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The pluripolar hull of {w=e"1/*}

Jan Wiegerinck

Abstract. In this paper we show that the pluripolar hull of E={(z, w)€C?:w=e"1/%, 2#£0}
is equal to E. This implies that E is plurithin at 0, which answers a question of Sadullaev. The
result remains valid if e=1/7 is replaced by certain other holomorphic functions with an essential
singularity at 0.

1. Introduction

In [5] Sadullaev poses the following question. Consider the sets
Ei={(z,y)€C?*:y=2", x€(0,1)}
with « irrational, and
Ey={(z,y) e C?:y=e"Y" ze€(0,1)}.

Are the sets £; plurithin at the origin? That is, does there exist a plurisubharmonic
function h on a neighborhood V of E; such that

h(0) > lim sup h(z).
z—0
xCE;

See also Bedford’s survey [1]. In [3] Levenberg and Poletsky show that E; is plu-
rithin at 0. In fact, they show something stronger: there exists a negative plurisub-
harmonic function on the polydisk such that h|g, =—oc0, while h(0)>—1.

In this note we will prove the same result for Fs and a related class of pluripolar
sets. Our proof follows the line of argument of [3]. For convenience of the reader
we summarize in the next section the relevant parts of [3], where all proofs may be
found.
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2. Preliminaries
2.1. Pluripolar hulls

A set ECCY is called pluripolar if there exists a plurisubharmonic function
u#—00, defined on a neighborhood of E such that EC{z:u(z)=—00}.

There are two kinds of pluripolar hulls of a pluripolar set E relative to a neigh-
borhood D of £. One defines

EL = ﬂ {zeD:u(z)= -0},
ucF

where F is the set of all plurisubharmonic functions on D which are —co on E; next
one defines

E;= ﬂ {z€D:u(z)=—o0},
uwEF—

where F~ stands for the set of all negative plurisubharmonic functions on 0 which
are —oo on E.
Of course, E}, C E;,. Moreover, these hulls are related as follows, see [3].

Theorem 1. Let D be pseudoconvex in CN and EC D pluripolar. Suppose D=
U;; D;, where D; form an increasing sequence of relatively compact subdomains
of D. Then

j=1

Moreover, if D is hyperconvez, that is, D admits a bounded plurisubharmonic ex-

haustion function, then
o0

Ep=|J(BND;)p,-

=1

2.2. Harmonic measure

Let E be a subset of a domain DCC"”. The harmonic measure at z€D of E
relative to D is the number

w(z, B, D) =—sup{u(z) : » plurisubharmonic on D and u <—xg}.

Here x g is the characteristic function of £ on D.
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Notice that this boils down to the usual concept of harmonic measure if N=1.
The harmonic measure has the properties

w(z, E,D)= inf w(z,V,D)

Vopen
EcCVcD
and
(2.1) w(z, B1UEy, D) <w(z, By, D)+w(z, E3, D).

Moreover, for open V there is the following important duality result due to Polet-
sky [4],
1 )
w(z,V, D) = o—sup{m({t € (0,2m): f(e*) e V})},
T f

where f runs over all analytic disks f: {|¢|<1}— D with f(0)=z, while m denotes
Lebesgue measure.
The harmonic measure is connected to pluripolar hulls.

Proposition 2. Let D be a hyperconver domain in CVN and let ECD be
pluripolar. Then
E,={z€D:w(z E,D)>0}.

To compute w(z, E, D) we will use some more results from [3].

Lemma 3. Let DCCY be a domain, ECD and let ACD\E be closed and
pluripolar. Then for z€ D\ A we have w(z, E, D)=w(z, E, D\ A).

Proposition 4. Let DCCY and GCCM be domains and let h: D—G be holo-
morphic. Then for z€ D and ECG
(2.2) w(z,h " Y(E), D) <w(h(z),E,G).

Moreover, equality holds in (2.2) if the following additional requirements are met:
The map h is a covering map; E admits a simply connected open neighborhood V
such that k= (V)) is a disjoint union of connected open V;; z€D has the property

2. i —0.
(2.3) jlggow(z,p Vk,D> 0
=7

Lemma 5. Let D be a relatively compact subdomain of a domain GCCN.
Suppose that EC D is compact, VCG\E is a domain and zeVND. Put K=0VND.
If w(z, E,D)=a then w(w, E,G)>a for some wekK.
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3. Hulls of graphs at essential singularities

In this section we prove the main result. We start with a lemma which supple-
ments Proposition 4 and is a variation of Lemma 3.2 in [2].

Lemma 6. Let DCCY and GCCM be domains and let h: D—G be a finite
branched holomorphic covering. Then for z€ D and ECG,

(3.1) w(z,h H(E), D) =w(h(z), E,G).

Proof. Let z€D. In view of Proposition 4, we only have to prove the inequality
w(z,h " 1(E),D)>w(h(z), E,G). Let ¢>0 and let u be plurisubharmonic on D,
u<—xp-1(g) and u(z)>—w(z,h"1(E), D)—e. Define the function % on G by

w(w)= max u(z).
(w) Lnax (2)
Obviously, @ is plurisubharmonic outside the branch locus B of h. The set B is
pluripolar and @ is bounded from above, therefore the function u* defined by

u*(w)= lignjgp @(v)
vgB

is a plurisubharmonic extension of 1| g to G. Clearly =" on all of G. Moreover
u<—xg. Hence

w(h(2), E,G) < —a(h(z)) < —u(z) <w(z,h }(E), D)+e.

It follows that w(z,h *(E), D)>w(h(z), E,G) and we are done. [

In order to keep close to [3], where a covering map in the first coordinate is
used, we formulate our theorem with w as independent variable. The symbol M
will denote a positive number or co. Let ¢ denote a branched cover of the Riemann
sphere of the form

_ &)
QO(Z)—O&Z+;,

where «, 8€C are not both equal to 0.

Theorem 7. Suppose that f is holomorphic on {Jw|<M}CC, f(0)#£0 and let
n be a positive integer. Let E={(z,w)€C2:z=(ef")/*") 0<|w|<M} and let Q
be the domain {(z,w)€C*:|w|<M}. Then E5=E.

Proof. In view of Theorem 1, it suffices to show that (END),=FEND for every
bidisk D compactly contained in Q. We may assume that M >1 and that D equals
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kU xU, where U is the unit disk in C and k>1. Observing that END is never
empty, let A={z:[z—a|<b}CU, with b<|al, be contained in the image of U under
the map wrp(efW/¥") Write E-=(END)y,. Let 1 be so small that the set

F={(z,w):2=p(e! "), ze A, n<lw|<1-1}

is compact and contains a relatively open subset of the analytic variety . Then
we have Fp=F".
In view of Proposition 2, the proof is complete once we have shown that

w({z,w),F,D)>0 <= (z,w)eEND.

Now the proof divides into two cases, namely «-8=0 and «-3#£0. In the first
case we may assume a=1, §=0 and proceed as follows.
First let (z,w)e D\ E, 2#0. Let A=DnN{2=0}. Then by Lemma 3

(3.2) w((z,w), F, D) =w((z,w), F, D\ A).

Let H={C:Re(<0}CC, G=HxU and h:G—D\A, ({,w)(keS,w). The map
h is a holomorphic covering map. Let also T={z:|z—a|<b+e}CU\{0}, so that
|arg z—arg a|<%7r on 7. The set V=T xU is a simply connected neighborhood
of F. We have

= U @,

where T]{C {C:Re (<0, (2j~ %)W<Im (—arga< (2j+%)7r}. Then for the (ordinary)
harmonic measure we have

. y _

jlggow(C, U ﬂH) =0,

l{1>7
and hence by Proposition 4 applied to the map (¢, w)—(, also

. , _
jhgow((g,w), ( U Tl) xU,G> =0.

11>
Again by Proposition 4 and (3.2)
(3.3) W((¢w), b (F), G) =w((ke®, w), F, D).
Now hfl(E):U;i_oo E; with

E;={(¢,w)eG:{Hlogk+2mij= f(w)/w"}.
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For each j€Z the function u;(¢,w)=log|(¢+logk+2mij)w™— f(w)|—log[(—1] is
bounded on G and equals —oo precisely on Ej;. It follows that

(3'4) w((va)’Ej7G):Oa

if (¢,w)eG\E;. By considering u(¢,w)=>"72 271l (¢, w), we conclude that
for (¢,w)eG\h™1(E)
w((¢w), k" H(E),G) =0,

hence by (3.3), if (z,w)€D\(EUA), then
{(3.5) w((z,w), F, D) =0.

Next, let (z,w)€END, z#0. Let (¢, w) € Ep be such that h({,w)=(z,w). From
(3.4) we obtain
w((¢w), h"HF), G) =w(({, w), Fo, G),

where Fy={({,w)€G:(w™— f(w)=0, (€Ap} and
Ag= {Cehﬁl(A) : —%71‘<Im§—arga< —%—’/T}

Now w((, Ag, H) is positive, but tends to 0, as Re {(——oo. From Proposition 4 we
see again that w((¢, w), Fy, G)—0, as Re (— o0, and therefore keeping in mind (3.5)

(3.6) w((z,w), F,D)—0, as|z|—=0.

Thus far we have proved that for every polydisk D compactly contained in
Q, w((z,w), F,D)—0, as |z]—+0. Now we apply Lemma 5 to deal with z=0. Let
w((0,w), F, D)=c>0. Let D' be a polydisk with DCD’'c§ and let V={(z,w)eD":
|z} <7}, where r is so small that w((z,w), F, D')<1%c if |z|=r. From Lemma 5 we
see that there is a point P in 8V ND’ with w(P, F, D'} >c. It follows that c=0. The
conclusion is that w{{z,w), F, D)>0 if and only if (z,w)€FE and the proof of the
first case is finished.

Next we assume that - 3£0. We consider the map hy: (¢, w)— (¢(¢), w) which
defines a 2-sheeted branched covering hy*(D)—D. Let (z,w)€D and z=¢(() for
some . By Lemma 6 we have

w((zaw)vF’ D) :w((c’w)ah;l(F)’h;l(D))'
Now h; '(F)=F,UF, where

Fr={(¢w): =&/ o(0) e A}
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and

By ={(Gw): (=TT, () e A}

Let I<M. From the first part of the proof it follows that w((¢,w), F1, kU x1U)=0
if and only if ¢#e/()/*" hence also w((¢,w), Fi,h;*(D))=0 if and only if (#
ef W)/ - Similarly, w((¢, w), Fa, b7 1(P))=0 if and only if ¢ £e(~ /@ (@)/v"  Using
(2.1) we obtain

0

w((z7w>’F’D) Sw((Caw)7F17hII(D))+w<(<’w)’F27hfl(D))

if and only if z£p(ef(®)/¥™) ie. (z,w)¢ END. This completes the proof. [

Theorem 7 implies immediately that the graph
{(z,y) eC?iy=p(e/@/*") 0<z< M}

is plurithin at the origin. Typical graphs that can be handled by the theorem are
those of y=e~1/* and y=sin(1/x).

Note added in proof. 1 recently became aware of the following result of Zeriahi,
[6], Proposition 2.1: Let E be a pluripolar subset of a pseudoconvex domain €
in C™. If E=F* and F is a G5 as well as an F,, set, then £ is complete pluripolar
in Q.

It is easy to see that the graphs FE that we consider in Theorem 7 are G
and F,. Theorem 7 gives E=EY, therefore E is complete pluripolar in €, that is,
there exists a plurisubharmonic function u on €2 such that

E={peQ:ulp)=—o}.
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