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1. Introduction

Let X, X,,---,Y,,Y,, -, be independent random variables where the X
(Y) have common strictly increasing and continuous distribution function F} (F).
Let N = 2n and Wy ; £ Wy, £ -+ £ Wy y be a rearrangement of X, X,,
---,X,,Y,,Y,, -+, Y, in increasing order of magnitude,n = 1, 2, - - - . Define

0 if Wy;isanX,
1 if Wy,isa?,
i=l,"',N,aandletzN=(ZN‘I,"',ZN,N)-

Let F, and F, be two arbitrary strictly increasing continuous distribution
functions. Let

(L.L) Zy,; =

»

P(ZN = ZNIF; b FI,F; = Fz)-

12) In = I) = gy = 0yl = F; = )

Note that the denominator in the above does not depend on F, and is equal to
1/(Y) and that the numerator is unchanged if F, and F, are replaced by F,K '
and F,K~! where K is a strictly increasing continuous distribution function.
Let

(1.3) {n = ¢n(zy) = log Ly(zy).

From now on P(E) will stand for the probability of the event £ when the common
distribution of X and Y are F; and F, respectively. Our main aim is to prove
the asymptotic normality of £y(Zy) under suitable conditions (see Theorems 5.1
and 5.2). The conditions imposed are A1, A2, A3, and B or 41, A2, and B (see
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Sections 2 and 4). Conditions B and B are similar and in our opinion they form
the crucial condition. In Section 6 we exhibit an example in which Condition B
is not satisfied and the asymptotic distribution of # is not normal.

In many statistical contexts it is of great importance to study the distribution
of a likelihood ratio like Ly . It seems however that in nonparametric settings like
ours other statistics like linear rank statistics have been studied more than the
likelihood ratio. Laws of large numbers and bounds to the large deviation prob-
abilities relating to linear rank statistics have been obtained earlier than those
relating to £y. Problems of asymptotic normality of linear rank statistics have
been well studied by now. We now describe some of the known results for £.

Savage and Sethuraman [8] have shown. when F, = F{ where 4 is a constant,
that there is a number I(F;, F: F,, F{) such that for each ¢ > O thereisap < 1
with

(1.4) P{ !

v n(Zy) — I(F]. F3: Fy L B

>a} < pV.

for all large N. More generally, under some mild conditions, Berk and Savage
[1] showed that there is a constant I(F}. F;. F,. F,) such that for each ¢ > 0
there isa p < 1 with

1 N

(1.5) P v > s} < p".

forall large N. These results were used by these authors in their study of sequentia.
tests based on /. Some exact large deviation results for £y have recently been
obtained by Hdjek [5] when F|; = F, and F, and F, satisfy some mild con-
ditions. The only results known about the asymptotic normality of /y were
obtained simultaneously by Sethuraman [9] and Govindarajulu [4]. for the
special case when F, = F{ where 4 is a constant. In this case ﬁ [£n/N —
I(Fy, F3; Fy, F{1)] has a limiting normal distribution. This result was arrived at
rather directly since in this special case ¢y (Zy) turned out to be a slightly modified
Chernoff-Savage statistic.

In this paper we consider the asymptotic distribution of £ in the general case.
We basically have two different proofs of the asymptotic distribution which are
applicable to different situations. These two situations do not exhaust all
possible cases and by the time we have imposed all of our conditions they do not
cover the case treated in Sethuraman [9]. In the first situation it is assumed
among other things that the density functions of F; and F, are bounded away
from 0. In the second situation the density functions of F; and F, are histograms
with a finite number of feet. There are some other conditions imposed on F}
and F,. The proof of the asymptotic normality of £y uses some hints from game
theory in the first situation and relies heavily on the results of Berk and Savage
[1] in the second situation. A heuristic proof which applies to the first situation
is sketched in Section 3 and we hope that these heuristics can be justified in situ-
ations more general than what we have been able to do.

Section 2 deals with the notation and various prelimiriaries. Section 4 contains

En(Zy) — I(F,. Fy: F,. F,)
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some intermediate lemmas and theorems and the main results are in Section 5 in
the form of Theorems 5.1 and 5.2.

It may be noted that we are trying to establish the asymptotic normality of
¢y in the two sample problem when the ratio of the first sample size to the com-
bined sample size, Ay, is identically equal to 4. It is believed that our conclusions
are valid at least when Ay = 1 + o(l/ﬁ) where 0 < A < 1, but we do not
treat these extensions here.

2. Definitions and notations

Let A be the class of all probability measures on [0. 1]. An element in A may
also be viewed as a distribution function (left continuous or right continuous).
Thus when we say that P belongs to A we may mean either that P is a probability
measure on [0, 1] or that P = P(x) is a distribution function on [0. 1]. This
ambiguity does not cause confusion and helps in reducing the amount of notation.
We say that a sequence {P,,n = 0,1, - -} in A converges to P, when P, con-
verges to P, weakly. Endowed with this topology, A becomes a compact metric
space (for example, see Gnedenko and Kolmogorov [3], Chapter 2). If {y,. n =
0. 1.-- -} is a sequence of probability measures on A (on the Borel g-field genera-
ted by the open sets in A) we say that u, — pg if jA g du, = {4 g du, for every
bounded continuous function g on A. With this notation of convergence (which
is the usual weak convergence for measures) the space of probability measures
on A becomes another compact metric space (for instance. see Billingsley [2].
Section 6).

When the probability density function (p.d.f.) of a distribution function P(x)
exists we denote it by p(x), the corresponding lower case letter. Let A* be the
subset of A consisting of distribution functions P(x), with continuous prob-
ability density functions p(x) and with p(x) = é on [0. 1] for some § > 0. Let
Ay be the subset of A which consists of distributions that give masses in
multiples of 1/N to at most N distinct points of [0, 1], N =1,2,---.

Now let 0 = ay, < a; < -+ < ag =1 be fixed and generate a partition of
[0, 1]. Relative to this partition we define A to be the subset of A consisting of
distribution functions P(x) with p.d.f. p(x) satisfying

(2.1) plx) =p, =20, xela,_y. a,), r=1,,R.

Let A* be the subset of A consisting of distribution functions P(x) with p.d.f.
p(x) satisfying

(2.2) plx) = p, > 0, X € [a,_l, a,), r=1,---,R.

Finally let Ay be the subset of A consisting of distribution functions P(x) with
p-d.f. p(x) satisfying

(2.3) px) = p,. p(a, — a,_,) = a multiple ofiv,

4

Il
E

xe[a,_l,a,), r



440 SIXTH BERKELEY SYMPOSIUM: SAVAGE AND SETHURAMAN

Notice that when we talk of A or A* or Ay, we always have the partition genera-
ted by {ag,a;, -, ag,} in mind and that this partition is arbitrary but fixed
throughout this paper.

We have remarked earlier that £y and Ly are unchanged if we replace F, and
F, by F.LK~! and F,K~', where K is strictly increasing continuous distribution
function on [0, 1]. For the same reason the distributions of ¢y and Ly remain
unchanged if we replace F; and F, by F1K~! and F,K~'. We will therefore
normalize F,, F,, F;, and F, by appropriately choosing K as follows: put

H(z) = 3[F,(x) + F,(x)],
(2.4) U;(t) = Fi(H™ (1)),
H'(z) = 3[Fi(x) + Fy(x)],

and

2.5) Uity = F(H = (1)), 0<t=<1, j=1,2
Note that

(2.6) U(t) + Uy(t) = Ui(t) + Us(t) = 2t, 0=t=s1,

and that U,, U,, Uy, and U, have probability density functions satisfying
2.7) uy(t) +uy(t) = uy(t) + us(t) = 2, 0<t=1l.

When u,(¢) and u,(¢) do not vanish on [0, 1], define
2.8) M(t) = log 2.
uz(1)

We now state conditions concerning F,, F,, Fi, and F,, in terms of U,, U,,
Ui, and U;.

ConpITION 4.

Al. Uj(¢) is strictly convex on [0, 1] and u}(t) is continuous.

A2. U,, U, belong to A*.

A3.  M(t) is strictly increasing on [0, 1].

Condition A3 is equivalent to u,(¢) being strictly increasing on [0, 1] which
is the same as U, (¢) being strictly convex. Conditions A2 and A3 together imply
that M is of bounded variation on [0, 1]. A general example where A2 and A3
are satisfied is as follows: F, = ¢ (F,) where ¢ is a distribution function on [0, 1]
with ¢’ strictly decreasing and continuous with ¢’ = 6 for some § > 0. As a
further special case we can put ¢(t) = (1 — 1)t + At4 for some 4 < 1 and
0<id<l

Condition Al is restrictive and is not satisfied if Uj(t) = ¢,0 < ¢ < 1, which
corresponds to the null hypothesis in the two sample problem. Condition A2 is
similarly restrictive. It is not satisfied in the case F, = F{! though we know from
Sethuraman [9] that £, is asymptotic normal in this case.
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Note that the roles X and Y can be reversed without changing the asymptotic
distribution of Zy. Thus if U,, U,, U}, and U, do not satisfy Condition A one
could reverse the roles of X and Y and verify whether U,, U,, U3, and U]
satisfy Condition A.

CONDITIONA.

Al. The pd.f. uy is continuous on [0, 1].

A2. There is a partition 0 = ag < a, < -+ < ag = 10f [0,1] and U,, U,
belong to A*, that is

2.9) ui(t) =u;, >0, tela,_y,a), r=1,-,R, j=12

Condition A2 is used by Berk and Savage [1] when obtaining bounds on
large deviations probabilities of Zy. They were successful in removing these
restrictions later on in their paper. We have not been able to do this. However
Condition A2 is a useful point to start an investigation of the properties of /y.

Let F; y(x), F, y(x), and Hy(x) be the right continuous empirical distribution

functions of (X,, -+, X,), (¥, --,Y,)and (X,,---,X,,Y;, ", Y,), respec-
tively. Clearly Hy(x) = 3[F, y(x) + F, y(x)]. For ¢ € [0, 1] define
(2.10) Hy5Y(t) = inf {x: Hy(x) = t}.
Then Hy! is left continuous. Define
(2.11) Upnt) = FNHZ\D),  0<t<1, j=12
Note that U, y and U, y are left continuous and
1
(2.12) U n(t) = Y (L= 2y,
i<Ni+1
1
(2.13) Uz n(t) = 5 > Zn
i<Ni+1
and
(2.14 Uy n(@t) + Uy n(t) = 2t t—Ol---E
-14) 1,N 2,n(t) = 2, =0% N

With probability one, U, y and U, y assume () different values, each, in A.
Let Pe Aand Q € A*. Equatlon (3.1) motivates the following definitions. Let

(2.15) i(P, Q; Uy y) = Z J U, M(P(1)
and
(2.16) P, Q; Uy = Z J (t) dU;(P(t)).

Notice that these integrals always exist under Condition A or A since log u;/q
is a bounded function, j = 1, 2. For any P € A, the element Py of Ay is defined as
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. ‘ o
i P'l(‘,) t< P (’“Lv ).i:(),l,'--,N—l
(217)  Py(t) =4 & N N

1, P Iyt 1.
Then
_ ) _ i .
(2.18) PNI(V>=P 1(‘), i=0.1--.N
and
(2.19) [Py(e) = Pu)| = 1. 0<t=<1
Thus

(2.20) WP, Q:; U, y) =

@), sl )
% Z log———————(l - ZN,i) -+ Z lOg'——'—'—Z .
)

= i(Py, @; Uy n)-
Let
(2.21) W) = /N Uy x(t) = Ui)], 0<t<1
and
1
Wy(t) for —<t=1
: N
(2.22) Wa(t) = 1
0 for 0t < v

Let D~ be the space of left continuous function on [0, 1] which are right con-
tinuous at 0. This space becomes a complete metric space under the Skorohod
topology. If u} (¢) is continuous (this is Condition A1 and it is a part of Condition
Al) it follows from Pyke and Shorack [7] (Theorem 4.1(a)) that the distributions
of {Wx(t),0 £t < 1} in D™ converge weakly to the distribution of a Gaussian
process {W({).0 < ¢ < 1} with mean function 0 and variance-covariance
function

(2.23) K(t,s) = 3UL(O)[1 — Ui(s)]ua(O)uz(s) + 3050 [1 — Us(s)]ui()ui(s)

Since u] is continuous, it is easily seen from the form of K(¢, s) in (2.23) that
{W(),0 = t £ 1} has continuous path functions with probability 1. We can
therefore state Lemma 2.1 below without proof in which for any function » on
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[0,1] and any 6 > 0,
(2.24) w(h, 8) = sup |h(t) — h(s)|.

jt-s]<6,0<t,s51

Lemma 2.1.  Let u] be continuous. Then

(i) the distributions of {Wx(t),0 < t < 1} converge weakly to the distribution
of {W(t),0 £t <1} and

(ii) for each ¢ > 0,

(2.25) lim sup Plo(Wy,8) 2 ¢} =0
asd — 0.
We would next like to investigate the asymptotic distribution of i(P, @; U, y).

Let log q be of bounded variation and let either A2 or A2 and A3 hold. Then,
from (2.20),

(2.26)
JNP, Q; Uy y) — i(P, Q; U]
= J/N[i(Py, @; Us,x) — i(Py, @; UD] + /N[i(Py, Q; U}) — i(P, Q; U]

1 2 . . 1 2 .
-sVA Y flog%d(Uj,NPN — UiPw) + 5N ¥ Jlog%d(U}PN ~ UP)
i=1 j=1

1 u . 1 2 . . u;
=§ﬁj\logu_ld(U1,NPN_UIPN)—Q\/Nz J‘(UJPN_U]P)leg‘q‘].
2 j=1
Using (2.19), this becomes
1

1 1 1
2.27 — = | Wy(Py)dM Ol——\)=—=-|WLPYdIM + O, —= ).
( ) 2J ~(Py) + (ﬁ) Zf ~(Pn) + p(ﬁ)

LemMa 2.2. Let u) be continuous and A2 and A3 hold. Let P™ be a random
element in A, N = 1,2, - - -, such that the distribution of P™) converges to the
degenerate distribution at P*, where P* € A*. Let @ € A* and log q be of bounded
variation. Then

(2.28) JNLPD, Q; U, y) — iP®, Q; U})]

has a limiting normal distribution with mean 0 and variance 63. given by
1

(2.29) o2, = 1 ” K(t, s) dMP*~'(t) dMP*~(s).

(Note that the P* above and in Lemma 2.3 can be any element of A* and not
necessarily the P* defined in Condition B which follows later.)

Proor. Using the Skorohod representation for sequences of random
elements in A x D~ (as Pyke and Shorack [7] do in D~), we can assume that
(P™, Wy) = (P*, W) in A x D~ with probability 1. We can then imitate the
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proof of Theorem 4.1(b) of Pyke and Shorack [7] for our case as follows. From
(2.26)

(2.30)  /N[P™, Q; U,y — i(P™, Q; U] + %j W(t) dMP*~1(t)

1 1
= — EJ [Wh(P) — W(P*)]dM + Op(ﬁ).

Using Lemma 2.1, this becomes
1 1
(2.31) - EI(W}V(P,&N)) — W(EPM) + WEPN) — W(P*)dM + O, (ﬁ)

= o,(1).

This completes the proof of Lemma 2.2.
CorOLLARY. Under the conditions of Lemma 2.2 the limiting distribution of

(2.32) NP, Q; Uy y) — i(P*, Q; U]

is normal with mean 0 and variance o3..
When A holds we can simplify the expressions for (P, @; U, y), and so on
whenever Q € A*. Let Q € A*. Then

. 12 u;(¢)
(2.33) (P, Q; Uy = 2 Z J‘ ) d j,N(P(t))
l 2
2 PR j,N(P(a’r)) - Uj,N(P(ar—l))]:
which depends on P only through its values P(a,),r = 0,1, -, R. Thus a
general P in A may be replaced by the unique P in A with P(a,) = P(a,), r =
0,1,---, R, ini(P, @; U, y) without changing its value. Therefore it is natural

to restrict P to belong to A and @ to A* in dealing with i(P, Q; U, ), and so
forth, when (4) holds. Also note that with the convention 0log0 = 0,
i(P, P; Uy, §) can be defined for all P € A. The following lemma and its corollary
are analogous to Lemma 2.2 and its corollary.

LemMma 2.3. Let Al and A2 hold. Let P™ be a random element of A, N =

1,2, -, such that the distributions of P'™ in A converge weakly to the degenerate
distribution at P* where P* € A*. Then
(2.34) JNLE®, P™; U, ) — i, P™; U)]

has a limiting normal distribution with mean 0 and variance 62, given in (2.29).

Proor. Using the Skorohod representation as in Lemma 2.2 we may assume
that (PW), W) - (P*, W) with probability 1. Since P € A and P* € A*, it
follows that the total variation of log p™ is bounded in probability for all large
N and converges to the total variation of log p*. Thus using a slight extension
of (2.27) and Lemma 2.1,
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(2.35)

1
INLPW, PMLUy ) = iPY, PY U] + §J W(t) dMP* (1)

- %J[W,{,(P;’,‘”) — W(P*]dM + 0,,(L>

NG

= = 3 ore - wegy + weg - e + o, (=)

NG

= 0,(1).

This completes the proof of Lemma 2.3.

CoROLLARY. Let the conditions of Lemma 2.3 hold. The limiting distribution
of
(2.36) SN (P, P*; U, y) — i(P*, P*; U})]

is normal with mean 0 and variance o,

3. A heuristic proof of the asymptotic normality of 7y
An expression for Ly may be written as below using a formula from Hoeffding
[6]. Fix @ € A* and write

N
(3.1)  Ly(Zy) = N! J T J [T {[wa ()] =2 i Lug(w) 17 dwy - - duwy
i=1

0sw;<--Swns1

N uy (wy;)
J f exp {i; [( ~,1) log 2

0=w;s---SwnEl

+ Zy, log “2(“"')}} dQ(w,) -+ dQ(uwy)
q(w;)
=ZV' J‘j exp {Nl(Pw’ Q[JI,N)} dQ(wl)dQ(wN)a

0w, s 1

IA

where P, is the empirical distribution function of wy, - - -, wy and i(P,,, @; U, y)
is as defined in (2.15). Note that P, is in Ay. Expression (3.1) is the first place
we have written down Ly explicitly and is fundamental to this investigation. A
simple consequence of (3.1) is

(3.2) Ly(Zy) < exp {N sup i(P, @; Uy y)}
PeAn

since

(3.3) N ff dQ(w,) -+ - dQ(wy) = 1.

O0sw;=---=wn=1
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Since @ is arbitrary, (3.2) implies that
(3.4) Ly(Zy) < exp {N inf sup i(P. @; Uy x)}

QeA* PeAn

= exp {N inf sup i(P, Q; Uy y)}

QeA* PeA*

in view of (2.20§. Again, since the integrand in (3.1) is an exponential raised to
the Nth power, we may for large N act as if
(3.5) {n = log Ly ~ N inf sup (P, @; U, y),

PeA* QeAx

where ~ means that the expressions on both sides of it are equal in some
asymptotic sense. Let us look at the expression on the right side with U, y
replaced by its limit which is U]. We get

(3.6) N inf sup i(P, Q; U)

QeA* PeA*

which may be replaced by
(3.7) N sup inf i(P, @; Uy),

PeA* QeA*
if the appropriate result concerning the equality of a min max to a max min
holds. This last expression can be shown (see Lemma 4.1) to be equal to

(3.8) N sup i(P, P; Uy).

PeA*

Let us assume that there is a unique P* in that A* such that the above is equal to
Ni(P*, P*; U}). This assumption will be made precise in Section 4 as Condition
B. The simplification which occurs when we use the limit U] leads us to write

(3.9) {n ~ Ni(P*, P*; U, y).
If the above were true, then from the corollary to Lemma 2.2 it follows that
LN [£ — Ni(P*, P*: U})]

/¥

has a limiting normal distribution with mean 0 and variance g3..

(3.10)

4. Some intermediate results for i (P, Q; *)

This section deals with some properties of i(P, Q: U}) and i(P, Q: Uy y).
These results are used in the proof of the main theorems of Section 5.
LemMa 4.1.  Let Condition A2 or A2 hold. Let P € A*. Then

(4.1) i(P,Q; Uy) > iP, P; Uy)
for all @ € A* with @ # P.
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Proor. Condition A2 or A2 implies that i(P, @; U}) is finite for P € A* and
@ € A*. For @ € A* with @ # P,

2
u; u;
log - — lo —-’) dUSP
,-;K q &p) 7

(4.2) P, Q;Uy) — P, P;UY) =

I
Q—j DO | =
)
V5]
[la~]
R
~
\%
=

This proves (4.1).

LEMMA 4.2. Let Q € A*. Let A2 hold. Then i(P, Q; U}) isa continuous function
of P with P varying in A.

Proor. Let P"eA,m =1,2,---,and P" —» P. Then

4.3) WP Q;UY) —i(P.Q:UY) =

DO | -

2
Z j.log—ld U;p™ — U;P) -

since log u;/q is bounded and continuous and U}P™ —» U;P in A, j =1,2.
CoroLLARY. Under the conditions of Lemma 4.1

(4.4) sup (P, @; U‘)—suszQ Ul).

PeA*
REMARK. Let (V. V,) be a pair of distribution functions on [0, 1]. Define

2
log 2 dV;(P),
;Jogq Vi)

(4.5) WP, Q: V. V) =

tvl'—'

whenever P € A and @ € A*. One can see in a manner similar to the proof of
Lemma 4.2 that for fixed Q € A*, (P, Q; V., V,) is a continuous function of
(V1(P), V3 (P)).

LEMMA 4.3. Let Q € A*. Let Al, A2, and A3 hold. Then i(P, Q; U}) is a
strictly concave function of P with P varying in A.

Proor. Let P,,P,,e A, P, # P,,0 < a < 1. Then

(4.6) (P, + (1 — 0)Py, Q; Uy) — ai(Py, Q; Uy) — (1 — a)i(P,, @; Uy)

12 ;
Ej; j log%d[U;(aPl + (1 = )P,) — alUj(Py) — (1 — a)Uj(P3)]
]' *
= §f10g%d[m(aP1 + (1 —a)Py) — Ui(Py) — (1 — )Ui(Py)]
2

1 . .
= _§j [m(dPl + (1 — OC)PZ) — alUy(Py) — (1 — a)U(Py)] dM

> 0,
since U] is strictly convex and M is strictly increasing.
CoROLLARY. If Q € A*, U] is convex, log u, /u, is nondecreasing and bounded

then i(P, Q; U7) is concave in P
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We now state one form of the critical and hard to verify condition of this

paper.
CoxpirioN B. There exists a unique P* in A* such that

4.7) max i(P, P; Uy) = i(P*, P*: U})

PeA*
and log p* is of bounded variation on [0, 1].
Notice that i(P, P; Uy) may be written as {§ (¢, P, p) dt with

(4.8) &t Pp) =3 [log u; — log pluj(P

”-M“

J

Thus one might use the Euler formula of the calculus of variations to verify B.
The following lemma also can be useful in verifying Condition B.
LeMMa 4.4. Let U] be convex and log u,/u, be nondecreasing. Let A2 hold.
Then i(P, P; Uy) is a strictly concave function of P with P varying in A*. Thus if
there is a P, with
(4.9) i(Py, Py; Uy) = max i(P, P: Uy),
Pea*

then P, is unique.
Proor. Let P, P, ,e A* P, + P,and0 < o < 1.ThenaP; + (1 — )P, € A*
and

4.10)  i(aP, + (1 — a)P,, aP; + (1 — 0)P;; U})
— ai(Py. Py Uy) — (1 — @)i(Py, Py UY)

1 . .
= - §f [Ui(aP, + (1 — 0)P,) — aU(Py) — (1 — a)U"(P)] dM

- f [(apy + (1 — a)p;) log (apy + (1 — @)p,) — op, log p,
— (1 — a)p, log p,] dt > 0,
The first term is > 0 since U] is convex and M is nondecreasing and the second
term is > 0 since x log x is strictly convex.

LemMa 4.5. Let Condition B hold. Let U} be convex, M be nondecreasing and
Condition A2 hold. Then

(4.11) ,max Iéleln WP, Q; Uy = gelgx Jmax WP, Q; UY)
and

* *. 7t
(4.12) pmax i(P, P*; Uy) = i(P*, P*; U}),

where the P* is as specified in Condition B.

Proor. We first establish (4.12). Only this conclusion of the lemma will be
used later. The equality in (4.11) is aesthetically pleasing and is implied by (4.12)
in the presence of (4.1) and (4.4) as we shall see later.
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Let P € A*. From Lemma 4.1
(4.13) i(P. P Uy) = rQniAr} WP, Q:UY).

From Condition B

(4.14) i(P*, P*; Uy) = max i(P. P; U]) = max min (P, Q; U}).

PeA* QeA*
Now, let 0 < a« < 1, Pe A* P #+ P* Then for Q € A*, i(P', Q; U}) is a con-
cave function of P’ from the corollary to Lemma 4.3. Thus
4.15) (1 —)P* + aP. Q: U}) = (1 — w)i(P*, Q: U}) + ai(P; Q: U})

= (1 — a)i(P*, P*; Uy) + ai(P, Q; UY)
from (4.1). Put Q@ = @, where @, = (1 — a)P* + aP. The above reduces to

(4.16) Q1. Q1: Up) = (1 — a)i(P*, P*; U}) + ai(P, @y UY).
In view of Condition B we must have

(4.17) i(P, Qy: Uy) S i(P*, P*; UY)

for all P € A*. Now let « — 0. We show later in this proof that
(4.18) P, Qy; Uy) — i(P, P*; UY).

Thus

(4.19) P, P*; Uy) < i(P*, P*; UY)

for all P € A*. The conclusion (4.12) of Lemma 4.5 follows from (4.19) and (4.4).
Again, from (4.12) and (4.14)

(4.20) min max (P, Q; U}) £ max i(P, P*; U))
QeA* PeAor A* PeA or A*
= i(P*, P*; Uy)
<
= Jagn. 10 9 0.

But a min max is always greater than or equal to a max min. Thus there is
equality throughout (4.20) which now establishes (4.11).

To make this proof complete it therefore remains to establish (4.18) which
can be done as follows:

12 .
@21) (P, Q;Uy) — P, P*; Uy) = 5 > J(log;ﬁ - log—i>dU]P
j=1 1
p*
= | log———pd
J og(l — o)p* + ocpp

which tends to 0 as « tends to 0 by the dominated convergence theorem since
the integrand in the last expression tends to 0 and is bounded in modulus for P
and P* belonging to A*.
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CoROLLARY. Let Condition B hold. Let Al, A2, and A3 hold. Then

(4.22) i(P, P*; Uy) < i(P*, P*; U})
for all P # P* P e A. Further if P** is any random element in A with
(4.23) i(PX*, P*; Uy) = i(P*. P*. U))

with probability 1 then P** = P* with probability 1.

This corollary follows readily from (4.12) in Lemma 4.5 and the strict con-
cavity of i(P, P*; U}) in P established in Lemma 4.3.

THEoOrREM4.1. Let Conditions B, A1, A2, and A3 hold. Then there exist random

elements P™ in Ay, N = 1,2, -+, such that (i)
1
(4.24) (PN P* U, y) 2 sup (P, P*; U, y) — —
’ PeAn ’ A

and such that (ii) the probability measures induced by P®) converge to the de-
generate probability measure at P*. Here P* is as given in Condition B.

Proor. With probability 1, U, y is one of the (}) distribution functions
that give masses 1/n to n of the N points 1/N, 2/N, --- N/N. For each value of
Uy y we can fix a P™ in Ay such that

(4.25) i(P™, P*; U, y) = sup i(P, P*; U, y) — L
’ PeAN ’ N
Notice that this supremum is always finite since
1 2 (¢
(4.26) |i(P, P*; Ul,N)‘ < - Z sup|log ui( )|.
j=1 t p*(?)
Thus we obtain random elements P™ in Ay, N = 1,2, -, satisfying (4.24).

Since A is compact and metric. the probability measures induced by {P™} have
limit points. Let the probability measure induced by P** be one such limit point.
Since sup, |U, y(t) — Uj(t)] = 0 with probability 1. the probability measure of
U7 (P**) is a limit point of the probability measures of {U, y(P"™)}. (All these
random elements are in A.) From the remark following Lemma 4.2, the distri-
bution of i (P**, P*: U;) is a limit point of the distributions of {i(P™. P*; U, \)}.
But. from (2.20),

(4.27) i(PM P*, U, y) = sup (P, P*; U, y) — l
’ PeAN ’ iN _
=sup (P, P*: U, y) — =
PeA ' N
= W(PEP*: U, y) — %

Again i(P*, P*; U, y) converges in probability to the constant i(P*, P*; Uy).
Hence
(4.28) i(P**, P*. Uy) = i(P*, P*; U})

with probability 1. From the corollary to Lemma 4.5. P*¥* = P* with prob-
ability 1. This establishes the second part of Theorem 4.1.
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REMARK. Under the conditions of Theorem 4.1.

(4.29) sup i(P, P*; U, y) — i(P*, P*; UY)
PEAN
in probability. .
CoRrOLLARY. Under the conditions of Theorem 4.1 and with the sequence {P™}
as defined there

(4.30) JNL@E™, P U, y) — i(P™, P*; U]

has a limiting normal distribution with mean 0 and variance 63, as given in (2.29).
The above corollary follows from an application of Lemma 2.2.
We now state a condition analogous to the Condition B which will be used
when Conditions Al and A2 hold.
ConDITION B. There exists a unique P* in A* such that

(4.31) i(P*, P*, U}) = max WP, P; UY).
€A
TueoreM 4.2. Let Conditions B, Al, andA2 kold. Then there exist random
elements P™ in Ay, N = 1,2, -+, such that (i)
(4.32) i(PM, PN, Uy n) = maxi(P, P U, y),
PeAn

and such that (i) the probability measures induced by {P™} converge to the de-
generate probability measure at P* where P* is as given in Condition B.

Proor. Notice that Ay contains only a finite number of elements. For each
one of the () possible values of U, y we can fix a P™ in Ay to satisfy (4.32).
These P) are random elements in Ay, N = 1,2, - - - . Since A is compact and
metric, the probability measures of {P™} have limit points. Notice that these
limit points can only be probability measures in A. Let the probability measure
of P** be one such limit point. In a fashion similar to the proof of Theorem 4.1,
the distribution of i(P**, P**; U]) is a limit point of the distributions of
i(P™, P™: U, y). From Berk and Savage [1] (page 1668. line 9)

log N
(4.33) maxi(P.P: U, y) 2 sup i(P. P: U, x) + O —2.
PeAn ’ PeA ’ A
) log N

> i(P*. P* U, y) + O v )

Combining these facts,
(4.34) i(P** P**. U]) Z i(P* P*: U))

with probability 1. From Condition B it now follows that P** = P* with prob-
ability 1. This establishes the second part of Theorem 4.2.

CoroLLARY. Under the conditions of Theorem 4.2 and with the sequence as
defined there :

(4.35) JNLEP™, PN U, ) — (PN, PN U]

has a limiting normal distribution with mean O and variance 6. as given in (2.29).
This corollary follows immediately by an application of Lemma 2.3.
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5. The proof of the asymptotic normality of £

We present two theorems on the asymptotic normality of £/, one when B,
Al, A2, and A3 hold and the other when B, Al, and A2 hold. It may be noted
once again that Sethuraman [9] has established the asymptotic normality of £y
for a case not covered by the two theorems alluded to above. In Section 6 we
have an example where Al and A2 hold but B does not hold and the asymptotic
distribution of £y is not normal.

The proof of the asymptotic normality when B, A1, and A2 hold is short and
is facilitated considerably by the results of Berk and Savage [1]. The proof when
B, Al, A2, and A3 hold is more lengthy and uses the results of Section 4 heavily.
We feel that it might be possible to generalize this method of proof to include
the case when B, A1 and A2 hold and also to include other cases of interest
which are now excluded by the restrictive conditions B, Al, A2, and A3. We
have not been able to do this so far.

THEOREM 5.1. Let B, Al, A2, and A3 hold. Then

1
JN
has a limiting normal distribution with mean 0 and variance 3. as given in (2.29).
Here P* is as specified by Condition B.

Proor. Substituting @ = P* in (3.2) we obtain
5.2) ¢{n = N sup i(P, P*; U, ).

PeANn

(5.1) [¢y — Ni(P*, P*; U})]

Let P™ be the random element in Ay given by Theorem 4.1. Using equalities
(4.12) and then (4.24), we have

1
(5.3) —\/_—ﬁ[fzv — Ni(P*, P*; U})]

<\/_[supz(PP UlN)—supz(PP U]

PeANn

< \/I—V LP®™, P*; U, y) — i P™, P*; UD)] + jﬁ

The corollary to Theorem 4.1 states that the above expression has a limiting
normal distribution with mean 0 and variance ¢2.. Thus

where @ (x) is the distribution function of the standard normal random variable.
For any function % on [0, 1], define

(5.5) 2] = sup |&()).

0=t=1

(5.4) lim inf P{[¢y — Ni(P*, P*; UDNJN <2} 2 (

Substituting @ = P*in (3.1) and letting § = {0 < w;, <+ < wy £ 1:||P, —
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P*|| £ ¢/./N} we have, for any ¢ > 0,
y

56) Ly z N[ - [exp {Ni(P,, P* Uy y)} dP*(w)) - - dP*(e)

Z Ky(e) exp {N inf [i(P, P*; Uy y): P€ Ay, ||P - P*|| < e//N1},

where

57) Ky(e) = [ -+ [ dP*(wy) -~ dP*wy)

with the integral taken over the set {wy, - - - , wy: |P. — P*|| < &/\/N}. From
the Kolmogorov-Smirnov theorem (Billingsley [2], Section 16)

(5.8) Ky(e) » K(&) > .

Consider

(5.9)

s N * . — 2 %* %* .
ﬁ’IMM VAL o P> P* Usw) = i(P* P Uy )|

< ﬁ sup
PeA, || P—P*|| s¢/ /N

- : *. o *.
VN |, s [P P4 Uy ) — (P P UY)

— i(P*, P*; U, y) + i(P*, P*; U}) + i(P, P*; Uy) — i(P*, P*; U})|
3 [ oWy - Wi an|

SE f[U}(P) — U] dM‘ ¥ Op(ﬁ)

F oA m 2
Thus using (2.29) in which Py and P are also defined, we have

€ 2 1
5.10 SiCo|Wy,——+=])+Cc+0 )
(6.10) =3 w( N «/ﬁ N) € p(ﬁ
where C = Var (M) and in which we have used the fact that ||PN — Pﬁ” =<

e/\/Z_V + 2/N and ||u}|| < 2. From Lemma 2.1 (ii), the first term in the above is
0,(1). Thus from (5.6), (5.8), and (5.10), we have

|‘i(P,P*; UI,N) b @(P*,P*, Ul,N)‘

< su
= uP—P*llpés/ﬁ

(5.11)
1
JN

[¢x — Ni(P*, P*; UY)]

> /N [i(P*, P*; U; y) — i(P*, P*; Up)] + 0,(1) — Ce.
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Using the corollary to Lemma 2.2 in the above and noting that ¢ > 0 is arbitrary,
we have

(5.12) lim sup P{[£y — Ni(P*, P*: U})]//N < 2} < @(a )
N P*

Theorem 5.1 now follows from (5.4) and (5.12).

The next theorem applies to the case when u; and u, are hlstograms

Tuorem 5.2. Let B, &1, and A2 hold. Then [/y — Ni(P*, P*; UDl//N
has a limiting normal distribution with mean 0 and variance 3. as given in (2.29).
Here P* is as specified in Condition B.

Proo¥. The expression for Ly in (3.1) can be simplified in this case. Putting
Q = the uniform distribution on [0, 1] in (3.1),

N
(5.13) Ly = N! J'f .l_ll{[ul(wi)]l_Z""‘[uz(wi)]z”*"} dw, -+ dwy
< 1=

R 2
= N! Z 1‘[ {l"[ g?{lrUj.n(mar»U,-.y(P(ar-l))l} (N[P(a,) _ P(ar_l)])!

PeAny r=1 {j=1
R P(a ]N[P(ar) - P(ar-1)]
=N! exp {Ni(P. P: U, y)} -
PGZZ:N "y 1:11 \ [P (a, Pa,_, )])!
where u;, = u; (a, —@a,_y), j=1,2,r=1,- R Using Stirling’s formula

and simplifying (5.13), Berk and Savage [1] (page 1667, line 17 and page 1668,
line 9) have shown that

(5.14) |/N — N sup (P, P; UI,N)| = O(log N)

PeAN

and

(5.15)

log N
(PP Uy ) = supi(P, P Uy )| = o("g—).

PeAn PeA N
Now. using (5.14) and (5.15).
(5.16) /N [i(P*. P*: U, y) — i(P*, P*; U})]
< JN[supi(P, P; Uy ) — i(P*, P*; U})]

PeA

— Ni(P*, P*; U] + (log N)

_\/—[/N ﬁ
log N
_ﬁ[suszP U1 N)_Supl(PP U*)] <og;]\7)

PeAn
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where P is a random element in Ay chosen as in Theorem 4.2. The top expres-
sion in (5.16) has a limiting normal distribution with mean 0 and variance o3.
from the corollary to Lemma 2.3. From the corollary to Theorem 4.2 the last
expression in (5.16) has the same limiting distribution. This establishes that
[¢y — Ni(P*, P*; U} )]/ﬁ has a limiting normal distribution with mean 0 and
variance o.

6. An example where /y has a nonnormal asymptotic distribution

An example is given below where with the usual normalization / has an
asymptotic distribution which is not normal. In this example U, and U, have
probability density functions which are histograms and Uj and U5 have
continuous probability density functions. Thus Conditions Al and A2 are
automatically satisfied. We establish that B is not satisfied. Finally we evaluate
the asymptotic distribution of /.

Let R=2,a0=0.a; =3, a, =1. Leta >0, >0and a + f = 2. Let
A = log (a/B) > 0, u = log (}ap)'/?. Let

6.1) 0 a if 0ty

. U =

( ! g if L<t<,

(6.2) u(t) = 2 — uy(t), 0=st=s1
For Pe A set P(3) = n. Then

6.3 N = 2n if 0<t<4

(6.3) PO=%0 —m) if L<i<l.

Also, 0 £ n £ 1 and & parametrizes the class A. Now, for any U;. U;.

(6.4) i(n) = i(P, P: U})

= é{Ll(n) log 5 + [1 - Uim)] logm

+ U;(n)log£ + [1 = Us(m)] 10%%}

(I —m)
= [Uim) - n]log %
aﬁ 1/2
+ [—mlogn — (1 —m)log (1 — n)] + log (Z)

= MUi(n) — 7] + L(n) + p,

where L(n) = —mlogn — (1 — @) log (1 — m). Notice that /(n) = L(n) =
log (1 — m)/m. Let Ay = 1/(1 +e*), A° = (1 — 4y) = €*/(1 + €*). Then
0<i<3<2%<1 and £(4y) = —£(A°) = A. We choose U] and U, as
follows.
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2 — 2t/A, if 0<1t< 4,
(6.5) w () =41 — £(t)/A if Ay St <20,
2 —2(t— A%/ — A% if °gt<L1,
and
(6.6) uy(t) = 2 — ui(t), 0t

Then u} is continuous on [0,1], 0 < wj(¢) < 2, and [§ u}(t) dt = 1. Thus u)
and u’, are continuous probability density functions. An explicit form for Uj is
2t — t2/A, if 0=5tZ 4,
(6.7) Ui(t) =<t + c — L(t)/A if Ao £t <29,
2t — A% — (1t — A%%1 = A% if A2t <L,
where ¢ = L(A,)/A = L(A°)/A. Substituting this U] in (6.4) we obtain
AMn — n?/iy) + L(m) if 05 m <4,
(6.8) i(n) —pu=14Ac if Ay SA=529
M — 2% — (r — 2°%/(1 =A%) + L(n) if 2°Sn< 1.
It can be shown (for instance by the sign of the derivatives, and so on) that

i(m) — pu < cA for © < Ay and 1 > A°, and that for any 6 > O there exists a
é > 0 such that

(6.9) im) —pZLch—96 forall m<d,— 6,7 > 4%+ 6.
Thus
(6.10) max i(n) = Ac + u = i(t) for any ¢ e [4o, A°].

0=szs1
This means that Condition B is not satisfied.
For 6 > 0 and x real let

(6.11) Go(x) = P{ su W(n) £ x},

P
ne[io—6, 1°+6)

where {W(t),0 < ¢t < 1} is the Gaussian process in D~ defined with mean
function 0 and variance-covariance K(t, s) as defined in (2.23).
Recalling relation (5.14) we have

(6.12) |¢x — N sup i(P, P; Uy y)| = O(log N).

PeAN

Further, by a simplification similar to (6.4)
(6.13) i(P, P; Uy, ) = {Uy n(n) = 7) + Liz) + p,

whenever 1 = P(}) is a multiple of 1/N. Thus, from (5.14) and (6.13),
(6.14) VNP, P; Uy y) — i(P, P; U] = AWy(m),

whenever P € Ay, that is when n = P() is a multiple of 1/N.
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Now
(6.15)
\/N[;s':lzp WP, P; U, y) — (he + p)]

> ﬁst}l)p ([iP. P: U, ) — i(P.P:U})]: Ag S @ < A%, Pe Ay}
=1 sup {Wy(n): 4y £ n £ 2° 7 a multiple of 1/N},

using (6.14). From Lemma 2.1 (i), comparing (5.14) and (6.15), we have that
(6.16) limNsup P{(¢{y — N[Ac + ,u])/ﬁ < x} £ Gy(x).

Again, for any 6 > 0, ﬁ [suppeay 4P, P; Uy y) — (Ac + p)] is equal to the
maximum of

(6.17) ﬁ[sgp {i{P,P;U, ) — (Ac + p): Pe Ay, ¢ [Ao — 6. 1° + 6]}]
and

(6.18) \/A-’sup {itP,P: U, y) — (Ac + p): PeBDy,me[ly — 0.2° + 0]}
which is smaller than the maximum of

6.19) /Nsup {[i(P, P; U, y) — i(P. P:U)]:PeBy.n¢[Lo — 0.2° + 0]}
-6 /N

and

(6.20) ﬁs%p ([itP. P: U, y) — i(P. P; Uy)]:PeBy.ne[i, — 0.2° + 6]}.

in view of (6.9) and (6.10). The first term in the above tends to — > in probability.

The limiting distribution function of the second term is (/4(x) by an application
of Lemma 2.1 (i). Thus

(6.21) lim jnf P{[#y — N(ic + WX < 2} 2 Gola).
For the Gaussian process W with continuous path functions one can show that
(6.22) })iﬂ(l) Go(x) = Gy(x).

Since 8 > 0 is arbitrary in (6.21), using (6.22) and then comparing it with (6.16)
we find that

(6.23) lim P{/y — N(ie + WY < &) = o)

which is the probability that the supremum of the Gaussian process W on
[Ao, A°] is less than or equal to z. The distribution G is clearly not normal.
This completes the example.

O R R ¢
We thank Professors R. R. Bahadur and J. Hajek for several helpful remarks
and comments.
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