
Then the following equation is asymptotically stable
x(t) +a(t)x(t) + b(t)x(h(t)) = 0. (3.18)

If in addition there exists R > 0 such that lim inf;_, ftHR(a(T) + b(t))dTt > 0 then the
fundamental function of (3.18) has an exponential estimation.
Ifalso limsup, _, (t — h(t)) < oo then (3.18) is exponentially stable.

In the following theorem we will omit the condition Y ; ax(t) > 0 of Theorem 3.3.

Theorem 3.9. Suppose ai(t) > 0, condition (3.4) and the first inequality in (3.5) hold. Then (1.1) is
asymptotically stable.
Ifin addition (3.6) holds then the fundamental function of (1.1) has an exponential estimation.
Ifalso (2.12) holds then (1.1) is exponentially stable.

Proof. For simplicity suppose that m = 2 and consider the equation

x(t) + a(t)x(h(t)) + b(t)x(g(t)) =0, (3.19)
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where a(t) >0, b(t) >0, fgo(a(s) + b(s))ds = oo and there exist ty > 0, € > 0 such that

t
f (a(s) +b(s))ds <1+ e g, t>t. (3.20)
min{h(t),g(t)) e

Let us find #; > fo such that e"® < ¢/4, e78®) < ¢/4,t > t;, such t; exists due to (a2). Then
ffnin{h(t) o) € s < €/2,t > t;. Rewrite (3.19) in the form

x(t) + (a(t) + e )x(h(t)) + b(t)x(g(t)) — e 'x(h(t)) =0, (3.21)

where a(t) +b(t) +e™* > 0. After the substitution s = f; (a(t)+b(r)+eT)dt, y(s) = x(t), (3.21)
has the form

a(t) +e b(t) e’ _
a+ b + e s p e ) e () =

(3.22)

y(s) +

where similar to the proof of Theorem 3.3

s—1I(s) = It (a(t) +b(r) + e 7)dr, s—p(s) = J.t (a(t) +b(t) + € 7)dr. (3.23)
h(t) g(t)

First we will show that by Corollary 3.2 the equation

b(®) ~y(p(s)) =0 (3.24)

a(t) +e
—~y((s)) + W

S A PR
is exponentially stable. Since (a(t) + e™")/(a(t) + b(t) + ™) + b(t)/(a(t) + b(t) + e!) = 1, then
(2.11) holds. Condition (3.20) implies (2.12). So we have to check only condition (3.4) where
the sum under the integral is equal to 1. By (3.20), (3.23) we have

t

r 1ds = s — min{I(s), p(s)}, s—1I(s) = f (a(t) +b(t) + e T)dr
min{[(s),p(s) } h(t)

t t
:f (a(T)+b(T))dT+f e’TdT<1+1—g+£:1+1—f, t>H.
t)

h( h(t) e 2 e 2
(3.25)
The same calculations give s — p(s) <1+ (1/e) — £/2, thus condition (3.4) holds.
Hence (3.24) is exponentially stable.
We return now to (3.22), t > ;. We have ds = (a(t) + b(t) + e7*)dt, then
o] e—t o] e—t ;
——————ds = —(a(t t —)dt . .
L A+ b e L a7 b 7 et AD +b(B) +eT)dt <o (3.26)
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By Lemma 2.10, (3.22) is exponentially stable. Since ¢ — oo implies s — oo then
lim;—, o x(t) = lims_.,y(s) = 0, which completes the proof of the first part of the theorem.
The rest of the proof is similar to the proof of Theorem 3.3. O

Corollary 3.10. Suppose a(t) >0, fg° a(t)dt = co and

t

lim sup a(s)ds <1+ 1 (3.27)
t—oo  Jh(t) e
Then the equation
x(t) +a(t)x(h(t)) =0 (3.28)

is asymptotically stable. If in addition condition (2.21) holds then the fundamental function of (3.28)
has an exponential estimation. If also limsup, _, __(t — h(t)) < co then (3.28) is exponentially stable.

Now consider (1.1), where only some of coefficients are nonnegative.

Theorem 3.11. Suppose there exists a set of indices I C {1, ..., m} such that ax(t) >0, k € I,

o t
> ap(t)dt = oo, limsupf Mai(s)ds<o, k=1,...,m, (3.29)
0 kel t— oo he(t) iel
erl 2 )]

Z|ak(t)| =0, te€kE, lim sup

<1, where E=1t>0,) ax(t)=0¢. (3.30)
kel t— oo, t¢E 2ukel Ak (F) { Z

kel

If the fundamental function Xo(t, s) of (2.16) is eventually positive then all solutions of (1.1)
tend to zero ast — oo.
If in addition there exists R > 0 such that

t+R
lim inf > ak(t)dr >0 (3.31)

t=oe Jb

then the fundamental function of (1.1) has an exponential estimation.
If condition (2.12) also holds then (1.1) is exponentially stable.

Proof. Without loss of generality we can assume Xy(t,s) > 0, ¢t > s > 0. Rewrite (1.1) in the
form

x(t) + D art)x(he(t) + Y ax(t)x(hi(t)) = 0. (3.32)

kel k¢l
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Suppose first that > c; ak (t) # 0. After the substitution s = p(t) := fé Sker ak(T)dr, y(s) = x(t)

we have x(hi (1)) = y(Ik(s)), I(s) < s, Ie(s) = [ Sic; ai(r)dT, k = 1,...,m, and (1.1) can be
rewritten in the form

y(s) + Dbr(s)y(lk(s)) =0, (3.33)
k=1

where bi(s) = ax(t)/ Dt ai(t). Denote by Yy (u, v) the fundamental function of the equation

¥(s) + X bi(s)y (Ik(s)) = 0. (3.34)

kel

We have

Xo(t, s) :Y0< tZak(T)dT, sZak(T)dT>,

0 ker 0 ker (3.35)

Yo(u,v) = Xp (pfl (u),;f1 (v)> >0, u>v2>0.

Let us check that other conditions of Lemma 2.9 hold for (3.33). Since >}y bx(s) = 1
then condition (2.15) is satisfied. In addition,

t
lim sup Zugrlo(S)] limsupM <1 (3.36)

s oo, p(s)eE kel D(S) 1o 1gE Dker ak(t)

By Lemma 2.9, (3.33) is exponentially stable. Hence for any solution x(¢) of (1.1) we have
limy —, oo x(t) = lims_. .y (s) = 0. The end of the proof is similar to the proof of Theorem 3.9. In
particular, to remove the condition )}, ; ax(t) # 0 we rewrite the equation by adding the term
e toone of ax(t),k € I. O

Remark 3.12. Explicit positiveness conditions for the fundamental function were presented in
Lemma 2.7.

Corollary 3.13. Suppose

o t
a(t) >0, f a(t)dt = oo, limsup a(s)ds < oo,
0 t— oo gk(t)
(3.37)

3 i |
Dbk =0, teE, limsupM <1,
k=1

t—oo,t¢E a(t)

where E = {t > 0,a(t) = 0}. Then the equation

x(t) +a(t)x(t) + ibk(t)x(gk(t)) =0 (3.38)
k=1
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is asymptotically stable. If in addition (2.21) holds then the fundamental function of (3.38) has an
exponential estimation. If also limsup,_, _ (t — gk (t)) < oo then (3.38) is exponentially stable.

Theorem 3.14. Suppose fg° Sty lax(s)|ds < oo. Then all solutions of (1.1) are bounded and (1.1)
is not asymptotically stable.

Proof. For the fundamental function of (1.1) we have the following estimation

[X(t,s)| < exp{ ti|ak(7)|dﬂr}. (3.39)

S k=1

Then by solution representation formula (2.5) for any solution x(t) of (1.1) we have

t m t t m m
Ix(£)] < eXp{ Zlak(S)ldS} | (£0)| + f eXp{ Zlak(T)ldT}Zlak(s)llq’(hk(s)) |ds
to k=1 fo s k=1 k=1 (3.40)

< exp{f Zlak(S)IdS} <IX(to)I + f Zlak(S)ldSII(PII>,

fo k=1 to k=1

where ||| = max;<o|¢(t)|. Then x(t) is a bounded function.

Moreover, | X(t,5)| < A := exp{f(;>o Siieq lak(s)|ds}, t > s > 0. Let us choose tp > 0 such
that f:)o Siieq lak(s)|ds < 1/(2A), then X, (t, to) + 311, ax ()X (hi(t), to) = 0, X(to, to) = 1 implies
X(t, ) >1- f;:’ Siieq lak(s)|Ads > 1 - A(1/(2A)) = 1/2, thus X (¢, t9) does not tend to zero,
so (1.1) is not asymptotically stable. O

Theorems 3.11 and 3.14 imply the following results.

Corollary 3.15. Suppose ai(t) > 0, there exists a set of indices I C {1,...,m} such that condition
(3.30) and the second condition in (3.29) hold. Then all solutions of (1.1) are bounded.

Proof. 1f jg° > ket lak(t)|dt = oo, then all solutions of (1.1) are bounded by Theorem 3.11. Let
I8 Sker lax(®)|dt < oo. By (3.30) we have [° 34 lax(t)|dt < [° Sierlax(t)|dt < oo. Then
fgo Sy la(t)|dt < oo. By Theorem 3.14 all solutions of (1.1) are bounded. O

Theorem 3.16. Suppose ai(t) > 0. If (1.1) is asymptotically stable, then the ordinary differential
equation

x(t) + <iak(t)>x(t) =0 (3.41)
k=1

is also asymptotically stable. If in addition (2.12) holds and (1.1) is exponentially stable, then (3.41)
is also exponentially stable.
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Proof. The solution of (3.41), with the initial condition x(ty) = xp, can be presented as x(t) =
xo expf{— ftto Sty ak(s)ds}, so (3.41) is asymptotically stable, as far as

Jj gak(s)ds =0 (3.42)

and is exponentially stable if (3.6) holds (see Lemma 2.11).
If (3.42) does not hold, then by Theorem 3.14, (1.1) is not asymptotically stable.
Further, let us demonstrate that exponential stability of (1.1) really implies (3.6).
Suppose for the fundamental function of (1.1) inequality (2.7) holds and condition
(3.6) is not satisfied. Then there exists a sequence {t,}, f, — oo, such that

tp+n m
f Zak(T)dT << 1 n>3. (3.43)

By (2.12) there exists 19 > 3 such thatt—hy(t) < ng, k =1,...,m. Lemma 2.7 implies X (¢, s) > 0,
tp < s <t <t,+mn,n > mn Similar to the proof of Theorem 3.14 and using the inequality
1-x>e™, x>0, we obtain

tp+n m tp+n m
Xty tp+n)>1- f Zak(T)dT > exp{ f Zak(T)dT} > e 1/m, (3.44)

Inequality (2.7) implies |X(t, +n,t,)| < Ke™". Hence Ke™" > e™/", n > ny, or K > **1/3 for
any n > ng. The contradiction proves the theorem. O

Theorems 3.11 and 3.16 imply the following statement.

Corollary 3.17. Suppose ax(t) > 0 and the fundamental function of (1.1) is positive. Then (1.1) is
asymptotically stable if and only if the ordinary differential equation (3.41) is asymptotically stable.

If in addition (2.12) holds then (1.1) is exponentially stable if and only if (3.41) is exponen-
tially stable.

4. Discussion and Examples

In paper [2] we gave a review of known stability tests for the linear equation (1.1). In this
part we will compare the new results obtained in this paper with known stability conditions.

First let us compare the results of the present paper with our papers [1-3]. In all
these three papers we apply the same method based on Bohl-Perron-type theorems and
comparison with known exponentially stable equations.

In [1-3] we considered exponential stability only. Here we also give explicit conditions
for asymptotic stability. For this type of stability, we omit the requirement that the delays are
bounded and the sum of the coefficients is separated from zero. We also present some new
stability tests, based on the results obtained in [3].

Compare now the results of the paper with some other known results [5-7, 9, 10, 22].
First of all we replace the constant 3/2 in most of these tests by the constant 1+1/e. Evidently
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1+1/e=1.3678--- < 3/2, so we have a worse constant, but it is an open problem to obtain
(3/2)-stability results for equations with measurable coefficients and delays.

Consider now (3.28) with a single delay. This equation is well studied beginning with
the classical stability result by Myshkis [29]. We present here several statements which cover
most of known stability tests for this equation.

Statement 1 (see [5]). Suppose a(t) > 0, h(t) < t are continuous functions and
t

lim sup a(s)ds < § (4.1)
t— o0 h(t) 2

Then all solutions of (3.28) are bounded.
If in addition

t
lim inf a(s)ds >0, (4.2)

t— oo h(t)

and the strict inequality in (4.1) holds then (3.28) is exponentially stable.

Statement 2 (see [7]). Suppose a(t) > 0, h(t) < t are continuous functions, the strict inequality
(4.1) holds and fg° a(s)ds = oo. Then all solutions of (3.28) tend to zero as t — co.

Statement 3 (see [9, 10]). Suppose a(t) > 0, h(t) < t are measurable functions, fgo a(s)ds = oo,
A(t) = fé a(s)ds is a strictly monotone increasing function and

t

. 1
lim sup a(s)ds < sup (w + m) =145..., (4.3)

t— o0 h(t) O<w<ar /2

D(w) = fgo u(t, w)dt, where u(t, w) is a solution of the initial value problem
YO +yt-w)=0, y(t)=0, £<0, y(0) =1 (4.4)

Then (3.28) is asymptotically stable.

Note that instead of the equation y(t) + y(t —w) = 0 with a constant delay, the equation
y®) +yt-7(t) =0 (4.5)

can be used as the model equation. For example, the following results are valid.

Statement 4 (see [10]). Equation (4.5) is exponentially stable if |7(t) — w| < k/x(w), where
ke[0,w),0<w<r/2and y(w) = [ [u(t, w)|dt.

Obviously in this statement the delay can exceed 2.

Statement 5 (see [10]). Let 7(t) < k + w{t/w}, where k € (0,1),0 < w < 1, {gq} is the fractional
part of g. Then (4.5) is exponentially stable.
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Here the delay 7(t) can be in the neighbourhood of w which is close to 1.

Example 4.1. Consider the equation

x(t) + a(|sint| —sint)x(h(t)) =0, h(t) <t (4.6)

where h(t) is an arbitrary measurable function such that t — h(t) < or and a > 0.

This equation has the form (3.28) where a(t) = a(|sint| — sint). Let us check that the
conditions of Corollary 3.10 hold. It is evident that f:) a(s)ds = co. We have

t t 201
lim sup a(s)ds < limsup a(s)ds < -a J. 2sinsds = 4a. (4.7)

t— o0 h(t) t— oo t-ar a

If &« < 0.25(1 + 1/e), then condition (3.27) holds, hence all solutions of (4.6) tend to zero as
t — oo.
Statements 1-3 fail for this equation. In Statements 1 and 2 the delay should be

continuous. In Statement 3 function A(t) = fé a(s)ds should be strictly increasing.
Consider now the general equation (1.1) with several delays. The following two
statements are well known for this equation.

Statement 6 (see [6]). Suppose ax(t) >0, hi(t) <t are continuous functions and

limsupay (f)limsup(t — hi(t)) < 1. (4.8)

t— o0 t— o0

Then all solutions of (1.1) are bounded and 1 in the right-hand side of (4.8) is the best possible
constant.

If 37", ar(t) > 0 and the strict inequality in (4.8) is valid then all solutions of (1.1) tend
to zeroast — oo.

If ay (t) are constants then in (4.8) the number 1 can be replaced by 3/2.

Statement 7 (see [7]). Suppose ar(t) > 0, hi(t) < t are continuous, hy(t) < ha(t) < -+ < hy (1)

and

t m
lim supf Zak(s)ds < % (4.9)
ha(

t— oo t) k=1

Then any solution of (1.1) tends to a constant as t — oo.
If in addition faw Sty ak(s)ds = oo, then all solutions of (1.1) tend to zero as t — oo.

Example 4.2. Consider the equation

a [t p [/t
' x| 5 —si —x(5 )= > 4.1
x(t) + tx<2 smt) + tx<2> 0, t>ty>0, (4.10)

where a > 0, f > 0. Denote p(t) = 1/t, h(t) = t/2 —sint, g(t) =t/2.
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We apply Corollary 3.6. Since lim;_, o, [In(t/2) — In(t/2 — sint)] = 0, then

t— oo

lim sup <a ft p(s)ds + ft p(s)ds> <(a+p)In2. (4.11)
h(t) g(t)

Hence if a + p < (1/In2)(1 + 1/e) then (4.10) is asymptotically stable. Statement 4 fails for
this equation since the delays are unbounded. Statement 5 fails for this equation since neither
h(t) < g(t) nor g(t) < h(t) holds.

Stability results where the nondelay term dominates over the delayed terms are well
known beginning with the book of Krasovskii [30]. The following result is cited from the
monograph [22].

Statement 8 (see [22]). Suppose a(t), bi(t), t — hi(t) are bounded continuous functions, there
exist 6, k, 6 >0,0 < k <1, such that a(t) > 6 and 3., |bk(t)| < k6. Then the equation

X(t) + a(t)x(t) + ibk(t)x(hk(t)) =0 (4.12)
k=1

is exponentially stable.

In Corollary 3.13 we obtained a similar result without the assumption that the
parameters of the equation are continuous functions and the delays are bounded.

Example 4.3. Consider the equation

X(t) + %x(t) + %x(é) =0, t>ty>0. (4.13)

If @ < 1 then by Corollary 3.13 all solutions of (4.13) tend to zero. The delay is unbounded,
thus Statement 8 fails for this equation.

In [31] the authors considered a delay autonomous equation with linear and nonlinear
parts, where the differential equation with the linear part only has a positive fundamental
function and the linear part dominates over the nonlinear one. They generalized the early
result of Gyo6ri [32] and some results of [33].

In Theorem 3.11 we obtained a similar result for a linear nonautonomous equation
without the assumption that coefficients and delays are continuous.

In all the results of the paper we assumed that all or several coefficients of equations
considered here are nonnegative. Stability results for (3.28) with oscillating coefficient a(t)
were obtained in [34, 35].

We conclude this paper with some open problems.

(1) Is the constant 1 + 1/e sharp? Prove or disprove that in Corollary 3.10 the constant
1+ 1/e can be replaced by the constant 3/2.
Note that all known proofs with the constant 3/2 apply methods which are not
applicable for equations with measurable parameters.



18 Abstract and Applied Analysis

(2) Suppose (2.11), (2.12) hold and

n’l
. () J‘ 1
limsu E ai(s)ds <1+ p 4.14

t%oopk 12 =1 al(t) he(t) =1 ( )

Prove or disprove that (1.1) is exponentially stable.
The solution of this problem will improve Theorem 3.3.

(3) Suppose (1.1) is exponentially stable. Prove or disprove that the ordinary
differential equation (3.41) is also exponentially (asymptotically) stable, without
restrictions on the signs of coefficients ay (t) > 0, as in Theorem 3.16. The solution of
this problem would improve Theorem 3.16.
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