
ASYMPTOTIC PARTITION FORMULAE. III. 
k-th P O W E R S .  1 

BY 

E M A I T L A N D  W R I G H T  

of OXFORD. 

PARTITIONS INTO 

Introduct ion.  

I . I .  In a well-known memoir 2 Hardy and Ramanujan obtained the asymp- 

totic expansion of p(n), the number of unrestricted partitions of n, by applying 

Cauchy's Theorem to the generating function 

o o  a r  

H (I - -  xl) - 1  - - - I  "~- Z 2 ) ( T ~ ) X  n . (I .  I I) 
1-- 1 n = l  

My object here is to find the asymptotic expansion of pk(n), the number of 

partitions of n into k-th powers. 3 The result is to some extent a generalisation 

of theirs, and part of this paper consists of an ~pplic~tion of their method to 

the new generating function 

f ( x )  = H ( I - - X l k ) - - i  = I -~ Z p k ( . ) X  n. 
/=1 n = l  

1 The  p rev ious  papers  of t h i s  series are 

I. P l ane  par t i t ions .  Quart. J. of Math. (Oxford series), 2 (193~), I 77 - -189 .  
II. W e i g h t e d  par t i t ions ,  t)roc. London Math. Soc. (2), 36 (I933) , I I 7 - - I 4 I .  
The  p r e sen t  paper  m a y  be read i n d e p e n d e n t l y  of these .  

s London Malh. Soc. (2), I7 (I918), 7 5 - - I I 5 .  The  reader  wil l  find i t  i n t e r e s t i ng  to 

compare  the  m e t h o d s  and  r e su l t s  of t h i s  paper  w i t h  m y  work  here.  
The  p rob lem was  sugges t ed  to me  by Professor  Hardy ,  to w h o m  m y  t h a n k s  arc also due  

for m u c h  va luab le  advice in t he  course  of t he  inves t iga t ion .  
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Before  we can use this method,  however,  we have to solve two subsidiary 

problems which are much  more compl ica ted  for  general  k t han  in the  par t icu lar  

case k ~  i considered by H a r d y  and  Ramanu.]an.  I t  is obvious t h a t  f ( x ) i s  

regu la r  for  Ix ]  < I and tha t  every po in t  of the  c i rcumference  Ix ]  = I  is an 

essent ial  s ingular i ty  of the funct ion.  W e  mus t  know the na ture  of the singul- 

ari t ies of f ( x )  at  the ra t ional  points  
2pzi 

x : e  q 

or, wha t  is the  same thing,  the behaviour  of f ( x )  as x approaches  such a Point. 

This  in fo rmat ion  is conta ined in a cer tain t r ans fo rma t ion  formula.  

W h e n  k ~  I ,  f ( x )  is, apa r t  f rom a t r iv ia l  factor,  the reciprocal  of an elliptic 

modula r  funct ion,  and the t r ans fo rma t ion  theory  follows a t  once f rom the pro- 

per t ies  of such functions.  For  genera l  k this is not  the case, and we have  to 

develop the t r ans fo rma t ion  theory  of f ( x )  entirely afresh.  This work  takes  up 

the whole of P a r t  I of this paper.  W e  s ta te  the resul t ing fo rmula  as a theorem;  

it  is appa ren t ly  new and possibly of some interes t  in itself, apa r t  f rom the 

appl ica t ion  wi th  which we are here chiefly concerned. 

W e  find t ha t  as x approaches  I, f ( x )  behaves  to a first approx ima t ion  like 

where  l"(t) and ~(t) are the ordinary  G a m m a  and Riemann-ze ta  funct ions.  This 

br ings us to our second subsidiary problem, namely  the  de te rmina t ion  of an 

auxi l iary  func t ion  with an isolated s ingular i ty  of the type (I.  12) at  x = I .  In  

a recent  note  ~, I in t roduced a general ised Bessel funct ion to enable  me to 

cons t ruc t  such an auxi l iary funct ion,  and discussed its properties.  

W e  write 

a ~ ] , I  b - -  k + I I  , j = j (k) : o (k even), 

j .... j ( k ) _  (7  I)1"2;k~1)i-(~_ i)~(k + i ) ( ~  o d d ) .  2 

1 Journal London Math. Soc., 8 (I933), 7I-7-79. 
l R'eaders familiar with tile memoir of Hardy and R~manujan 2 If k = I, then j -  24" 

I 
referred to above  wil l  recollect  the  appea rance  of the  n u m b e r  . . . .  

24 
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Then the appropriate  generalised Bessel funct ion here  is 

c o  

,-0, (,o_;) 

and our simplest result,  found by examining in detail  the singulari ty o f f ( x )  

at x =: I,  is contained in the fol lowing theorem. 

T h e o r e m  1. We. have 

whel 'e  

lb.(n) - -  (n +,}')-~'-(2 7v)-i~:q~ { l ' ( I  4 a)~(I + a)(n +3")"} + O(e( ' t - " )n") ,  

/Jr "--(~:~- I ) { a l ' ( I  ~-a)~( I  ~-a)} l -b, of = . ( k ) >  O. 

Using the known asymptot ic  expansion ~ of q~(z) we can deduce the expan- 

sion of pk(n) in terms of e lementary  funct ions of ~. 

T h e o r e m  2. 

whel 'e  

We have 

�9 { (-(, +' )" flfj J)k(??) = n O ( " '  + j )  b - 3  e xl(n+j)b I + ~Z_.,,j I ~- 

1 

j k'~ 

and b,,, is a function of k and  m only, which may be calculated with st(fficient 

labour for a~y given values of k and m; in particular 

I i k  e + I l k  + 2 
bl --: 24k,4 " 

Hardy  and Ramanu jan  (loe. cir. p. I I I )  give the result  

z ed n b 

without  proof. This is equivalent  to Theorem 2 with M:--: I,  but  wi thout  any 

s ta tement  as to the order  of the error  term. Apar t  f rom this, Theorem 2 is, 

[ believe, new. 

I I , e l n m a  33" 

19- -34198 .  Acta mathematica. 63. Impr im6  ]e 20 juin 1934�9 
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I. 2. W e  shall, however,  go much fu r the r  t han  Theorem I. 

Cauchy 's  Theorem 

f f(,O d :~" 
p k ( n ) = 2 J r i j  x '~'l ' 

.1" 

W e  have by 

where I" is a circle wi th  centre at  x = o and radius  less t han  unity.  W e  shall 

take  the  radius  of F very nearly unity.  Then  the  dominan t  t e rm ofpk(n)  given 

in Theorem I arises f rom the in tegra l  a long the  por t ion of F in the immedia te  

ne ighbourhood of x = I .  Every  point  of the c i rcumference  of the uni t  circle is 

an essential  s ingular i ty  of f (x ) ,  as we saw, but  the s ingular i ty  at  x = I is the 

>>heaviest>>. W h e n  we consider the next  >>heaviest>> singulari t ies,  and also find 

a be t te r  approx ima t ion  than  (I. I2) for  f (x )  near  x : =  t ,  we can find for  any 

e > o an expans ion  for  pk(n) with error  only O(e~"~). 

The numbers  k and q are posit ive integers.  The number  p is also an integer,  

for  the 

q == qlq~: 

sat isfying the condit ions 

I < - - p < q ,  

except  that ,  when  q - - I ,  p = o  only. 

all such values of p for  the 

least  positive in teger  

W e  define dh by 

also 

(p, q) - -  I ,  (I. 2I) 

W e  use ~,  to denote  summat ion  over 
P 

par t icular  value of q in question. W e  wri te  qt- 

such tha t  qlq~. Then qllq and we may write 

ph ~ '~dh(modq) ,  O--< .dh<q ;  

COp, q 

top, q =- I (k even), 

, , ,< ,  , )l 
= e x p  , ~ / ~  z ~  h d,, - -  4 (q - -  q~) (Z, o,ld), 

t \q"/,=1 

exp 
\ q / 

q 

SI, 't = ~, e,,(lh'k), 
h :-- 1 

l i p ,  q = =  
q ) n = l  I I l i+ l l  ' 

Cq, o - ~  I )  / l p ,  q,O ~ " ~ p , q .  



Asymptotic Partition Formulae. i l i .  Partitions into k-th Powers. 147 

For values of t > o, Cq, t is a q-th root  of unity,  depending on k, q and t, and 

Av, q, t is a funct ion of k, p, q and t. For  any par t icular  values of these para- 

meters, Cq, t and _/lv, q,t may be calculated, but  the process is in general  very 

tedious. The method of calculat ion wilt be described later  (see w 9.4). Then  

our full  resul t  is 

T h e o r e m  3. ~br  any e > o, lhere exist  an integer qo ~ qo( k, t) and integers 

Tq, t ~- T(k ,  q, e), such that 
Tq, 

p~ (n) = (n + j ) -  ~ ~ ,  ~_~ Cp, q eq (--  p n) ~,, Cq,, 9o (//v, q,t(u + j)a) + 0 (e' ,,b). 
q<--qo P t--O 

When  k ~ I,  tha t  is, in the case of unres t r ic ted  parti t ions,  we have 

I f  we write 

we have 

I 7g 2 

J - -  24 ql q, Tq, ~ o ,  zip, q - - 6  q 

~o 3 

~=0F( /+  I ) F  l - -  ~r~ t f l  

l ( . 
DOn 

and so the expansion becomes 

1 D @n 

p , ( u ) -  :- d _ _  

2 y ~ ] / r 2  q _ q o d n (  qn J p t%,qeq(--pn)  + O(e~'e).  

Ha r dy  and Ramanujan  obtained the last result. In  fact,  they went fu r ther ;  

taking q0 an appropriate  funct ion of n ,  they made the error  term only O(n '~) .  

I f  we a t t empt  to make a similar improvement  for  pk(n), we find tha t  we can 

choose q o =  q0( k, n) so tha t  the error  te rm is O(end), where d < b. This is not  

so good as the result  for  k--~ I,  and, in view of the heavy analysis required for  

this f u r t h e r  ~tep, I am content  to prove Theorem 3. : 
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Part I. Transformation of the Generating Function. 

2. i. Our  f i r s t  step is to find the  t l : ans fo rma t ion  fo rmula  for  f ( x ) f o r  

genera l  ]c, which will exhibi t  its behaviour  near  the ra t iona l  po in t s  on the 

c i rcumference  ] x ] =  I .  Our  resul t  includes t ha t  for  ]c ~ I ,  which may also be 

deduced f rom the theory  of modu la r  functions.  F o r  general  ]c no such deduc- 

t ion is possible. 

Before s ta t ing  the t r ans fo rma t ion  formula ,  we mus t  define cer ta in  symbols. 

The numbers  p ,  h, s and 1 are integers.  

t ions (I. 22) and 

I ~ h ' ~  q ,  I -~-8 ~ ~, 

I f  d,~ r o, we write 

Of these, p satisfies the condi- 

l>__o. 

dh (s odd), ~ , ~ - -  q -  & (s even). tth, s - -  q q 

I f  d h - - o ,  we take  #h,~ = I .  Hence  always q~th.,~ > I .  

In  connect ion with any par t icu la r  vMues of p and q we write 

X = x e q ( - - p )  ~ e -~J, y ~_ qky ,  

and we take  y real  and positive when X is real ~nd o < X < I .  W e  write also 

where  Y~ is t h a t  k-th root  of  Y which is regl and pos i t ive  when Y is real  and  

positive, 

g(h ,  l, 8 )~ -  exp {2~vi ( / +  lzh,s)ats} eq(--  h) 

[ (27g)lZca(  ], @" #h,s) e . . . . . . . . .  2 
= e x p ~  ..... qy~ q I' 

a n d  finally 
q k oo 

p , , ~ =  H I [ I l l / ~  - ~(h, ~, ~) / - ' .  
h : l  g=l  l~O 

W e  are now in a posit ion to s tate  our  t r ans fo rma t ion  theorem.  
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T h e o r e m  4. I f  ~ ( y ) >  o, then Pv, q is convergent and 

[2/lP' q l .Pp, q. (2. I I )  
1 

f(x)  = f ( e  Yeq(p))= Cv, qy:eYVexp \ ya ! 

I n  the case k = I ,  (2. I I) reduces to the  modu la r  funct ion t r ans fo rma t ion  

used by H a r d y  and R a m a n u j a n .  1 These authors  also s ta ted  Theorem 4 in th  e 

par t icu lar  case k = 2, q = I ,  p - -  o, wi thout  proof.  

To p r o v e  Theorem 4 we need two lemmas.  

L e m m a  1. I f  C is any positive number and i f  

~(y) > c ly l  ~+a, (~. ~=) 

then P•, q is uniformly convergent with respect to y. 

L e m m a  2. I f  y is real and positive, then (2. I I) is true. 

F r o m  these two lemmas  i t  follows by the" principle of analyt ic  cont inuat ion  

t ha t  (2. IX) is t rue  when (2. I2) is satisfied. But  for  any par t icular  value of y 

such t h a t  ~(y) > o, we can choose C so t ha t  (2.12) is satisfied. Hence  Theorem 

4 is an immedia te  consequence of L e m m a s  1 and 2. 

2 . 2 .  P r o o f  of  L e m m a  1. 

L e m m a  3. I f  

I I I 
- ~ < ~ <  ~, ~ ( ~ + ~ ) < a - < ~ ( 3 - ~ ) ,  

2 ~ ~ - ~ 

then 

2 a  
--< - -  cos 4 .  

7g 

I + a ) - a ~  , c o s  - 

1 W h e n  k =  I ,  m y  def ini t ion of wp, q differs in form f rom t h a t  appea r ing  in t he  t r ans fo rma-  

t ion  u sed  by  t he se  au thor s .  T he  l a t t e r  def ini t ion does no t  involve  t he  s u m  

q--1 
hdh. 

h = l  

t t .  R a d e m a c h e r  (, ,Zur Thcor ie  der  M o d u l f u n k t i o n e n , ,  Journal f u r  Math., 167 (I932), 312- -336)  
ob ta ined  t he  m o d u l a r  func t ion  t r a n s f o r m a t i o n  for f ( @  w h e n  k ~  I w i th  t he  form of wp, q t h a t  I 

u se  here.  T h e  s ame  a u t h o r  showed  (Journal London Math. Soc., 7 (I932), I 4 - - I 9 )  by  an ele- 

m e n t a r y  m e t h o d  t h a t  t he  two def in i t ions  are equ iva len t ,  
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We have 

I I 37~, - ~ < I  ( ~ + a ) _ a ~ _ < a _ a ~ _ < ~ ( 3 _ ~ ) _ a ~ <  
2 2 

and so 

Also 

COS 

Since 

we have 

(2. 21) 

H) I O ~  (t 7 r  ~-~ 2 ~ ,  

sin {a ( ~ z -  [~)[)} > 2a (~ [~0[) (i  2 [~]) 2a -- z - -  ;> 2asin- z - -  = - - e o s ~ 9 .  (2. 23) 

The lemma follows from (2.2I), (2.22) and (2.23). 

Lemma 4. I f  (2. *2) is satisfied and i f  

then 

4 ~  C ( 2 ~ )  ~ 
CI = ql  +a ' 

[g(h, l, s)[ ~ e -c,(l+l/' . 

Let us write y=lyle i~ ,  where ~O has its principal value. Since ~){(y)> o, 
I 

have I ~ [ < ; z  and since i - - ~ s ~ k ,  the number a = - z a ( z s + k - - i )  w e  ' 

satisfies the condition of Lemma 3. Hence, when 

~(y) > (:[~ql ,+., 

we have 
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COS 

und so 

since 

Iii. Partitions into k-th Powers. 

{ I .a(28 _{_ /r i) __ a,iD} < 2a 2a~(y )  ~ . c l u l  �9 
- -  - - -  - -  COS I/1 -~- ' <_ 

[ a I  }] I g (h, l, s) l - e x p  !2g)l+a(l'~ fib, s) C0S{-2:ffa(23-]- k - - I ) - - a ~ )  
qlyl" 7 

-~ e x p { - - 2 a  C'(27~)1+a(1 + 

= exp {-- Clqa(1 + #h, 8) a} ~ e-C,(t+a) ~, 

q (1 + tth, ~) >-- 1 + q#h,8 >-- 1 + i .  
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To prove Lemma I, it  is sufficient to show tha t  

. lg(h,l,s)l 
l~O 

is uniformly convergent with respect to y. 

since 

E e--Cl (/+1) a 
l=O 

But this follows from Lemma 4, 

is convergent and the terms are independent  of y. 

Proof of Lemma 2. 

3" I. The remainder of Par t  I is devoted to the proof of Lemma 2. 

work is necessarily somewhat lengthy and complicated. 

We take y real and positive and write 

h 
-- ~:h-- - ,  v = vh = exp (2~itth, 1) = eq(dh) = eq(ph~'), 

q 
or 

) E eq (/~IT~ a hk) ,~h = F ( I  + a 
m=l 

and, if k is odd, 

jh =,)'h(q, k) --  ( -  i)�89 + ' "~ eq(mh), 

The 
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while, if k is even, 

We write also 

E. Maitland Wright. 

j h  =-= O~ O'h ~ O .  

71 
~<>;, = ~ l o g / ,  - ~,,, c,:p ( - ) "  (1 + ~,,)~)/, 

l -0 

k as 

S,: = ~ ,  .~ log { I  - -  g (h,  l ,  8 ) } ,  
s = l  / = 0  

where the logar i thms h~ve their  pr incipal  values. 

Now we have 

x(<~t t f,)~" __ e<~ (pl / : )  X (qt+h)~ == vhe,--r(l+~h )~, 

and so 

Also, by definition, 

q ~o q 

- - l og f ( x )  : .,~ ,~_..~ log (, - - x  (<~+h/:) = ~_~ Sh, 
h 1 l- 0 It ~ 1  

?" I f ( x )  = e,~p - ~ s,,~. 
#l 1 ; 

h" - 1 

W e  take Q a small number,  real, positive ~md less than 2 '  and r a large 

positive integer.  We use D to denote  a positive number,  not  always the same 

at  each occurrence, depending at  most  on k,p,  q and y. In  P a r t  I, the symbol 

0 (  ) refers to the passage of (J to zero and of r to infinity, and tile constant  

implied is of the type D.  

3.2.  Certain differences arise between the cases k odd trnd k even, but  

we shall t rea t  the two cases together .  Most of the differences are covered by 

the nota t ion;  thus, when k is odd, the functions j , j h ,  at, and Wp, q have various 

more  or less complicated values, while, when k is even, j ,  jh and ah all vanish 

and ,os, ~ =  I. We see tha t  the tr~msformation (2. II)  has a slightly simpler 

form when k is even. 

Apar~ from this, we have to consider three separate cases arising from 

different  values of h. These are: 
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(i) I f  h = q, we have  ~ h -  ~, #h = I ,  ~ h = I ,  and  

oo 

Sq - - -  ~ . ,  log' (I e-Y~i"). 
/:=1 
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(ii) I f  h k ~ o (rood q), bu t  h ~ q, we have  o < ~h < I ,  tth, s = I , i '  h = I and  

Sh = ~ log" ( I  - -  e--Yi l+' )k) .  
/ = 0  

(iii) I f  h k ~  o (mod q), we h a v e  o < ~h < I ,  a n d  ~h r I .  

I n  eases (ii) and  (iii) we shal l  t r e a t  & and  Sq-~ t o g e t h e r .  Since h k ~ o  

(mod q) impl ies  t h a t  (q - -  h) k ~- o (rood q), h a n d  q - -  h a p p e a r  in the  s ame  case.  

Also,  in  these  two  eases,  

Th -~ Tq--h ~ I ;  

if  k is even,  

whi le  if  k is odd  

~th, ~ ~ ,ttq--h, s ~ ?2h --: ~q--h 

~th, s - ~ - ~ t q - - h , s =  I ,  ~h ~q--h = I ( e a s e  ( i i ) ) ,  

~th, s @ ~tq--h, s =  I ,  ~h ~q--h = I  ( e a s e  ( i i i ) ) .  

I f  ~ "  deno te s  s u m m a t i o n  over  those  va lues  of  h fo r  wh ich  h k ~  o (rood q), 

we have ,  w h e n  k is odd,  

: Z H ( I  - -  2 / - th ,  1) ( I  - - -  2Th) 

v !  ,.; 
~ ~ "  I - -  2 ~  ~ h , l  - -  2 ~ " ~ h  + 4 ~ ~h~h, 1 

- -  " ~ "  I - - 4 2  ~hlth, 1 - -  

q--1 

_ 4 y h a , , -  ( q - q , , )  
q h=l 

Then ,  when  k is odd  or even,  we  have  

1 1  , ,  

fDp, q = e ~ p  t 4 z i ~  a h ) .  

2 0 - - 3 4 1 9 8 .  Acta mathematica. 63. I m p r i m 6  le 21 j u i n  1934.  

(3-2x) 
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4" I. Case (i): h = q. 

Lemma 5. We have  ~ 

E. Maitland Wright. 

W e  

singularities 

tions 

, I s 
S~l - S<l = ~ log  Y - -  ~ k log  2 ~ + + j Y .  

W e  write 

Zl(U ) .... ]C ~uk--1 log  (_Im C2~!'a) ]~ ~ U  k-1 log (x - -e  - 2 ~ )  

e " ~ + -  I , z~ (u )  . . . . .  e Yv'k - -  I 

shall define the value of t h e  logarithms precisely at a later stage. The 

of Zl(U) and of Z.2(u) in the u-plane are at the roots of the equa- 

e Y u k  ~ -  i ,  e 2:~iu ~ i . 

The functions have simple poles at the points 

u ~ l a ts ( 8 =  1 , 2  . . . .  2k; l =  1 , 2 , . . . ) ,  

and for a given value of s the poles lie along a semi-infinite s t ra ight  line from 

axis. I f  k is odd, two of these lines coincide with the upper and lower halves 

of the imaginary axis respectively. The only other singularities of Zl(U) and of 

Z2(u) are logari thmic singularities at  the points 

u = l  ( 1 -  . - 2 , - - i , I , 2 ,  .) 

on the real axis, and a singulari ty at the origin of a slightly more complicated 

character. 

We shall take q subject to the additional condition 

I Q< It~l, 
2 

so tha t  the only singulari ty of Zl(u) or of Z.2(u) for which l u l ~  2Q is the one 

at the origin. We write R = r +  I_ and choose L an integer such tha t  
2 

1 If  q = I ,  Shen /p ~ o, ~Y= y,  h = q, and  
f 

S q =  - - l o g f ( x ) ,  S q  ~ - - l o g P o ,  i ,  

so t h a t  Theorem 4 follows a t  once from L e m m a  5. Th is  enab les  us  to shor ten  our work  consider- 

a b l y  if our  on ly  object  is  the  proof of Theorem 2 (see w I2.2) .  



Asymptotic Partition Formulae. 1II. Partitions into k-th Powers. 

_/_i~'i" < n < (2-}~-~)~ Y -- [. 
2J [  2:zt: 2 

155  

This is a lways possible for  r g rea te r  t han  some number  D.  Then we write 

R'=: , l .y  ~L+  2] / 

We see that R < R ' ~  2R. 
W e  now define several  contours.  The contour  a~ is coincident  wi th  the 

real axis f rom u=- :0  to ~ l = R  except  near  u . . . .  1 , 2 , . . . r ;  near  such a point  a]. 

passes round a small semi-circle above the point.  The contour  fl~ consists of 

the imag ina ry  axis f rom u =- iQ to u :  i l? ' ;  if l~ is odd, Z~(~l) has poles on the 

imaginary  axis and fl~ is deformed so as to pass to the Ic.fl of these poles. 

The contour  7~ has three  1)arts 7',, 7',', 7',"- On 7', we have . u - - l ~ e  ~ 

, ,  , , ,  

and o ~ 0 - - <  ~a~v; on 7,, u = v e ~  " ' ~  and l t -<- t ,<--  1~'; on 7~, u - - B ' d  ~ and 
4 

I I 
a z ~ 0 ~ - ~ c .  Finally,  61 is the quad ran t  of the circle I , , l :  e on which 

4 2 

I 
O--~ 0--~ 7~, and I" 1 is the closed contour  formed by comhining c~j, fl~, 7~ and 6~. 

2 

The contours  a.~, flo, 7~, &-, and I'., are the reflexions of al ,  ill, 71,61 ~nd 1"~ in 

the real  axis, except tha t ,  if k is odd, ft._, passes to the r i g h t  of the poles on 

the real  axis, so t ha t  F~ excludes these poles. 

W e  take  the posit ive directions of a , ,  a.,, fl~ and ,3. 2 outwards  f rom the 

origin, of 7~, 7-~, 61 and &2 counterclockwise round the origin and of F 1 and 1% 

counterclockwise.  Then  we have 

F 1 - -  cq - -  fll + ;q - -  dl ,  

1% . . . .  a.~ + fl.~ + 7"., - -  6~. 

(4. i i)  

(4. 2) 

Let  us consider the t r ans fo rma t ion  z - - c  '-,'~i". So long as u does not  pass 

outside I'~, z will not  pass outside a contour  in the z-plane consist ing of the  

c i rcumference  of the uni t  circle indented  a t  z = :  l ,  this  indenta t ion  corresponding 

to the indenta t ions  of a~ at  the  points u = - I ,  2 , . . .  Then,  if l o g ( I - - Z ) b e  t aken  

z = - -  I ( cor responding  to u = -I2), tile loo'ari thm will have its pr incipal  
/ 

real a t  

value so long as z remains  within or on the contour.  Hence,  if we take 
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I e 2 .~ i *~) l o g ( 1 - - e  ~'~i") real at u - = -  on I'1, l o g ( I - -  has its principal value ~nd 
2 

Z,(u) is one-valued at any point on or in the interior of Ft.  

I 
I f  we take log (I - - e  -2'flu) real at u . . . .  on I',,, a similar argument  shows 

2 

tha t  this logarithm has its principal value at every point  on or within 1~. 

We  write 

l(r,)--- f z,(.)du " 

i ;  

] (r,,) = j '  z . . ( , , ) d .  == - 

G 

1( . , )  -- ~(i~,) + 1 ( 7 , ) -  I( ,h),  

i ( a  2) + I( ,L) + I(7., ) - -  I (&) .  

A little calculation shows tha t  I', includes the poles of Zt(u) at the points 

u-=l"ts ( I - ~ 8 - < I ( k + 2  I); I-<.-/--<L), 

while 1".2 includes the poles of Z.o(u) a.t the points 

u " l"tk+~ 

Then if k is even, by Cauehy's  Theorem, 

~k L 

s-=l  l ~ l  

k .L 

1(1"2) -= 27vi ~, ~_~ lo,,,, {I --  exp (--  2~ril~tk+.,)}, 
~ = l k +  1 /-=1 

while, if k is odd, 

~ (k+ l )  L 

. / ( I ' , )  . - -  27ri Z Z tog { I  - -  e x p  (2~il~'t~)}, 
s = l  l ~ l  

k L 

I(1"0) =-: zTri ~, ~_~ log {I --  exp ( - -  2~.~il"t,:+~)}. 
1 . .  3) l- -1 s--2(kT 

In  either case, since t~+.~----t.~, we have 
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t~ L 

I ( r , )  + I (F2)  = z z i  ~ ~ l o g { I  - -  exp (2~il" t.)} 
S~I  l--1 

k L--1 

~ i  F Y, log {, - ~ ( q ,  t, s)}. 
S~I  /=0  

(4. I3) 

All  t he  above  l o g a r i t h m s  have  t he i r  p r inc ipa l  values .  

4. 2. L e m m a  6. 

W e  have  

I f  l is any positive integer, and ~p any real number, then 

u =  I e~(~+ ~) ei~ - - ,  I > D 

I f  

then  

I f  

t h e n  

U 2= i --2e-n(21+l)sinWeos {~v(2/+ I )  e o s ~ ) }  + e - 2 z ( 2 / + l ) s i n ~ p  

I - -  e - - g ( 2 / + l ) s i n w )  2. 

I 

2 ( 2 / +  I) ~ 

1 
U ~ >_ (, - e - 1 " ( 2 ~ + ! ) ~ )  ~ > O 

I 
- -  I ~ s i n  ~p --- 

2(2 l  + I) �89 

1 
U 2 ~ (e 1~(2/+1)~ - -  I )  2 :>  D .  

T h e r e  r e m a i n s  the  ease  

I f  cos ~p > o ,  

I f  cos ~p -<- o ,  

I I 
< sin ~ --< - -  

2 ( 2 /  + I)  1 -  2(21+ I)  �89 

I ~ COS ~J --- 
sin ~ tp 

I -P COS ~2 
< sin" ~p --< 

I 

4(21 + I) 

I + cos tp - -  
sin ~ ~p 

I - -  cos ~p 
< sin~ ~p _< 

I 

4(21 + I) 

Hence ,  in e i t he r  c~se, 
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a n d  so 

T h e r e f o r e  

F. Mait land Wright .  

e o s ~ - - -  -t- ! + 4(  2 / +  i ) '  - -  I --<~--< I ,  

e o s { 7 , ( 2 [ +  i)eoslD} ---eosI+ (2l-[- I) a ~Tt :}  
i 

_ _  T E  p 

(1) . . . . . .  COS ~Jr < O. 

U e - - I - - 2 4 - - " ( 2 1 §  {7r(2l + I)COS ~]J}-}-e--2~("'l~l)'~inV' > I .  

Hence ,  fo r  all  va lues  of  s i n ~ ,  we have  U 2 >  D ,  and  so U > D .  

L e m m a  7. I f  r > D ,  we have 

I ] ( n ) l  < -Uc-Dr, I [ G )  I < .Do.-,,,.. (4.21) 

(i) L e t  .u lie on ;,'~ t h a t  is, le t  .u B d  ~ o < 0 <  I = - - -  - -  " a 7 ~ . .  

4 

and,  fo r  R > D ,  

By L e m m a  6, 

H ence  

and  

T h e n  

I 
.~)~( Y d ' ) -  : ] : ' I F  cos kO > Y i P c o s  ~ > D R  k, 

4 

[e Yn~: -  I [ > e D R 1 : -  I > D 6  I)Rk 

- - ,  " = " > D .  

D < [ i  - -  e~ ' i"  [ < 2,  

I l o g  (I - e ~ " ; " ) I  < / ) .  

~'! 

T h e n  we have  

(ii) L e t  u lie on 7 , ,  t h a t  is, le t  u - v e  ~I"~':, R _ < v _ < R ' < 2 R I  T h e n  

I 
!1~ ( Y a  ~) = Yr cos - ~ > D I F .  

4 

(4.22) 
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Hence, for /1 > D,  

Also 

and s o  

Hence 
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[e r'd: --  I [ >- e *~ze~- I > De Dl:~'. 

'2:'riu] . (2-- '2xrsin l et.-~ < t3--l) l: 

I l o a  (i  - e~-'~'") I < De -l ' j: .  

I ( Z~(u) du] < l)l(a'c-Dle-Dr'~'< 

7 1  

(iii) Let  u lie on 7,,"' that  is, let I, - ~ 'e  i~ and I ae r<O ~ _.I 
4 2 

e~, ,  ~ , e r , " k ,  , ' ;~  , e'-'.~'( L~ ',)~.~,~" __ - -  = ' ' " - -  = I ,  

I 

where ~ p = : k O - - - r g ,  and so by Lemma 6 
2 

l (  'Yuk - I l >  D. 

Also 

and 

[ e,_,.i,, ] _<_ e-'.,.-, s' ~i,, I,,,~ < ~-me', 

[ l o / ( I  --  e~'i")[ < De - D w  

Zl(") d ,  < DR'a'e-i '1r < De-*'". 

*it 

Hence 

;r. Then 

and (4.24). 

4-3- 

(4. ~3) 

(4 .24 )  

, t  a l i t  

Since 71 = 7', + 7t § 7 , ,  the first part  of (4.2I)  follows h'om (4.22), (4. 23) 
The second par{ may be proved in the same way. 

L e m m a  8. We have 

I kTr, i ( log 

1(de) =:: ~ k e d  ( log 

2 ~  + l o ~ e - -  I ) �9 4 ~ + O ( q l o g . o ) ,  

, )  2 ~ +  logq + 4~r 4- O(o logq) .  (4.32) 

(4.3~) 

These results are a mat te r  of simple calculation and we omit the proof. 
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L e m m a  9. IVe have 

I(r - -  1 (fl,) .... 2 ~eij Y + 0 (d: log  Q) + 0 (e-~)1~). (4.33) 

W e  replace u in I(fl~) by - - u ;  then  fl~ becomes ill. 

at  once 

I(,G) = I(//x), J = o, 

I f  k is even, we have 

so tha t  (4.33) is true, the r igh t  hand side being in fac t  zero: 

I f  k is odd, we have 

Since 

we have 

f lu k-1 lo~ (I -- e ''~') 
I % ) = ( - - ~ ) ~ k Y  e_,:i~.- - " --du 

fl, 

--- k Y ;  uk 1 l o g ( J - -  e "-~i'') 
I - -  e - -  y.k du .  J 

I I 

I - -  ( ' - -  ] ' u k  e ) ' a k  - -  I 
- - - I ,  

i R '  . 

~-= k Y f u  ~'-1 log (I --  e2'~i~')du, 

i0 

for  the integrand has no singularit ies on the imaginary  axis between u - - i Q  and 

u : - - i R ' ,  and so //1 may be deformed into this port ion of the imaginary axis. 

I f  we put  u = i v ,  we have 

R r 

I(fl~.) - -  [(//~) --- k: ri,: f ,,,:-i log (, - ~-,~,~,,)a, 
o 

=-: k Yi  k f d :-1 log (, --- e-~ 
0 

+ o(Q~log(,)+ o(~-,,R').  (4.34) 
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oe 

o 

r162 r 

. . . .  vk - - le - -2nvdl )  

0 

. . . . . . . . .  (2 zr)k . . . . . .  (4 .  3 5 )  

Then (4-33) follows f rom (4. 34), (4.35) and  the  def ini t ion of j .  

4.4- L e m m a  10. We have 

z ( ~ , )  - ~ ( , , , )  = 2 ~ i &  + 2~iz,, y -~  

+ ~vilog(Y,o k) + O(,ologo) + O(e-J'"), (4 .4I )  

where log Sq and log(YQ ~) are real. 

W e  take  l o g ( i -  e -Y"k) real on the  posit ive ha l f  of the  real  axis and  wri te  

~1 (~r - - - "  2 2 l ; ' i  log (I - -  e -  y,,k) 2 ~ i  log (I - -  e -  r,,~) 
I - e - ' ~  '~ ~ ' ;  . . . .  ' ~,., ( u )  - e '~ "~ ~ "  - 1 

Then we see t h a t  

Hence  

I(.1)--~ 

- f  
c q  

---f 
c t  t 

Similar ly 

21 --34198. 

d { l o g ( i  e - Y u k )  (I e2niu)} d , ,  - -  lo,.,. - = z , ( u )  + ~,(.), 

d {log (I - e - l ' ' tk)  l og  (I - -  e-2~iu)} = 7.2(,4) -}- ~2(?r 
du 

f z (")du 

~1 (u) d u + log 2 log ( I - -  e -  Y R~) __ log ( I - -  e -  Ye~) log ( I -- e 2 ~ i,o) 

Aeta mathematlca. 63. Imprim6 Io 21 juin 1934. 
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and  S O  

N o w  

(~., 

+ o(e -~.~) 4- o(eloge); 

I(,.,)--I(~)= f s.~(.,,)d,,-- f ~l(.)d,, 

+ ~i log(Ye ~) + o(e lo,,, e)+ o(e-~~). 

l - 1  
r (zl 

(4.4:) 

by Cuuehy ' s  Theorem.  Since the  logar i thms  have the i r  

Hence  

Also 

a l l ( 1  

pr incipal  value, we have 

r 

I'~, ~ lo~ (, - ~-,,k) I 
/=-1 

l - r - i  1 I - - r  : I 

�9 f j ~ , ( . )d . -  ~,Odd.---o~-:S,, + o(,~-'~). 

f I 1~.~(.)- ~,(,.)} d . =  lo~ (i --,,-~"~)d,. 

R 

= j "  lo,,, ( I - e -  )"'~')d u 

0 

l = log ( i --  e -  v,,.~:)d u + 0 (q log O) + 0 (e-  D,.), 
L 

o 

log ( I e -  r,,k) d u I - -  e - m  l ' u k d l ~ ,  

I) 0 

(4.43) 

(4. 44) 
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7 

- - ' - -  I ~ a ~ ( I  -}- a)ff e--'~kdu 

0 

= "--  r - - a I ~ ( I  -I- a)~(I -}- a )  = - -  ~ , q [ y - a .  (4.45) 

Then (4.4I) follows from (4 -42) to  (4.45). 

4.5.  We can now prove Lemma 5. By (4. II) and (4. I2), 

I ( r , )  + I ( F ~ ) =  I (cq)  - I ( ,~ )  + I(3~) - -  I ( f l , )  

-~ I(rl) Av J~Cy~)- ! ( {~l ) -  I({~2). 

I f  we substi tute the results of Lemmas 7, 8, 9 and IO, we have 

I 
2~i  { I ( r , ) +  I (~)1  = s ,  + z~ y - o  + J Y 

-~- 2Ilog ~/~-- 2I ]clog2r 0(~logQ) -~- O ( e - - D r ) .  

Now let r - - ~  through positive integral  values and let Q--~o. Then L - ,  ~ ,  

and, by (4-I3), 

s'~ = s~ + 2~ Y - .  + j y + ! log r - ~ k log (2 ~). 
2' 2 

This is Lemma 5. 

5. I. Case (ii): h # q ,  h k--~o (modq).  Here we have h ~ o  (modq~). 

Lemma 11. I f  h # q and h k ~ o  (modq), we have 

SPh @ S'q--h - -  Sh - - S q - - h  ~ (,~,h -~- ,~,q h) y - a  _}_ (jh + j(,-,,) Y 

I k {log (2 sin ,h~r)+ :log (2 sin ~q--h Jr)}. 
2 

The result is symmetrical  in h and q--h;  it  is therefore sufficient to prove 

I 
it  when h < - - q .  Then we have 

2 
I 

0 ~ x ~  ~ h ~  - �9 
2 

We now take 

R ~ r - + -  + r /~_~"~r + - - - ~ ,  
2 
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and choose L so tha t  

- - R k  Y < L ~- (2R")k Y I 
2 ~  2 ~  2 

which is clearly possible for r >  D.  We write 

Then 

B "  < R < R'  < 2 R "  < 2R .  

The contour a~ is coincident with the real axis from ~ to R ,  except tha t  

it  passes above the points 

U = l + *  ( / - ~ -  O, I ,  2,  . . .  r ) ,  

while a~ is coincident with the real axis from --t~ to - - R " ,  except tha t  it passes 

above the points 

u = - - l q - ~  ( l =  I, 2 , . . . r ) .  

The contours % and % are the reflexions of a 1 and a 4 in the real axis. 

We  take /~ and r as before, except for the change in the value of R'; 

fls coincides with /~.,, and fl~ with fl~. The contours dl, &2, d~, d4 are the quadrants 

of the circle [u[ = Q  on which, if u ~  Qe '~ 

I I I I 
~  --2-7r176 --~r----_O~--2-~v, - ~ < _ 0 ~ < ~ , 2  

respectively. The contours 71 and 7,2 are defined as before in terms of the new 

values of R and R'. The contour 73 consists of the three parts 7':~, 7~, 7~'; o n  

, I ,,, l ~ , e i O  I 78, u = R " e i ~  and - - - z ~ < O - -  < - ~ + - a ~ ,  on 78, u ~  and - - ~ + - a ~ - -  < 
4 4 

~_ .0  < I ,, _ - - - -  ~,  and 7~ is the appropriate segment of the s traight  line 
2 

I 
0 = - - z c +  - a z .  

4 

Finally,  74 is the reflexion of 73 in the real axis. 

The positive directions of the a and the fl contours are outwards from 

the origin, and of the 7 and the d contours counterclockwise ~bout the origin. 

Then we write 
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We now write 

I f  k is even, 

while, if k is odd, 

F I  --- {Xl - -  fll  -It- 71 - -  (~i' 

k Y u  ~-1 loft (l - - e  2~i(~*-*)) 

z , ( u ) -  e r ~ -  I 

Z,~(u) k Y u  I~- '  l o g ( I  - -  e - 2 ~ i (  . . . .  ) ) .  

Yuk  - -  I 

z~(u)=z~(u), zd-)=z , ( . ) ,  

(5. i,) 

We take log ( I -  e 2zi(u-z)) real  at  u = .  + i on F~, and log ( 1 -  e -2~(~'-*)) real  
2 

I 
at u ~ z + e 2~i(~-~)) - on F2. W e  can then  show tha t  log( I  - -  has its principal  

2 

value on or within F 1 and F~, and similarly for  the o the r , loga r i thm and the 

other  contours.  

The z-functions have poles at the points 

ts ~a (I <_s <_ 2 k ,  1 >_ I) 

and at  the origin, and logari thmic singularit ies at  the points 

W e  write also 

u = * + l  ( I = . : . - - 2 , - - I , 0 ,  I , 2 , . . . ) .  

~,(.) = 2 ~ i  i o g  (,  - ~- "~) 
I - -  e - 2 z i ( u - v )  

e 2 a i ( u - ~ )  - -  I 

where log( I  - -  e -  Y~k) is real  on the positive half  of the real axis. I f  k is even, 

we take ~8(u) and ~4(u) of the same form as ~(u) and ~,(u) respectively, but  the 

logar i thm is now to be taken  real on the negat ive hal f  of the real axis. I f  k 

is odd, we t)ake 
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2 ~ i  lo.o. ( r  eY'~') ' 

2 7~ i log (I ~- e Y'~)~ 

where the logar i thm is real on the negative half  of the real axis. 

Fur ther ,  we write 

= f 
1"1 

and so on. 

= I ( ~ , )  - I(~'1) + I ( z , )  - I (~ , ) ,  

5.2. Le mma  12. For r > D, we have 

I ICr,)I < D e - " ,  (5.2i) 

and similarly for I(7~) , /(7+), I(7~). 

The method of proof of these results is clear from tha t  of Lemma 7 .  

L e m m a  13. We have 

rot) ~k~,ilog(,-e-~'")+ o(e), 
2 

I(~.~1 = ~ k ~ i  lo~. (i - e '~,:~) + o(~),  
2 

I(d~) - -  ~ k ~ i  l o g  (~ - e ~ " )  + 0 (0), 
2 

z ( ,~ )  .... ~ z ~ i  l o ~  (,  - e - ~ , " , )  + o (~). 
2 

( 5 . 2 2 )  

where the logarithms have their principal values. 

Since the singulari ty of every Z(u) at the  origin is now a simple pole, 

these results are immediate  consequences of well-known theorems in the theory  

of residues, 

Le mm a  14. We have 

and 

I ( 3 ~ ) -  I(~1) .... 2 ~ ( i ~ , - , , r  + o ( e  ~) + O ( e - " ) ,  . (5.23) 

(5 . 24) 
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I f  k is even, 

I ( f l ~ ) -  I ( f l~) ,  /(fla)=-I(fl2), j , , = . ] , ,  ,, o ,  

i 

and the  result is obvious. I f  k is odd, we have 

Since 

- - f ( e ~ , ~ _  I)Zi(u)du 

t * U k - 1  ( I  e2  zci(  . . . .  ) ) d u  = k Y log - -  

= k Y r  '~-1 log (I - =  e-2~(~§ 
0 

+ o (e ~) + o (ey 'R ' ) .  

co 

f V k - i  log (I - -  e ~(~+i~) )dv  

0 

c~ 

- ~  - -  ]~ Z e - -  2 n m i ' r  
v >- l e - 2 ~ m ~ d v  = ( - -  

m = 1 ~ "  
0 

(k--~) 
2 ~?q--h, 

we have (5.23), and (5.24) may be proved in the same way. 

5.3. Lemma 15. W e  h a v e  

I(%) --  I(%) + 1(%) --  I(%) 

= 2 ~ i  { Y-~(Z~ + Z~_,,) + & + &_,,) + 0 (q loo. O) + 0 ( e - > ) .  

We have 

/ log (~ - e ~'r lo0' (, - e ' ~ % /  = Z,(") + ~,("), 
d u  ~ " 

i67 

(5.31) 

and so on. Hence 
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s(o,) - -  _ f (u ld .  _ ,og (i - -  e -2"'*) log (Yt) k) + E, ,  
(z 1 

s(~D = -- f ~(~)Uu - log (~ - ~ - - )  log ( ~ 1  + E~, 
~2 

s(%) = - j ~ ( u l d .  - l o g  (~ -- ~"D  log (~0 ~) + S~, 
~3 

I(a4) = - -  f f4(u) du  - -  log (I - -  e -2'~i') log ( Y o  k) 

a4 

where El ,  E~., Ea, E 4 are numbers  of the type  

0 (t~ loo. q) + 0 (e--S~rk). 

Then  we have 

S(a~) - -  S(a~) + S (@ -- S ( @  

ct~ ~4 61 aB 

+ o (e log  e) + o ( e - ' , ) .  

Now, as before, we find tha t  

f~du--f~,du 
= 2 ~ i S h  + 2 ~ i  Y--a C(I + a)~(I -I- a) 

+ o (Q log ~) + o (e-',,). 

In  the same way, whether  k is odd or even, 

(X3 if4 

+ G ,  

~4d?~ = - -  2:w.i S q _ h  - -  27~.i ~ r - a  / ' ( I  2- a)~(I --t- t/) 

+ 0 (~ log ~) + 0 (~ - - , r ) .  

Since h ;r o (rood q), we have 

eq(mph':) ~- I ,  eq (mp(q - -h )  k) = I,  

z,~ = zq_~ = r (i + ~) ~ (~ + ~), 

and the lemma follows at  once. 
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5.4. By Cauchy's Theorem, 

lira I : {1(/11) + I(F2) + I(F3) + I(12~)} 
o-*0, r ~  ~ 2 :rg ?~ 

- S~', + S '  - -  q h* ( 5 . 4 1  ) 

But by (5. II) and Lemmas I2, I3, 14 and 15, we see thut  this limit is equal to 

Now 

Sh + Sq-h + (s + Zq-h) Y - "  + (j~, + jq-h) Y 

- -  ~ k { l o g ( I  - - e  2~t*) + l o g ( I  - -  e - 2 Z i * ) } .  ( 5 . 4  2 ) 
2 

I ]C log  {(I e 2uiz) (I - -  e -2zi*)}  = t]g l og  (4 s i n  '~ z z )  
2 2 

2 (5.43) 

since ~h=~  and ~q-h= I - - ~ .  Lemma I I follows from (5.4I), (5.42) and (5.43)- 

5.5. Case (iii). 

take now 

If  k is even, we write 

but if k is odd 

We have still to consider the case h k ~  o (rood q). We 

~I(U) = 
vk Y u  k-~ log (I -- e 2~(~-*)) 

vk Y u  ~-1 log (I -- e -2hi(u--z)) 
e Y U  k _ 

z3(u)  = 

These functions have poles ~t the points 

u = t ,  (z + (i <_s.<_ 2k; l>_o) 

and logari thmic singularities at the points 

u = l + ~  ( l ~  . . .  - - 2 , - - I , O ,  1 , 2 , . . . ) ,  

but the functions are regular  at  the origin. 
22--34198. A c t a  m a t h e m a t i c a .  63. Imprim6 le 22 juin 1934. 
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W e  need not  give the  new forms of the  ~ functions.  W e  r e m a r k  only 

t ha t  in ~ ,  for  example,  we take  t ha t  value of l o g ( I -  ~'e -Yuk) which tends to 

zero as u - ~  + ~ along the  real  axis. 

The c~ and fl contours  are the  same as before,  while the ~ contours  are 

unnecessary  here;  we m a y  put  Q ~ o a t  once, as the  funct ions  are all regu la r  

at  the origin. The 7 contours  have to be modified to avoid the s ingulari t ies  of 

the g-functions and  to' enable  us to prove a resul t  of the  type  of L e m m a s  7 and I2. 

The detai ls  of the  work  will be sufficiently clear  f rom the foregoing,  and 

we content  ourselves wi th  s ta t ing  L e m m a  16. 

L e m m a  16. I f  h k is  not a mul t@le o f  q, we have 

Sp t I ,~ + s~_~ - s ~ -  s~_~ = y-~(z~ + z~_h) + r(.]~ + .i~-,,) + 4 ~i(o~ + ~_,,).  

I 
The t e rm - z i (ah  + aq-h) arises f rom 

4 

f {Z~ (u) + ff~ (u)} du  - -  - -  log (I - -  v) log (, - -  e 2~i~) + 0 (e -DR) 

and the  three  s imilar  expressions.  I f  k is even, the sum of the four  is zero. 

5~ 6. P r o o f  of  L e m m a  2. W e  now combine  L e m m a s  5, I I and  I6. Le t  

~ '  denote  summat ion  over  those values of h for  which h ~ -  o (mod q) and  h ~ q, 

and  ~ "  s u m m a t i o n  over  those values of h for  which h k ~  o (mod q). We  have 

q q q q 

rEjh+- lo  T 
h ~ l  h = l  h = l  "h=l  2 

I 
[ k l o g 2 z +  I - z i ~ " a h - -  k ~ ' l o g ( z s i n z h ~ ) ,  
2 4 2 

the logar i thms  on the r igh t  hand  side being real. 

Now 

2 sin 1 ~ :== q2, 
h = : l  \ 

and so 
q2--1 

2 ' l o g  2 s i n  q t=l q~. 
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Also 

Y-~ ~, A = . . . . . .  
h:1 q u  a m-~- 1 ~/l+a 

The value of the stun 
q 

h=l 

L/p, q . 
ya 
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is q or o according as m is, or is not,  ~ mult iple of q. Hence,  if k is odd, 

and so 

I f  k is even, 

Also, by (3.2I),  

q 

" ~ e ~ ( m h )  ~ j h  = ( -  ~){('+')y r (k + i)q,, 
h=l ( 2Tg)k+l m:lZ h~lZ osk+l 

=jy. 

q 

~Zj~ o=jy. 
h--I 

I ~pt 
log ~op, q = - ~ i  ah. 

4 

Hence  we have 

Taking 

positive. 

I 
log f ( x )  - -  log Pp, q = _dp, qy-a  + j y  + 2 log y 

I 
+ log wp, q + 2 k (log q --  log q~ log 2 ~). 

exponentials  and not ing tha t  q =  qlq2, we have (2. i1) for  y r e a l  and 

This is Lemm~ 2, and the proof  of Theorem 4 is thus  complete.  

Part II. The Asymptotic Expansion of pk(n). 

6. We now tu rn  to the proof  of Theorems I, 2 and 3. W e  shall first 

prove Theorem 3, f rom which the others may be readily deduced. We first 

define the meaning  of certain fu r the r  symbols. 
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W e  take e an a rb i t ra ry  posit ive number ,  and 6 a posit ive number  whose 

choice is subsequent  to t ha t  of k and e. N is a posi t ive n u m b e r  which is 

u l t ima te ly  chosen as a funct ion  of k; n and ~. The numbers  ~ and  6 are to be 

t h o u g h t  of as small, while n and  N are to be t h o u g h t  of as large. W e  write 

C ~ 2 k - 1  . 

A and B are posit ive numbers ,  whose values varies f rom one occurrence to 

another .  I n  any par t icu lar  occurrence,  A wi thout  a suffix is an absolute constant ,  

while B depends at  mos t  on k. If ,  however,  A and B depend on other  para-  

mete rs  these are indicated explici t ly by suffixes, for  example,  

= = B ( k ,  q ,  

The cons tan t  implied in the 0 (  ) no ta t ion  is hencefor th  of the type  B, ,  except  

in L e m m a  33. 

I n  the complex x-plane,  1" is the circle 

1 

I x l  = e 

of order  N 1-b of this circle and consider two W e  take  the Farey  dissect ion 

kinds of a r c s : - -  

(i) Major  arcs, ~)~ or ~J~p,,l, such t ha t  q--< N b, 

(ii) Minor  arcs, m or rap, q, such tha t  N b < q--< N i-b.  

The res t r ic t ion y real  and  posit ive is now removed  and, in connect ion with 

every pair  of values of p and q, we write 

H(_//) = exp _/1 , U (A,  X)  - U (A,  e-") = y~- e~' H (A), 

1 

where y , y ~ , y a  are real  and posit ive for  X real and o <  X <  I .  W h e n  x lies 

on F,  we write 
I 

Y = ~ g - - i O ,  

a n d  for  x on ~p ,q  or on mp, q we have 

t -Op, q <_O<_Op,~, 

where 

< ' < q~T--;, ' q N~--b < 0~,, q < - -  q-N1- b - -  Op,  q 

2 ~ 

q Nl-b 
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Upper  Bound for I logf(x)l on the Minor  Arcs .  

I 
7. I. I f  k = I ,  then b = - = 1 - - b  and there are no minor  arcs. Hence 

2 

we need only consider the case k--> 2 in this section. 

W e  take log f (x )  = o at  x = o. Then log f (x )  is one-valued for every value 

of x within the unit  circle, for f ( x )  has no zeros within the unit  circle. 

L e m m a  17. I f  7 > o, k >-- 2 and x lies on rnp, q, then 

Ilogf(x) l < B r N  a-',c+r. (7. I i )  

We use [u] to denote the integral  par t  of u and write 

W e  have 

.2. 

~ = k + 3 '  ~'~= 

T(v)~-  W ( v , p , q , m ) =  ~_j eq(plk~,). 

~o ov ~0 

/ = 1  / = 1  m = l  9n  

= Z E §  2; E +  Y,Z 
mNNb / = 1  m<Nb 1=%n+1 m>N bl.-1 

= Z~ + Z2 + Z3. 

Lemma 18. On the whole circle 1", 

(7. i2) 

I f  ~ > o ,  

I Z~ I < B, log _N, Iz~l < B2r 

E e-~lk ~- e--~Ukdu = ~--a e , l~kdu = B ~ - a .  
1=1 o o 

Also, on I ' ,  [x[--~ e ~v, and so 

lkm a I 

< BNa(l-b) --  B N  ~. 
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A g a i n  

H e n c e  on F 

E 
l~cunt + I 

E. Maitland Wright. 

- -  lkm J "  e - m u k 
e " Y - < - I +  ~v du  

(o m-F 1 

PT/ "~ I -]- \ Wl ] C-- 'tk (] lt 

Y' f <-- ~ + \ m  I e-1'-' .,,k 

0 

{ Nlae__l,_ (2"l~'~ 
. - I  + B \ m l  - ~ i  < I ~ 3 .  

I 
- < B~,loo. N .  Iz,~l <- B~ Y, ,.  

m "~ N b 

du 

Lemma 19. On a mi~zor arc ll1,,,q, 7~ k--~ 2, 

I Z~] < BTN ~-t'~'t 

W e  wri te  

p m _ p,,  

q q,, 

T h e n  

'::, [ ( F ]  

where  eqm(p~, ) is a p r imi t ive  q,~-th r o o t  of  uni ty .  N o w  a -  c; also 

N b ~ q -~. N 1-~' , q,,~ ~ q ~ mqm. 

Hence ,  if v --< m a~,, we haw~ 

L Landau,  Vor l e sungcn  iiber Zah len theor i e ,  I, (I,eipzig, x927) , Satz 257. 
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1--ck c IT (v ) l  < Bflc~ -~ + ~o'~qm~ + ~.~ qm) 

( ) < B~N(k+~lfl N~(~-~) + a c + N a - ~ q  ~'~ 
m q,,~ 

< B{~N k+2)~ (N~(~-c) + N a q - c  + Na-cqc)  

BfiNa--bc~ (k+2)~. 
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On a minor  arc, 

I ~ - - X I < B l Y l < B  i ..~..0 ~ ~ I '~ -  

B I ~ - x I  
~ - I x l > ~ ,  I _ [ X [  < B .  

N2b~.~ _< B 

q ~ l  N '  

Now 

X m 
l~1 l ~ l  

k 
�9 q/t (olt$ 

- ~ {~(~) - ~ ( v -  ~)} x~ 

k 

k 
= E ~/3(~;) X v (  I X )  ~- ~lr/(mr ..... m - -  X ~ 

v - 1  

and so 

Hence  

l= l  j--1 

~ - I x  

< BfiN~-bc+(k+2)f ~ . 

[ZI[ < Bfl Na-bc+(k+2){3 E I_ 
m<-N b ~b 

< B{~Na-bc+ (k+,~) fi ~ B~lNa--bc+~,. 

Now b <--a ~ bc, and so L e m m a  17 follows at  once f rom (7. I2) and Lem- 

mas I8 and  I9. 
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Upper Bound for If(x)] on a Major Arc. 

8. I. L e m m a  20. I f  q > 2 ,  we have 

If(x) I < exp (BN ~ q--a log log q) 
0~, ~)~p, q.  

Since q --< N b, on ~p ,q ,  

I 02 I 4 ~2 87~ "~ 
I y I "~ = N ~  + --< N~ + q'~ 5r~ (,-~) ~ q~lW (~-~) ' 

and so 

I Y II+a < (@~)~+~Nl-- ( l+~>(1-h)  = ( @ - - 2 )  lea" ~ ( ~  

q ~l+a 
Hence,  if we write C =  ~2~-1f2] in L e m m a  4, we see that ,  on 9)?p,q, 

where 

and so 

[g(h, l, s)[ <-- e -c,(l+l>a, 

2 1 ( l - - a ) a  

C ~ - - - -  - - B ,  
7t~ 

q k 

]Pp, q l < _ H H H { i _ e - ~ ( z + i ) : } - ,  
h = l  s ~ l  l~0 

= B q k  ~ e B q .  

(8. i i )  

~ince 

By Theorem 4, on ~v,q ,  

I f ( x ) l  = Bq!~]~o~, 
<-- Bq~ k exp 

1 
q y2 eJY exp 

://p, q 

--< exp {Bq + l :4p,+lNa},  

I I 
- - <  --_N-. [ y l -  .~(y) 

ya ! , q[ 
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Now 3 ~ q -< Nb, and so 

ql+a ~ Na ,  q ~-- N a q  - a  ~ A iVaq  - a  log log q. 

Hence to complete the proof of Lemma 20 we have only to prove 

L e m m a  21. I f  q > 2 ,  

[ _/1~, q I < B q  - a  log log q. 

8.2. P roo f  of L e m m a  21. We  require  certain prel iminary lemmas. 

Lemma 22. I f  (p,  q ) - -  i and  (m, q) ~- r~,  then 

__ ~a 1--a I ~ , ~ l  < B~ ~q 

I f  we write q----rmq~ and p m - ~  r~pm, we have (pro, q ~ ) ~  I and 

But 1 

Hence 

I Spm,  q l < B r  (11-a ~a i - a  m~n = B~ mq " 

Lemma 23. ~ I f  P denotes any p r i m e  number and q > 2, then 

Lemma 24. W e  have 

m~l rm Vn~a--<~(~ +a) H ~-- Plq 
We know tha t  

~(I + a)= ~ - -  i ) 

similarly, since any factor  of rm must  divide both q and m,  we have 

177 

1 Landau, Vorlesungen I, Satz 267 (k ~ 2) and Satz 315 (k ~ 3). For k ~ I, the result is 
trivial. 

2 Landau, ttandbuch der Lehre yon der Verteilung der Primzahlen I, 216--2I 0. 

23--34198. Acta mathematica. 63. Imprim@ le 23 juin 1934. 
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m = l  P] q 

( 
Ylq 

Lemma 2I follows at  once from the last three lemmas,  for  

q m~'~l ~n l + a  < ma+a 

< Bq -a log log q. 

Approximation to f(x) on ~p,q. 

9 .  I. W e  have now to  replace Lemma 20 by a more precise result ,  which 

will be used for  the smaller values of q. We shall express f (x)  on O)p,q as 

the sum of a number  of funct ions of the type U ( A , X ) p l u s  an error  term. 

Our result  is 

Le mm a  25. I f  x lies on ~p,q and ~ > o, we have 

Tot, 

t=O 

where Tq,~ is a function of k, q a~d 6. 

9.2.  W e  first prove ~ series of l emmas  with regard to the behaviour  of 

Ig(h, l ,s) l  ~nd IH(~ei~)l on ~p,q. I f  ~ > o ,  we write 

K(~) = max {1 H(~e~':(l+a))] , ] H(~e-~=i(l+"))l , 

( 2~)~+a akin). V : K ( k a q l + 2 ~  ) ,  C 2 : e x I ) (  ~rq(l 

As before 

=~--iO, 

I I 
where - - -  z < ~ < - z .  

2 2 

W e  write m ~ qlk + q(s-- I) + h, 

I ~ S ~ ,  I <~h<_q, l>_o. 
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Then there is a one-to-one correspondence between the positive integers m and 

the sets of integers (h, l, s). Hence g,,~ is uniquely defined by 

g,,, = ~ (h, z, 8). 

Lemma 26. I f  IX[ < I ,  ~ >-- ~' > O, and 

then 

We have 

I ~ ( I  "q- a) ~ O" ~ I ~ / ; ( 3 - - a ) ,  
2 2 

I H(r162 K(r exp ( 2a~' cos W~ 
- V41up 1 

[ H ( ~ d ~  = e x p  ~ ~ (~ -- a~p)} 11~ c o s  

and ~ corresponding expression for K(~'). Then the lemma follows from Lemma 3. 

Lemma 27. I f l x [ < i ,  

We put 

in Lemma 26. w e  have 

I g m l ~ v  ,~". 

a =  ~-z.(k + 2 8 -  ~), 
2 

(2;V) l+a (1 -4- ~h, s) a 
q 

~, _ (2 ~)~+~ ~ 
ql+2aka 

and 

9n a 
(1 + l~h, 8) a ~ q2a k a, 

~ > ~ ' > o ,  

I ~<-8-<k,  ~ ( ~  + . ) - < a - < - ~ ( 3 - a ) . :  

The conditions of Lemmu 26 are therefore satisfied. But 
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Ig,~I=ig(h,l,s)I=lH(~e"~)l, K ( ~ ' ) = ~  m~, 

and so the lamina follows. 

Lemma 28. On ~)~p,q, o <-- ~ <-- 6~. 

On ~p,q, by (8. I I), 

cos  0 ~l(y) < 

Hence,  by Lemma 26, 

and so 

K i(27g)l+a~ (-- 2ai27~,~l+aCOS~) ~ 
~, q~l ~ exp ~- i  q I l yl ~ / 

--~ exp --  --~ exp --  , 

Lemma 29. 

~ ] ~ e x p  a : C~. 

On OJ~p,q, i f  ~ > o and V > o ,  then 

[H(~ei~ exp [ ( ~ - a )  ( 2 V )  1" 

We have always 

and by Lemma 26 

(,:,) I H ( ~ r  _< exp  ~ , 

~ / c o ~ v i  
K(V)<--exp - -  z l y l ~  ] .  

012 ~p,q, I Y ]'l = N cos ~ ,  and so 

[H(~ds) IK(V)--~ exp [N~ (cos ~P)a (~ - -  

= e x p : { N a w  ((cos ~)'~)}, 
where 

w(u)  = u - u k .  

A simple maximum argument  shows that,  when u ~ o, 

2 v o  
COS 

Tg 
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w(u)-< ~ \ ~ + a !  

Since (cos ~p)~> o, the l e m m a  follows a t  once. 

9 .3 .  L e m m a  30. For any W >  o, there exist an integer T z B w  and 

functions G1, G2, . . . ,  each a product of ~nct ions of the form g (h, l, S), such that 

t=l 

W e  can expand  Pp, q formal ly  thus:  

l ~ p , q = H ( I - - g m ) - - X  = H (  I ~- gm + ~ + "'') 

oo 

: I § .~ G t: S, 
t:l 

where Gt is a product  of funct ions  of the fo rm g,,. 

Gt z g,~, g,,, gm " '  gin,, 

we write 

v ( t ) - m ?  + ,~a + . . .  + m ~. 

I f  

repet i t ions  of ~he numbers  m may  of course occur. 

posit ive A there  are only a finite n u m b e r  of t e rms  Gt such tha t  v(t)< A .  

may then  suppose S a r r anged  so t h a t  

v(t + i) _> v(t) 

for  all t--> I .  

By L e m m a s  27 and 28, 

I~.~1 < 7 , 

on ~p ,q ,  and  so 

o < _ v < _ C 2 < ~  

m~l 

and Pp, q are both  absolutely convergent .  

ment  are then  justified and we have 

I t  is clear t h a t  for  any 

W e  

The  above expansion and  rea r range-  

.Pp~ q ~ S .  
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ma 
If  we write S~ for the result of replacing every g-~ in S by C,~ , and P2 

for the eorresponding infinite product, t;he same argument shows that 

I + ~ Cg (t) __~ $2 = P~ ; 
t= l  

and clearly 
a o  

P 2  ~ -  l I  ( I  - -  c~na) -1 : Bq. 

If  T is the least value of t such that v(t) >-- W,  we have v(t) >~ W for all 

t :>  1'. Then T = B w ,  and on ~J~p,q 

T ~ 

]Pp, q - -  I - -  Z G t ] = [  E Gt[ 
t = l  t~T+l 

a o  co 

t= T+ 1 t~T+l 
or 

V ~V 7~ C~ (t)-w < V W C~-ws~ 
t = T + I  

Bq, wV W. 

This is Lemma 30. 

Multiplying both sides of (9.31) by 

(;p, q y"- g~ H(Ap ,  ~), 

and using Theorem 4, we have on 9~p, ,~ 

T 

Bq, wvW[ H(A~,q)] 

, , ~]Kl(2~)l+'* W i  
= I { ( 1  l v l H ( - / / p  q]l ~ ]caq l+2a  ] " 

If  we choose V and W so that 

I + a] 2 V  = ~' W - -  (2717)1+ a , 

the expression on the right of (9.32 ) becomes 

(9.32) 
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Bq, v ] H(-,/lp, q)[ K ( V )  < Bq, d e (yNa 

by Lemma 29. 

On the other hand, by definition, g(h, l ,  s) is the product of a function 

H(A) and the number eq( - -h ) .  Since 

H ( A 1 ) H ( A ~ )  . . . .  H ( A  i + A~ + . . . ) ,  

we have 

v~ ~:, , /~ (.4~, ~) G~ = c~,~ v~ e~'.~' H (~,,, ~, ~) - cq,~ U (~; ,~,  t, X) ,  

where Cq, t is a q-th root of unity. 

9 .4 .  The calculation o f  cq, t a~d Ap, q,t. I t  is clear that, for any particular 

values of the parameters k , p  and q, the functions 

G 1 ,  G 2 ,  . . .  

may be calculated in succession. Hence the values of cq, t and -//p,q,t may be 

calculated. The amount of work may be shortened by various considerations. 

Thus, if 

I - ~ ( i  + a) -< arg ~ , ~ , ,  --< I ~(3 - -a ) ,  
2 2 

the corresponding terms may be omitted in Lemma 25 and hence in Theorem 3. 

Again it is not difficult to prove that, when 

then 

[zc(I + a) ~< arg _//p,q < I z (3 - - a ) ,  
2 2 

2-7C(I + a) < a r g  ..4p, q,t ~ -2 ~ ( 3 - - a )  (9.41 ) 

for all t >--o. Hence in this case 

I f (x ) [  < B~,,r 

on ~)~p, z, and the terms corresponding to p, q may be omitted in Theorem 3. 

The same result follows directly from Lemma 33 and the fact that, for suf- 

ficiently large ~, 

I~(A~,,J,t( ~ +J)a)l < I, 

when (9.4I) is satisfied. 
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I n  addition, the work of expanding Pp ,  q may be shortened by various 

combinations of the factors { I - - g ( h ,  l, s)}. Thus, if 

~---  e x p [  !27~)1+a ( /+  qy~I)a~�89 
we have 

and 

~(rq,, ~, ~)= ~ j ( - r q ~ ) =  ~ ( - ~ . ) ,  

q~ q~ 
I [  1: - g ( r ~ ,  z, ~)} = ] I  {i  - ~ , ( -  r)} 
r=l r--1 

I - -  ~ % .  

I t  seems, however, tha t  no simple formulae can be found for J/~,q,t and 

cq, t in general. 

When  k ~ : ,  the calculations are simple, since T q , ~ :  o and 

$g2 
A p ,  q, o ~ A p ,  q ~ 6 q  " 

The Generalised Bessel Function and the Auxiliary Function. 

IO. I. We  now introduce the integral  function 

oo 

/=:0/~(~+ I ) F ( / a - -  ~) '  

in terms of which p k ( n )  will ul t imately be expanded. This is a part icular  case 

of the generalised Bessel function introduced in a recent paper.:  

We  shall use this funct ion to construct an auxiliary function with a 

singulari ty of the type of 

U(A,  x) = x - 5  l o g ~ j  exp 

' ( I )  �89 (I) a 
at x---~ I. We take x-J, log x and log x real and positive on the interval 

: J o u r .  L o n d o n  M a t h .  Soc. ,  8 ( I 9 3 3 )  , 7 1 - - 7 9  . 
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(O, I)  of the real axis in the x-plane. Le t  M be the least positive in teger  such 

tha t  M + j >  i .  W h e n  m>- -M,  we take ( m + j ) ~ ,  ( m + j ) - ]  real  and positive. 

For  I x ] <  I ,  we write 

oo 

F~(x)= ~_~(m + j)-~qg(_/l(n + j )~  
m ~ M  

Q~(x) = F~  (x) - v ( ~ ,  ~). 

Then Fa(x)is defined for  Ixl < 1, and Q~(x) and U(A,x) are defined precisely 

for  x real and o < x < I.  Fo r  o ther  values of x, these funct ions are defined 

by  analytic  continuation.  

The u-plane is cut f rom - - ~  to o and f rom I to ~o along the real axis. 

Then  U(-//, u) is one-valued and regular  in and on the boundary of the region 

so defined except  at  u ~ o  and u ~  I .  1"5 is a con tour  in the u-plane, and 

__I __--I t aken  in a consists of the real axis f rom --oo to 4 '  the small circle l ul  4 

counterclockwise direction round  the origin, and the real  axis f rom --  }- to - -oo .  
4 

I~ consists of the real axis f rom + oo to 5_, the small circle l u - - I I - - - ~ I  taken  
4 4 

in a clockwise direction round  u = I ,  and the real  axis f rom 5_ to + o~. 
4 

W e  proved in the paper  re fer red  to above tha t  

I'.5 

. f u u) d,, Q ~ ( ~ ) = z ~ i  u ~ ( ~ - x )  " 
1"6 

1 

W e  take N sufficiently large to ensure tha t  e - ~  > ! .  
2 

Lemma 31. Ifx-~exp(--~+iO)wehave]FA(x)l<BAwhenI-~c<O~3-z 
2 - -  2 ' 

~,d IQ.~(x) I<B~ w h e n  i i 
2 2 

On F5 and I"6 we have 
24--34198. A c t a  m a t h e m a t i e a .  63. Imprim4 le 23 juin 1934. 
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a n d  so 

ilo.i I (1(')1) > A ,  exp  - - i  a 

log  u 

I II �89 ,M+j--1 - < Blu log. u 

I v ( ` 4 ,  u) l < B .  I ~, I '~-~. 

I f  I 3 ~  - ~ < 0 --< - a n d  u l ies  o n  Fo, we  h a v e  2 2 

a n d  so, b y  (IO. I I), 

l u . x l  > AI~I ,  Ix lM< B, 

< Ba. IF~(x)l < B .  u ~ 

1" 

< BA, 

I I 
S i m i l a r l y ,  i f  - -  - z --< 0 --< - z ,  we  h a v e  I Q.(x) I < B , .  2 2 

then 

I o .  2 .  L e m m a  3 2 .  If 

( U(`4, X) dx 
E(`4)  = (~ + .i)-~ ~ {_4( .  + j)~} ~ , ( - -  p . )  - -  ~ ~n+~ , 

J 
~tp, q 

I E (`4) 1 < B .  exp IN  + 

W e  h a v e  

I ~ " __ X )  X _ n d O }  

- - l z  --@,q 

2"  

t .1 z~ - -  Op,  q 

Op, q _ ~  

I _(E' -t- E" + E'" + E't"). (I0. 21) 
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O n  F ,  

and, when [01 < A, 

On 9)~p, q, 

where 

Let  us write 

Then 

and similarly 

~Z I I 
ix l -~  N = e , log X 3]" iO, 

IU(:4;X)I<B ~-r  exp 

< B exp [_//O--a 1. 

-G,~ gogG,~, 

7g , 27g  

<- G, q < ~ vq~ ~ ~-~ ; N1 ~ b  q 
~l~ 2 ~  <0~ <~,_-~.q ~ _ ~  - -  , q q AV 

21: 
0 o ~ q N x-b �9 

2 nf [ E ' " [  --~ B J  e [A[O-a  dO < B exp --  

Oo 

= B e x p  ~ + - - N  b 
2~a ~ 

+ o~! 

] E  .... [ < B e x p  + ~ T -  �9 

(IO. 2 2 )  

(io. 23) 

But, by Lemma 3I, 

[ E " [  < Ba  exp ( ~ ) ,  (IO. 24) 

and the lemm~ follows a~ once from (IO. 2I) to (Io. 24). 

I o. 3. Lemma 33. (Asymptotic expansion o f  q~ (z)). I f  7 > o and I arg z ] 

~ - -  7, then 

(a Z)q~ (l--b) -~" ~ (izl~(1-~,)}' 
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where the constant in the 

the expansion of 

2~ t ~ l  (I - ~)~ 

in powers of v. In particular, 

ao = 2 ~r(/c + I 

E. Maitland Wright. 

O( ) term is BM,~, and am is the coefficient of v 2m in 

a + 2  
+ - - v +  

3 
(a + :)(~ + 3) ,~ + .  ] - ~ - t  

3 . 4  'J " 

(Ilke + I l k +  2)ao. 
al --- 24k(k + I) 

This is Theorem 5 of my paper referred to above. A proof will, I hope, 

be published shortly in the Proceedings of the London Math. Soc. 

I I . I .  

and 

Final Lemmas and Proof of Theorem 3. 

We write 
Tq, 

J~,~ = (~ + j ) -~  G , ~ F ,  ~,~ @(~p,,~,~(, + j)~ 
t ~ l  

. . . . .  . ,  / f ( ~ ) d ~  
Ip, q 2 ~ i  j x n+l ' 

the integral  being taken over 

arc rap, q (N ~ < q --< NI-~). 

By Lemma 20, we have 

the major arc ~)~p,q (q--< N b) or the minor 

If(x) [ < exp { B q - a N  a log log q} 

on ~Xp, q, provided tha t  q > 2. 

such ~hat 

Hence there exists an integer qo ~ qo( k, 6 ) ~  B6 

If(x) I < c ~N~ (i I. 1 I) 

on .gXt,,q when q > qo. Taking this value of qo we write 

qo qo 

q = l  p q = l  p 

q o < q < _ N b  z~.b<q<=Nl--b p 
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A_ f f( .)d. 
1 ) ~ ( - )  = 2 ~ i j  x "+~ - I1 + I~ + z~, 

I' 

I I .  2. L e m m a  34.  

pk(n) :-- J - ~  (I~ -- J) + I 2 + I 3. 

We have 

[ I~'-- J[ < B~' exp ( 6 Na + ~ )  �9 

I f  q ~ q0 and ~/'~- Tq, 3, then 

f p ,  q ~ J p ,  q 

_ I Z )  

~ip, q 

T 

t = l  

T 
, , ,  X , /  dx 

t=0 

By Lemma 25 

_ j ,  _ j , ,  
- -  p ,  q P ,  q "  

I p,q] < B e e x p  + 6~Y a . 

Also, by Lemma 32, 

But t ~ T ~ Bq, ~ and .p < q --< qo ~ B~, so that~ Bp, q, t < B6. 

IE(Ap, q,t)I < B~exP ( N  + B ~ N  b) 

and so 

Hence 

Hence 

189 

( I I .  I2)  
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II1- JI--- Y Z I r ~ -  4,,~1 
q~qo P 

Lemma 35. We have 

15l+lSl<B~exp(~+ 6N ~). 
I f  we p u t  7 = T b c  i n  L e m m a  I7, we have 

2 

I l o g f ( x ) ]  < - B J ~  a - l b c  , I f (x ) l  < B*e *A,a 

Also, by (I I .  I I ) ,  o n  rap, q. 

on .~J~p, q, if qo < q < Nb. Hence 

I I .  3. 

I f (x ) ]  < e ~z,~' 

qo~q~N 1 - b  P 

< B.e'~Saflzl-"dO 
1" 

By (II. I2) and Lemmas 34 and 35, 

I~k(~)-+l < B~exp (N+ ~N~ 

I ~l+a 2 ~/1--b 

W e  now take 

Then 

n 
+ d N  ~ = ~nr,, 

and 0 I .  3 0  leads at once to Theorem 3. 

( I I . 3 I )  



Asymptotic Partition Formulae. III. Partitions into k-th Powers. 1 9 1  

Theorems 1 and 2. 

I2. I. Theorem I is clearly a par t icular  case of Theorem 3. W e  apply 

Lemma 33 to all the q0-functions, except  t ha t  for  which p = o ,  q =  I and , t~- -o .  

We have 

](n + j)-~ q~ (_@, q,t  (n -J- j)a)l < Bq, t exp {~(_d~, q, t l-b) rib}, 

and it  is not  difficult 

Such t ha t  

to prove tha t  there  is a positive number  a ~ - a ( k ) >  o 

q,t <  0,1,0 - -  - 

for  all values of p ,  q and t except p ~ o, q = i ,  and t---- o. 

Theorem I is then  proved and Theorem z is an immediate  corollary of 

Theorem ~ and Lemma 33. 

I Z. 2. I t  is possible to prove Theorem I directly with substant ial ly less 

analysis than  tha t  required to prove Theorem 3. Most of the proof  is the same, 

but  the full  Theorem 4 is only needed for  the c a s e p - - ~ o  and q ~  I,  tha t  is, 

for  ~f)~0,1. In  this case 

l o g  f (x) = - z l, 

and the whole of section 5 may be omitted. The proof  of Lemma 20 by means 

of Theorem 4 is replaced by a proof  somewhat  similar to tha t  of Lem m a  17. 

By this means we can prove 

Lemma 36. On ~p, q, 

From this we can find a suitable upper  bound for  the cont r ibut ion  of the  

integral  along ~p,  q (q > I) to the value of pk(n), and so prove Theorem I directly. 


