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Time-global smoothing estimates for a class of
dispersive equations with constant coefficients

Kei Morii

Abstract. We discuss smoothing effects of homogeneous dispersive equations with con-
stant coefficients. In the case where the characteristic root is positively homogeneous, time-global
smoothing estimates are known. It is also known that a dispersiveness condition is necessary for
smoothing effects. We show time-global smoothing estimates where the characteristic root is not
necessarily homogeneous. Our results give a sufficient condition so that lower order terms can be
absorbed by the principal part, and also indicate that smoothing effects may be caused by lower
order terms in the case where the dispersiveness condition fails to hold.

1. Introduction

We will consider the initial value problem for homogeneous pseudodifferential
equations with constant coefficients

(1.1) Dyu—a(D)u=0 in RM",

(1.2) u(0,2) =¢(z) in R",

where u(t, ) is a complex-valued unknown function of (t,z)=(t,z1,...,z,)ER*™,
n>1, and

.0
D=(D,...,D,), Dj=—i—

0
D= —i—
t 1 8x]7

ot’

where i always denotes the imaginary unit. Here, a(D) is a differential operator
defined by

aDpua)=ry " [ [ e aguty) dye.
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Throughout this paper, we assume that the symbol a(¢)€C?(R™) is real-valued and
has at most polynomial growth at infinity. The solution to the initial value problem
(1.1)—(1.2) is given by

eita(D)d)(x) _ (271_)771 / / ei(zfy)-EJrita(ﬁ)d)(y) dy d€.

Smoothing effects of dispersive equations have been studied by many authors.
First, Sjolin [11] showed a local estimate in the case where a(§)=|£|™, m>1. Let
us focus our attention on time-global L2-estimates for homogeneous equations.
Originally, the smoothing effects of dispersive equations such as (1.1)—(1.2) had
been established for the usual Laplacian i.e., the case a(D)=— Z?Zl 82/833?, that
is, a(¢)=|¢]2. Then several extensions for the general symbol a were studied.
See [2], [4], [5], [6], [7], [8], [9], [10], [12], [14], [15] and [16] and references therein.

To explain the details, we introduce the notation of function spaces. Let 2 be
a subset of a Euclidean space. For se NU{0}, let C*(£2) denote the set of all s times
continuously differentiable real-valued functions on Q. Let L?(Q2) denote the set of
all square integrable functions f on 2. Set

1/2
I fllz2) = (/Q|f(x)|2dx) :

A local smoothing effect for positively homogeneous symbols is established as
follows. Set (x)=(1+|z|?)"/2.

Theorem 1.1. (Chihara [4, Theorem 1.1]) Let n>1. Suppose that a€ C*(R™)
is positively homogeneous of degree m>1, and satisfies the dispersiveness condition

Va(€) £0 for R\ {0},
Let 5>%. Then there exists C'>0 such that
”<x>—6|D|(m—l)/Qez'ta(D)¢||Lz(RHn) < C||¢||L2(R”)
for all g€ L?(R™).

Other types of local smoothing estimates are known. See [8] and the references
therein. Roughly speaking, local smoothing effects are caused by the dispersiveness
condition, which is equivalent to the nontrapping condition of classical orbits, that
is, X(t;z,§)=x+tVa(&) tends to infinity, as t—+oo, for all (z,£)eR™xR™\{0}.
Hoshiro recently proved that the dispersiveness condition is necessary for a local
smoothing effect.

Theorem 1.2. (Hoshiro [6, Theorem 1.1]) Let a(§)=3_,, <y, Cal” be a real
polynomial of degree m>1. Let a,,(§) be the principal part of the symbol: a,, (&)=
2 laj=m Ca&®. Let xEC™(R™) be a compactly supported function satisfying x(z)=1
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for xeU, where U is a nonempty bounded open set. Suppose that there exist positive
constants C and T such that

/OTH (DY 2y P Lo gy dt < C | L2 rm)
for all € L?(R™). Then the dispersiveness condition
Vanm(§)#0  for €R™\{0}
holds.

Set Br={2€R";|z|<R} and Br={x€R";|z|<R} for R>0. A real polyno-
mial a of order m is said to be of real principal type if there exists R>0 such that
IVa(€)| = C(1+]g)™ ™" for € €R™\Bk.

Note that in particular, for a real simply characteristic polynomial a, we have
(1.3) Va(§)#0 for £ €R™\Bpg

for some R>0. The following theorem gives a time-global smoothing estimate for
real-principal-type operators.

Theorem 1.3. (Ben-Artzi and Devinatz [1, Theorem 3.1]) Let a be a real
simply characteristic polynomial and assume that a satisfies

V%a(e)]
e Va(e)]
£EMp

Ié

=0 for all >0,

where

Ms={(€R";[a(¢)| > Ba(6)}, a©)= > [Da().

ae(Nu{o})»
Choose R>0 such that (1.3) holds. Letb be a real function of class C*(R™) satisfying
DOI((E)+IVBE)]) < c|Va(§)]  for § ER™\ Bpg.

For ¢ L?*(R™), decompose ¢p=a¢1+p2, where their Fourier transforms b1 &)=
XBr (6)D(€) and ¢o(&)=(1—xBx(€))(E). Then there exists C>0 such that

sup  [D*e" PV, (t,2)| < C||¢l| L2
(t,z)eRI+m

and
1) ~/2b(D)e"*P) gy || 214y < C|| ]| L2(rn)
for all g€ L?(R™).
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As is stated in [1, Corollary 3.2], if a is a real-principal-type polynomial of

(m—1)/2

order m, then we can choose b(&)=(¢) to obtain the estimate

()~ /2(D) D2 aD) gy || L2y < O] 12 zm)-

This gives a better weight (5=—% than that of Theorem 1.1.

The aim of this paper is to show time-global smoothing estimates where the
characteristic root is not necessarily homogeneous. The symbols which have so
far been studied are mainly positively homogeneous functions and polynomials. We
show a smoothing effect where the symbol a(€) need not be a positively homogeneous
function nor a polynomial. Let a,,(£) be the principal part of the symbol a(§)
where a, is positively homogeneous of order m. While Va,, (§)#0 for £eR™\ {0} is
assumed in Theorem 1.1, we allow a to contain the lower part and we assume that

Va(§)#0 for £eR™\{0}.

Our main result is the following. Set S"~!={zeR";|z|=1}.

Theorem 1.4. Let n>1. Suppose the following:
(A1) acCH(R");
(A2) Va(§)#0 for all EeR™\{0};
(A3) there exist m>1 and a,, €C*(R™) such that
(1) Vam(€)#£0 for all R {0};
(i) am(A)=A"am (&) for all A>0 and E€R™\{0};
(i)
lim max A" T!Va(Aw)—Va,,(w)|=0;

A—oo weSn—1

(A4) there exists a continuous function ag: S —R™ such that

I Va(dw)
im max |——+
MNO0wesn—1||[Va(iw)]
Let 5>%. Then there exists C >0 such that
1(z)~°|(Va)(D)[/2e**P) | 2 greny < O]l L2 er)
for all g€ L?(R™).

Roughly speaking, Theorem 1.4 corresponds to Theorem 1.3 in the case where
R=0 formally and b(¢)=|(Va)(D)|'/?. We also remark that in Theorem 1.4 we
do not assume that a is simply characteristic. Theorem 1.4 shows that even if the
lower part exists, we can gain a smoothing effect whenever it satisfies appropriate

conditions. Namely, we give a sufficient condition that the lower order term is
absorbed by the principal part. For instance, consider

a(€)=>_&+¢”
j=1

—ap(w)|=0.
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It satisfies the assumption in Theorem 1.4. Namely, a(D) is a real-principal-type
operator.

On the other hand, even if the dispersiveness condition fails to hold, our method
will work well in the particular case where the symbol is the sum of one-dimensional
functions.

Theorem 1.5. Let n>2. Let
a(€) =g(h(©), h(&=>_a;(&),
j=1

where g€ C*(R) has at most polynomial growth at infinity, g'(h(€))#0 for EER™\
{0}, and for all j=1,...,n,

(i) a;€CY(R) has at most polynomial growth at infinity;

(ii) |a}| is monincreasing on (—oc,0) and nondecreasing on (0,00);

(iif) a(p)=0 if and only if p=0.

Let 5>%, Then there exists C >0 such that

1(z) = |(Va) (D) 2" P || L2 griny < Cl | L2 rm)
for all p€ L*(R™).

Theorem 1.5 shows that even if the condition for the principal symbol
Vanm(£)#£0 for (eR™\{0} fails, if the lower part a—a,, helps to hold Va(§)#0
for £eR™\ {0}, then we can also gain a smoothing effect whenever it satisfies appro-
priate conditions. In other words, we can gain a smoothing effect for some operators
which are not of real principal type. For instance, let n>2 and consider

n—1

a(€) =Y &+
j=1

Then all of the assumptions in Theorem 1.5 are satisfied. However, it does not
satisfy the assumption (A2) in Theorem 1.4. It seems reasonable to conclude that
the lower order term &2 besides the principal part Z;:ll §;»1 causes a smoothing
effect.

Other types of smoothing effect are studied by using the limiting absorption
principle. See [3] and [13] for example. Ben-Artzi and Nemirovsky [3, Theorem 3A]
investigated the continuity of the resolvent and proved the large-time decay

() "' * Pl L2y < Cll6] 2 en)

for some suitable symbols a, including the relativistic Schrédinger operator a(D)=
(D).
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We give an outline of our method. We here define the Fourier transform in
(t,z) R by setting

Fr= ey [ [ sttt
Generally speaking, the time-global smoothing estimate
1(z)=°|(Va)(D)[/2e"* Pl 2 greny < O]l L2 rn)

is equivalent to a Fourier restriction inequality

R 1/2
(1.49) ([ wa@Nfa@ o) <l sl

by duality. For homogeneous symbols, Chihara [4] decomposed the Fourier phase
space R™ into finite connected cones according to nonvanishing entries of Va(¢),
and obtained (1.4) by some change of variables in each cone. Since our symbols
are not necessarily homogeneous, we need to decompose the Fourier phase space
R™ into finite connected curved regions to show (1.4) in our proof of Theorem 1.5.
In Theorem 1.4, when [¢] is large enough, we can decompose it in the same way as
in [4] since a(&) can be approximated by a homogeneous function.

In this paper, Sections 2 and 3 describe the proofs of Theorems 1.4 and 1.5,
respectively.

2. An estimate for real-principal-type operators

In this section, we give a proof of Theorem 1.4.

Remark 2.1. By substituting e*(©u(t,z) for u(t,z), we may assume that
a(0)=0 without loss of generality.

Lemma 2.2. Let n>2. Suppose (A1)-(A3). Set

Oam _
ry={eerm oh:| 52> w2 wan ]
J
for j=1,....,n. Then there exists R>1 such that
oa

8—£j(€)‘ > C|Va(9)|

for all £eT;\Bgr_1.
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We note that (A3) (i) implies that
(2.1) I =R"\{0}
=1

J

when n>2.

Proof. Tt follows from (A3) (iii) that there exists R>1 such that

\V4 —Vam 2n) "1/ i
| a(gl)é“lm? e S( nio Jin Vam (w)]

for £eR™\ Bg—1. Then,

(2n)~12Jgm—t
0 wglqlgl—l |Vam(w)]

(271)_1/2 )
RS Vanm
10 EEﬂgﬂ,g\rl{o}l am(8)]

[Va(§)| < [Vam(§)[+

=|Vam(&)|+
< 151 Vam(8))

for £eR™\ Br—_1. Using the above inequality, we have that

(2n) 2t
10 Jin [Van(w)|

(2n) —-1/2 )
10 ety Vo)

oa,,

0¢;
> (2n) Y2 Va, (€)]-

‘8@

8—£j(£)‘z‘

©]-

- 9(2n)~1/2

- 10

- 9(2n)~1/2

- 11
for feI‘j\BR,l. Il

[Vam (6]

[Va(E)]

The next lemma provides a decomposition of the Fourier phase space R™ into
finite convex regions on which specific directional derivatives of a do not vanish.

Lemma 2.3. Let n>1. Suppose (Al)-(A4). Then there exist €N, convex
sets Ay, ..., A;CR™\ {0} and wy,...,w; €S™1 such that

() Upey A=R™\ {0};
(ii) Va(§)-wi>C|Va(&)| for all E€Ay.

Proof. Step 1. For wo€S™ ! and r>0, set

Aoy r= {)\u);0</\<7“7 weS" ! and w-wy > 19—0},
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which is convex and open. It follows from (A4) that ao(Aw)=Va(\w)/|Va(lw)| is

a uniformly continuous function on [0,1]x S"~1. Therefore, there exists r€(0,1]

such that

W 1
2l

a2 <

for A weAy,,r. Then

a00w)a0("2) = oo () + (a0 0) a0 (%)) a0 ()
zl—\aow—ao(%)h%
for Aw€ Ay, . Now, if we set 1,,=ao(3rwo), then

Va(Aw) M, > 5| Va(Aw)|

for AweA,, . Since Awo,raérwo, we have

1 1
U Apyr D 57“5”_1 = {irw TwE S”_l}.

woESn—1
As %7"5”*1 is compact, there exist [€N and w1, ..., wp  €5™ ! such that

l
n— 1
U ka,TD TS

Since Ay, is a circular cone, we have Uk=1 Auy,r=B:\{0}. Finally, set A=
Ao o, and WE =1y, .. Then, U;Zl Ar=B,\{0} and Va(§) -wi>C|Va(&)| for £€Ay.

Step 2. (a) The case n>2. Let R>1 be as in Lemma 2.2. Let woeS™ L.
Note that (2.1) implies that wo€l'; for some j. Therefore, we can choose U, C
S”_lﬂf‘j which is an open neighborhood of wg in S™~! such that the cone W, =
{Aw;A>0and wel,, } CL'j is convex. We have that |, cgn-1 Uyo=S5""1. As 571
is compact, there exist [N and wp 1, ...,wp €S™ ! such that U; 1 U, =81
Then, Uk 1 Weo,,=R™"\{0}. Covering W, , with finite thin enough cones (we
use the same notation {W,, ,},_; again) if necessary, we can choose a convex
set Ay such that Wwo’k\ERCAkCWWO.k\ER_l. By virtue of Lemma 2.2, the set
{(0a/0¢;)(&);6€ A} is an interval which does not contain 0. For each k=1, .., 1, let
wr=e;=(0,...,0,1(;),0,...,0) with j defined above if (Ja/0&;)(&) is positive on Ay,
and let wy=—e; if (0a/0E;)(€) is negative on Ag. Then, Uéc:l A DR™\ Bg and
Va(€) -wr>C|Va(§)] for E€Ay.

(b) The case n=1. It follows from (A3) that there exists R>1 such that

B8 (O < S minlaf (D)t (1))
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for £€(—o0, —R+1]U[R—1,00). Then,

@12 Jafn (O~ minflaf, (1), o), (1))

= [0 €)| ~ 5 min, [a4,(€)]> Fla} ()] >0

for £€(—o0, —R+1JU[R—1,00). Set now A;=(R—1,00), Ag=(—00,—R+1), wi=
sgna’(R) and we=sgna’(—R). Then we obtain the same conclusion as in the case
n>2.

Step 3. Let r€(0,1] and R>1 be as in Steps 1 and 2, respectively. Fix an
arbitrary €€ Br\ B,. Set we=Va(¢)/|Va(€)|. The function

Va((+twe)-we
[Va(C+twe)]

is continuous with respect to (¢, () ERxR"™ except on a neighborhood of {+twe=0,
and it attains 1 at (¢,()=(0,&). Therefore, there exist di,d2>0 such that

Va (¢ +twe) we > 5 Va(C+twe)|
for (+twee g, where we set
Ag:{(—i—twg;CER”, |C—€| <dy and —dy <t<d2},

which is convex and open. Since A¢3&, we have that UgeER\BT AgDER\BT. As

BRr\ B, is compact, there exist /€N and &, ..., & € Bg\ B, such that U2=1 Ag, DBR\
B,. Set Ap=A¢, and wp=we,. Then, Uéc:l ArD>BR\B, and Va(§)-wr>1|Va(€)|
for £€Ay.

Combining Steps 1-3, we obtain the desired conclusion. [

We prove Theorem 1.4 using Lemma 2.3.

Proof of Theorem 1.4. First we show (1.4). We split the integral in the left-
hand side of (1.4) into integrals on Ay by Lemma 2.3(i). Namely, we have

ea ([ 1vaelife@.ora) = [, v oF )"

l

<>°(/ 1vace) .ok ac)

k=1

We deal with the right-hand side term by term. We may assume that wp=e;=
(1,0,...,0) without loss of generality by substituting a(P -) for a (and PAy for Ay),
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where P is the orthogonal matrix satisfying Pwp=e;. We write {=(&1,¢)€
RxR" 1 Set Zr={(a(&),&');6€Ar}. The set {teR;te;+& €Ak} is an interval
for all fixed £€ Ay, since Ay is convex. By virtue of Lemma 2.3,

ia(tel +¢) =

7 (tel+§)>C|V(tel+£)|>0

96

on the interval, which implies that a(te;+¢&’) is strictly increasing with respect to t.
Then the mapping

(2.3) A2 &— (1,€) = (a(§),£) € Zy,
is bijective. We here denote its inverse by

Zy 3 (7,8") — (B (7, €), &') € Ax.
We have

(2.4) det < ClVa(g)|

©)

o¢ a(r,€) ‘1_‘ da
a(r, &) ¢ RS

for £€Ag. Changing the variables by (2.3), using (2.4), the Minkowski inequality,
the Plancherel-Parseval formula and the Schwarz inequality yield

(2.5) /A IVa(€)||F(a(€), &) de

= ’det

da -

6, —(E dr d¢’'

k(1,€).€)

- / [ 1ValEr ). 17 Bt €, 6P

SC/Z |f (7, Be(r, &), ) dr de’

_C//Zk/ exp( mlEk(Tafl))ft,x'[f](T,xl,§’)dxl

<C//z(/ | Foorlf ](T,x1,£')|dx1>2d7d§’
C(/ (/ | oo [f)(7, 21, €) ] dr d€’ )1/2 dx1>2
(/ <//n|]-"t o [f)(ry 21, €| dr d¢’ )1/2dx1>2
C(/ (/ |ftx|2dtdx>1/2dx1>
(/O:O (1+27) 5/2</Rn| f(t,z)|? dt da’ )Udel)Q

2

dr d¢’

IN

\ /\

<C
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oo

<) g / (L+4?) % dy

=C[|(2)° fl1 7214y
where F ;. [f] denotes the Fourier transform of f in (¢, ;) €R"™. Substituting (2.5)
for (2.2), we obtain

} 1/2
(2.6) ( [ va(e) If(a(f),£)|2d£> < Cla)? fllaaren.

Finally we show that the Fourier restriction inequality (2.6) implies the time-
global smoothing estimate. Using the Plancherel-Parseval formula and (2.6) yield

1) ~°1(Va) (D)2 4P| 12 (gasny

/ . / " ((Va)(D)[ 2P () T, 7 di di

sup
” <I>6f”L2(JR1+n):1
oo
= sup
H (x>6f|‘L2(m1+n)=1

(6)|(Va) (©)]/2 /

R™ —o00

e=ita(®) f(t, &) dt d&‘

O(Va)(©)['? f(a(€),€) de

R

=@0Y
I ($>6f||L2(R1+n>=1

) 1/2
< @2m)"?|1 | L2@r+ny sup < [(Va)(©)]1f(a(€),€)I? d£>
| R"

<I> f||L2(Rl+n):1
< C|ll2@r+ny,

where ¢ denotes the Fourier transform of ¢ in zeR™. [

3. An estimate for operators which need not be of real principal type
In this section, we give the proof of Theorem 1.5.

Proof of Theorem 1.5. It follows from the definition of a(£) that

(3.1) Va(§) =g (h(£))(@} (), -, a,(§)) #0  for e R™\{0}.
Set

L

{56R"\{0};

{g ER™\{0} ; |a}(&)] > n /2 (Z ai(fl>2>1/2}

1#]

g—gj@\ > <n+1>1/2|w<5>|}
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and

1/2
Fm:{é‘GR"\{O};Ia}(fj)|>n‘1/2<zai(£z)2> and £j>0},

1#]

1/2
Fj,zz{é‘eR"\{O};IGQ(@)bn1/2<Za2(£z)2> and £j<0}

1#]

for j=1,...,n. Our assumption implies that I';=I"; ;UT'; . Then (3.1) implies that
R\ {0} =U_, Uzi Tk

We claim that each I'; 1 is either connected or empty. We only demonstrate
that I'y; is connected if it is not empty; we can argue for the others similarly.
We write £=(&1,&')ERxR™ 1. Let & and n be arbitrary points in I'; ;. Define
a mapping ¥: [0, 1]—R™\ {0} by

(&1, (1=36)¢"), if 0<f<1,
V() =1{ ((2-30)&+(30—1)m,,0), if 1<h<2,
(m1, (30=2)7'), if 2<9<1.

It is easy to see that W is continuous and maps [0,1] to I'y ;. Therefore, I'y; is
arcwise connected in R™ and hence connected. Moreover, the set

1/2
{teR;tes+Eela}= {t > &3 lay (&) >0/ (Z a§(§1)2> }
121

is an interval for all fixed £€I'y 5.
After this, we can argue as in the proof of Theorem 1.4 to prove Theorem 1.5.
We omit the details. [
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