THE MEAN-VALUE OF THE RIEMANN ZETA FUNCTION.

By
F. V. ATKINSON

of 1BADAN, NIGERIA.

1. It was shown by Hardy and Littlewood' that an analogue of the ordinary
mean-value theorem for Dirichlet series exists for the Riemann zeta function on
the critical line. Writing

I(T) = [15(& + 48| dt

<

they showed that
I(T)~Tlog T (r.1)
as T - oo.

A substantial advance was made by Littlewood? who proved that
IT)=Tlog T—T(1 +log2m—2y)+ O(Tt¥) (1.2)

by means of results connected with the approximate functional equation for (s).
Using improved forms of this equation Ingham® and Titchmarsh* were able to
reduce the power of 7 in the error term in (1.2) to } and /12 respectively.
The problem has more than superficial affinities with a well-known divisor
problem® namely the behaviour of
D\ d(n). (1.3)
n<z
Here (1.2) is the analogue of Dirichlet’s classical formula and its later refine-
ments. My object in this paper is to establish what corresponds, in the case

! G. H. HARDY and J. E. LITTLEWOOD, Acta math. 41 (1918), 116—1g6.

? J. E. LITTLEWO0OD, Proc. London Math. Soc. (2), 20 (1922), Records, XXII—XXVIIIL.

8 A. E. INGEAM, Proc. London Math. Soc. (2), 27 (1926), 273—300.

* E. C. TITCHMARSH, Quart. J. of Math. (Oxford), 5 (1934), 195—=210.

® The connection is to some extent apparent in my paper, Quart. J. of Math. (Oxford), 10
(1939), 122—128. I hope to go in this question more deeply in a subsequent paper.
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354 F. V. Atkinson

of the mean-value of the zeta function, to Voronoi's summation formula! for
(1.3). Actually two groups of new terms emerge, the number of terms in each
group depending on 7, so that the result falls into the category of approximate
functional equations. I prove the following

Theorem: For T'>1, AT<N< A'T,
I d(n) ]/nn)—l
IT)=TlogT—T(1+log2a—29)+ — S (— 1)»—=|sinh-! nn
(1) ( g2z 7) Vzns:N( 1) Vn (smh T

T -1 -
(— + ) sin {2 T sinh™! ]/ -+ V(ernnT + n*n?) + }
2En 4 1 4

—2 ) d(n) (log —T—)_lsin (Tlog—T———— T~—z) + Oflog® T),

= Van 27xn

N,__+__V N’ NT

and A, A’ are any constants such that o < A < A'.

where

It is worthy of remark that the first set of oscillating terms on the right-
hand side approximate, for low values of %, to the leading terms in Voronoi's
summation formula, apart from an oscillating sign. The second set of such terms
would be obtained by integrating formally a suitable expansion of {(s)Z(1 —s).

The argument may be summarized as follows. In the formula, valid when
6>1,

T
L o0 -] o z& w 1
2T—_£|§0+zt| dt=7{§ ;% sin (Tlog n)(Tlog n)
m+n

it is found expedient to classify the terms according to; the value of m — =.
We are thus led to consider, instead of {(u) or () (v), the function

v) = ggr‘“(r + 8)~". (1.3)

This double series is convergent when % {u + v} >2, R{v} > 1; imposing the
additional condition R {u} <0 we can apply Poisson’s summation formula to

! Bee, for instance, A. OPPENHEIM, Proc. London Math. Sec. (2), 26 (1927), 295—350, and
references there given.
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the r-sum over the range r =o0,1,...00. We thus derive a single series ex-
pansion for
F'u+v— 1) (1 —u)

g(uv U) =f(u7 U) - F(v)

L{w+v—1) (1.4)

valid when R{u} <o, R{v} > 1, and R{u + v} > 0. This series may be con-
tinued inside the critical strip by means of Voronoi’s summation formula, giving
what is substantially the approximate functional equation for g(u, 1 —u). The
resulting expression for

CE + ) (3 —t)

may then be integrated over 3} —:7, % +¢T to produce (4.4). The proof is
completed by approximating to the trigonometric integrals involved; this is ac-
complished by the saddle-point method, on which I prove a general result,
namely Lemma 1 of this paper.

We use the symbol A4 throughout to denote a positive absolute constant,
not necessarily the same one at each occurrence. Where desirable, in order to
avoid confusion, other such constants will be denoted by A4’, 4”.

2. We start from the identity, valid when R {u} > 1, R{v} > 1,
@)= 2 D m™n~ ={(u+ )+ flu, v) + f(v, ) (2.1)
m==1 np==1

where f(u, v) is defined by (1.3). We show first that f(«, v) is a meromorphic
function of # and v when R{u + v} > 0. We have, taking R {v} > 1, denoting
the integral part of = by [«], and writing

z

pE)=x—[z]— %, w@=[uldy
the relations

o0 o
D(r+s) vf[sc —rjz7*ldx
8=1 r

=gl — 1)1 — ;-r‘”—vf px)z—"ldx

r
=1y — 1) t—ir v —v(+ 1) fyl x~""rdx

— ’.l—v(v__. I)_ —3r v+ 0 {v(v + I)?‘_v—l}
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since g, (x) is bounded. Hence

7.1 —u—v __

s

Slu, v)=(v— 1)1

o

D+ 0'{’0(1} +1) D |r‘“‘i"1|}.
r=1

r=1 r=1

I

It follows that
S, v)—(wv—1)0"Cu+v—1)+ 3l{u+)

is regular for M{w + v} > 0. Thus (2.1) holds when both « and v lie in the
critical strip, apart from the poles at v=1, u + v=1, 2.

3. We consider next the case R{u} <o, R{u + v} >2. We have then,
by Poisson’s formula,

0

Z, P 4 8T =

r=0

- - T -

x4z + s)"'dx + 2 Z fx‘“(x + §)~vcos2mmxdx

m=14

c\s

=s’““"’{fy'“(l +y)tdy+2 fy‘"(l +y)™? c082nmsydy}-
0

m=140

Summing with respect to s, and using (1.4) and the result

oG

ofy_u(l +y)tdy =T +v—1)T(1—u){I @)}
this gives

g(u, v)=2 Z gl—u-t Z fy‘“(l + y)"?cos 2msydy. (3.1)
s=1 m=10
To investigate the convergence of this expression we note that for i {u} <1,
Ri{w+ v} >0, and » =1, ‘

o0

2 [y (1 +y)cos2mnydy = n““fy"‘(l + y/n)7v (7Y + e ) dy
’ 0

[

io0 100 ) pt-1 )
— pi—1 - -V 2Ly u—1 —u —v p—27iy f—
n ofy (1 +y/n) e Vdy + n ofy (1 +y/n)"e dy O(M_I

uniformly for bounded # and v. It follows that the double series (3.1) is ab-
solutely convergent for R{u} <o, R{v} > 1, R{u + v} >0, by comparison with

-] -]
2187 2 [mem1
3=1 m=1

and that it represents an analytic function of both variables in this region.
Hence (3.1) holds throughout this region and then
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o

g(u, v)=2 2 al_u_,,(n)fy‘“(x +y) Vcos2anydy (3.2)
n=1

0

where a,(n) denotes the sum of the a-th powers of the divisors of #.
Combining this with the result of § 2 we see that when o < R{u} <1,
o<R{v} <1, u+v#r,

Lwwy=Cu+v)+l{u+v—1)T(u+v— 1){

rit—w TI(1 —v)}
I (v) rw | T

+g(u,v)+g(v,u) (3.3)
where ¢ (u, v) is the analytic continuation of the function given by (3.2). It is
however the exceptional case, # + v =1, which we need. By § 2 the .function
g (4, v) is here continuous, and the contribution of the remaining terms may by
obtained by considerations of continuity. Write u + v=1 + J, where |d] < }.
The first two terms on the right-hand side of (3.3) give us

(1 —u) + F(u—d)}
't —u+0) I (u)

CU+&+CMF@{

={(1+6) + {(1 — d)(27)7 § sec %7‘5{“11‘(:;1) 5t r(;a’(—u)d)}

=§+y+($— )(I+610g2n)%{1*5¥—((:‘57u; ?((Z))

't —w) | I'(u)
”4ru—m+rw
{

+1—4 }-fO(d)

}+2y——log27t+ 0(d).

Hence we have, for o < R{u} < 1,

't —u)  I'(u)
F(I—u)+F(u)}+
+2y—logzm+gu, 1 —u)+g(t —u,u). (3.4)

Lz(— ) =4
4. From now on we confine ourselves to the case w + v =1, with a view
‘to the eventual application u =3 + ¢¢, v=4 —¢f. We have then, if R{u} <o,
glu, 1 —uy=2 D) d(n) fy‘“(l + yPlcoszmnydy.
0

We need an analytic continuation of g(u, 1 —u) valid when R{u} =3. The
most convenient way of obtaining this seems to be to use the summation for-
mula for d(n). We have!, if x is not an integer

! See for instance OPPENHEIM, loc. cit.
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D d(n)=D{x) + 4 (),

n<p

where
D(x)=xz(logzx +2y—1)+ }
and
4 (x)= :12 > d(,z) {cos (4nVﬁ— 7—:) ” HV—Sln (47:an—;)}+ O(x="") (4.1)
= O(2™ log ), (4.2)

the series being boundedly convergent in any finite z-interval.
Let now N be a positive integer, and let h(u, ) denote the expression

0

zfy‘"(l + ylcos2maydy. (4.3)
0 , .
Then
Ddmhlwn)=— d(n) f—huw x——f —h(u,)
n>N n>N N<n«:c
+3
—— DN+ )+ IV + Db, N+ 3)— fD(x)-l-d‘x\———h(u o) de
N+3
AN+ Dhiu, N+ 1) +f1)' b, xdx—fd(x)%h(u,x)dx.
o NY1
Hence
glu, 1 —u)= D) d(n) AN+ }h(u, N+ 3) + flogx+2y (u, ) dz—
n=N N+% '

7] .
_fd(x)%h(u, 2)d = g,(0) — g2 () + g () — g (),
N+§
say. Here g,(u) and g,(u) are analytic functions in the region R {u} < 1, since
the expression (4.3) for h(u, ) is analytic in this region.

Take next g, (4); we need an order result for 5% h(u, x). We have

{00 —io0

M, f Y- u I +yu— e2mxydy+ f y I 'l"l/)" 1 —2nzxydy
0
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so that

700 ~foe

ih(u, .’,E) =21 yl—u(l + y)u-l etrizy dy — 2 yl_“(l + y)u—-l e—-2m‘a:yd
ox y

0 0

o0
= Znix”““f yi v (1 + ylxptenivdy —
0

—ioo

— 22 l-u(l + y/x)u—l e—27iy d_’l/ — O(xu—z)
Y
0

for R{u} <1 and bounded «. Hence, by (4.2),

d(x)é%h(u, x) = 0 (x*" log x)

so that the integral defining g, () is an analytic function of « at any rate when

N{u) <t
1t remains to consider g;(u). For brevity we denote N + 3 by X. Then
« ieo —ioo
9s (%) =f(10gx + 29’)‘“’{f?/—“(l+?/"‘1e”'"’”dy+ f y~ (1 + ypr? e-—?nixydy}.
X 0 0
g L
But, if R {«} <o, j(logx+27)dxj gyt (1 +g)-terisvdy
X 0
- 2izy o0 u:dx © 27izy
= [(log w+27)fy‘“(r +y)"";niydy]x—f—x-fy‘“(ﬂry)““zmydy
0 b4 0

,
{0

— __L : —u—1 u—1 27niXy —
27”.(logX-!—zy)fg/ (1+yple dy

oo ioo
— ! fdxfy—l——u(x + y)u—le‘uu'ydy:
X 0
ioo

0

271

U | gy~ u—1 u—1 27 Xy ! f —1-u F oyt 27l g
zni(log X+ 27)fy u-l{y 4 yp-le dy+27tiu Y (X +y)e dy.

o/ 0

The latter integral may now be taken over o, co and the variable changed from
y to y/X. We treat the integral over 0, —¢co similarly and combine the re-

sults. Hence
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oo

[y—"fl(r + y)*~lsin 2 Xydy +

0

log X+ 2
gy () = — 2820

o0

_I__ —u—1 U g d
+— 1y (1 +yrsin2z Xydy.
0

These integrals are uniformly convergent for R {u} <1 —e& < 1. We have there-
fore obtained an expression for g(u, 1 — u) which exists when R {u}=}.
We now derive the corresponding expression for I(T). We have, by (3.4),

BT
2¢I(T)= f L(w)s(1 —u)du
i
( I 1+iT
_ ri+: . . v _
——log————r(%_iT)+ 2¢T(2y—log 27)+2 f gu, 1 —u)du.
15T
Hence, using Stirling’s formula,
34+iT
I(T)=Tlog T—T(1 + log 2z — 27) +;7 f g(u, 1 —u)ydu + O(1)
3—iT

=Tlg T—T(+log2an—z2y)+ L — L+ ILi—I,+ 0(1), (4.4)

where
2+iT
Iv:;I- g (w)du, (v=1,2,3,4)
4—:T
so that
sin (T log ! ;; y) cos 2Ny
I=42d(n) v (4.5)
ey yH(t + y)t log ——
Y
]
sin (T log ! j; ?/) cos 2 Xy
I,=44(X) : dy, (4.6)

wu+wﬂ%‘;y
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o

sin(Tlog L ,1/) sin2zn Xy

Ig_:__z(logX+zy) Y dy +

7T ys/g (I + y)lla log L;;ﬂ

) 41T

I sin 27w Xy I+ y\*du
ta | Ty (——y) v (47)

and lastly
2T

fd f ah(u z)du,

where N is a positive integer and X = N + 3. We shall restrict N to a range
of values of the form AT < N< A'T.
We may derive a more explicit formula for I, as follows. We have

34+iT oo

sin(Tlog Lty cos 27y
-a—h(u x)du=4i-— - Y dy
ox dx 4y (1 + o)t log I+y
§—iT 0
-+
P sin(Tlogx ” ”) cos2my cos 2wy
==4'L———- - d?/=42 1 Ep x-{—'l/
d l1 12
z y*(x+y)*logm+1/ ¥y (x + y) log
[] 0

x+y) ) ( x+y)( ( x+¢/)“)}
~—sin { Tlo + {log—— dy.
y sin g ) g ]y v

-{Tcos (Tlog

Hence

d(x cosznxy )
(1 + y)"log ;'1/

y) — sin (Tlog :; 1/) (é + (]og ! _;/_ y)_l)}d?/. (4.8)

46-—48173. Acta mathematica. 81. Imprimé le 1 juillet 1949
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5. We approximate to these integrals by the saddle-point method. All we
need on this point is contained in the following

Lemma 1. Let f(z), p(2) be two functions of the complex variable 2z, and
(@, b) a real interval, such that (i) for a <z < b, f(x) is real and f’'(z) > o,
(if) for a certain positive differentiable function u(x), defined in (g, b), f(¢) and
(¢) are analytic for

asz<bh |z—z|<ul

(iii) there are positive functions F(x), @ (x) defined in (a, b) such that
g (&)= 0{@(x)}, f (o) = O{F(z) (@)™}, {f" ()} = O{(u@) (F@)}

for
a<z<b |z—z|<uz)

the constants implied in these order results being absolute.

Let ¥ be any real number, and if f (x) + & has a zero in (a, b) denote it
by x,. Let the values of f(x), ¢(x), etc., at a, x,, b be characterised by the
suffixes a, o, and b respectively. Then

b
fq)(:c) exp 27i {f(x) + kx} da = gy fote2nilhtkz)+ini |

+ O{fd)(x) exp {—A|k|u(x)— A F(x)} (dx + Id;t(x)D} +

@, 118
— 32 . =%  __}.
O (Pouo ) + O(If”a+k| +/:*) * 0(|ﬂ>+ k|+f'z$*)

If f'(x) + % has no zero in (a, b) then the terms involving z, are to be omitted.

We take the case in which f'(x) + % has a zero in (a, ). Denote by A(x)
the function eu(x) where « is a positive absolute constant, less than 1, to be
fixed later.

We deform the path of integration into a contour joining the points a,
a— k(1 +13), g— A (1 +2), 2+ 4(1 +42), b+ (1 +¢), b. Denoting the cor-
responding parts of the integrals by Ji, ..., J;, respectively, we take J;, J;,
and J; along straight lines, while, J,, J, are to be taken along the loci of the
points z * A(z)(1 + 7), as the case may be.

We have then, for c=2z+ (1 +d)y, —A(@)<y<A(x), a <z <,

SRt ke=flx)+ kx+ (1 + )y (f @ + k) + iv>f (x) + 6(y),
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say, where, by Taylor's theorem?,

[6()| < AF (@) [y’ (w@)?®

Hence by taking « sufficiently small we may make

[6()] < 3y f" (x)
‘We have then

Rizai(f@ + ke)} < —2ay(f @+ k) —zydf’ (2). (s.1)
This gives

J1=0{0}awaexp(—2ny|ﬂ+Ic)l—nyzﬂ)dy} {lf +1211+fw;/2}

with a similar bound for J;.
We have also, by the same argument,

To

J, = o{f @ (2) exp (— 2 wd@) | f @ + k| — n (A @) 1 @) [dz + Idl(x)l)}-

Now if
k] <2|f @)
then
A(z)[f () + k| = O(h @) f @) = O(Fw),
and also
ku(x)=0(f @p@)= 0(F @),
while if
k=z|f ()|
then
)| f (@) + k=2 @) (k][—|f @) = 4|k]p(x)
Furthermore

A@Pf" (x) > A Flx),
and hence, in any event,
—2nd@)|f (@) + k| —nA @S (x) < — A | k|u(x) — A F ().
This gives
Jy=0 {f(D(x) exp (—A|k|u@ — A F@)(dx + ]du(w)l)},
a

with a corresponding bound for oJ,.

! See for instance ‘Modern Analysis’, (E. T. WHITTAKER and G. N. WATSO\* 4th edition
Cambridge, 1927), § 5.4.
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It remains to estimate J;. We write

2y(1+1)
J3 = f @(xo + y) eQﬂi{f(¢n+U)+k(1‘o+'.’/)} dy
—ha (1+7)
—v(1+17) v(1+7) Ao (141}
= [ + [ + [ =T+ Ju+Jdy,
—io(147) —v(1+7) v (147)

say, where v is a number less than 4,. We take in fact

v=»2(1 + FJ)~L
We have then, by (5.1),

Jis =0 { q;ofe—nysff,' dy} = 0{@,(vfo)* e_”?/‘;} ’
v
Hence
V= BFS (1 + YT > AT (x + F)
and also
Wf Tt =v (@ f)) = Ouy F' (1 + F).
Hence, for Fy=1,
Jys = O {@, o F- e~ 45},
while for Fy <1
Jos = 0 {@yuo F7},
and so, in either case,
Jos = 0 {@yu, F)
A similar bound clearly holds for Jy,.

In J; we write

3
. . I
e2m{f(xo+y) +E(xo+ ¥ — exp 2 ﬂl{ E ’7 yvfgv) + 0 (1/4 0:"’0—4)}

v=0
=exp {27d(fy + kao) + wiy fo} {1 + §9°f5 + Oy Fous®) + Oly* Foui?)}.
Since
v (143)

P eI dy = O(f, =) = 0 (u2*+ F;*-¥)
—v (143

the contribution of the two error terms in (5.2) is
O (@ o F;%).
As regards the remainder of (5.2) we have
Pl + )1 +3° L) =Pty @+ EP @ofS + Oy Doui® + Oy* @ Fouui)

and hence, since integrals involving odd powers of y vanish,
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v (1+4) . v(1+1) "
@@, +9) (1 + 32, )W dy=g, [ VW dy+
—v\143) —v{149)
o0 (1+7) ,
F O £ + 0@ Fois /i =gy [ ey +
—o0(144)

oo (144) ., '

+ 0(4’0 f em‘yzfo) + 0@ po F5™) = @ f"H et +
v (1+7)

+0 {(Do (l’f;l)‘le_“tzf(’,} + O0(@ypy ™),

and the first error term on the right-hand side has already been shown to be
of lower order than the second. Hence

Jy= 9,0/‘;’—} 2rilhtkal+ini 4 O (‘po wo 7).

This completes the proof of Lemma 1 for the case in which f' (x) + % has
a zero in (a, b). In other cases we take the contour through the points a,
at (1 +4), bt A(1 +¢), b, the + or — sign being taken according as /' (x)=o0
or <o in (a, b); there is then no term corresponding to J,.

6. Our first application of Lemma 1 is to the type of integral occurring
in I, I,, I, and I,. We have

Lemma 2. Let a, 8, 7, a, b, k, T be real numbers such that a, 8, y are posi-

tive and bounded, @ % 1, 0 < a < }, a<8—§76, b=T k=1, T=1. Then

fy‘“(l + y)—ﬂ(log ! ;y)_yexpi{TlogI -;1/ + 2nky}dy

a

L1/ Ly (U —p)=(U+ %)‘ﬂexpz'{T V+2akU—nk+ ’—’} +
2k 7 4

+ 0@~ *T-Y) + OB FfkY)+ R(T, k)

uniformly for |@—1]> &> o0, where

_ T .1\ pe ]/ 7
U—dl/(zn/c+4)’ ¥V = 2 sinh > T

R(T, k)= O(Ttt—a=P -1 j-ta-a=p=*)  (; <k < T),
= O(T- 1), (k= T).

and

24
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A similar result holds for the corresponding integral with — k in place of k, except
that here the explicit term on the right-hand side is to be omitted.
We apply Lemma 1 with

1+ ax\"7 T 1+
),ﬂﬂ log

p@)=a*(1 + z) P (log p

z=%(1 + 2y~ f, F(x)= , ulx)=13%=.

S
&
Il

We dispose first of the terms involving a and b. We have

’ —_ T R
S o= e )

and so, if a < max {%, g—i;k},

fm+k<—Ag

so that
@ (a) 1-a -1
’ W = O(a T )
Again, if 0> T,
O ()= Or==F), f(b) = 0(T
so that
o (b)

FO+E

We consider the error-term integral of Lemma 1. This gives

Opr—e—FL-1).

1 b
O(Ix—a e——Aka:—Ade) + 0 (fa.y—a—fn‘e—Akx—A 7/ :tdx) .
a 1

The integral over (g, 1) gives, for e —1|>e¢>0, 1 <kE< T,
|

L 1
j xm g Aki=AT g 0 — (O (e=4 fo‘“dx)= Oe 4T~ + 1),
a a

while for k= T we get

1 =]

1 Ik :
jm‘“e‘Ak”‘Adez O(e—Afo*“dx) + O(e‘AT(—];—,) fe’f“”dx)
a » a ' Tk

= 0 {e-—A T(al—a 4+ Ti-efe-l T—aka—l)}.
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The integral over (1, b) gives

T b
0 {e—AV T [ gr=a=p dm} +0 {(b~/~a-ﬁ + Trf) [ e"“””dx}
T

1

= 0 {e~4AV*T(Tl+1~a=8 4 T)} 4 O {e=4kT =1 (br-a~F + Tr-a-F)}.

All these error terms are of lower order than those given in Lemma 2.
It remains to consider the terms involving x,. We have

T

so that
Zo=U—1%

in the notation of Lemma 2. Hence

£ = T(zzo +1)  4mk*lU
T omai(my + 1) T

ot Ut E_ I/Zk_
T ———logU_%—zsmh 2T—V,

8

log
so that
TV
j},‘+kxo=;;+7c((]——~}).
Hence the main term is
. » T

'} p2E(fot kay) + i — — 1}~ -p —-L /_ -3,

Pofs e (U —3)=(U +3) szk] Ly

-expi(TV+znkU—nk+%‘)-

Lastly we deal with the error term involving xz,. Take first the case
1=k=1T. 'We have then

ASA‘/Z;;<9¢0<A' %, D, = O (x1—~F),
to=0(x)), AVEkT <F,<AVET.
The error term in question then gives us, for 1 <k < T,
O (TH—a=F) =t f=dlr—a=f) =%
Finally, for 2= T,
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A%<xo<A'%, Q= 0(x;%, uy=0(%x,), F,> AT,

8o that in this case the error term gives us
O(T-t-=f=1).

This completes the proof of Lemma 2 for k= 1. Y¥or ¥ =< — 1 the argu-
ment differs only in that the terms in xz, do not occur.

7. Esttmation of I, and I,. If, in Lemma 2,0 <a <1, ¢ + >y, we may
make @—>0, b>oo. Hence, if }<a<}, 1=k<AT,

o0

sin (TlogI ;y)cosznk_y . I sin (TV+ 2nkU—nk+§)
d"/:—l - 1y — 1\ 1\Y2 +
y"‘(l—i—y)’-’logl;y 4k 7T VURU—3)(U+ %)

1 0(z-te phey),

and since this result holds uniformly in ¢ we may put « = 4. Hence, substituting
in (4.5) we get

(n) sin {2 T sinh™! l/% +ViernT + n*n?) + 7?:}

=y (s /7 (2 1)

-+

=y 2T/ \2an ' 4 .
+0(T), (7.1)
taking AT < N < A'T. . Similarly, from (4.6),
L=0{4(X)X¥} =0(T""%log T), (7.2)
since
d(x)=0(x"log x), X=N+}.

8. Estimation of I.
We write (4.7) in the form

log X + 2 1
Iy=— 27‘*2‘131 + o Ly
and consider first I;. We divide the range of integration at Y, where Y=(2z X)~1.

The integral over (0, Y) gives
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Y
. 1+y
I sm(Tlog y ) sin2x Xy :'/*(1+.u)”*dy
= ' . -
y(1+y) ) log I-yH/

0

Now of the expressions

sin 2z Xy yt(1 + y)t

y log1+‘u
Yy

the first is monotonic decreasing in (o, Y), the second monotonic increasing.
Hence, by repeated-use of the second mean-value theorem,
y +
. 1 Yy .
sin { 7' log ——)
( 2 L S )\

log r+y

1:;1=27'L'X

y(1 +y)

sin (T log ! Z y)

y(1 +y)

— 2 XEH(1 + B (log Lt 5)_1

E 4y

k)

rentt s [en(roe )]

for some 7, § such that o<y <§=<Y. Hence

L= O(T-%).

To the integral over (Y, co) we apply Lemma 2, taking a=7Y, and making
N\
b~—>oco. We treat the main term on the right-hand side of Lemma z as an
error term and get

-]

sin(TlogI -;/-y) sin2z Xy

dy= 0(T¥)

(1 + y)'* log - ;y

so that
I, = 0(T-%).

47—48173. Acia mathematica. 81. ' Imprimé le 1 juillet 1949.



370 F. V. Atkinson.

Take next I,,. We divide the range of integration with respect to y at
y =1, and term I, I3; the contributions of the intervals (o, 1), (1, 00). Taking

first I3, we have, for o <y < 1,

P4IT -0 +iT 3—iT
[lesrtemn (17 L)
Y U ) Y %

1—iT 34T —0—iT

But

—oo+IT —00
[ (e O{T-1 [ (= -v)“d.,}= o(T-1y4),
/ Y % )

3+iT ) [ -

and similarly for the integral over (—oo—3 T, }—¢T). Hence

1 1
I§2=2nif§—l%ﬁdy+ 0 (T‘lflsinanﬂy‘“/’dy)-
0

0

But
1 . X
sin2n Xy, _n .
[ ey =% 0(x-,
£ X
j | sin 2an|y"'/’dy=0(Xfy‘*dy)=0(X*),
0 0
1 1
f]sinanny‘%dy=0( fy"’”dy) = 0(X3).
b X1
Hence
Ly=na%c + O(T-1).
Next
) $4iT
3 k12
I = [smzerydy f (I+y) du
. Y Yy %
i 35T
$+iT L] }+iT
=[ cos2n Xy [ (I —l—y”@]”_fcoszaX_yd (I_-u/_)"@_
2nXy y u 2x Xyt y Yy %
3-iT i-iT
- 3T ‘g
cos 27 1/ I+y\" " du
f 2nXy Y ( y ) y (8.1)
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Now for y =1,

Y41 +iT

Tlepe=o(

—3 —_—

du

and hence the first term in (8.1) is O(Z7'log 7), and similarly the second

term is
0 (T"1 log Tf%) =0(T'log T).
1

The third term may be written

wcosan_u 1+ y\¥! 1+ y\ TP, _lf@ _ 1
lf‘anya [( Y ) (lo,, Y ) ]*_dey—O T v w) =0T ).,’

_Hence

I = 0(T-'1log T)
and so, altogether,
Li=n+ O(T-tlog T). (8.2)

9. 1t remains to conmsider I,, as given by (4.8). We estimate first of all
the inner integrals, for which purpose we use Lemma 2, making a + o0, b~ oo.
We have then, in the notation of Lemma 2, for k=2 > AT,

0

cos (Tlog 1t

y*(x + y* log

y) cos 2wy

1+y dy=

Y

eos (TV+ 2anelU—nx+ E)
_1l/r 4
T azxV o m VUMU—YPRU+ B

+ O(T-1x~¥)
and similarly, for » =1, 2,
sin (TIOg ! +y) cos 2T XY
Yy dy
1+ y)”
Y

gy (1 + gy (log

= 0{TH(U—§)~4z~1} + O(T-1z~¥) = 0 (x~}).
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Hence

L-57
x

X

T cos {2 T sinh‘ll/n—x +VizmaxT + n*a®) —wax + E}

SR e ()

The error term here gives, by (4.2),

N

+ Ox~¥)dx.

(fld e ’/’dx) O (X~ log X)= O(T"" log T).
In the rest of the integral we use (4.1). The error term O(x~") gives here
O(T fx"’/‘dx) = 0(T-).
X

Hence, changing the variable from z to V;:,

-

o s [ cosfer it (2] ) + Ve Tt

- nh - 1/..
F ) e (R G D S
2T 27X 4 2j\2za® 4

Vx
~{cos (4nxV;— 7—t) —— 3 _&in (4nan ——)}dx + O(T-log T)
4 32 nxVn 4
_ T & d) »
= n,,%n% I+ O(T-"1og T). : (9-1)

say.
We estimate this expression by means of the following

Lemma 3. For AVT<a< A'VT, a«>o,

oo

exp z{4nxV——2Tsmh 1( ]/ ”T) V(2n:x”T+n’x“)+nx}

S (= )

dzx

a
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4T o T\ T  \Be
=7n'( 1)(log ) (—————n) expe T——Tlog27”z

Y e 1-a
+0{T‘*“min(l, 2V;2+a—]/(a2+¥) )}+ O{n“"“”(;%—n) T"'h},

provided that

. I .
—2nzn+—nz)+
4

2
n=1, n<£, l(-£—1z) > al.
27’ n\2n
If the last two restrictions on n are not satisfied, or if ¥ is replaced by — Vn,
then the main term and the last error term on the right-hand side are to be
omitted.

We apply Lemma 1 with a, b as limits of integration, where » > T, and

@ (x) = x—a{sinh-l (xl/%)}_l{l/m 4 er}_l (2_:? N i)_%’
re=iet— ]/ (22 + ) L g (”V%)

We have then

f’(x)=w—l/(w2+ %), [l @) =1 —x(w’+ —T—)—lh,

2T

so that we may take »
plx)=3z, O®@x)=2a", Flx)=T.

We dispose first of the error terms in @ and . We have

o/ )

o®)(fs + 2Va) 1= 0 *(Vnu+0 (T~}

which tends to o0 as b tends to co.

O@)(fe+ 2Va|+ foh) = O{T"*“ min (I,

and

The error-term integral of Lemma 1 gives here
b
O(fx—ae—A-zVi—Ardx) — O(e—AVTi—AT)_
a
We are left to consider the terms in x,, where z, is given by

L x) +2Vn=o, x0=n‘*(—T——n)-

27
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1= T T 2 . .
Hence if Vo <—1, or n> o OF n-1 " =< a?, there will be no terms in
. 7T

%y, and the lemma is proved. In other cases we have

-1 2 -2
ﬂ,zm(lﬂ) ’ ( T2+;)=z(1+,,) (1_,,)
2T 27X 4 4\27 27

l/( T I) 1 (T -1 l//( T 1) 1 T(T )“
s+ -)——=mn ————n) .V s+ - ) t+t-=—|——mn )
27Ty 4 2 27 2TXy 4 2 27w\27®
and
T 1 T
1 —_— = - — e
sinh (xo 1/27) 2 log P

We have also

Hence the main term is
%f’o"*exp{Znifo+4nix0V;+ini}=
b} o) (R R e )y
= \nTi——n - log — — )i —=tn) |- -—n .
27 2 27N 27 27 4\27 27
T L T1
. - 4+ — -
{2n(2n n) } expz( 27n og

47 ;(a—l)(l_ e T
T” 27 " lngn

+1=7r)

27TR

-1 . T I
expe | T —2nn— Tlog +-mx)-
2n 4

n

We complete the proof of Lemma 3 by dealing with the error term in-
volving x,. We have in fact

@y, F7%" = Oz}~ T-")
= o{ni(a—l) (ﬂ _ n)l_“ T-s/-}.
27
Lemma 3 is thus proved.

10. Estimation of I,.

o 1T 2 T . .
By lemma 3, if - {— —n)} > X, n < -—, that is to say if
n\zmw 27
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n<(§r+—§)——]/(z§+-§—:), (10.1)

then, in the notation of (9.1),

Jn=—n"(log~——1-,—) sin(Tlog r —T—znn—§)+
T TN 2K n 4

+ o{n* -1 (%— ﬁ)_1 (log - :n)"l} +
2Vn+VX—]/ (X+ ——)

Denoting the expression (10.1) by Z we have

. \ d(n) T —-1 . ( T _ 7
I,=2 ——(log———zﬂn) sin Tlog:“”2 I— ) (Z, 1,___2””)

1=a<Z V; l=n<Z

)

+ O{T" min (

ol (o)

+O{T"‘§‘, d(,/‘)mm( 2Vn+ VX — l/ X+——

> dn)n}
12n<z V(T — 2 wn)

say. Since AT < X < A'T we have

+ 0 (T—* ) =I,+1I,+ I, + I,,

Z=0(T), £—2>AT.

Hence

—0 (T—l > d(n)n"/’)
l1s=n<Z
=0(T-tlog T),
and similarly
I,=0(T-tlog T).
Lastly we have

-]

Ls:o{ '/42 L0 min (Vi — VI, 1)}-

We split this sum wp at §Z, Z—VZ, Z+VZ, 22Z. We get, using partial

summation and the asymptotic formula for Z d(n)
n<z
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Z d)n="(VZ =Va) =0 (Z“* Z d (n) n“”‘)
nsiZ n=}Z
= O(T"log T),
2 dm)n=""(Vn—-VZ) ' = 0( 2 d (n) n‘“")

n>2Z n>27Z

= O0(T " log T),
> dmnmVZ—Ve)'=0 (Z-'/- > dm)(Z— n)—l)

}Z<n=Z-VZ yZ<n=2Z-VZ

= Q0 (T log® T)
and similarly for the sum over Z + VZ, 2 Z. Lastly

Z d{n)yn="= O(T""log T).
Z-VZ<n=2+VZ
Hence :
-1
I, =2 Z d() (log 2—71:—71) sin (T log

1<=a<Z V;

_r_T 2
s | 4)+0(log 7). (10.2)

and here the upper limit Z can be replaced by

T N (N’ NT)
—+ == = +
2w 2 4 2m

which differs from Z by an amount O(1).
Substituting (7. 1), (7.2), (8.2), and (10.2), in (4.4) we complete the proof
of the Theorem.



