Uniform Interpolation and Layered
Bisimulation *

Albert Visser

Department of Philosophy, University of Utrecht, Heidelberglaan 8, 3584CS
Utrecht

Summary. In this paper we give perspicuous proofs of Uniform Interpolation for
the theories IPC, K, GL and S4Grz, using bounded bisimulations. We show that
the uniform interpolants can be interpreted as propositionally quantified formulas,
where the propositional quantifiers get a semantics with bisimulation extension
or bisimulation reset as the appropriate accessibility relation. Thus, reversing the
conceptual order, the uniform interpolation results can be viewed as quantifier
elimination for bisimulation extension quantifiers.

1. Introduction

Bisimulation and bounded bisimulation can be used to ‘visualize’ proofs.
The aim of this paper is to present proofs for uniform interpolation results as
clearly and perspicuously as possible using bounded bisimulation. Ordinary
interpolation for a given theory T says that if T - A — B, then there is
a formula I(A, B) in the language containing only the shared propositional
variables, say q, such that TH A — I and T F I — B. Uniform interpolation
is a strengthening of ordinary interpolation in which the data in terms of
which the interpolant is to be specified are weaker: the interpolant can be
found from either A and q or from q and B. Thus, if uniform interpolation
holds, there is, for every A and q, a ‘post-interpolant’ I(A,q) such that
T+ A — I(A,q) and, for all B such that T+ A — B and such that the shared
propositional variables of A and B are among q, we have T + I(A,q) — B.
Similarly for the ‘pre-interpolant’. As we will see, uniform interpolation can
be viewed as quantifier elimination for certain propositional quantifiers in
T: the quantifiers that correspond to the trans-model accessibility relation
bisimulation extension (or: bisimulation reset).

In this paper we prove Uniform Interpolation for IPC (Intuitionistic
Propositional Calculus), for K, for GL (Léb’s Logic) and for S4Grz.! Uni-

* The present paper is in its final form and no similar paper has been or is being
submitted elsewhere.

! Uniform Interpolation for IPC was first proved by Pitts using proof theoretical
methods. It was proved by the present method by Ghilardi and Zawadowski
and, independently but later, by the author. Uniform Interpolation for K is due
to Ghilardi. Uniform Interpolation for GL was first proved by Shavrukov. It was
proved by the present method by the author. To give the due credit it should
be pointed out that the method here is similar to the one used by Ghilardi and
Zawadowski and, independently, the author, to prove the result for IPC. The
result for S4Grz is, as far as I know, new in this paper.
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form interpolation for S4Grz is rather surpising, since it fails for the closely
related theory S4, as was shown by Ghilardi and Zawadowski in their paper

[4).

2. Models

We start with introducing the notion of Kripke model and specifying some
notations. A (Kripke) model is a structure K = (K, <, |=, P). Here:

— K is a non-empty set of nodes

— < is a binary relation on K

— P is a (possibly empty) set of propositional variables?
— [= is a relation between K and P

We can, alternatively, view a model K as a function that assigns to a fixed set
of pairwise disjoint labels {K, <, |=, P} the appropriate objects. In this style
we will write e.g. Pk for K(P). We will say that K is a P-model if Px = P.
Similarly for K, =-model, etcetera. Similar conventions will be employed for
other kinds of models. Define: PVk(k) := {p€Px | k¥ =k p}. Note that |=
and PV are interdefinable. p, q,r will range over finite sets of propositional
variables. A model K is finite if both Kx and Pk are finite. We will call the
class of models Mod.

It is often pleasant to think in terms of a node in a model. It is worthwile
to make this notion explicit. A pointed model is a structure K = (Ko, k),
where Ky is a model, and k is a node of Ky. A pointed model (K b) is
called rooted if for all k € K: b <* k3 b is called the root. We can confuse
a class of models with its disjoint union, taking as new nodes the pointed
models corresponding to the models of the class. We define, e.g., (K k) <
(K',k') & K = K and k <k k'. Thus, we can confuse a pointed model
(K, k) with a ‘free floating’ node k. Note that the disjoint union of all models
is not strictly speaking a model in our sense. The set of popositional variables
that is declared to be present need not be constant in different ‘nodes’. It is
essential for our purposes for this to be so, since we want to study transitions
between nodes in different models that do not leave the set of variables present
constant. The totality of pointed models will be called Pmod and the totality
of rooted models Rmod.

Suppose K is a —possibly pointed— P-model. Then K[Q)] is the Pn Q-
model obtained by restricting Ex to PN Q. For any k € K, K[k] is the
rooted model (K',k,<',=',P), where K' := 1tk := {k'eK | k <* k'} and
where <" and =’ are the restrictions of < respectively |= to K’. (We will often

2 We take the set of propositional variables as ‘internal’ to the models (and the
languages), because we want to think about model extensions, which involve
changing the set of variables of the model.

3 <* is the transitive reflexive closure of <.
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simply write < and |= for <’ and ['.) In case we are using the convention
of confusing a node k with its pointed model, (K, k), we will, e.g., write k[Q)]
for (K[Q], k).

We will consider several properties of models. K will be said to be tran-
sitive if <k is transitive, etcetera. K is persistent if PVk is monotonic w.r.t.
<k and C.

It will be convenient to extend the natural numbers w with an extra ele-
ment co. Let w™ be wuU {o0}. We let a, 3, . . . range over w™. w™ is equipped
with the obvous ordering <. We extend addition by: co + @ = a + 00 = co.
We extend cut-off substraction in our structure by: co — n = oo. We will
avoid the question of what oo — oo is.

Transitive models are going to play a special role in this paper so we will
need some some special notions concerned with transitive models. Consider
any transitive model K Define:

—k<tk :©k<k andnot k' <k

—k=k :©k=For(k <k and k < k'). So ~ means being in the same
cluster.

— dk(k) == sup({(dk (k') +1)€w™ | k' =7 k})

— If K is pointed with designated node k, we put: d(K) := dx(k)

Note that if £ <% k', then dk (k') < dk (k). k is a top node if it is a top node
w.r.t. <T. Note that k is a top node precisely if dx(k) = 0.

3. Layered Bisimulation

In this section we introduce bisimulation and bounded bisimulation. To avoid
formulating most definitions and theorems twice —once for bounded and once
for ordinary bisimulation— we make use of a portmanteau notion: layered bi-
simulation.

Consider P-models K and M. We write K := Kx and M := Ky. A lay-
ered bisimulation or £-bisimulation Z between K and M is a ternary relation
between K, w™ and M, satisfying the conditions specified below. We will
consider Z also as an w*-indexed set of binary relations between K and M
writing kZ,m for (k,a,m) € Z. We often write kZm for kZ.,,m. We give
the conditions:

1. kZom = PV(k) = PVu(m)
2. k' =g kZo41m = there is an m' with k' Z,m’ =M m;
iow. =k 0Z4+1 € Z40 =M.

4 Bisimulation is used both in computer science and modal logic. See e.g. the
papers in [11] for an impression. In model theory bisimulation and bounded
bisimimulation appears in the guise of Ehrenfeucht games and back-and-forth
equivalence. See [7].
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3. kZay1m <M m' = there is a k' with k <k k'Z,m/;
iow. Zo410 <M C <K 024

Note that we allow £-bisimulations to be undefined on some nodes. They may
even be empty. Note also that ¢-bisimulations occur only between models for
the same set of variables. We call (2) the ziga+1-property (see Fig. 3.1) and
(8) the zagq41-property. If @ = oo we simply speak of the zig- and the zag-
property. A binary relation Z between K and M is a bisimulation between
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Fig. 3.1. The zigqo+1-property

K and M iff {(k,oc0,m) | kZm} is an ¢-bisimulation. We will simply confuse
bisimulations Z with the corresponding ¢-bisimulations. An ¢-bisimulation Z
is a bounded bisimulation if for some natural number n: kZ,m = o < n.

Let IDk := {(k,a, k) | k € K, a € w*}. Suppose Z is an £-bisimulation
between K and M and that U is an ¢-bisimulation between M and N. We
define Z ol by: (Zold)q := 240Uy, and Z by (2)q : (Z ), where ( ) is the
usual inverse on blnary relatlons Z* is the relation given by: Z§ := Z,4p.
We say that Z is downward closed if for all a < 8: Z3 C Z,, The downward
closure Z| of Z is the smallest downwards closed relation extending Z. In
the following theorem we collect the necessary elementary facts.

Theorem 3.1. 1. IDk is an £-bisinlulation.

. Z olU is an L-bisimulation between K and N.

. Z 1is an €-bisimulation between M and K.

Z% is an L-bisimulation.

. The downward closure of Z is an £-bisimulation.

. Suppose Z is a set of L-bisimulations between K and M. Then |JZ is
again an £-bisimulation between K and M. It follows that there is always
a mazimal £-bisimulation, ~*M between two models. (1)-(5) imply that
for any a:

- |DK g ’ZK'M
— KM o ~MN C ~KN
— f:l(m C~MK
— ~KM s downward closed.
Note that, by the above, each of the ~KM is an equivalence relation.

S Guds ot
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7. Consider k € K and m € M. Let Z[k,m] be the restriction of Z to
1tk x tm. Then Z[k,m] is an {-bisimulation between K[k] and M[m).

8. Consider two transitive models K and M. Consider the relation W, given
by:

kWam & for some k',m': kx k' Z,m' =~ m and k ~¢ m.

We have: W is an £-bisimulation. It follows, e.g., taking M := K and
Z := Dk, that = N ~g is an £-bisimulation on K.

We will often drop the superscript of ~¥M In case a = 0o, we will drop
the subscript of ~KM (if no confusion is possible). We will say that k and
m (considered as pointed models) n-simulate if k ~,, m and that k and m
bisimulate if k ~ m. The following theorem tells us that the number of ~,-
equivalence classes on a model has a fixed finite bound that only depends on
n.

Theorem 3.2. Define F(N,0) := 2V, F(N,n + 1) := 2F(V:m)+N - Suppose
|P| = N, then the number of possible ~, equivalence classes is smaller or
equal to F(N,n).

Proof. By a simple induction on n, noting that the n + 1-equivalence class of
a node k is fully determined by the atoms forced in k and the n-equivalence
classes of the nodes ‘seen’ by k. o

In this paper we are particularly interested in things like extending or even
changing the forcing of the propositional variables on nodes. We introduce
the relevant notions. Let k,k’,m,m’ ... be pointed models.

—k~aom: & PrNQ="PnrnQ and k[Q] ~q m[Q]. So, roughly, this means
that £ and m a-bisimulate w.r.t. the variables in Q.

—k =5 m & k ~4 - mand @ C Pp. So, roughly, this means that k&
differs from m modulo ~, only at @ and m is at least a Q-node. We will
say that m is a Q, a-bisimulation reset of k. In case a = 0o, we will speak
of a Q-bisimulation reset.

-k Cagm:& k~ap mand QNPx = 0 and QUP, = Pp,. We will say
that m is a Q, a-bisimulation extension of k. In case a = oo, we will speak
of a Q-bisimulation extension.

If we are studying persistent models it is often more natural to think in terms
of certain orderings related to layered bisimulation, than in terms of layered
bisimulation itself. We can think of these orderings as a kind of extension
of the ordering in the model. For the rest of this section we think about
persistent pointed P-models. We let k, k', m,m’... range over such models.

— k 2o m:& PV(k) C PV(m)
— k Zo41 m:& PV(K)CPV(m), Vm'>m 3Ik'~k" k' ~o m/

In case a = 0o , we will drop the subscript.
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Theorem 3.3. 1. <, is a partial preordering on pointed, persistent P-
models.
2. k<K =>k=.K.
3. a<f=>=%C =%
4. kom &S k<omandm =<, k.
5. k <o m & for some k'=k k' ~m.

Proof. We prove (4). For a = 0 this is easy. Suppose a > 0. “=” Easy.
“«<” Suppose k X, m and m =, k. We show that U :=~ U {(k,a,m)} is
an ¢-bisimulation, and, hence, that k ~, m. Clearly PV(k) = PV(m). The
zig-property for U follows from the fact that m <, k. The zag-property for
U follows from the fact that k <, m. m]

4. Basic Facts for IPC

In this section, I will stand for derivability in IPC. Consider any set of propo-
sitional variables, P. We define £¢(P) as the smallest set such that:

— P CLIP), L, T € L(P)
— if A, B € L}(P), then (ArB), (AvB),(A - B) € Li(P).

PV(A) is the set of propositional variables occurring in A. Sub(A) is the set
of subformulas of A. A model is an IPC-model if it is transitive, reflexive,
antisymmetric and persistent. In this section all models will be IPC models.
Consider a P-model K we take |=; to be the smallest relation between K and
Li(P) such that:

—-k'=ip:¢>k|=p,k|=iT

— ki ANB: okl Aand k= B
—k#iAvBt':}kﬂ:iAOI‘k':iB
—kl=iA—)B:<=>Vk’>k(kl|=iA=>k’l=iB)

We will omitt the subscript 7, as long as it is sufficiently clear from the context
that the persistent case is intended. Note that, by transitivity, the persistence
for P extends to the persistence for £¢(P). Define further:

~kET:© foralAeT: kA
-KEA:© forallkeK k= A

A set X is P-adequate if X C £i(P) and X is closed under subformulas. A set
I' is X-saturated (for IPC) if for any subset Y of X: ' \J/Y =Y NI #0.
Note that it follows that I is consistent (the case that Y is @) and that I is
closed under X-consequences (the case that Y is a singleton).

We describe the Henkin construction for IPC. To lighten our notational
burdens we will assume in this section that we work with some fixed P.
Consider a P-adequate set X. The Henkin model for X is the model H := Hy,
where:
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— Ky :={A| A is X-saturated}
-Ir'kA:erca
—Py:=PnX
-I'Ep&perl

It is easily verified that H is an IPC-model.
Theorem 4.1. for all AeX : T'Eg A& A€l

If X is finite, then Hx is finite. We say that M is a rooted Henkin model if it
is of the form Hx [A] for some X-saturated A. We have:

Theorem 4.2 (Kripke Completeness). For I' C L' (P) and A € L} (P):
I'tp A& for all P-models K : I" =k A.
In case I' is finite, we can improve this to:
I'p A& for all finite P-models K : I' i A.

For IPC we have a distinctive result involving downward extensions of
models. We first introduce the necessary machinery. Let K be a set of IPC-
models. M := M(K) is the IPC-model with :

- M :={(k,K) | k € Kk and K € K}

- (k,K) < (m,M) :& K=M and k <x m

- Pm = V{'P}K | Ke K}.

- (kK Fp:ekEkp

In practice we will forget the second components of the new nodes, pretending
the domains to be disjoint already. Let K be a IPC P-model. B(K) is the
(rooted) IPC P-model obtained by adding a new bottom b to K and by
taking: b = p :© K |= p. Finally we define Glue(K) := B(M(K)).

Theorem 4.3 (Push Down Lemma). Let X be adequate. Suppose A is
X -saturated and K is an IPC-model with K = A. Then Glue(Hx (4], K) | A.

Proof. We show by induction on A € X that b = A & A € A. The cases
of atoms, conjunction and disjunction are trivial. If (B — C) € X and
bl (B — C), then A |= (B = C) and, hence, (B = C) € A. Conversely
suppose (B = C) € A. If b [~£ B, we are easily done. If b |= B, then, by the
Induction Hypothesis: B € A, hence C € A and, by the induction hypothesis:
bEC. O

Instead of using the Push Down Lemma we could have employed the Kleene
slash. We say that A is P-prime if it is consistent and for every (CvD) €
LiP): A+ (CvD) = AF Cor A+ D. A formula A is P-prime if {A} is
‘P-prime. As usual, we will suppress the P.

Theorem 4.4. Suppose X is adequate and A is X-saturated. then A is
prime.
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Proof. A is consistent by definition. Suppose A + CvD and A ¥ C and
AW D. Suppose K A, K £ C,M E A and M £ D. Consider
Glue(Hx (4),K,M). By the Push Down Lemma (Theorem 4.3) we have:
b = A. On the other hand by persistence: b = C and b ¢ D. Contra-
diction. 0

We turn to the consideration of fragments and model descriptions for IPC.
Define i : £{(P) = w, by:

—i(p) :=i(L):=1T):=0

— i(AAB) :=i(AvB) := maz(i(A),i(B))
— i(A » B) :=maz(i(A),i(B)) +1

= I(P) := {A€L}(P) | i(4) < n}

= I (P) := LY(P)

By an easy induction on n we may prove the following theorem.
Theorem 4.5. I,,(p) is finite modulo IPC-provable equivalence.
Define for X C L(P):

— Thx (k) := {A€X | k | A}
— For K pointed with point k: Thx(K) := Thx (k)
- Th(k) = Th[j(‘p)(k)

Theorem 4.6. Suppose that Z is an £-simulation between the P-models K
and M. Then: kZ,m = Th]a('p) (k) = Th]a(p) (m)

Proof. By induction on A in I,. Suppose kZ,m. The cases of atoms, conjunc-
tion and disjunction are trivial. Suppose, e.g., k & (B — C). Then, for some
k' = k, k' = B and k' [£ C. There is an m’ > m, such that k¥'Z,_;m’ and
hence by the induction hypothesis (applied for a—1, noting that if A € I,(P),
then B,C € Io—1(P)): m' = Band m' j£ C. Ergom = (B = C). a

Theorem 4.7. k <o m = Thy_(py(k) C Thy, (p)(m), for P-nodes k and m.

Proof. In case a = 0, this is trivial. Suppose a > 0 and k <, m. The proof is
a simple induction on A € I, (P). The cases of atoms, A, v are trivial. Suppose
A= (B — C)and m £ (B — C). Then for some m' = m: m' = B and
m’ £ C. Thereis a k' = k, such that k' ~,_; m’' and, hence, by Theorem 4.6:
k' | B and k' £ C. Ergo k £ (B — C). o

We formulate a partial converse for Theorem 4.7. It is well known that the
converse for the case of oo, i.e. for the case where one would like to infer
bisimulation from the relation of forcing the same formulas of the full lan-
guage, does not go through. There is a lot of work (for the analogous case of
modal logic) on better converses than the one given here. We refer the reader
to [6] and [8].

Theorem 4.8. Thy, (p)(k) C Thy, (p)(m) = k <, m, for p-nodes k and m.
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Proof. Suppose k and m are p-nodes, and Thy, (p) (k) C Thy, (p)(m). We want
to prove: k £, m. In case n = 0 this is trivial. Suppose n > 0. Define, for k'
in the model corresponding to k¥ and m' in the model corresponding to m:

k'Z,-m' = Th[i(p)(k’) = Th]i(p) (m')

We check that Z is an {-simulation and that for every k' > k there is an
m' = m with k'Z,m’

Suppose ¢ > 0 and k'Z;m'. Clearly k&' and m’ force the same atoms. We
verify e.g. the zig-property. Suppose k' < k”. Let:

m(k") = (\{BeL-1(p) | ¥" | B} = \/{CE€L1(p) | " | C}).
Clearly k' £ n;(k") and ni(k”) € I;(p). Ergo m' |~ n:(k"). But then for some
m'" >m':

m" |= \{B€Li-1(p) | ¥" k= B} and m" |£ \/{CELi_1(p) | K | C}.
It follows that k" Z;_;m".

To show that for any m’ > m there is a ¥’ > k with ¥'Z,m’. Note that
m £ nu(m'), ergo k £ nn(m’), and, thus, for some k'

K & \{BeL-1(p) | m' |= B} and k' [£ \[{CEL,_1(p) | m' £ C}.
Hence: kZ,_1m. O

Let k be a p-node. Define:

~ Ya = Yo (p) = A{CEL(P) | k = C}
~ No i := No(p) := V{DEIL(p) | k | D}

Theorem 4.9. k=Y, and k = N, .

Let m be a p-node. We have:

Theorem 4.10. kX, me&mE Yo, © kENum.

Theorem 4.11. Forn <n': IPCF Y p = Ypir and IPCE Ny x = Ny k.

Theorem 4.12. k <, m & IPCH Y, m = Yok & IPCH Ny — Nt

Proof. (1) “=” Suppose k <, m. Let r be any p-node with r = Yp m. It
follows that m =<, r and, hence, k <, 7. Ergo, r | Y. “<” Suppose
IPCF Ypm = Ynk. Since m |= Yy m, it follows that m |= Y, x, and, hence,
k<, m.

(2) “=" Suppose k <, m. Let r be any p-node with r [ N, ;. It follows
that r <, k and, hence, r <, m. Ergo: 7 j£ N, n. “<” Suppose IPC -
Npm = Ny k. Since k & Ny i, it follows that k & N, ,» and hence: k <X, m.

m}

Theorem 4.13. Y, i is a prime formula.

Proof. 1t is easily seen that Y, j is I, (p)-saturated. Apply Theorem 4.4. O
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5. Uniform Interpolation for IPC

Uniform Interpolation was proved for GL by V. Shavrukov (see: [12]). Shavru-
kov used the method of characters as developed by Z. Gleit and W. Goldfarb,
who proved the Fixed Point Theorem of Provability Logic and the ordinary
Interpolation Theorem employing characters (see: [5]). The methods of Gleit
& Goldfarb and later of Shavrukov can be viewed as model theoretical. For
IPC, A. Pitts proved Uniform Interpolation by proof theoretical methods,
using proof systems allowing efficient cut-elimination (see: [10]), developed,
independently, by J. Hudelmaier (see: [9]) and R. Dyckhoff (see: [1]). Later
S. Ghilardi and M. Zawadowski (see: [3]), and, independently but later, A.
Visser, found a model theoretical proof for Pitt’s result using bounded bisim-
ulations.

In this section, we will use < for the weak partial orderings and < for the
associated strict orderings. We prove an amalgamation lemma.

Lemma 5.1. Consider disjoint sets of propositional variables Q, p and R.
Let X C L*(Q,p) be a finite adequate set. Let (K ko) € Pmod(Q,p),
(M, mp) € Pmod(p,R). Let:

v:=|{CeX | C is a propositional variable or an implication}|.

Suppose that ko ~2.,41,p Mo. Then there is a Q-extension (N,ng) of (M, mg)
such that Thx(no) = Thx (ko).

Proof. Let Z be a downwards closed witness of ko ~3.,41,p mo. Define
&x from K to the Henkin model H := Hy as follows: &x (k) := A(k) :=
{B€eX | k = B}. Define further for k in K: dx (k) := du(A(k)). Note that:
dx (k) <wv.

Consider a pair (A, m) for A in H and m in M. We say that k', k,m’ is a
witnessing triple for (A, m) if:

A= A(k) = A(k'), kK = k, m' X m, klZ2.dx(k')+1mly kszx(k')m-

A dx L Zodx (k1)

IA

A dx K Zaax (k')+1

Define:

— N := {{(A, m) | there is a witnessing triple for (A, m)}
— g := (A(ko), mo)

—(A,m) N ([hn): & A<g I and m <mn

—{(Am)Ens: o AFEgsorm iy s
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Note that by assumption ko Z2,+1mo. Moreover: 2.dx (ko)+1 < 2.v+1. Hence:
koZ24y (ko)+1M0. So we can take ko, ko, mo as witnessing triple for ng. Let
k',k,m' be a witnessing triple for (A, m). Note that forp e pn X: A Ep&
k|Ep e m [ p, and hence: (A,m) Ep & A Ep e m = p. We claim:
Claim 1 No =p,R Mo.

Claim 2 For Be€ X : (A,m) =B & B € A.

Evidently the lemma is immediate from the claims.

We prove Claim 1. Take as bisimulation B with (A, m)Bm. It is evident that
Thp, = ({4, m)) = Thp = (m). Moreover, B has the zig-property. We check that
B has the zag-property. Suppose (A, m)Bm < n. We are looking for a pair
(I,n) in N such that A < I'. Let k', k,m’ be a witnessing triple for (A, m).
Since k’Zg.dx(k:)Hm’ <mn, there is a h such that &’ = th,dx(k:)n. We take
I’ := A(h). We need a witnessing triple k'*, k*, m'* for (I',n) We distinguish
two possibilities. First, A = I'. In this case we can take: k™* := k', k* := h,

m'* :=m/.
é Zodx (K

) AT Ny Sy . .. n
n N i
5 < <
‘: : é Zodx (k'

= A : X k X( ) m
L= T <
: i ' Z9dx (k')+1
A X k_l* — k’ X( )+ ml* — ml

Secondly, A # I'. In this case we can take: k'* := h, k* := h, m"* := n. To see
this, note that, since k' < h, we have: A = A(k') < I'. Ergo dx (h) < dx (K').
It follows that: 2.dx (h) +1 < 2.dx (K'). So, hZ3 4y (k')+17 (and by downward
closure also hZ; g4y (k/)1)-

Z2d h)+1
I"_______¢_X_ k’*zk*zh ________ X _(_):'— ........... ml*—_—n
A 4 b
: <. <
I I & Zody (k'
<\ A d X k x®) m
= D3 <
A Px ,;, Zadx (k')+1 o
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Finally, clearly, bnBbm.

We prove Claim 2. The proof is by induction on X. The cases of atoms,
conjunction and disjunction are trivial. We treat the case of implication.
Suppose (C — D) € X. Consider the node (A,m) with witnessing triple
K, k,m'.

Suppose (C — D) ¢ A. In case C € A and D ¢ A, by the Induction
Hypothesis, (4, m) = C and (A,m) £ D. So, (A,m) = (C — D). Suppose
C ¢ A. Clearly, k [£ (C — D), so there is an h > k with h = C and
h £ D. Let I' :== A(h). Since, C ¢ A, we find: A < I' and, thus, k¥ < h.
Note that it follows that 2.dx (k') > 2. Since k25 4, (xym and k X h, there is
an n > m with hZ; 4, (k)—1n. Moreover: 2.dx (h) + 1 < 2.dx (k') — 1. Ergo:
hZ3.ax(hy+17- S0 h,h,n is a witnessing triple for (I',n). Clearly, (4,m) <
(I'yn). By the Induction Hypothesis: (I,n) = C and (I',n) £ D. Hence,
(A,m) £ (C = D).

4
< =2 =
| By L Zoax (k) riz
= = =
. By y ' Zadx (k')+1 m

Suppose (A, m) £ (C — D). Thereis a (I,n) in N with (A, m) <X (I',n) and
(I'n) = C and (I,n) £ D. Clearly A < I'. By the Induction Hypothesis
Cerl'and D ¢TI Ergo (C = D) ¢ A. Thus we have proved Claim 2. O

Theorem 5.1 (Pitts’ Uniform Interpolation Theorem). Here is our
version of Pitts’ Uniform Interpolation Theorem.

1. Consider any formula A and any finite set of variables q. Let
v := |{C€eSub(A) | C is a propositional variable or an implication}|

There is a formula 3q.A such that:

a) PV(3q.4) C PV(4) \ q

b) i(3q.4) <2.v+2

¢) For all B € L' with PV(B)Nnq =0, we have:

IPCFA— B & IPCH3q.A— B.

2. Consider any formula B and any finite set of variables q. Let v :=
Vsub(B)- There is a formula Vq.B such that:
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a) PV(Vq.B) C PV(B) \ q
b) i(Va.B) < 2.0+ 1
c) For all A € L' with PV(A)nq =0, we have:

IPCFA—> B< IPCHA — Vq.B.
Proof. (1) Consider A and q. Let p := PV(A) \ q. Take:

3q.4 := \{C€L.,42(p) | IPC+ A — C}.

Clearly 3q.4 satisfies (a) and (b). Moreover, IPC - A — 3q.A. Hence all we
have to prove is that for all B with PV(B)nq = 0:

IPCFA— B=IPCF3q.A— B.

Suppose, to the contrary, that for some B: PV(B)nq =0 and IPC-F A - B
and IPC I/ 3q.A — B. Take r := PV(B) \ p. Note that p,q,r are pairwise
disjoint, PV(A) C qup and PV(B) C pur.

Let m be any p,r-node with m |= 3q.A and m [ B. Let Y := Y3 .41 m[p]
and N := N .41 m(p] (see Sect. 4.). We claim that: A4,Y I/ N. If it did, we
would have: A Y — N. And hence by definition: 3q.4,Y F N. Quod non,
since m |= 3q.A,Y and m £ N. Let k be any q, p-node such that: £ E A,Y
and k £ N. We find that k ~3 ,41,p m. Apply Lemma 5.1 with Sub(A) in
the role of X to find a q,p,r-node n with: m ~p, n and Thgy4)(k) =
Thsupa)(n). It follows that n = B, but n |= A. A contradiction.

(2) Consider B and q. Let p := PV(B) \ q. Take:

Vq.B :=\/{D€L.,11(p) | IPC+ D - B}.

Clearly Vq.B satisfies (a) and (b). Moreover IPC I Vq.B — B. Hence all we
have to prove is that for all A with PV(A)nq = 0:

IPCFA— B=IPCFA—Vq.B.

Suppose that, to the contrary, for some A: PV(4A)nq =0 and IPC- A - B
and IPC I/ A — Vq.B. Take r := PV(A) \ p. Note that p,q,r are pairwise
disjoint, PV(B) C q,p and PV(A4) C p,r.

Let m be any p,r-node with m = A and m £ Vq.B. Let Y := Y3 .41 m[p]
and N := N3 41 m[p)- We claim that: Y I/ NvB. Note that, by Theorem 4.13,
Y is prime. So if Y - NvB, then Y F N or Y + B. Since Y I/ N, it follows
that Y I B. But then by definition: Y + Vq.B. Quod non, since m | Y and
m £ Vq.B. Let k be any q, p-node such that: k =Y and & = NvB. We find
that k ~2 ,41,p m. Apply Lemma 5.1 with Sub(B) in the role of X to find a
q, p,r-node n with: m ~p ;. n and Thsyg) (k) = Thsup(py(n). It follows that
n | A, but n £ B. A contradiction. 0
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Note that in (1) of the above theorem we have estimate 2.v + 2 and in (2)
2.v + 1. With some extra work one can get the marginal improvement to
2.v + 1 also for (1). We will not derive the sharper estimate here.

Theorem 5.2 (Semantics of Pitts’ Quantifiers). Consider a node m.
Suppose A € L:. We have:

1. mE3gAS Inm~ygnandnE A
2. m Vg A% for all n with m =g n, n | A.

Proof. (1) “&” Trivial. “=" Let p := PV(A)\ {¢} and v := vsyp(4). Suppose
m = 3¢.A, where m is an R-node with p C R. Let Y := Y341 m[p] and
N := N3.,41,m[p]- As in Theorem 5.1(2), A,Y I/ N. Let k be any ¢, p-node
such that: k = A,Y and k£ = N. We find that k£ ~3 ,4+1,p m. Apply Lemma 5.1
to k and m[R \ {¢}] with Sub(A) in the role of X, {gq} in the role of Q, p in
the role of p, R\ (pu{q}) in the role of R, to find a ¢, p, R-node n with:
m =g n and Thsyy(a)(k) = Thysea)(n), and, thus, n = A. The proof of (2)
is similar. m]

Theorem 5.1 is not formulated entirely in terms of ¢-simulations. The rea-
son is that such a form does not provide a very sharp estimate on uniform
interpolants. But if we do not want to worry about precise complexities a
watered down version can be pleasant to have. By applying Theorem 5.1 to
X = I.(p,q) we find:

Corollary 5.1. For all disjoint q,p and numbers s, there is an N (multi-ez-
ponential in |q, p|+ s), such that: for all k € Pmod(q, p), and all m € Pmod
with NPy =0 and p C P, we have: '

k~npm = there is an n € Pmod(q,Pm) with n ~,qp k and n ~p,, m.

We repeat a result from [13]. We illustrate that the increase of implicational
complexity in going to a uniform interpolant is unavoidable. It is an interest-
ing problem to find both better upper and lower bounds.

Theorem 5.3. Every formula of L' is equivalent to an I,-formula preceded
by existential quantifiers and to an I3-formula preceded by universal quanti-

fiers.

Proof. Suppose A € Li(p). Let q be a set of variables disjoint from p that is
in 1-1 correspondence with the subformulas of the form (B — C) of A. Let
the correspondence be q. We define a mapping 7 as follows:

— T commutes with atoms, conjunctiori and disjunction
- TB—-C):=q(B — ¢

Define:
-—EQ:=A{d(B > )« (T(B) = T(€))| (B — €) € Sub(A)}
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Note that EQ is I;. Finally we put:
- A* = 3q(EQAT(A)), 4% := Vq(EQ — T(4))

By elementary reasoning in second order propositional logic we find: - 4 «
A* and+ A & A8 O

We end this section by verifying semantically a striking principle (present in
Pitts’ paper) valid for the Pitts interpretation.

Theorem 5.4. k |=Vp(BvC) = k = Vp.B or k = Vp.C.

Proof. We reason by contraposition. Suppose k - Vp.B and k £ Vp.C. It
follows that there are nodes m and n, such that k ~;) m }% B and k =~
n f£ C. Let M and N be the models of, respectively, m and n. Let P :=
Glue(M[m], N[n]). Let b be the new root. It is easily seen that k =, b and
b (BVC) O

6. Uniform Interpolation for K

We first survey the connection between modal propositional formulas and
bounded bisimulations. Since these facts are similar to, but simpler than the
corresponding facts for IPC, we just state the results without the proofs.
Let b(A) be the box-depth of a formula. Bi(p) is the set of formulas in the
variables p with box-depth < k. Bi(p) is finite modulo provable equivalence.
Consider p-nodes k and m. Then: k ~, m & Thp_ (5)(k) = Thp, (p)(m).
Define: Yn % := A Thp, (p)(k). Clearly, k ~, m & m Yo & KFYom &
Ynk-

Before considering uniform interpolation for more complicated modal sys-
tems like S4Grz, we do the relatively easy proof for K. This theorem was first
proved by Silvio Ghilardi, see [2]. Uniform interpolation for K follows from
the amalgamation lemma below.

Lemma 6.1. Consider pairwise disjoint sets of propositional variables Q,
p and R. Let (K ko) € Pmod(Q,p) and (M,mo) € Pmod(p,R). Suppose
that ko ~a,p mo. Then there is a Q-extension (N,ng) of (M,mq) such that
ng Sa ko.

Proof. Let Z be a downwards closed witness of ko ~4,p mo. We add a ‘virtual
top’ T to K and stipulate that T satisfies no atoms. Let’s call the new model
KT. We extend w™ with a new bottom L to w**. Define Pd(n + 1) := n,
Pd(0) := Pd(L) := L, Pd(o0) = 0o. Now define the following model N:

- N:=ZU{(T,L,m)|me M}
— (k,a,m) <N (k',a',m') :& k <kt k' and o’ = Pd(a) and m <m m/
—(k,a,m)Es: & kEksormEMms
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We claim:

Claim 1 ng ~pr mo.
Claim 2 no =a,(Q,p) ko.

We prove Claim 1. Take as bisimulation B, with (k,a,m)Bm’ :& m = m/'.
Clearly, if nBm then Thp z(n) = Thp z(m). Moreover, B trivially has the zig-
property. We check that B has the zag-property. Suppose (k,a, m)Bm < m'.
If o € {0, L}, we can finish the diagram with (T,L1,m'). If a = o’ + 1 for
o € w™®, we have kZ,m and, hence, there is a k' such that £k <x k¥’ and
k'Z,m'. So we can finish the diagram with (k',a’,m’).

We prove Claim 2. Take as layered bisimulation S, with (k,a,m)S,k' <
k =K' (for a € w*). Clearly, if nSyk then Thg p(n) = Thg p(k). We check
that S has the zag-property. The zig-property is analogous. Suppose (k,a +
1,m)Sa+1k < k'. Since kZ,41m, there exists m’ = m such that k'Z,m'.
Hence (k',a,m') = (k,a + 1,m), and (k',a,m')S,k’'. m}

Theorem 6.1 (Uniform Interpolation). We prove uniform interpolation

for K

1. Consider any formula A and any finite set of variables q. Let v := b(A).
There is a formula 3q.A such that:
a) PV(3a.4) C PV(4) \ q
b) b(3q.A) <v
¢) For all B € L™ with PV(B)Nnq = 0, we have:

KFA— B&KF3q.4- B.

2. Consider any formula B and any finite set of variables q. Let v := b(B).
There is a formula Vq.B such that:
o) PV(Va.B) C PV(B) \ q
b) b(Vq.B) <v
¢) For all A € L™ with PV(A)nq = 0, we have:

KFA—-B&KFA—-Vq.B.

Proof. We just prove (1). The proof of (2) is analogous. (Alternatively, we
may take (Vq.B) := (-3q—B).) Consider A and q. Let p := PV(A4)\ q. Take:

3q.4:= \{CeL(p) |KF A C}.

Clearly 3q.A satisfies (a) and (b). Moreover, K - A — 3q.A. Hence, all we
have to prove is that for all B with PV(B)nq = 0:

KFA— B=KF3q.A— B.

Suppose, to the contrary, that for some B: PV(B)nq =0 and K- A - B
and K ¥ 3q.A = B. Take r := PV(B) \ p. Note that p,q,r are pairwise
disjoint, PV(A) C qup and PV(B) C pur.
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Let m be any p,r-node with m |= 3q.4 and m [~ B. Let Y := Y, 1
and We claim that: A,Y is consistent. If it were not, we would have: A I =Y.
And, hence, by definition: 3q.4 - =Y. Quod non, since m = 3q.4,Y and
b(—Y) = v. Let k be any q, p-node such that: k = A,Y. We find that k ~,
m. Apply Lemma 6.1 to find a q, p,r-node n with: m ~p , nand m ~, (5 ) n
. It follows that n = B, but n = A. A contradiction. 0

The proof of the following theorem is fully analogous to the the proof of its
twin for the case of IPC.

Theorem 6.2. Consider a node m. Suppose A € L™. We have:

1. mE3gAS Inm~ygnandn i A
2. m EVq.A & for all n with m ~g n, n = A.

7. Uniform Interpolation for GL

In this section we prove Uniform Interpolation for GL. It is well known that
GL is sound and complete for upward wellfounded Kripke models and that it
has the finite model property. Since GL-models are irreflexive we use ‘<’ for
their accessibility relation and ‘=<’ for the corresponding weak partial order.
‘+’ will stand for GL-derivability.

Let X be a finite, adequate set of formulas. Adequate means: closed under
subformulas. The GL Henkin model Hy for X is constructed in the following
way.

— The nodes are the subsets A of X that are X-saturated, i.e. if A proves
some finite disjunction of elements of X then some disjunct is in A.
—A<AffOAe A= AOA€ A

Note that this model may contain non-trivial loops! and, thus is not a GL-
model. (It is easy to remove these loops, but for the present purposes, we need
to keep them.) The height of a model is the maximal depth. The height of
the Henkin model is < 2.|{C€X | C is boxed}|. To see this, consider 4¢ <+
A; <t A,. Clearly, going up the set of boxed formulas in the A; increases.
Suppose we had the same boxed formulas in Ag, A; and A;. Suppose OA €
As. Then, ex hypothesi, 0A € Ag. Hence, A,0A € A;. We may conclude
that As < A;. Quod non. So, necessarily, the boxed formulas increase by
at least one in going from Ay to As. It follows that if we have a strictly
ascending chain of length 2.n, then there are at least n boxed subformulas.

As in for IPC and K we start with an amalgamation lemma. Consider
disjoint sets of propositional variables Q, p and R. Let (K, ko) € Pmod(Q, p)
and (M, mg) € Pmod(p,R) be pointed GL-models.

Lemma 7.1. Let X C L™(Q,p) be a finite adequate set. Let:
v:=2.|{CeX | C is bozed}|.
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Suppose that ko ~3.,+1,p Mo. Then there is a Q-extension (N,ng) of (M, mo)
such that N is a GL-model and Thx (no) = Thx (ko).

Proof. Let Z be a downwards closed witness of ko ~2.,41,p mo. Define
&x from K to the Henkin model H := Hy as follows: ®x (k) := A(k) :=
{BeX | k | B}. Define further for k in K dx (k) := du(A(k)). Note that:
dx (k) <wv.

Consider a pair (A,m) for A in H and m in M. Consider &', k,m’. Let
A’ .= &x(k'). We say that k', k,m' is a witnessing triple for (A, m) if:

A x A, K _<_ k, m' j m, kIszx(kl)_*.lml, ng_dx(k/)m.

é Zodx (k'
A X k x (k')

=

A dx " Zadx (k')+1

Define:

— N := {(A,m) | there is a witnessing triple for (A, m)}
— ng := (A(ko), mo)

- (A,m) <N ([‘,n) > A<y I'and m <M n

—(Am)Ens: o AFEnsormym s

Note that by assumption ko Z2,.+1m¢. Moreover: 2.dx (ko)+1 < 2.v+1. Hence:
koZ24x (ko)+1M0- So we can take ko, ko, mo as witnessing triple for ng. Let
k', k,m’ be a witnessing triple for (A, m). Note that forpe pnX: AEp &
kEp&e mp, and hence: (A,m) Ep < A= pe mp. It is easy to see
that N is a GL-model (even if Hx need not be one). We claim:

Claim 1 ng ~p r Mo.
Claim 2 For Be X : (A,m) EB & Be A.

Evidently the lemma is immediate from the claims.

We prove Claim 1. Take as bisimulation B with (A, m)Bm. It is evident that
Thp r({(4,m)) = Thp z(m). Moreover, B has the zig-property. We check that
B has the zag-property. Suppose (4, m)Bm < n. We are looking for a pair
(I,n) in N such that A < I'. Let k', k,m' be a witnessing triple for (A, m).
We write A" := A(k'). Since k'Z3 45 (k)+1m' < n, there is a h such that
kK< hZ5 4y (kyn. We take I' := A(h). Clearly A < I'. We need a witnessing
triple k", k*,m'* for (I',n) We distinguish two possibilities. First, A ~ I". In
this case we can take: k"™ :=k/, k* := h, m"™* :=m/.
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[ Zodx (k'
) At S X S X . n
N s
E <: <
' : i Zodx (k'
=, A r X k x(*) m
P : <
! LD =2
A|/ Px k' |= K Z2dx (k')+1 " —

Secondly, A % I'. In this case we can take: k'* := h, k* := h, m"* := n. To see
this, note that, since k' < h, we have: A ¥ A’ < I' and, hence, A <* I'. Ergo
dx (h) < dx(k'). It follows that: 2.dx (h) + 1 < 2.dx(k'). So, hZ; 4 (k)17

r % E* = k*=h ----- ??{X_('i)ff __________ m* =n
A A
| -<: <
E : & Zodx (k'
<+ | A : X k x(®) m
- | < <
A Px y Zraxteris

Finally, clearly, bnBbm.

We prove Claim 2. The proof is by induction on X. The cases of atoms,
conjunction and disjunction are trivial. We treat the only non-trivial case:
the left-to-right case of the box. Consider OC € X and consider the node
(A, m) with witnessing triple k', k,m’. Suppose OC ¢ A. Clearly, k £ OC,
so there is an h' > k with h' [£ C. Let h be maximal in K with h > k and
h £ C. By maximality, we find: h |= OC. Let I" := A(h). Since, OC ¢ A
and OC € I', we find: A <t I'. Note that it follows that dx (k') > 1. Since,
kZ3.ax@k)ym and k < h, there is an n > m with hZ3 4, (x)—1n. Moreover:
2.dx(h) + 1 < 2.dx (k') — 1. Ergo: hZ; 4y (n)4+1n- S0 we can take k™ := h,
k* := h, m"* := n to witness (I, n). Clearly, (4, m) < (I',n). By the Induction
Hypothesis: (I',n) [~ C. Hence, (4, m) = 0OC.
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r 2x K*=k*=h -Z-Z%X-(h—)ﬂ- m™* =n
I
<t < <§
A dx K Zoax (k') riz
~ < <
A dx & Zodx (k)+1 o
Thus we have proved Claim 2. O

We formulate Uniform Interpolation for GL. Its proof is fully analogous to
the one of Uniform Interpolation for K.

Theorem 7.1 (Uniform Interpolation). We state uniform interpolation
for GL

1. Consider any formula A and any finite set of variables q. Let

v :=2.|{C€Sub(A) | C is bozed}|.

There is a formula 3q.A such that:

a) PV(3q.4) CPV(4)\q

b) b(3q.A) <2v+1

¢) For all B € L™ with PV(B)Nnq = 0, we have:

GLFA—-B& GLF3q.A— B.
2. Consider any formula B and any finite set of variables q. Let
v :=2.|{CeSub(B) | C is bozed}|.

There is a formula Vq.B such that:

a) PV(¥q.B) C PV(B) \ q

b) b(Vq.B) <2v+1

¢) For all A € L™ with PV(A)nq =0, we have:

GLFA—->B&GLFA—Vq.B.

The semantical interpretation of the propositional quantifiers is fully analo-
gous to the case of K.
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8. Uniform Interpolation for S4Grz

S4Grz, a logic called after Andrzej Gregorczyk, is K extended with:

THOA- A
4 +0A - 0O0OA
Grz FOO(A—-0OA4) > A) - A

It is easy to see that T is superfluous. Note also that over KT4 (= S4), Grz
is equivalent to:

Grz’ O(0O(A -+ 0A) » A) DA

The logic is sound for weak partial orderings such that the associated strict
ordering is upward wellfounded. We will show that the completeness of the
logic in finite partial orderings. Since we deal with reflexive structures in this
section, we will use ‘X’ for these relations. In case our relation is a weak
partial ordering we write ‘<’ for the associated strict ordering. For weak
partial preorderings we will use <% for the associated strict version to stress
the fact that also non-trivial loops are removed. ‘+’ will stand for S4Grz-
provability.

Let X be a finite adequate set. We construct a Henkin model Jx as follows.
Let

X*:=Xu{(B—0OB),0(B—~0OB)|0OBe€ X}.

Clearly, X is again adequate. Define:

— The domain J is the set of Xt-saturated sets A.

- A<A A=A or (for al OCeA, OC € A’ and
for some ODeA’, OD ¢ A)

- AEpepeA

It is easily seen that Jx is a finite partial order. We show that for all A in X,
A= A & A€ A The crucial feature here is that we do not prove this fact for
all A in X*! The proof is by induction on A. We consider the only interesting
case. Suppose that A is OB and that OB ¢ X. We show A [~ OB. We have
to produce a A’ with A’ = A and A’ [~ B. In case B € A, and, hence, by the
Induction Hypothesis, A £ B, we are immediately done. So suppose B € A.
Note that O(B — OB) cannot be in A, since, if it were, OB would be in
A. We claim: {OC | OC € A}u{0O(B — OB)} If B. If it were otherwise, it
would follow by S4-reasoning that: {OC | OC € A} +O(0O(B - OB) —+ B).
Hence by Grz’, {OC | OC € A} + OB, and, thus A + OB. Quod non.
By the usual methods we can construct an X *-saturated set A’ such that
{O0C | OC € A}u{0O(B - OB)} C A’ and B ¢ A’. It follows that A <X A’
(with O(B — OB) in the role of the D of the definition). Since B ¢ A’, we
have, by the Induction Hypothesis, A’ j~ B.

For our proof of Uniform Interpolation we will use a different Henkin
model Hy, which is defined like Jx, dropping the clause involving D, which



160 Albert Visser

excludes non-trivial loops. The height of Hx is estimated by the number of
boxed formulas in X+, which is two times the number of boxed formulas in X.
We start with an amalgamation lemma. Consider disjoint sets of propositional
variables Q, p and R. Let (K, ko) € Pmod(Q, p) and (M, mg) € Pmod(p,R)
be S4Grz-models.

Lemma 8.1. Let X C L™(Q,p) be a finite adequate set. Let:
v:=2|{CeX | C is bozed}|.

Suppose that ko ~3.,41,p Mmo. Then there is a Q-extension (N,ng) of (M, mo)
such that N is a S4Grz-model and Thx (ng) = Thx (ko).

Proof. Let Z be a downwards closed witness of kg ~2.,41,p mMo. Define
$x from K to the Henkin model H := Hy as follows: ®x (k) := A(k) :=
{BeX™ | k = B}. Define further for k in K: dx (k) := du(A(k)). Note that:
dx (k) <.

Consider a pair (A, m) for A in H and m in M. Consider k', k,m’. Let
A" := dx(k'). We say that k', k,m’ is a witnessing triple for (A, m) if:

Alx Av 4 = ki m' <m, k,z2.dx(k’)+lmlv kz2.dx(k')m'

& Zoax (&
A X k x (k') m
& = <
A dx K Zodx (k)+1 m

Define:

— N := {(A,m) | there is a witnessing triple for (A, m)}

— N = (A(k0)7 mO)

- (A,m) 2N (In) & (A,m) = (In)or (A =g I"and m <m n) or
(A < I and m <m n)

- (Am)Ens: e AEusormEum s

Note that by assumption ko Z5,+1mo. Moreover: 2.dx (ko)+1 < 2.v+1. Hence:
koZ24y (ko)+1M0- So we can take ko, ko, mo as witnessing triple for ng. Let
k', k,m' be a witnessing triple for (A, m). Note that forpe pnX: AfEp &
kE=p < m=p, and hence: (A,m) Epe AfEpe mfp. It is easy to see
that N is a S4Grz-model (even if Hy need not be one). We claim:

Claim 1 ng ~p g me.
Claim 2 For BeE X : (A,m) E B & Be A.
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Evidently the lemma is immediate from the claims.

We prove Claim 1. Take as bisimulation B with (A, m)Bm. It is evident that
Thp,=({4,m)) = Thp = (m). Moreover, B has the zig-property. We check that
B has the zag-property. Suppose (A, m)Bm < n. We are looking for a pair
(I''n) in N such that A < I'. In case m = n, we take (I, n) := (A,m).
Suppose m # n and, hence, m < n. Let k', k,m’ be a witnessing triple for
(4,m). We write A" := A(K'). Since k'Z5 4, (k/y41m' X n, there is a h such
that &' < hZ5 4, yn. We take I' := A(h). Clearly A <X I We need a
witnessing triple k™, k*, m'* for (I, n) We distinguish two possibilities. First,
A ~ T In this case we can take: k" := k', k* := h, m"* :=m/.

& Zadx (k)

o 2 e . n

i »

: j: <

5 : @ Zadx (k'
~! A— X k x ) m
Lo ' = <

A|' Dx K :__ 0 szx(kl)+1 -

Secondly, A % I'. In this case we can take: k"* := h, k* := h, m"™ := n. To see
this, note that, since k' < h, we have: A ~ A’ < I" and, hence, since A % I',
A <t TI'. Ergo dx (h) < dx(k'). It follows that: 2.dx(h) + 1 < 2.dx(k'). So,

hZz.dx(k’)+1n-

r _______¢_X_ K*=k*=h ----- _Z?d_x_(}f)ﬂ .......... m*=n

A 4

z :
<+E. A 2x k Zaix ()

. . ;

é ~ é = <

45\' by k:, Zodx (k)+1 o

Finally, clearly, noBmy.

We prove Claim 2. The proof is by induction on X. The cases of atoms,
conjunction and disjunction are trivial. We treat the only non-trivial case:



162 Albert Visser

the right-to-left case for the box. Consider OC € X and consider the node
(A, m) with witnessing triple k', k, m'. Suppose OC ¢ A.

In case C ¢€ A, we have, by the Induction Hypothesis, (A, m) & C and,
hence, (A, m) [ OC.

Suppose C € A. It follows that O(C — OC) is not in A, since, otherwise,
OC would be in A. Clearly, k = OC, so there is an h’ > k with h' = C. Let h
be maximal in K with h > k and h £ C. By maximality, we find: h = 0(C —
0OC). Let I" := A(h). Since, O(C - 0OC) ¢ A and O(C —» OC) € I', we find:
A <* I'. Note that it follows that dx (k') > 1. Since, k25 4, (x'ym and k =< h,
there is an n = m with hZ; 4, (x)—1n. Moreover: 2.dx (h) +1 < 2.dx (k') — 1.
Ergo: hZ; 45 (n)+11- So we can take k" := h, k* := h, m"* := n to witness
(I,n). Clearly, (A,m) < (I',n). By the Induction Hypothesis: (I',n) & C.
Hence, (A, m) £ OC.

P25 e DL
s
<* < j
A Px L Zadx (k) n:1
= < -
A dx K Z2dx(k')+1 m
Thus we have proved Claim 2. O

The statement of uniform interpolation and the semantical interpretation of
the propositional quantifiers are fully analogous to the case of GL.

We show that Uniform Interpolation for S4Grz implies Uniform Interpo-
lation for IPC. By itself this is not so important, since we proved Uniform
Interpolation for IPC directly. I feel, however, that the methodology of such
transfers is interesting by itself.

Define Nec(A) := A{O(p — Op) | p € PV(A)}. The Gédel Translation
(.)* from L* to L™ is specified as follows.

— (.)* commutes with atoms, A and v
- (A - B)*:=0(4* - B*)

Lemma 8.2. 1. IPCFH A & S4Grz - Nec(A) — A*.
2. S4Grz + (Nec(A)AA) — OA = for some A*€L?, S4Grz  Nec(4) —
(A & A™).

Proof. (1) and (2) are a well know facts. (1) is due to Godel. (2) is probably
first due to Rybakov. We prove (2). The proof is by induction on the length
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of A. Suppose S4Grz I (Nec(A)AA) — OA. We rewrite A to conjunctive
normal form treating the boxed formulas as atoms. Schematically, this form
is: A{V{OB,-0C,p,~q}}. We find, in S4Grz + Nec(A):

A « A{V{OB,-0C,p,~q}}
& oOA{\{oB,-0OC,p,~q}}
«+ A{o\/{oB,-0OC,p,~q¢}}
& NO(A{OC, ¢} - \/{OB,p})}
& NOWN{@O)™, ¢} = \/{@B)",p})}
So we can take A* := A{(A{(OC)*,¢} = V{(OB),p})}. a

Theorem 8.1. Uniform Interpolation for S4Grz implies Uniform Interpola-
tion for IPC

Proof. Consider A in L*. Let q be some subset of PV(A). Let A be the post-
interpolant w.r.t. q of Nec(4)AA* in S4Grz. Note that: S4Grz I (Nec(4)rA4*)
— OA. Hence, by the properties of the post-interpolant: S4Grz - A — OA.
Thus, we can find an Li-formula A?, such that S4Grz - Nec(4d) — (4
A?*). We show that A is the de51red post-interpolant. Note that, S4Grz
(Nec(A)AA*) — A®™*. We may conclude: IPC - A — A°.

Suppose IPC - A — B, where the shared variables of A and B are in
q. It follows that: S4Grz + Nec(A — B) — (A* — B*). Hence, S4Grz
(Nec(A)aA*) — (Nec(B) — B*). Thus: S4Grz - A™* — (Nec(B) — B*). And
50, S4Grz + (Nec(A* - B)aAA™) — B*. Ergo, IPC+ A* - B.

We turn to pre-interpolants. Consider B in L£'. Let q be some subset of
PV(B). Let B’ be the pre-interpolant w.r.t. q of Nec(B) — B* in S4Grz. Take
B :=0OB’'. We can find an Li-formula B¢, such that S4Grz + Nec(B) = (B &
Bi*). We show that B’ is the desired pre—mterpolant Note that, S4Grz +
(Nec(B)AB™*) — B*. We may conclude: IPC + B — B.

Suppose IPC - A — B, where the shared variables of A and B are in
q. It follows that: S4Grz + Nec(A — B) — (A* — B*). Hence, S4Grz +
(Nec(A)nA*) — (Nec(B) — B*). Thus: S4Grz I (Nec(A)rA*) — B'. And
50, S4Grz + (Nec(A)AA*) — B (since (Nec(A)rA*) is self-necessitating). So,
finally, S4Grz  (Nec(4)rA*) — B™*. Ergo, IPC+ A — B'. O

It would be interesting to find a similar argument to prove Uniform Interpola-
tion for S4Grz from Uniform Interpolation for GL. In their paper [4] Ghilardi
and Zawadowski show that S4 does not satisfy uniform interpolation. In fact,
the following formula A(p, g,r),

pAO(p = 0g) A0(g = Op) AO(p — 1) A0(g = —1)

does not have a post-interpolant w.r.t. r.
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