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We consider the generalized shift operator, associated with the Dunkl operator A,(f)(x) =
@d/dx)f(x) + (Qa+1)/x)((f(x) = f(-x))/2), a > =1/2. We study the boundedness of the Dunkl-
type fractional maximal operator My in the Dunkl-type Morrey space Ly 4(R), 0 < A < 2a + 2.
We obtain necessary and sufficient conditions on the parameters for the boundedness Mg, 0 < <
2a +2 from the spaces L, ) (IR) to the spaces Ly 4(R), 1 < p < q < o0, and from the spaces Ly, 4(R)
to the weak spaces WL, «(R), 1 < g < co. As an application of this result, we get the boundedness
of Mg from the Dunkl-type Besov-Morrey spaces BZH/ 1« (R) to the spaces B; (R),1<p<g<oo,

0<A<2a+2,1/p-1/g=p/QRa+2-1),1<0<w,and0<s<1.

0,\,a

1. Introduction

On the real line, the Dunkl operators A, are differential-difference operators introduced in
1989 by Dunkl [1]. For a real parameter a > —1/2, we consider the Dunkl operator, associated
with the reflection group Z, on R:

2a+1 <f(x) —f(—x)>_ (1.1)

Aa(f)(x) = ;—xf(x)+ . 5

In the theory of partial differential equations, together with weighted L, ,,(R") spaces,
Morrey spaces L, (R") play an important role. Morrey spaces were introduced by Morrey in
1938 in connection with certain problems in elliptic partial differential equations and calculus
of variations (see [2]).
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The Hardy-Littlewood maximal function, fractional maximal function, and fractional
integrals are important technical tools in harmonic analysis, theory of functions, and partial
differential equations. In the works [3-5], the maximal operator and in [6, 7] the fractional
maximal operator associated with the Dunkl operator on R were studied. In this work,
we study the boundedness of the fractional maximal operator Mg (Dunkl-type fractional
maximal operator) in Morrey spaces Ly )q.(R) (Dunkl-type Morrey spaces) associated
with the Dunkl operator on R. We obtain the necessary and sufficient conditions for the
boundedness of the operator Mg from the spaces Ly 1(R) to L;1(R), 1 <p < g < o0, and
from the spaces Lj,)4(R) to the weak spaces WL, 4(R), 1 < g < oo.

The paper is organized as follows. In Section 2, we present some definitions and
auxiliary results. In Section 3, we give our main result on the boundedness of the operator
Mg in L, .(R). We obtain necessary and sufficient conditions on the parameters for the
boundedness of the operator My from the spaces L, 1 «(R) to the spaces L;)4(R), 1 <p <g<
oo, and from the spaces L1, ,(R) to the weak spaces WL, (R), 1 < g < co0. As an application
of this result, in Section 4 we prove the boundedness of the operator My from the Dunkl-
type Besov-Morrey spaces B;(M,a(R) to the spaces BZG,)L,“(R), l<p<g<oo,0<A<2a+2,
1/p-1/9q=p/Ra+2-1),1<0<ow,and0<s<1.

Finally, we mention that, C will be always used to denote a suitable positive constant
that is not necessarily the same in each occurrence.

2. Preliminaries

Let a > —1/2 be a fixed number and p, be the weighted Lebesgue measure on R, given by
1 e
Apta(x) = (2“+1r(a + 1)) |x[2 dx. (2.1)

Forevery 1 < p < oo, we denote by L, 4(R) = L, (dpa) (R) the spaces of complex-valued
functions f, measurable on R such that

AN, = <_[ If(x)l"dya(x)>l/p <o ifpel, o),
8 2.2)

| fll., . = ess Euplf(x)l if p=co.
xX€

For 1 < p < oo we denote by WL, 4(R), the weak L, ,(R) spaces defined as the set of
locally integrable functions f(x), x € R with the finite norm

I fllwe,, = sup r(pafx €R:|f(x)] > )" (2.3)

Note that

Lp,a c WLP,W ”f”WLW < ”f”p,a Vf € LF’/”‘(R)' (2'4)
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Forall x,y,z € R, we put

Wa(x,y,2) = (1= 0xyz + Ozxy + Ozyx) Aa(X, Y, 2), (2.5)
where
by -2
—  ifx,yeR\O,
Oxy,z = 2xy Y \ (2.6)
0 otherwise

and A, is the Bessel kernel given by

(T | )

|y z|*
0 otherwise,

Ag(x,y,2) = 4 % itzl€ A (27)

where d, = (T'(a + 1))2/(2""1\/77' [(a+1/2)) and Ay = [|lx| = yll, x| + [yl].
In the sequel we consider the signed measure v,,, on R, given by

Wa(x,y,z)dpa(z) if x,y €eR\0,
Vay 1= d0x(2) ify=0, (2.8)
déy(z) if x=0.

For x,y € R and f being a continuous function on R, the Dunkl translation operator
Ty is given by

T f(y) = IR f(z)dvyy(z). (2.9)

Using the change of variable z = ¥(x,y,0) = \/ x? + y% - 2xy cos 0, we have also (see
[8])

X

T f (y) = Ca J‘o [f(‘l’) + f(-¥) + ‘;y(f(‘P) —f(—‘P))]dv,x(G), (2.10)

where dv,(0) = (1 - cos0) sin**0 df and C, =T (a +1)/2y/x T(a +1/2).

Proposition 2.1 (see Soltani [9]). For all x € R the operator T, extends to L, ,(R), p > 1 and we
have for f € Ly (R),

Iz flly,, <41 £, (2.11)
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Let B(x,r) = {y € R : |y| €]max{0,|x| —r}, |x| + r[},r > 0, and b, =
271 (a+1) T(a+1)]"". Then B(0,r) =] - r,r[ and UaB(0,7) = br®*2.
Now we define the Dunkl-type fractional maximal function (see [3-5]) by

My f(x) = sup(uaB(0,r)) /22 f o Tl f|(W)dpa(y), 0<p<2a+2.  (212)
>0 B(0,r

If p =0, then M = M, is the Dunkl-type maximal operator.
In [3-5] was proved the following theorem (see also [10]).

Theorem 2.2. (1) If f € Ly 4(R), then for every 5 >0
C
pal € ®5 MF 0 > B < S, 13)

where C > 0 is independent of f.
) IffeLl,a(R), 1<p< oo, then Mf € L, o(R) and

IM£llL,, < Coll £l (2.14)

where Cp, > 0 is independent of f.

Definition 2.3. Let 1 < p < o, 0 < A < 2a + 2. We denote by L, (R) Morrey space (=
Dunkl-type Morrey space), associated with the Dunkl operator as the set of locally integrable
functions f(x), x € R, with the finite norm

1/p
[A1l,0 = sup ( Lm )Tx|f(y)|pd#a(y)> . (2.15)

x€R,r>0

Note that L, 0,4(R) = Lp(R), and if A <0 or A > 2a + 2, then L, ) »(R) = ©, where © is
the set of all functions equivalent to 0 on R (see also [7]).

Definition 2.4. Let1 <p < oo and 0 < A < 2a +2. We denote by WL, ) «(R) a weak Dunkl-type
Morrey space as the set of locally integrable functions f(x), x € R with finite norm

x€R,r>0

1/p
”f”WLPU =supt sup <r‘*J‘ dya(y)> . (2.16)
w >0 {yeB0,r): «|f(y)|>t}

We note that

Lppa®) CWLya®), — (fllw,,, < Ifllp1e (2.17)
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3. Main Results

The following theorem is our main result in which we obtain the necessary and sufficient
conditions for the Dunkl-type fractional maximal operator My to be bounded from the spaces
Lpya(R) to Lgya(R), 1 < p < g < oo and from the spaces L1, ,(R) to the weak spaces
WL;1a(R),1<g<c0.

Theorem 3.1. Let 0 < f<2a+2,0<A<2a+2,and1<p< (2a+2-1)/p.

(1) If p = 1, then the condition 1 —1/q = B/ (2a + 2 — X) is necessary and sufficient for the
boundedness of Mg from Ly 4(R) to WL ) «(R).

(2) If1 <p < (2a+2-1)/p, then the condition (1/p) — (1/g) = B/ (Ra+2 - \) is necessary
and sufficient for the boundedness of Mg from Ly ) 4(R) to Lg«(R).

(B) Ifp= (Ra+2- L)/, then Mp is bounded from Ly ) o(R) to Lo (R).
For1<p, 8 <o0,0< 1 <2a+2,and 0 < s < 2, the Dunkl-type Besov-Morrey B, , (R)

pO,Aa
consists of all functions f in L, ) »(R) so that

1/0

lzf O = FOIL .
I, . = 1AL, .. + <fR s D dg(x) ) < oo, (3.1)

Besov spaces in the setting of the Dunkl operators were studied by Abdelkefi and Sifi
[11], Bouguila et al. [12], Guliyev and Mammadov [10], and Kamoun [13]. In the following
theorem, we prove the boundedness of the Dunkl-type fractional maximal operator in the
Dunkl-type Besov-Morrey spaces.

Theorem 3.2. For1<p<g<oo, 0<A<2a+2, (1/p)-(1/q) =p/(Ra+2-1),1<60 < oo, and
0 < s < 1, the Dunkl-type fractional maximal operator Mp is bounded from By 1a(R) fo By La(R).
More precisely, there is a constant C > 0 such that

IMpfllg., < Cl s, (3.2)

s
Bq@,,l,a

hold for all f € By a(R)-

Remark 3.3. Note that Theorem 3.2 in the case A = 0 was proved in [10].

4. Boundedness of the Dunkl-Type Fractional Maximal Operator in
the Dunkl-Type Morrey Spaces

In the following theorem, we obtain the boundedness of the Dunkl-type fractional maximal
operator My in the Dunkl-type Morrey spaces Ly, (R).
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Theorem 4.1. Let 0 < f<2a+2,0<A<2a+2, f€Ly1a(R),and1 <p< a+2-1)/p.

W) Ifp=1and1-1/q=p/QRa+2- 1), then Mpf € WL 4(R) and
”Mﬂf"wg,,),,x < C”f”m,u' (4.1)

where C > 0 is independent of f.
@) Ifl<p<Ra+2-1)/pand (1/p)-(1/q) = p/Ra+2-1), then Mgf € Ly o(R) and

IIMﬁf"q,)L,a S Cllfllp,l,a’ (42)

where C > 0 is independent of f.
Q@) Ifp=QRa+2-\)/pand q = oo, then Mgf € Ly, (R) and

1M1, < b2 P (4.3)

pAa

Proof. The maximal function M f(x) may be interpreted as a maximal function defined on
a space of homogeneous type. By this we mean a topological space X equipped with a
continuous pseudometric p and a positive measure y satisfying

UE(x,2r) < CouE(x, 1) (4.4)

with a constant Cy being independent of x and r > 0. Here E(x,7) = {y € X : p(x,y) <
r}, p(x,y) = |x — y|. Let (X, p, u) be a space of homogeneous type, where X = R, p(x,y) =
|x —yl|, and du(x) = dpus(x). It is clear that this measure satisfies the doubling condition (4.4).
Define

Mf ) =sup(uEGe )™ | 7)ldu() 43
r>0 E(x,r)

It is well known that the maximal operator M, is bounded from L;(X,u) to
WL1,,(X, u) and is bounded on L, 1 (X, ) for 1 <p < 00,0 <A < 2a +2 (see [14, 15]).
The following inequality was proved in [6]

Mf(x) < CM, f(x), (4.6)

where C > 0 is independent of f.
Then from (4.6) we get the boundedness of the operator M from Lj ) 4(R) to WLj ) «(R)
and on Ly, 4(R), 1 <p < co. Thus in the case = 0 we complete the proof of (1) and (2).
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Lett >0, 0<p<2a+2, fel,n«R),1<p<Ra+2-A)/pand (1/p) -(1/q) =
B/ (2a +2 - \). Applying the Holders inequality we have

Mpf(x) = maX{srgy (1aB(0, 7)) 22! f ) | f () |dpa(y),

O,r
a+2)- 4.7
sup (1 B(0, 1)) 2! f | f(¥) Id#a(y)} v
r<t B(0,r)
< B/ max (07 B0 £ M F ()
Therefore, for all t > 0, we get
Myf(x) < pf/ e+ <b;1/Ptﬁ—(2a+2—A)/p " ”f”m,a’ tﬂMf(x)>. (4.8)
The minimum value of the right-hand side (4.8) is attained at
/(2a+2-1)
2a+2- 4, 1 Ifllpna\”
t= b, (4.9)
p M (x)
and hence
a+2)— a+2-\ -
Mﬂf(x) < bg/(z +2)—p/ (2a+2 )||f||:7’£;q(Mf(X))p/q. (4.10)

Thenfor1l <p < 2a+2-1)/p from (4.10), we have

1/q
M5 fll 0 = sUP <f‘A L(O )Tx(Mﬁf (y))”dﬂa(y)>

1/q
/(2a+2)-B/ (2a+2-A 1-p/ -
< pf/ G AP CED o IIP,A’T(r ! fB(O )Tx(Mf(y))pdﬂa(y)> (4.11)
T

/Qur2)-p/ 2as2-1) |1 cy11-p/ /
<o I g T M|

< ClIAN v

where C > 0 is independent of f.
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Also for p = 1 from (4.10) we have

1/q
1Myl = supt sup (| ()
T B0 xeRr>0 [YEB(O,r) : 7 My f (y)>t)

1/q
<supt sup [ r* I dpa(y)
>0 xeR,r>0 < {yeB(O,r): Tfo(y) b P/ Car2-)+pa/ Qai2) ”f”;?utq }

/Qar2-0)~p/ Qax2) | 11-1/ 1/
< by O A M |

WL]J,a
< Clflly e
4.12)

where C > 0 is independent of f.
Therefore, the case > 0 complete the proof of (1) and (2).
(3) Letp = 2a+2- 1)/, f € Lp)«(R); then applying Holders inequality, we obtain

(eBON) D [ 1l W) y)

T

1/p
-1+p/a+2)+1/
< (4aB(0, 1)) P/ M P<IB(O )Txlf(y)l”dﬂa(y)>

(4.13)
1/p
= b, T r‘*f | f (W) dpa(y)
B(0,7)
-\/p(a+2)

<be Tl e
Thus the case > 0 completes the proof of (3).
Theorem 4.1 has been proved. O

Proof of Theorem 3.1. Sufficiency part of the proof follows from Theorem 4.1.

Necessity. (1) Let1 <p < (2a+2-1)/a and Mg be bounded from L, ) «(R) to Ly «(R).
Define f;(x) := f(tx), t > 0. Then

1/p
”ft ”p,/l,a = a2y sup <r_j\ fB(Ot ) Ttx|f(y) |pd/”lt’l(y)>

x€R,r>0

(4.14)

= e
pAa
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and Mg fi(x) = t’ﬂMﬂf(tx),

1/q
g5l =t sop ([, melpf Ol et

x€R,r>0

/4 4.15
= P-Ce/0 gy <r‘)‘J‘ | Mpf ()| dm(y)) -
B(0,tr)

x€R,r>0

= O My

q,\,a :

By the boundedness of Mg from L, ) «(R) to Ly «(R),

” Mg f”LW — pPrar2-0)/q || Mgf, ||LW

< Crﬂ+(2u+2—)u)/q”fr” (4.16)

pAa

— Crﬁ+(2a+2—)L)/q—(2a+2—)u)/p”f” N
pAa’

where C depends only on p, §, A, and a.

If1/p>1/q+p/(a+2-1),thenforall f € L, ,(R) we have ”Mﬂf”q,)t,a =0asr — 0,
which is impossible. Similarly, if 1/p <1/g+p/(2a+2-1), then for all f € L, +(IR) we obtain
”Mﬂf”q,)t,u =0asr — oo, which is also impossible.

Therefore, we get 1/p=1/g+p/QRa+2-1).

Necessity. Let Mg be bounded from L1y »(R) to WL, .(R). We have
_ o P-(ar2-1)/
IMpfellwe,,, =772 M S,y - (417)

By the boundedness of Mg from Lj ) 4(R) to WL, +(R) it follows that

| Msf| Wiy = PP+ 20/ My £, | WLyt

<Crie TV, 19

b an ) £
r 'a,

where C depends only on f, A, and a.
If1<1/g+p/QRa+2-1),thenforall f € L1 ,(R) we have ”Mﬂf”WLq\a =0asr — 0.
Similarly, if 1 > 1/q + p/(2a +2 - 1), then for all f € L1, +(R) we obtain ||[Mgfl,, L= 0 as
q,\,a
r — .

Hence we get 1 =1/q+ f/(2a + 2 — 1). Thus the proof of Theorem 3.1 is completed.
O
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Proof of Theorem 3.2. For x € R, let 7, be the generalized translation by x. By definition of the
Besov spaces, it suffices to show that

ImMpf = Myfll,, < Collmef = £y, - (4.19)
It is easy to see that 7, commutes with My, thatis, 7. Mpf = Mp(7, f). Hence we have
|TxMpf = Mpf| = |Mp(txf) = Mpf| < Mp(|7f = f])- (4.20)

Taking L, ),«(R) norm on both ends of the above inequality, by the boundedness of Mg from
Lp«(R) to Ly« (R), we obtain the desired result. Theorem 3.2 is proved. O

Acknowledgment

The authors express their thanks to the referee for careful reading, and helpful comments and
suggestions on the manuscript of this paper.

References

[1] C. E Dunkl, “Differential-difference operators associated to reflection groups,” Transactions of the
American Mathematical Society, vol. 311, no. 1, pp. 167-183, 1989.

[2] C. B. Morrey Jr., “On the solutions of quasi-linear elliptic partial differential equations,” Transactions
of the American Mathematical Society, vol. 43, no. 1, pp. 126-166, 1938.

[3] C. Abdelkefi and M. Sifi, “Dunkl translation and uncentered maximal operator on the real line,”
International Journal of Mathematics and Mathematical Sciences, vol. 2007, Article ID 87808, 9 pages, 2007.

[4] Y. Y. Mammadov, “On maximal operator associated with the Dunkl operator on R,” Khazar Journal of
Mathematics, vol. 2, no. 4, pp. 59-70, 2006.

[5] F.Soltani, “Littlewood-Paley operators associated with the Dunkl operator on R,” Journal of Functional
Analysis, vol. 221, no. 1, pp. 205-225, 2005.

[6] V. S. Guliyev and Y. Y. Mammadov, “(L,, L;) boundedness of the fractional maximal operator
associated with the Dunkl operator on the real line,” Integral Transforms and Special Functions, pp.
1-11, 2010.

[7] E. V. Guliyev and Y. Y. Mammadov, “Some embeddings into the Morrey spaces associated with the
Dunkl operator,” Abstract and Applied Analysis, vol. 2010, Article ID 291345, 10 pages, 2010.

[8] M. Rosler, “Bessel-type signed hypergroups on R,” in Probability Measures on Groups and Related
Structures, XI (Oberwolfach, 1994), pp. 292-304, World Scientific, River edge, NJ, USA, 1995.

[9] F. Soltani, “Lp-Fourier multipliers for the Dunkl operator on the real line,” Journal of Functional
Analysis, vol. 209, no. 1, pp. 16-35, 2004.

[10] V. S. Guliyev and Y. Y. Mammadov, “On fractional maximal function and fractional integrals
associated with the Dunkl operator on the real line,” Journal of Mathematical Analysis and Applications,
vol. 353, no. 1, pp. 449-459, 2009.

[11] C. Abdelkefi and M. Sifi, “Characterization of Besov spaces for the Dunkl operator on the real line,”
Journal of Inequalities in Pure and Applied Mathematics, vol. 8, no. 3, article no. 73, p. 11, 2007.

[12] R. Bouguila, M. N. Lazhari, and M. Assal, “Besov spaces associated with Dunkl’s operator,” Integral
Transforms and Special Functions, vol. 18, no. 7-8, pp. 545-557, 2007.

[13] L. Kamoun, “Besov-type spaces for the Dunkl operator on the real line,” Journal of Computational and
Applied Mathematics, vol. 199, no. 1, pp. 56-67, 2007.

[14] G. Pradolini and O. Salinas, “Maximal operators on spaces of homogeneous type,” Proceedings of the
American Mathematical Society, vol. 132, no. 2, pp. 435441, 2004.

[15] N. Samko, “Weighted Hardy and singular operators in Morrey spaces,” Journal of Mathematical
Analysis and Applications, vol. 350, no. 1, pp. 56-72, 2009.



