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1. Definitions and some lemmas

We shall consider a class of infinitely divisible laws, which may be called
Poisson laws, defined on the Borel sets of a locally compact group. This class of
probability measures is arrived at quite naturally by looking at the classical
Poisson laws over the Borel sets #; of one dimensional Euclidean space R,.
Leta > 0. Then the standard Poisson law with mean @ can be written in the form

© k

(L1 exp {a(d; = 80)} = 8o + ¥, 7706 = Sl

where &, is the Dirac measure at x € R;. Multiplication of measures means
convolution. Convergence of the series means convergence in norm. The measure
a(é; — o) obviously satisfies the following conditions. If f belongs to the set
C(R,) of bounded, continuous functions and fulfills the conditions f = 0 and
f(0) = 0, then a(d; — J,) (f) = 0. Moreover, a(é; — J,) (1) = 0, where 1 de-
notes the function f identically equal to 1. It is well known that more general
probability laws of the Poisson type may be defined along these lines. Let v be
any bounded Radon measure defined over %, and satisfying the conditions
v(1) = 0 and »(f) = O for every fe C(R,) withf = 0 and f(0) = 0. Then e’ is a
probability law of Poisson type. Note that 0 is the neutral element of the additive
group of R, and that the set {0} is a compact subgroup of R,. These consider-
ations lead easily to a generalization of Poisson laws on arbitrary, locally
compact groups. To achieve this, some simple definitions are needed.

DErintrioN 1.1. The set of all bounded Radon measures defined over the
Borel sets B of a locally compact group G is denoted by R(Q), or just by R. The
subset of all probability measures is denoted by Z(@), or just by Z. If m is any
measure in R, then S(m) denotes its support.

DEFINITION 1.2. A measure u € Z is said to be infinitely divisible if for every
natural number n there exists a yi,, € Z which satisfies the equation uy,, = p. The
measure i, is called an nth root of u.

DEerFiNtTION 1.3.  Let H be an arbitrary compact subgroup of G. Then ey de-
notes that probability measure belonging to Z(G) whose restriction to H N & is
the Haar measure; Ry denotes the set of all m € R which satisfy the equation
egm = mey = m. The set Z N Ry is denoted by Zy.
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170 SIXTH BERKELEY SYMPOSIUM: SCHMETTERER

For every m € %y, one may define expy m by ey + T, m*/k!, where the
convergence of this series is understood as convergence in norm. A similar
elementary definition of the logarithm is also available. For every m € £y which
satisfies |[m — ey| < 1, one may define logy m by —Z°, (m — eg)"/k.

It is easy to see that both expy m and logy m belong to %y. Some simple
properties for the mappings expy and logy are collected in the following.

Lemma 1.1.  Let py, p;, € By and pyp, = pyp,. Then

(1.2) expy (py + p2) = expy Py €Xpy P;.

If, in addition, ||p; — e,,|| <1fori=1,2,and|p,p, — ey < 1, thenlogy(p,p;) =
logy p; + logy p,. Furthermore, if m € Ry, then the condition |m — eyl < 1
implies expy loggm = m, and the condition | m| < log 2 implieslog,, expym = m.

Use is also made of the following.

Lemma 1.2 (Boge [2]). Let a € Zy and assume that there exists a natural number
¢ such that ﬁa’ — egl]| + 2|la — eq|| < 1. Then |a’ — ey|| + 2[la — ex] < 1,
and, moreover, logy a’ = jlogga for1 <j < ¢

Let us introduce some more definitions.

DeFINITION 14. Let Xy = {ve Ry:v(l) =0, v(f) 2 0 for all fe C(Q)
satisfying f 2 0 and f(x) = 0 for x € H}.

This last condition may also be written in the form f(H) = 0.

DEerFINITION 1.5. Let u € R(G). If there exists a compact subgroup H of G
and a v € Ay such that u = expy v, then u is called a Poisson law.

An immediate consequence of this definition is the following.

Lemma 1.3. Every Poisson law belongs to Zy.

Let us now formulate the following important, known result.

Lemma 1.4. (Heyer [5], Pym [8], Wendel [12]). A measure p € Z(G) is an
idempotent if and only if there exists a compact subgroup H of G such that p = ey.

This lemma and Definition 1.5 make it clear that the theory of Poisson laws
and the theory of one parameter, strongly continuous, operator semigroups are
related to each other. But the former theory and some of the methods used here
are of some interest on their own.

We are going to introduce an important concept. Let u € Z(G) and define
H, = {xeG:0,u = pd, = p}. It is easy to see that H, is a closed subgroup of
@. Indeed, H, is a compact subgroup of G, which may be stated as a lemma.

Lemma 1.5. The group H, is always a compact subgroup of G.

Proor. Suppose that H, is not compact. It follows that H, n (G\K) # &
for every compact subset K of G. Let K, be a compact set such that

(1.3) u(Ky) > 0.

Choose x, € H, and x,€ H, n(Q\U}Z{ ;KK ') for n 2 2. It is easy to see
that x,K,nx; K, = & for i # j and for 1 £ i,j. Obviously, the equation
u(x;Ky) = u(K,) holds for i = 1,2, --- . This together with (1.3) leads to a
contradiction.

DEFiNITION 1.6.  The compact group H, (considered in Lemma 1.5) is called
the invariance group of u.
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Obviously, the following equation holds,
(1.4) eyl = peg = U

LEMMA 1.6. Let a,b e Z. Assume that there exists a natural number n 2 1
such that a = b". Then H, < H,.

Proor. It follows from (1.4) that ey, a = ey, b" = (ey,b)" = a, and similarly
for aey, .

Another simple but useful result follows.

LeEMMA 1.7.  Let G be any locally compact group and let H be a compact sub-
group of G. Assume that pe€ Zy, that v € Z, and that

(1.5) uv = ey.

Then there exists an x € G which belongs to the normalizer of H such that p = egd,.
If, in addition, ve Zy, then v e d,-1ey.
Proor. It is well known that (1.5) implies

(1.6) S(u)S(v) € H.

There exists therefore a z, € S(v) such that S(u)z; < H and S(u) is compact.
Therefore, equality holds in (1.6) and there exists an x € S(u) such thatx = € S(v)
and S(u) & Hzx. Using p € Zy, it follows that ey = egud,-1 = ud,-.. Hence,
Hx = S(u). Similarly, one finds S(u) = yH for some y € G. Therefore, there
exists an h € H such that y» = x, and consequently, Hx = xH.

The last remark of Lemma 1.7 is proved in exactly the same manner.

This lemma shows that the solutions of the equation (1.5) which belong to Zy
are all trivial. The equation may have nontrivial solutions which do not belong
to Zy. A very simple example, communicated to me by H. Carnal and W. Hazod,
follows. Let S3 = {e, xy, z,, - * * , x5} be the permutation group of three objects
where e is the neutral element and x; = (2,3,1), x; = (3,2, 1), x3 = (1, 2),
xzs = (2, 3), and 5 = (1, 3).

Consider the measure

(17) = %[(6151 + 51‘3) - (5X2 + 5364)]'

It is easy to see that m®> = 0 and that m, = (es, + m) € Z(S;3). Moreover, it
follows that m? = eg,; but obviously H,, # S, and S(m,) # S;. This shows
that the equality in Lemma 1.6 may not hold, and that equation (1.5) may have
nontrivial solutions if the assumptions of Lemma 1.7 are not satisfied. It will
be seen (in Section 3) that the existence of nilpotent measures in the algebra #
and the question of whether equality holds in Lemma 1.6 are related, even from
a more general point of view.

The following simple result is related to Lemma 1.7.

Lemma 1.8. Let ue Zy. Suppose there exists a ve & with uv = ey. Then
H,=H.

The above follows from ey, uv = uv = ez, ey = ey.

Still another important definition is needed.
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DeriniTION 1.7.  Let R, be the additive semigroup of all real positive numbers.
Let {r,} be a sequence of elements R, . Suppose that there exists a sequence {n;}
of natural numbers such that r,_; = n;r; for 1 = 1. Let N; be the semigroup
generated by r;in R,. Then S = U5 N; is a semigroup, which will be called a
real submonogeneous semigroup ; every homomorphic image of such a real semi-
group will be called a submonogeneous semigroup.

This has the following immediate consequence.

LemMa 1.9 (Hoffman [6]). Let the x; for i 2 0 be elements of a multipli-
catively written semigroup. Suppose there exists a sequence {n;} of natural
numbers such that x;_, = x7 for i 2 1. Then the set {x;};», generates a sub-
MONOGENeous semigroup. -

LemMa 1.10. Let G be a locally compact group and let b € Z(@Q). Suppose that
b is infinitely divisible. Assume, furthermore, that there exists an infinite sequence
of roots by, of b and a compact subgroup H of G such that the following con-
ditions are satisfied :

(i) {m;} is a strictly increasing sequence of natural numbers;

(i) by €Zy for H; 2 H, i =1,2,-+;

(iit) by, generates a submonogeneous semigroup in Z (according to Lemma
1.9);

(iv) ||b1/mi - eH" —-0asi— 0.

Then b is a Poisson law and H, = H. Moreover, these conditions are also neces-
sary for b to be a Poisson law.

Proor. To show the necessity of the above conditions is trivial. To show
that the conditions are sufficient, let us make the following obvious remark. If
the sequence {b, ,, } contains only a finite set of different elements, then b = ey.
Therefore, we may assume that {b,,,} contains infinitely many different
elements. Let the natural number m{”) be chosen in such a way that [[b, i —
ey|| < 1, and define ¢, = logy by, . It follows immediately that b = expy c,
where v = m{”v,. We have to show that v € #}. Since b is an element of Z, it
is obvious that »(1) = 0, and it is enough to show that »(f) = 0 when fe
C(@), f 2 0,and f(H) = 0. Now, for every natural i there exists an n; = 1 such
that by, = bY)m,,,- Using (iv), it follows from Lemmas 1.1 and 1.2 that

Yo

(1.8) bi/m = €Xpy {n(jo) . ni—l}
for all sufficiently large m; > m{”. Furthermore, M; = n{ - - - n;_, — o as
i —» 0. For any f, as described above, we have 0 < by, (f) = vo(f)/M; +
O(1/M?). The assumption that vy (f) < 0 (or equivalently, that »(f) < 0) would
therefore lead to a contradiction.

The fact that H, = H follows immediately from expy {v} expy {—v} = ey
and from Lemma 1.8.

Condition (iii) of Lemma 1.10 may be replaced by another condition.

LeEMMA 1.11. Suppose the conditions of Lemma 1.10 are satisfied, with the
exception of (iii) and (iv). Replace the latter by the condition that
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(1.9) sup m,-||b”mi - eH" < 0.

Then b is again a Poisson law of the form b = expy v for ve Hy.

Proor. We may assume (changing the notation when necessary) that
m;(bym, — ey) converges vaguely to a measure v € #y, which is nonnegative
when restricted to the Borel sets of G\H. Let K > 0 be a real number such that
m;||b1/m; — €| < K fori 2 1. Introducing the notation

(1.10) Cm; = 2. (byjm, — em)/k!,
k=2

we have,

(1.11) "b — expy Mi(bym — en)|| = [|b — [en + (b1jm — €r) + cm]™|

m; m; .

S thmen

< m; mi— m;

5 (3 bemd = 1 + femd - 1.

k=1

lIA

It follows from the definition of c,, that

0]

1 © 1 [/K\* 1 21
< — - k< —l=) £ = — K*
12 foull 5 5 filoum —ealt s (5 500 5 L
Equation (1.12) implies that m;||c,,| — 0 as m; — oo, which in turn implies
that (1 + |lcuf)™ — 1 = 0 as m; - co. It follows from (1.11) that |[b —
expy my(bym, — ey)| = 0, and we can conclude that b = expy v and that
(1) = 0.

2. Characterization of Poisson laws

First, consider finite groups. We shall show that in this case all infinitely
divisible laws are Poisson laws. Before making this statement more precise note
that the group ring of a finite group G and %#(G) are algebraically isomorphic
(in a very obvious sense). Therefore, whenever desirable, one may identify the
elements of #£(@G) with the corresponding elements of the group ring.

TurorEM 2.1 (Boge [1]). Let G be any finite group of order n with neutral
element e. Then b € Z is an infinitely divisible law if and only if there exists a sub-
group H of G and a v € Ay such that b = expg v.

Proor. It is obvious that the measure expy v is infinitely divisible for every
subgroup H and every v € A . Assume, henceforth, that b is infinitely divisible.
We may suppose that n = 2. Our first aim is to show that there exists a sequence
of roots c; for i = 0 of b such that

2.1) iy = b, 1 <i< oo
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Now, Z is compact in the norm topology, so I1;Z, Z;, where Z; = Z forj 2 0,
is compact with respect to the product topology. Furthermore, there exists a
root by of b for every k 2 1, such that b’{';,,k = b. The sets

(2.2) szk {7} X (B1ar} x - x {byu} x [1 Zi, k=12,
iz i=j
form a filter base in ITy <<, Z; which has an accumulation point (¢, ¢y, " * )

in the latter set. Conditions (2.1) are obviously satisfied. According to Lemma
1.9 the set {c;} generates a submonogeneous semigroup in Z.

Continuing the argument, there exists a subsequence {d;} of {c;} which con-
verges to a limit ¢ € Z. Furthermore, for every nonnegative integer £ the relation
¢, = di* holds for all sufficiently large k, where r, = 2 is appropriately chosen.
Consider, for a fixed £ = 0 the equation

(2.3) C, = dkd’:k-l = d,:k_ldk.

When k — oo (consider, if necessary, a subsequence), one obtains from (2.3)
the relation

(2.4) ¢, = ca, = a,cC,
where a, is a certain element of Z. Note that (2.4) implies
(2.5) c,ecZnZc

for every nonnegative integer £, which in turn implies d; € cZ N Zc for i 2 0,
and dj*~ ! € cZ n Zc for all k. The compactness of cZ N Zc therefore entails the
relation a, € ¢Z N Z¢ for £ = 0. Considering relation (2.4) for the subsequence
{d;} only, one obtains

(2.6) ¢ = ca = ac,
where
(2.7) aecZn Zc.

It follows immediately that @ is an idempotent. According to Lemma 1.4, there
exists a subgroup H of @ such that

(2.8) a = ey,
and so ¢ belongs to Zy. Relations (2.6), (2.7), and (2.8) imply
(2.9) Zy =c¢Zn Ze.

Furthermore, using (2.7) and (2.8), one obtains from Lemma 1.7 that ¢ = J,ejy,
where z belongs to the normalizer of H. Consider the subsequence {c;,} of {c,}
whose elements satisfy the condition c;, = dj for every k. Then dj converges to
(6.en)" = ey, and so ||cjk - eH" — 0. This relation together with (2.1), (2.5),
and (2.9) allows the application of Lemma 1.10. The sufficiency clause of the
theorem is thereby proven.
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It is trivial that there cannot be a similar result for the case of an arbitrary
locally compact group. If G is a Lie group, an analogue of the Lévy-Khintchine
representation formula has been established [7]. Theorem 2.1 is not an

' immediate consequence of this formula. We shall give a simple characterization
of Poisson laws on general, locally compact groups.

TuroreM 2.2 (Hazod and Schmetterer [4]).  Let G be a locally compact group,
and let b be an infinitely divisible law belonging to Z(G). Then b is a Poisson law if
and only if the following conditions are satisfied. There exists a compact subgroup
H of G, and for every n 2 1 there exists an nth root by, of b with H, 2 H.
The sequence {b,,,} contains a subsequence {b,,, } which satisfies conditions (i)
and (iil) of Lemma 1.10. There is a sequence {k,} of nonnegative numbers, with
k, < 1asn 2 1, and another nonnegative sequence {w,} such that

(2.10) w,k, = o,

(2.11) [61m — enl] = 200 = k,), nzl,
and

(2.12) sup Wol|b1/ub1m — enl < 0.

(If u € R, then [i denotes, as usual, the measure defined by f — u( f), where
flx) = flx™!) for x € G and fe C(Q).)

Proor. It is trivial to show that these conditions are necessary; to show that
they are also sufficient one has to observe that

(2.13) [v — ex| = 2v(G\H)
and
(2.14) Vi(Q\H) = v(G\H)v(H)

whenever v € Zy. An application of (2.13) and (2.14) yields
(2.15) wil||b1/n51/n - eH" 2 2w,byn(GF\H )by u(H) = wn"blln - eH"bl/n(H)-
An application of (2.13) and (2.11) implies the inequality

(2.16) bunlH) 2 k.
It follows from (2.15) and (2.16) that
(2.17) wn”bl/nglln - eH” 2 wnkn"bl/n - eH"'

Relations (2.10), (2.12), and (2.17) imply ||b,/, — ex| = 0 as n - . Now, it is
enough to apply Lemma 1.10.

The following result can be proven in a similar manner.

THEOREM 2.3. Assume b belongs to Z(G) and is infinitely divisible. Suppose
there exist a compact subgroup H of G and, for every n = 1, an nth root b,,, of b
with H, , 2 H. Furthermore, suppose there exists a homomorphism ¢ from the
additive semigroup M . of the positive rational numbers into Z with ¢(1) = by = b



176 SIXTH BERKELEY SYMPOSIUM: SCHMETTERER
and @(1/n) = by, for n 2 1. Assume, finally, that
(2.18) sup |61n — exll < 2.

and that there exists a natural number ny such that
(2.19) "bl/"OEl/”o - eH" < l

Then b is a Poisson law.

These conditions are obviously also necessary.

Let us mention that M, is a real submonogeneous semigroup and the con-
ditions concerning ¢ can be weakened by considering any other submono-
geneous subsemigroup of Z generated by infinitely many roots b, ,.

Theorems 2.2 and 2.3 cannot be improved in a certain sense. Even for the
case of an abelian compact group it is not possible to weaken condition (2.18)
without violating the statement of Theorem 2.3. (See Example 4.1.)

On the other hand, the existence of submonogeneous semigroups generated
by the roots of an infinitely divisible law can be replaced in the formulation of
Theorem 2.3 by the assumption that G is compact. The following result holds.

TueoreM 2.4 (Carnal [3]). Let G be a compact group. An infinitely divisible
law b, which belongs to Z(@R), is a Poisson law if and only if there exist for n = 1
roots by, of b (with b, = b), which satisfy the following properties. There exists
a compact subgroup H of G such that H, 2 H for n 2 1. Furthermore,

(2.20) lim inf ||b,,, — egl < 2.
n—+ o
There exists a natural number ngy such that

2.21) 11/m6B1/m0 — el < 1.

Before giving a proof, we formulate the following.
DeriniTION 2.1. Let u be a measure from (@), and let

my,y T My,
(2.22) M = . .

mr,l mr,r

be a bounded complex representation of the (compact) group G. Then we write

[ m@dug - [ miig)due)
G G .

(2.23) M(p) = :
f.mr,l(g) du(g) - fmr,r(g) du(g)
G G

If du = fdeg with f € Li(G), then we write M(f) instead of M(p).
Of course, L,(G) denotes the set of all functions f on @ such that |f” is
integrable with respect to the normed Haar measure of G.
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Proor or THEOREM 2.4. If y is an arbitrary, symmetrical measure which
belongs to Z(G) (that is, u = fi), then there exists a unitary representation M
in every class # of irreducible, bounded representations of G such that M(u)
is a diagonal matrix. There exists also a unitary M € .# such that

l O “ e 0
O 1 oo 0
0 0 - 1 0
2.24 M =
(2.24) € =|, o o
O 0 “ e O
The number of elements of M(ey) which are different from 0 will be denoted by
{y.
Our first aim is to show that
tr M(by,0
(2.25) sup sup n<l - r—ﬁLi> < o,
nz1 Me¥y [H

where %, is the set of all irreducible unitary representations of G' for which
£y > 0 and where tr M(bl,,,gl,,,) denotes, of course, the trace of M(bll,,gll,,).
To prove (2.25), let us observe that M(ey) together with M(b,, bys,) can be
transformed into a diagonal matrix whenever M € #y. Yet, it may be necessary
to replace M by an equivalent representation. This follows from b, € Zy.
Denote by Ay, ; for 1 < j £ ¢y, the eigenvalues of M(b,;,b,,) which are dif-
ferent from 0. Relation (2.21) implies the existence of a nonnegative y < 1 which

satisfies the condition 0 £ 1 — Ay, ; £ 7 < 1. It follows that
(2.26) A2 (1= 9" >0, 1<) <ty

From (2.26), one obtains

tr M(bybyn)\ ™" (2 "o i
(2.27) (M> 2 (]—[ lM,n,j) =[] Am,1,j = (1 — p)™=.
‘n j=1 j=1

This in turn yields

(2.28) ”|:1 - (itr M(bllngl/n)] <afl — (1 =" > —log(l —
H

uniformly for M € %y. The inequality (2.25) follows. as n =@

Next to be proved is that
(2.29) sup nby ;b (G\H) < o0.
n=1

Let VV ! be a neighborhood of the neutral element e of G where V is an open
set. There exist f, € C(@) which satisfy the following conditions:



178 SIXTH BERKELEY SYMPOSIUM: SCHMETTERER
(@) fr 2 0;
(b) fu(G\V) = 0;
(¢) v(9192) = /v(9291), 91,92€G;
) fG fdeg = 1.

Let M be an m dimensional, irreducible representation of G and let £,, be the
m dimensional unit matrix. Condition (c¢) and Schur’s lemma imply

(230) M(fV) = CMEmy

where ¢,y # 0. Forz,z € G, let

231) av(@) = [ KW lya"") degly)
and
(2.32) h(@) = [ gvlw™"2) denty),

It may be seen without difficulty that
(2.33) hy(x) =0  when xe A\VV !HVV™ ! =T.

Equations (2.30) and (2.31) imply that M(gy) = |cy|?E,,. Taking into account
definition (2.32), one obtains

(2.34) M(hy) = M(eg)|cy|*

One can again assume that M (ey) satisfies equation (2.24). It follows easily
from (2.31) and (2.32) that &, is the convolution of two functions which belong to
L,(G). Therefore, hy, can be expanded in a uniformly convergent series with
respect to the elements m, ; of the unitary matrices M = (m; j), 1 <4, j = m,
chosen from every class of irreducible representations. Accordingly,

235 W@ =3m Y my@ [ @) decty), zed.
M 1siism G
Using (2.34), equation (2.35) leads to
‘H
(2.36) hy(x) = ;m .; lear|? m ().

Choosing x = e, one obtains from (2.36)

(2.37) hy(e) = Y méy|cy|® > 0.
M

We deduce from (2.25) the existence of a K > 0 such that

(2.38) n(l - EM(_;”"QQ) <K

H
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for all » = 1 and all M € %,. Multiplying (2.38) by hy(e) and using (2.37),
(2.36), and (2.33), we get the inequality

(2.39) Khy(e) 2 nhV(e)bI/nglln(U)'
Inequality (2.39) implies
(2.40) sup nby by m(G\VV IHVV™Y) £ K

for every neighborhood V of e, and statement (2.29) follows. Condition (2.20)
together with (2.29) imply the existence of a sequence {%;} of natural numbers
such that

(2.41) sup n,.Hbl/,,l. - e,,” < 0.
n21

By application of Lemma 1.11, the proof is complete.

3. Study of some homomorphisms from M, into Z

We turn our attention to the remark which was made at the beginning of the
proof of Lemma 1.10. The following problem arises. Let ¢ be an (algebraic)
homomorphism from M , into Z. Suppose that there exist at least two different
elements r, s € M, such that ¢(r) = @(s). What can be said about ¢(1)? This
problem can be generalized somewhat by considering any submonogeneous
semigroup contained in Z instead of the homomorphic image of M, in Z. But
we restrict ourselves to the former, more special problem, and show the following
result.

LemMa 3.1.  Let G be an arbitrary locally compact group and let ¢ be a homo-
morphism from M . into Z(Q). Denote @(r) by b, whenever r € M ., and assume
that there exist two different elementsr,, r, € M, such thatb, = b,,. Then there
exists a compact subgroup H of G and an element x, € G, which belongs to the
normalizer of H, such that S(b,) < x, H for every re M ,.

Proor. The assumptions imply that ¢ (M ,) contains a group. (See [6].)
Therefore, according to Lemma 1.4, there exists an r, € M, and a compact sub-
group H of @ such that b,, = e,. Writing r, = p/q where p, q are integers, one
obtains

(3.1 b, = b} = ey.
Moreover, the relation
(3.2) eHb,. = breH'

holds for every r€ M. Let us introduce the notation b, = eyb,. It follows
from (3.2) that {b,}, r € M, is a semigroup.

Equation (3.1) implies
(3.3) by, = ey, k=12,
Equation (3.3) together with Lemma 1.6 imply that H,, < H foreveryre M, .
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On the other hand, the relation eyb, = b,ey = b, follows from (3.2), and so
Hy, = Hforeveryre M,.Let r = t/s be any element of M, where s and ¢ are
integers. Then b,*" = b, = ey, and an application of Lemma 1.7 yields
S(b,) = x,H, where z, is some element from G which belongs to the normalizer
of H. The statement of the lemma follows immediately.

TuroreM 3.1 (Schmetterer [11]).  Let G be an abelian, locally compact group.
Then the assumptions of Lemma 3.1 imply b, = 6, ey, where x, belongs to the
normalizer of H. A similar statement holds for every re M ..

Proor. Taking into account equation (3.1), it is enough to show that
H, 2 H. If H = {e}, then no proof is needed. If H # {e}, the relation
[(6, — ex)b1]? = O follows. The algebra #(G) does not contain nilpotent
elements (see [9]) and so it follows that b; = eyb,.

This proof cannot be applied to the case of a nonabelian group. Yet, Theorem
3.1 remains true for a very large class of nonabelian groups (as has been shown
very recently by W. Hazod). It is not true for arbitrary nonabelian groups. We
shall treat a special case only.

LemMA 3.2.  Suppose that the assumptions of Lemma 3.1 are satisfied. Further-
more, assume that

(3.4) ecSb,), reM,.

Then the conclusion of Theorem 3.1 holds.

Proor. Itisenough to consider the case where H # {e}.Let A, = (8, — ep)b,
for r € M . Equation (3.2) implies that {4,}, r € M, is a semigroup. Using the
notation introduced in the proof of Lemma 3.1, we get

(3.5) Ay = 0.

It follows from Lemma 3.1 and equation (3.4) that S(b,) < H,andsoS(4,) & H.
Let i be an irreducible bounded representation of H of dimension m. Equation
(3.5) implies 4" ,, = 0 for every n = 1, and this in turn implies [{(4,,s)r]" = 0,
where (4,)g is the restriction of A, to the Borel sets of H. An application of the
Hamilton-Cayley theorem yields [¥/(4,,,)u]™ = 0, m = 1, for every irreducible
representation Y of dimension m. Taking into account that 4,,, = A7 /ma> ONE
obtains ¥ (4, )y = O for every n = 1 and every irreducible representation i of
H, and so 4,,;, = 0. This implies that 4, = 0 for every re M ..

Another conclusion may be drawn from Lemma 3.1 and the following may
be shown.

CoROLLARY 3.1. Let G be an arbitrary locally compact group and let expy v
with v € Xy be an arbitrary Poisson law. Then the mapping r w expy {rv} for
re M, is either an isomorphism or a (trivial) homomorphism from M , onto ey.

Proor. Let ¢: r w expy rv be a homomorphism, but not an isomorphism.
Then there exists an ro € M, with expy 7o = ey. Lemma 1.8 implies that
H., ,, = H for every r € M .. Therefore, the statement of Theorem 3.1 holds
when b, is replaced by expy rv. Clearly, the inequality |lexpy rv — eyl < 2
holds for every r € M ., and therefore, expy rv = ey for everyre M .
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The problems treated here are obviously related to the important question of
whether an infinitely divisible law b can always be imbedded in a homomorphism
¢ from M, into Z such that ¢(1) = b. This question admits an affirmative
answer if some compactness conditions are satisfied, but in general the answer
is negative.

TueOREM 3.2. Let G be an arbitrary locally compact group, and let b be an
infinitely divisible law which belongs to Z(G). For everyn = 1let W, ,(b) be the set
of all nth roots of b. Suppose that the elements of W;,(b) are uniformly tight. Then
b can be imbedded in a semigroup of probability measures over M ..

Proor. Clearly, W,,(b) # & for every » = 1. But for every integer m > 0
the elements of W,,,(b) = {a™: a € W,,,(b)} are uniformly tight and therefore
relatively compact in the weak topology. The convolution is (weakly) continuous
on the closure of W,,(b), and so W, ,(b) is compact. Let K, = {m/n!, m =
1,2,---}forn = 1. Obviously, K, < K,,; and U2, K; = M . The Cartesian
product W = IIW,,,(b), where (m/n!) € K,andn = 1,is compact in the product
topology. There exists for every k = 1 a by, € Z(@) with b}, = b. Therefore,
Ant,m = bT/nl € Wm/n! (b) and

(3'6) an!,n! = b.
Furthermore,
(37) Aptom Pnt,my; = Unt,my+my» nz2l, my, my = 1,2,---,

Let k& be a natural number and let 4, be the set of all those elements
{Com ; (m/n!) € K,, n 2 1} € W which satisfy the condition ¢,y = Gy, me+1)---x
form 2 1and 1 £ ¢ < k. Define E, = U, 4, for n 2 1. The set of all E,
defines a filter base in W and has an accumulation point {d,,,} € W such that
@onjest = Bmyjens Whenever m, /£, = m,/£,!. Let r be an arbitrary element of M,
and consider the (well-defined) mapping ¢ given by r w d,. Taking into account
conditions (3.6) and (3.7), it is easy to see that the mapping r w d, is a homo-
morphism with ¢(1) = b.

The statement of Theorem 3.2 holds in two important special cases: (a) if b
has only finitely many nth roots for every » = 1, and (b) if G is compact. But
the conditions of Theorem 3.2 are also satisfied for a much broader class of
groups. Indeed, the following result holds.

Lemma 3.3 (Boge [2]). Let G be a locally compact group which is the union
of all its compact and open invariant subgroups N. Suppose that for every N the
factor group G/N contains only finitely many elements of every ( finite) order (and
no other elements). Then the assumptions of Theorem 3.2 are gatisfied.

Proor. First we show that, for every n = 1 and every compact subset C' of
@, there exists a compact set C, < G with the following property. If
4, ", Xy_1, X, = € is a sequence of elements satisfying

(38) CxiC'xk N Cxi+k % Q

whenever i + k < n, then this sequence belongs to C,. Let N, be a compact
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and open invariant subgroup (cois) of G, and let C be an arbitrary compact sub-
set of . There exist finitely many y;€ G.say y,, - - -, y,.suchthat C' ¢ U’_; Noyy;.
Moreover, for every j there exists a cois N;withy; € N;,andsoC g NoN, -+ N,.
Theset N = NyN, - -- N,is a cois. It follows that C, can be chosen as the union
of all elements of order n (or of a fixed order = =) of the group G/N. Now it
remains to show that, for every m = 1, W,,,(b) is a uniformly tight set of
measures. For every ¢ such that

(3.9) 0<e<i

there exists a compact subset C' of G such that

(3.10) bCyz1 —e.

Let ¢ be any measure from W,,,(b). Then (3.10) implies

I

(3.11) fG fo Ic(yx)dc*(y)de™ *(x) = 1 — ¢

for every natural number & < m, where I is the indicator function of the set C.
It follows from (3.11) that there exists an x;, € G with

(3.12) (Cx) 21 — e

Define x,, = e. Then, whenever & + ¢ < m, one obtains from (3.12)

(3.13) &t (Cx, Cx,) = (1 — )2

It is easy to see that

(3.14) HFH(CaCxyn Cxy ) = FH(CxyCay) — FH[(G\O )i s r]

It also follows from (3.12) that if k + £ < m, or from (3.10)if k + £ = m, that

(3.15) HFHG\C)ay 0] £ &
Inequalities (3.13), (3.14), (3.15), and (3.9) imply
(3.16) ¥ (Cx, Cxy 0 Cayyy) > 0.

We deduce immediately from (3.16) that Cx,Cx, N Cxy 4, + Jfork + £ < m.
Therefore, there exists a compact subset C,, of G which contains all the elements
of the sequence x,, -, x,, and so choosing k = 1, equation (3.12) implies
¢(CC,) = 1 — ¢. The compact set C'C,, does not depend on ¢ and so the lemma
is proven.

4. Examples

In this section examples are collected which illustrate some results of the
previous section and also point out some new features.

ExampLE4.1. Let G be the two dimensional torus and let {a,} be a sequence
of positive real numbers such that Z3_ | «, converges. Let z, = exp {2mi/n} for
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K

n 2 1.1tisobviousthaty = 3 a6, — (£,2, a,)0,, belongsto )£, ,. It follows
that u, = exp,, {v} isa Poisson law for every real t > 0. Lety, = exp { —2mit} for
t > 0,and w, = J, y,. It is easy to see that w, is not a Poisson process. But { — w,
is a homomorphism from R, into Z. Moreover, one finds by an easy calculation
that ||w,,, — 6, || < 2 when n > 1. Furthermore, the fact that w,, is a Poisson
process implies the existence of a natural number n, with ||w1/,,017)1,,,0 - 5,“” <1;
that is, w, satisfies condition (2.19).

Another example is concerned with the problem that the representation of a
Poisson law b is not necessarily unique. More precisely, it is possible to find a
Poisson law b such that b = expy v; and b = expy v, with v; € A fori = 1,2
and v; # v,. The construction of such a Poisson law which admits (at least)
two different representations can be carried out with the help of the following
argument. Let @, for simplicity, be an abelian group. Suppose that there exists a
u € Ry (G) with u # 0 such that

4.1) expy U = ey.
Let u = u; — u,, where the u; € # are nonnegative measures for i = 1, 2 with
4.2) Uy F uy.

It follows that expy {u, — u,} = exp {eg(u; — u,)} = ey, and so

(4.3) expy {equ,} = expy {egu,}.

Write equ; = w; for ¢ = 1, 2. Relation (4.2) implies
(4.4) w; F ws.
Moreover, the measures w; are nonnegative, belong to %y, and satisfy
(4.5) w, — Wy = U.
Relation (4.5) implies that (w; — w,)(1) = (1) = 0, and so
(4.6) sl = -

Obviously, v; = w; — ||w;||ey belongs to H#y for i = 1,2, and it follows from
(4.3) and (4.6) that expy v, = expy v,. Moreover, (4.4) and (4.6) imply that
vy F ;.

It is easy, even for finite groups, to find examples which realize condition (4.1).

ExampLE 4.2 (Boge [1]). Let G be a finite group of order » which con-
tains at least one element g, of order > 2. Denote by G’ the character group
of G. For every a € Z of the form X, ; a,g (see the remark at the beginning of
Section 2) define y(a) by Z,; a,x(g) for every y e . It follows that a, =
(1/n) ZzeG,X_l(g)x(a) and a, is real if and only if

(4.7) x@) =1 'a)

for every y € G'.
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Let e be the neutral element of the group G. There exists a « € £ satisfying
(4.8) expiyt = 0,,

if and only if exp {y(u)} = 1 for every y € G, where exp denotes the usual
exponential function. To show that (4.8) has a real solution, 4 # 0, take into
account that g2 # e and find a character x, such that

(4.9) Xo(go) # Xo '(go)-

Define u = X, u,g, where u, = (1/n)[x0(g)2m — o '(g)2ni] for every g € G.
Equation (4.7) is satisfied for every y € . Moreover, it follows from (4.9) that
uy, + 0 and so u # 0, but u satisfies equation (4.8).

The following example shows that the product of two Poisson laws need not
be infinitely divisible.

ExampLE 4.3 (Boge [1]). Let G be a finite group with neutral element e,
and let x, y be two elements of @ such that

(4.10) xy + yx.

Let

(4.11) w=25, — 6,

and

4.12) v=20,—0,.

It is trivial to show that u, v € X,. On the other hand,
(4.13) w — vu = 6,0, — 6,0, ¢ H,.

Take ¢ > 0 and define a = expy, {eu} and b = expy, {ev}. Clearly, @ and b are
Poisson laws. If ¢ is sufficiently small, then ab = exp, {log,, ab}, according
to Lemma 1.1, and moreover, [ab — J.| < 1. But logy ab = &(u + v) +
1e?[uv — vu + O(e)] and it follows from (4.11), (4.12), and (4.13) that
log,,, (ab) ¢ A, if ¢ > 0 is sufficiently small. Therefore ab is not a Poisson law,
and thus, not infinitely divisible, according to Theorem 2.1.

Another example shows that the well-known classical theorem of Raikov for
R, does not necessarily hold for arbitrary (locally compact) groups.

ExaMPLE4.4. Letqbeaprime number > 2andlet M, = {0,1,---,q — 1}
be the group of residues mod q. Let y be a positive real number and let x € M,
with  # 0. Then we can show that the Poisson law b = expyg, {y(0, — Jo)}
can contain factors which are not of this form. Define v; = 16y + (1 — t)ey,,
for 0 <t <1, and v, =t'b + (1 — t"')ey,. Clearly, v, €Z and v, .
Moreover,

(4.14) Vv, = b.

We want to show that v, € Z can be proven, if ¢ is appropriately chosen. For this
purpose we observe that b # ey and so min, y b(k) < 1/q. Choose ¢ in the
interval
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(4.15) 1>t21— qmin bk).

keM,y

It follows from (4.15) that for every £/ € M,

(4.16) V() = t 'minbk) + (1 — ¢t 1)g!

keMgy

2 m(qg&f: bk) — )¢~ ' +q¢ ' 20
keM g4
Equation (4.16) together with v,(M,) = 1 implies that v, € Z if (4.15) is ful-
filled. It is easy to see that v, is infinitely divisible, and so it is a Poisson law (see
Theorem 2.1). But the Fourier transform of v, is identically equal to ¢, while the
Fourier transform of & is given by j-w exp {y(exp {2mix;/q — 1})}, for
0<j<q-1.
Note that Raikov’s theorem holds for infinitely cyclic groups [10].
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