CHAPTER IX
ADDITIONAL TYPES OF ORDINARY EQUATIONS

100. Equations of the first order and higher degree. The degree of
a differential equation is defined as the degree of the derivative of
highest order which enters in the equation. In the case of the equation
¥ (x, y, y')=0 of the first order, the degree will be the degree of the
equation in y'. From the idea of the lineal element (§ 85) it appears
that if the degree of ¥ in y'is n, there will be n lineal elements through
each point (x, y). Hence it is seen that there are n curves, which are
compounded of these elements, passing through each point. It may be
pointed out that equations such as y' = xV1 4 3% which are apparently
of the first degree in 7', are really of higher degree if the multiple value
of the functions, such as V1 4 ¢? which enter in the equation, is taken
into consideration ; the equation above is replaceable by y” = x% 4 x%?
which is of the second degree and without any multiple valued function.*

First suppose that the differential equation

Y@y y) =l — @@ I x [ — @ p]--=0 €Y
may be solved for y'. 1t then becomes equivalent to the set
Yy — \l'l(x, ) =0, y' — gpz(x, »N=0,-.. 1"

of equations each of the first order, and each of these may be treated
by the methods of Chap. VIII. Thus a set of integrals

Fyx,y, C)=0, Fy(x,y, C)=0, - )
may be obtained, and the product of these separate integrals
F(.’E,:l/, C)=F1(x,3/, C)'Fz(x)?/’ C)=0 (2’)

is the complete solution of the original equation. Geometrically speak-
ing, each integral F(x, y, C') = 0 represents a family of curves and the
product represents all the families simultaneously.

* It is therefore apparent that the idea of degree as applied in practice is somewhat
indefinite.

t The same constant C' or any desired function of ' may be used in the different
solutions because (' is an arbitrary constant and no specialization is introduced by its
repeated use in this way.
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As an example consider y2 + 2yy cotx = y2. Solve.

Y24 2y'ycotx + y2cot?xr = y2(1 + cot?x) = y2csclx,

and (¥ + ycotx — yescx)(y + yeotT + yescx) = 0.

These equations both come under the type of variables separable. Integrate.
d_yzl_—'cﬂdzz_m_, y(l-{-cosa:):C, .
Yy sinx 1+ cosx

and d_y=_1+'cosmdz= dcosz »  y(@—cosz)=C.
Y sinx 1— cosz

Hence [y(1 + cosz) + Cl[y(1 —cosx)+ C]=0

is the solution. It may be put in a different form by multiplying out. Then
y2sin2x + 2Cy + C2=0.

If the equation cannot be solved for y' or if the equations resulting
from the solution cannot be integrated, this first method fails. In that
case it may be possible to solve for y or for x and treat the equation by
differentiation. Let y'=p. Then if

dy __ 9o o dp
y=r(=p), Fri Al Ll N )
The equation thus found by differentiation is a differential equation of
the first order in dp/dx and it may be solved by the methods of Chap.
VIII to find F(p, z, C)=0. The two equations

y=rf(z,p) and F(p,z, ()=0 39
may be regarded as defining x and y parametrically in terms of p, or p
may be eliminated between them to determine the solution in the form
Q(x, y, )= 0 if this is more convenient. If the given differential equa-

tion had been solved for z, then
de 1 _of

x=f(y,p) and —=—=

of dp
= oy ®

op dy
The resulting equation on the right is an equation of the first order in
dp/dy and may be treated in the same way.

As an example take xp2 — 2yp + ax = 0 and solve for y. Then

ax dy dp axdp  a

2y = — 2 =2=2p= —_—_—_—— = —

/ Yy P+p az D p+fbdm pzdz+p,

or 2[I’-—g]d—p+(g—p)=0, or zdp — pdx = 0.
P plde  \p

The solution of this equation is = Cp. The solution of the given equation is
2y =xp + @ s z=Cp
p
when expressed parametrically in terms of p. If p be eliminated, then

2
2y = % +aC parabolas.
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As another example take p2y + 2 pr = y and solve for x. Then
2 1
21):?}(-1——])), 2d—I:—:—~—p+y<— };—l)d—py
P dy p p P dy

or 1+p+y(l+l>d—p=0, or ydp 4+ pdy =0.
P p? dy

The solution of this is py = C and the solution of the given equation is
2;1;:1/(1—1)), py=C, or y2=2Cr+ C2
p

Two special types of equation may be mentioned in addition, although
their method of solution is a mere corollary of the methods already
given in general. They are the equation homogeneous in (x, y) and
Clairaut’'s equation. The general form of the homogeneous equation is
¥ (p, y/x)= 0. This equation may be solved as

p=4(Y) - ow L=r) y=w@s ®

and in the first case is treated by the methods of Chap. VIII, and in
the second by the methods of this article. WWhich method is chosen
rests with the solver. The Clairaut type of equation is

y=pz+r5) . ()

and comes directly under the methods of this article. It is especially
noteworthy, however, that on differentiating with respect to « the result-
ing equation is
e+ L=0 o L=o. (®)
Hence the solution for p is p = C, and thus y = Cx + f(C) is the solu-
tion for the Clairaut equation and represents a family of straight lines.
The rule is merely to substitute C in place of p. This type occurs very
frequently in geometric applications either directly or in a disguised
form requiring a preliminary change of variable.

101. To this point the only solution of the differential equation
¥(z, y, p)=0 which has been considered is the general solution
F(x, y, C)= 0 containing an arbitrary constant. If a special value,
say 2, is given to C, the solution F(x, y, 2)= 0is called a particular
solution. It may happen that the arbitrary constant C enters into the
expression F(x, y, €)= 0 in such a way that when C becomes positively
infinite (or negatively infinite) the curve F(z, y, C)= 0 approaches a
definite limiting position which is a solution of the differential equation;
such solutions are called infinite solutions. In addition to these types
of solution which naturally group themselves in connection with the
general solution, there is often a solution of a different kind which is
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known as the singular solution. There are several different definitions
for the singular solution. That which will be adopted here is: A4 singu-
lar solution is the encelope of the famdy of curves defined by the
general solution.

The consideration of the lineal elements (§ 85) will show how it is
that the envelope (§ 65) of the family of particular solutions which
constitute the general solution is itself a solution of the equation. For
consider the figure, which represents the particular solutions broken up
into their lineal elements. Note that the envelope is made up of those
lineal elements, one taken from each particular so-
lution, which are at the points of contact of the envelope
envelope with the curves of the family. It is seen
that the envelope is a curve all of whose lineal
elements satisfy the equation ¥ (x, y, p) = 0 for the
reason that they lie upon solutions of the equation. Now any curve

P
Samily

‘whose lineal elements satisfy the equation is by definition a solution

of the equation; and so the envelope must be a solution. It might
conceivably happen that the family F(z, y, C)= 0 was so constituted
as to envelope one of its own curves. In that case that curve would
be both a particular and a singular solution.

If the general solution F(x, y, C)= 0 of a given differential equation
is known, the singular solution may be found according to the rule for
finding envelopes (§ 65) by eliminating C' from

F(z,y, )=0 and a—%F(w, y, C)=0. )

It should be borne in mind that in the eliminant of these two equations
there may occur some factors which do not represent envelopes and
which must be discarded from the singular solution. If only the singu-
lar solution is desired and the general solution is not known, this
method is inconvenient. In the case of Clairaut’s equation, however,
where the solution is known, it gives the result immediately as that
obtained by eliminating C' from the two equations )
y=Cx +f(C) and O0=uz+ f'(C). ®)
It may be noted that as p = C, the second of the equations is merely
the factor « + f'(p) = 0 discarded from (6'). The singular solution may
therefore be found by eliminating p between the given Clairaut equa-
tion and the discarded factor = + f'(p)= 0.
A reéxamination of the figure will suggest a means of finding the
singular solution without integrating the given equation. For it is seen
that when two neighboring curves of the family intersect in a point P
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near the envelope, then through this point there are two lineal elements
which satisfy the differential equation. These two lineal eleménts have
nearly the same direction, and indeed the nearer the two neighboring
curves are to each other the nearer will their intersection lie to the
envelope and the nearer will the two lineal elements approach coinci-
dence with each other and with the element upon the envelope at the
point of contact. Hence for all points (x, ) on the envelope the equa-
tion ¥ (x, y, p) = 0 of the lineal elements must have double roots for p.
Now if an equation has double roots, the derivative of the equation
must have a root. Hence the requirement that the two equations

y(z,y,2)=0 and a%sb(w, »p)=0 ©)

have a common solution for p will insure that the first has a double
root for p; and the points (x, y¥) which satisfy these equations simul-
taneously must surely include all the points of the envelope. The rule
for finding the singular solution is therefore: Eliminate p from the
given differential equation and its derivative with respect to p, that is,
from (9). The result should be tested.

If the equation xp? — 2yp + ar = 0 treated above be tried for a singular solution,
the elimination of p is required between the two equations

p?—2yp+ar=0 and xp—y =0.

The result is y2 = ax2, which gives a pair of lines through the origin. The substi-
tution of y = + Vaz and p=4 Va in the given equation shows at once that
y2 = ar? satisfies the equation. Thus y2 = ax? is a singular solution. The same
result is found by finding the envelope of the general solution given above. It is
clear that in this case the singular solution is not a particular solution, as the par-
ticular solutions are parabolas.

If the elimination had been carried on by Sylvester’s method, then

0 T —vy
r —2y al=—a(@*—ar?)=0;
T — ¥ 0

and the eliminant is the product of two factors x = 0 and y2 — az? = 0, of which
the second is that just found and the first is the y-axis. As the slope of the y-axis
is infinite, the substitution in the equation is hardly legitimate, and the equation
can hardly be said to be satisfied. The occurrence of these extraneous factors in
the eliminant is the real reason for the necessity of testing the result to see if it
actually represents a singular solution. These extraneous factors may represent
a great variety of conditions. Thus in the case of the equation p2 + 2 yp cot x = y?
previously treated, the elimination gives y2 csc2x = 0, and as csc & cannot vanish,
the result reduces to y2 = 0, or the x-axis. As the slope along the z-axisis 0 and ¥
is 0, the equation is clearly satisfied. Yet the line y = 0 is not the envelope of the
general solution ; for the curvesof the family touch the line only at the points nar.
It is a particular solution and corresponds to C = 0. There is no singular solution.
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Many authors use a great deal of time and space discussing just what may and
what may not occur among the extraneous loci and how many times it may occur.
The result is a considerable number of statements which in their details are either
grossly incomplete or glaringly false or both (cf. §§ 65-67). The rules here given
for finding singular solutions should not be regarded in any other light than as
leading to some expressions which are to be examined, the best way one can, to
find out whether or not they are singular solutions. One curve which may appear in
the elimination of p and which deserves a note is the tac-locus or locus of points of
tangency of the particular solutions with each other. Thus in the system of circles
(x — C)% +y2% = r? there may be found two which are tangent to each other at any
assigned point of the z-axis. This tangency represents two coincident lineal
elements and hence may be expected to occur in the elimination of p between the

- differential equation of the family and its derivative with respect to p ; but not in

the eliminant from (7). .
EXERCISES

1. Integrate the following equations by solving for p = y”:
(a) pP—6p+5=0, B p°— 2z +17)p*+ (% — y% + 227 p— (&% —y?)y? =0,
(v) 2P —2yp—2=0, (3 P*(@+29)+3p°@+v)+p(¥+22)=0,
(e) P+ =1, () p*—ax? =0, () p=(@—2a)V1+p

2. Integrate the following equations by solving for y or z :
(a) 42p*+2ap—y =0, (B) y=—ap+ap? () p+2xy—2*—y2=0,
(3) 2pz—y +1logp=0, (¢) z—yp=ap? (§) y=z + atan-lp,
(n) ==y + alogp, 0) =+py2p*+8)=0, () a’yp*—2zp +y =0,
(x) p?—4zyp +842=0, (\) z=p + logp, (n) P*(x? + 2ax) = a2.

3. Integrate these equations [substitutions suggested in (¢) and (k)] :
(a) =* (p* +2) =2py° + 2, (8) (nx + py)* = (1 + p?) (¥* + na?),
(v) ¥* + ayp — 2?p* =0, () y=up* + 2z,
(€) ¥y =pz + sin~lp, ) y=p@&—1b) +a/p,
() y=px+pQ1-p, (6) v*—2pay — 1 = p? (1 —2?),
(¢) 4e2vp® +2zp—1=0, z=e2y, (x) ¥y =2px + ¥%%, ¥ =z¢,
(N) 4e2up? 4 2¢22p — = = 0, () 22 (y — pz) = Yp?.

4. Treat these equations by the p method (9) to find the singular solutions.
Also solve and treat by the C method (7). Sketch the family of solutions and
examine the significance of the extraneous factors as well as that of the factor
which gives the singular solution :

(@) péy +pE—y)—x=0, (B) p?y? cos? a — 2 pxy sin?a + y? — #?sin? a = 0,

" (y) 42p% = 8z — a)?, (8) yp%x (x — a) (x — b) = [32% — 2z (a + b) + ab]?,
() P+ap—y=0, (3) 8a (1 + p)*=27( +y) (1 —p)?
(n) @*p* +72%yp + @* =0, 6 yE—4yp* =401 -y).

5. Examine sundry of the equations of Exs. 1, 2, 8, for singular solutions.

6. Show that the solution of y = 2¢ (p) + f(p) is given parametrically by the
given equation and the solution of the linear equation:
e, ¥ _ _Fl»
& ¢(®)—p p—9(D)
@u=c(p+aVitp), (z=w+aw’ @) y=>1+pz+"

Solve (a) y=map+n(l+ ps)%,
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7. Asany straight line is y = ma + b, any family of lines may be represented as
y = mx + f(m) or by the Clairaut equation y = px + f(p). Show that the orthog-
onal trajectories of any family of lines leads to an equation of the type of Lx. 6.
The same is true of the trajectories at any constant angle. Express the equations
of the following systems of lines in the Clairaut form, write the equations of the
orthogonal trajectories, and integrate :

(a) tangents to % + y2 =1, (8) tangents to y? = 2ax,
(v) tangents to y2 = a8, (8) normals to y2 = 2 ax,
(€) normals to y2 = 8, (¢) normals to b2r2 4 a2y? = a2?2.

8. The evolute of a given curve is the locus of the center of curvature of the
curve, or, what amounts to the same thing, it is the envelope of the normals of the

given curve. If the Clairaut equation of the normals is known, the evolute may be -

obtained as its singular solution. Thus find the evolutes of

(a) ¥%2=4ax, B) 2zy = a2, ) «f + yzti = ag,
a:2 y2
(3)@4'(7:1» (€) y2=2a—x’ () y=1(em+e—7).

9. The involutes of a given curve are the curves which cut the tangents of the
given curve orthogonally, or, what amounts to the same thing, they are the curves
which have the given curve as the locus of their centers of curvature. Find the
involutes of

(@) 22 + y2 = a2, B) ¥? = 2ma, (v) ¥ = acosh (z/a).

10. As any curve is the envelope of its tangents, it follows that when the curve
is described by a property of its tangents the curve may be regarded as the singu-
lar solution of the Clairaut equation of its tangent lines. Determine thus what
curves have these properties :

(a) length of the tangent intercepted between the axes is [,

(B) sum of the intercepts of the tangent on the axes is c,

(v) area between the tangent and axes is the constant k2,

(8) product of perpendiculars from two fixed points to tangent is 2,
(€) product of ordinates from two points of z-axis to tangent is k2.

11. From the relation ‘Z—F = u VM2 4 N2of Proposition 3, p. 212, show that as
n

the curve F = C is moving tangentially to itself along its envelope, the singular
solution of Mdx 4+ Ndy = 0 may be expected to be found in the equation 1/u =0;
also the infinite solutions. Discuss the equation 1/u = 0 in the following cases :

() \/1—y2d¢=\/1—x2dy, 8) xdm+ydy=\/x2+y2-—a2dy.

102. Equations of higher order. In the treatment of special prob-
lems (§ 82) it was seen that the substitutions

dy _ Py dp By dp
do D d? = dr " dw2—pdy
rendered the differential equations integrable by reducing them to in-
tegrable equations of the first order. These substitutions or others like

them are useful in treating certain cases of the differential equation

(10)
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Y, y, vy ¥, -, ¥”)=0 of the nth order, namely, when one of the
variables and perhaps some of the derivatives of lowest order do not
occur in the equation.

di?/ dt'+1y dny
In case \Il<nc, (;7_.’1,‘}, dei’ sy (—i;l>=0, (11)
y and the first ¢ — 1 derivatives being absent, substitute
dy _ dq d"~'q ,
T4 80 that \Il<w, O oge dw"“) =0. 11h

The original equation is therefore replaced by one of lower order. If
‘the integral of this be F(x, ¢) = 0, which will of course contain n —1
arbitrary constants, the solution for ¢ gives

1=1G) wd y= [ 1 sy (12)

The solution has therefore been accomplished. If it were more con-
venient to solve F(x, ¢) = 0 for # = ¢ (¢), the integration would be

2/=f~-fy(da')‘=f~'~f7[¢’(7)d9]‘; 129

and this equation with 2 = ¢(y) would give a parametric expression
for the integral of the differential equation.

In case \If< dy &y . d 'I/> =0, 13)

P e’ da® " dan

x being absent, substitute p and regard p as a function of y. Then

dy d’y  dp dy  d/ dp
do P daﬂ—pdy’ dacf‘_de Pdg/ T o
_ (13"
a B 0 N e ) G
an o2 g ) =0

In this way the order of the equation is lowered by unity. If this equa-
tion can be integrated as F(y, p) = 0, the last step in the solution may
be obtained either directly or parametrically as

r=s), %=L (14)
R e (14)

It is no particular simplification in this case to have some of the lower
derivatives of y absent from ¥ = 0, because in general the lower deriva-
tives of p will none the less be introduced by the substitution that
is made.
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3 20\ 2 30\ 2
As an example consider( Py _ d_—?{> = (d_y) +1,

da®  da? dx?
. dg 2 dq)2 . d2y
Pt = (= 1 if =—
which is (x iz q) (da: +1 if ¢ o

2
Then q=w%i\’<g—z)+l and ¢=Cgz+ V0 +1;

for the equation is a Clairaut type. Hence, finally,
v=[[lowsVoitiluer=1ce 2122 Vet 140z 40,
As another example consider y;’ —y? =y2logy. This becomes
a(p?)
dy

pg—g—pz:y?logy or —2p*=2y%logy.

The equation is linear in p? and has the integrating factor e—2v.

3
%pze—“ = f y%e2vlog ydy, %p = [e2y f y2e-2”10gydy] )

and dy = V2z.
[e? v f yZe—2vlog ydy] :

The integration is therefore reduced to quadratures and becomes a problem in
ordinary integration.

If an equation is homogeneous with respect to y and its derivatives,
that is, if the equation is multiplied by a power of % when y is replaced
by ky, the order of the equation may be lowered by the substitution
y = ¢ and by taking 2' as the new variable. If the equation is Zomo-
geneous with respect to x and dx, that is, if the equation is multiplied
by a power of £ when x is replaced by kx, the order of the equation
may be reduced by the substitution x = ¢!. The work may be simplified
(Ex. 9, p. 152) by the use of

Dly=em"D(D,—1)---(D,— n+1)y. (15)

If the equation is homogeneous with respect to x and y and the dif-
Sferentials dx, dy, &%, - -, the order may be lowered by the substitution
x = ¢', y = 'z, where it may be recalled that

Diy=e™D(D,—1)--- (D,—n+1)y
=e VYD, +1)D,--- (D, —n + 2)z
Finally, if the equation is komogeneous with respect to x considered of
dimensions 1, and y considered of dimensions m, that is, if the equation
is multiplied by a power of £ when kx replaces = and k™y replaces 7,

the substitution x = ¢!, y = ¢™z will lower the degree of the equation.
It may be recalled that

D}y = =" D, + m) (D, + m— - (D, 4+m—n+1z A5")

15

)
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Consider xyy” — xy?2 = yy’ + bay?/Va? — x2. If in this equation y be replaced
by ky so that y” and y” are also replaced by ky” and ky”, it appears that the
equation is merely multiplied by k? and is therefore homogeneous of the first
sort mentioned. Substitute

Y = ez, Y = ez, Y’ =ex(2" + 2'%).
Then ¢2# will cancel from the whole equation, leaving merely
s zdz 1 bxdx
22’ =2 + bez?/Vu2 —x? or — — o de= o
. z z Va2 — x2

The equation in the first form is Bernoulli ; in the second form, exact. Then

xdr
bVar—z2 4 C
The variables are separated for the last integration which will determine z = logy
as a function of .

ooV T2+ 0 and dz=
z

2
Again consider x* Z—% = (23 + 2xy) Z—y — 492 If = be replaced by kx and y by
X x

k?y so that y’ is replaced by ky” and y” remains unchanged, the equation is multi-
plied by k* and hence comes under the fourth type mentioned above. Substitute
z=e, y=etz, Dy=c(Di+2)z Dly=(D+2)(D+1)z

Then e#t will cancel and leave 2”7 4 2 (1 — z)z" =0, if accents denote differentiation
with respect to t. This equation lacks the independent variable ¢ and is reduced
by the substitution z”” = z’dz’/dz. Then

dz’ dz dz

—4+21-=2)=0 Z=—=(01—=-224C P —— =dt

gz T20-A=0 a = TG (1—2%)+ C
There remains only to perform the quadrature and replace z and ¢ by  and y.

103. If the equation may be obtained by differentiation, as

dy d"y dQ o | 00
‘I,< g T tlx">— dc " T oy

0Q
¢+m+@$mW(w)
it is called an exact equation, and Q (x, y, ¥', - -+, y®* D) = C is an inte-
gral of ¥ =0. Thus in case the equation is exact, the order may be
lowered by unity. It may be noted that unless the degree of the nth

derivative is 1 the equation cannot be exact. Consider
\I,<x7 Y :’/'7 ) 1’/(")> = 4)1;’/(") + ¢27
where the coefticient of 4™ is collected into ¢,. Now integrate ¢,, par-

tially rewarding only y*~1 as variable so that

(n—1) (l 8(21 an (n—1) (n)

dr !
dQ, A Eym
Thgll ¥ — E - ¢:3|:’[J:IL—L'] + ¢4'

That is, the expression ¥ — Q/ does not contain y® and may contain
no derivative of order higher than n — %, and may be collected as
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indicated. Now if ¥ was an exact derivative, so must ¥ — Q] be. Hence
if m + 1, the conclusion is that ¥ was not exact. If m = 1, the process
of integration may be continued to obtain Q, by integrating partially
with respect to y®~*-Y. And so on until it is shown that ¥ is not exact
or until ¥ is seen to be the derivative of an expression Q, + Q,+ --- =C.

As an example consider ¥ = 22y + xy” + 2xy — 1)y’ + y2 = 0. Then
o = [ay =aty’, Y- =—w+Qay— Dy +1}

Q, =f— xdy’ =— zy’, Y — Q] — Q) =2zyy’ + y? = (zy?).
As the expression of the first order is an exact derivative, the result is
-0 —Q—(@y?)’=0; and ¥, =a%” —ay’ +ay?—C; =0
is the new equation. The method may be tried again.
Q, =fz2dy’ =a%’, ¥,—Q =-38zy +zy?—- C,.

This is not an exact derivative and the equation ¥, = 0 is not exact. Moreover
the equation ¥, = 0 contains both = and y and is not homogeneous of any type
except when C; = 0. It therefore appears as though the further integration of the
equation ¥ = 0 were impossible.

The method is applied with especial ease to the case of

d"y+X dr 1y

Odm" 1 gn— l+ +X

o d !4 Xy—R@)=0, @T)

where the coefficients are functions of x alone. This is known as the
linear equation, the integration of which has been treated only when
the order is 1 or when the coefficients are constants. The application
of successive integration by parts gives

0, = Xoyob, Q= (X,— X)y=%, 0, = (X, — X[+ X))y, -

and after » such integrations there is left merely
(Xp = X4+ (=1 X, + (1Y) y — R
which is a derivative only when it is a function of ». Hence
X,— X4 +ED)X, +(—-)X, =0 - (18)

is the condition that the linear equation shall be exact, and ‘

XD (X, = XDy 4 (%, = X+ X))y 0+ = [(hae (19)
is the first solution in case it is exact.

As an example take ¥ 4+ y” cosx — 2y sinx — y cosx = sin 2z. The test

X, — X, + X" — X;” =— cosz +2cosx — cosz =0
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is satisfied. The integral is therefore y” 4 y’cosx —ysinz =— }cos2zx + C,.
This equation still satisfies the test for exactness. Hence it may be integrated
again with the result ¥’ + ycose = — }sin2z 4+ Cx + C,. This belongs to the
linear type. The final result is therefore

y= e—smzfes'mz(olx + Cp)dz + Cye-sinz 4 } (1 — sing).

EXERCISES
1. Integrate these equations or at least reduce them to quadratures:
(@) 2xy™y” =y"% — d?, B A+z)y" +1+y2=0,
(7) yv + a2y’ =0, (8) yr—mPy” =em=,  (e) a%YV + a¥y” =0,
(5) ey ==, (n) ="+ =0, ) vy =4,
() A=y —ay' =2, (k) y7"=Vy", N v =70,
(#) 2@a—v)y"=1+v% () W —y?—y¥ =0,
(o) " +y2+1=0, (m) 29" =@, () ¥’y =a.
2. Carry the integration as far as possible in these cases:
(@) 2% = (ma%y? + ny?)}, (B) maty” =y — ),
() o7 =@y — 2%, : (8) aty” — ¥y — a2+ 4y2=0,
(e) z=2%" + a4y = {y% (8) ayy” + by? = yy'(c? + 23~ 3.

3. Carry the integration as far as possible in these cases :
(@ P+ y”+6yyy" +y"+2y2=0, (8) vy’ — y2hy = ay?
(v) @yy” + 323y'y” + 9x2yy” + 9a%y’? + 18xyy’ + 392 =0,
(8) v+ 32y + 2y + (@ + 2y%)y” =0,
(e) 2% + x%)y” + 4222 4+ 2zyy’ = 0.
4. Treat these linear equations:
(@) 2y + 2y =2z, B) @ —1)y” +day’ + 2y = 22,
(v) ¥” =y cotx + y csc?x = cosw, 0 @—x)y"+Bxz—2)y +y =0,
(¢) @—a®)y” +(1—bx2)y” — 22y + 2y =6,
(§) @+a2—38xz+ 1)y + 92+ 6x— 9y’ + (18x + 6)y’ + 6y =3,
(n) @+22y"+@@+2)y"+y =1, (8) 2" +32y +y=g,
(¢) @ —2)y” + (82— 3)y” + ld4ay’ + 4y = 0.
5. Note that Ex. 4 (§) comés under the third homogeneous type, and that Ex. 4
(1) may be brought under that type by multiplying by (x + 2). Test sundry of Exs.
1, 2, 8 for exactness. Show that any linear equation in which the coefticients are
polynomials of degree less than the order of the derivatives of which they are the
coefficients, is surely exact. ’

6. Sometimes, when the condition that an equation be exact is not satisfied, it
is possible to find an integrating factor for the equation so that after multiplication
by the factor the equation becomes exact. For linear equations try =. Integrate

() 2% + 2at —2)y’' — (22 — 1)y =0, B) @2—at)y” —ady’ — 2y =0.

7. Show that the equation ¥ + Py’ + Qy’2 = 0 may be reduced to quadratﬁres
1° when P and @ are both functions of y, or 2° when both are functions of x, or 3°
when P is a function of = and @ is a function of y (integrating factor 1/y¢’). In
each case find the general expression for y in terms of quadratures. Integrate
¥y’ + 2y cotx + 2y’2tany = 0.
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8. Find and discuss the curves for which the radius of curvature is proportional
to the radius r of the curve.

9. If the radius of curvature R is expressed as a function R = R(s) of the arc s
measured from some point, the equation B = R(s) or s = s(R) is called the intrinsic
equation of the curve. To find the relation between x and y the second equation
may be differentiated as ds = s’(R)dR, and this equation of the third order may be
solved. Show that if the origin be taken on the curve at the point s = 0 and if the
z-axis be tangent to the curve, the equations

m:ﬁscos[‘/;s%]ds, y:j;ssin[ﬁs%]ds

express the curve parametrically. Find the curves whose intrinsic equations are
() R=a, B) aR = s? + a?, (v) B2+ s2=16a2.

10. Given F=y® 4+ X y-D 4 Xy =D 4 ... + X, 1y + X,y = 0. Show
that if 4, a function of x alone, is an integrating factor of the equation, then
@ = W0 — (X)) 4 (Fy)0r =D — oo 4 (= P} (Toam) + (= rKan = 0
is the equation satisfied by u. Collect the coefficient of u to show that the condition
that the given equation be exact is the condition that this coefficient vanish. The
equation & = 0 is called the adjoint of the given equation F = 0. Any integral u
of the adjoint equation is an integrating factor of the original equation. Moreover

note that

f,uFdac =y 4 X, — @) ye-D 4 4 (= 1)nfy¢m’

or A[uF — (— 1)yd] = d[uy@ =D + (WX, — @)y = 4 ...] = da.

Hence if wF is an exact differential, so is y®. In other words, any solution y of the
original equation is an integrating factor for the adjoint equation.

104. Linear differential equations. The equations

X, D% 4 X D"y + - 4+ X, _ Dy + X,y = R(x),
XDy + XDy 4+ X, Dy+X,y=0
are linear differential equations of the nth order; the first is called the
complete equation and the second the reduced equation. If 3/1; Yor Ygr =" -
are any solutions of the reduced equation, and C,, C,, C,, --- are any
constants, then y = Cy, + C,y, + Cyy, +--- is also a solution of the
reduced equation. This follows at once from the linearity of the reduced
equation and is proved by direct substitution. Furthermore if 7 is any
solution of the complete equation, then y + I is also a solution of the
complete equation (cf. § 96).
As the equations (20) are of the nth order, they will determine y™
and, by differentiation, all higher derivatives in terms of the values of

(20)

@y, y'y -,y . Hence if the values of the n quantities y,, v, -+, y§" ™"
which correspond to the value x = x be given, all the higher derivatives
are determined (§§ 87-88). Hence there are » and no more than » arbi-
trary conditions that may be imposed as initial conditions. A solution
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of the equations (20) which contains » distinct arbitrary constants is
called the general solution. By distinet is meant that the constants .
can actually be determined to suit the » initial conditions.

If y,, ¥, -+, ¥, are n solutions of the reduced equation, and

y=Cy, +Cy, +-+Cyn
J = Clyl + CZ./2 + + Crﬂn? (21)

J(n—l) — y(n——l) + Cl/(n n + + C J(" 1)

then y is a solution and g/, .- -, y®~D are its first » — 1 derivatives. If
x, be substituted on the right and the assumed corresponding initial
values y,, ¥, -+, y& D be substituted on the left, the above n equations
become linear equations in the » unknowns C,, C,, ---, C,; and if they
are to be soluble for the C’s, the condition

) 3/1 y2 e Y,
W(?/v Yar =0 Jn) =% . ?/2' . ‘ . .’1/n. #0 (22)
A"“’ YTy ey

must hold for every value of = x,. Conversely if the condition does
hold, the equations will be soluble for the C’s.

The determinant W (y,, ,, -+, ¥,) is called the Wronskian of the n
functions y,, %,, -+, ¥,- The result may be stated as: If » functions
Y1» Yg» **-» Yo Which are solutions of the reduced equation, and of which
the Wronskian does not vanish, can be found, the general solution of the
reduced equation can be written down. In general no solution of the
equation can be found, whether by a definite process or by inspection ;
but in the rare instances in which the = solutions can be seen by inspec-
tion the problem of the solution of the reduced equation is completed.
Frequently one solution may be found by inspection, and it is therefore
important to see how much this contributes toward effecting the solution.

If y, is a solution of the reduced equation, make the substitution
y =yz The derivatives of y may be obtained by Leibniz’s Theorem
(§8). As the formula is linear in the derivatives of z, it follows that
the result of the substitution will leave the equation linear in the new
variable z. Moreover, to collect the coefficient of z itself, it is necessary
to take only the first term 3{"z in the expansions for the derivative y®.

Hence (\ 7/(71) + ‘\lz/in—l) + ..+ 4\'”_1'//; + ‘Y";]/I) 2=0
- is the coefficient of z and vanishes by the assumption that y, is a solu-
tion of the reduced equation. Then the equation for z is

P Pz D4 .. P, 2"+ P, 2 =0; (23)
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and if 2’ be taken as the variable, the equation is of the order n — 1.
It therefore appears that the knowledge of a solution y, reduces the order
of the equation by one.

Now if y,, ¥,, -*+, y, were other solutions, the derived ratios

, y>' / <y >' o <yp>’ '
2 = 2, = 2 ==L 23
1 <y1 ’ 2 = )’ , p—1 ’, (23"

would be solutions of the equation in z'; for by substitution,

Y=Y%# =Y Y=Y =Y T Y=YF-1=Y
are all solutions of the equation in y. Moreover, if there were a linear
relation C,zi + Cy2y+ -+ Cp_4%,_, = 0 connecting the solutions z;,
an integration would give a linear relation

C¥y+Cyy+ -+ Coatn+ Cyy = 0

connecting the p solutions y;. Hence if there is no linear relation (of
which the coefficients are not all zero) connecting -the p solutions y; of
the original equation, there can be none connecting the p — 1 solutions
#, of the transformed equation. Hence a knowledge of p solutions of
the original reduced equation gives a new reduced equation of which
p — 1 solutions are known. And the process of substitution may be
continued to reduce the order further until the order » — p is reached.

As an example consider the equation of the third order
A—z)y” + @ —1)y" — 22 +axy =0.
Here a simple trial shows that z and e* are two solutions. Substitute
y = ez, ¥ =e¥z + 7)), Yy’ =ex(22 + 27), Y =ex(32” + 27).
Then (1—x)z” + (2 —32x+2)2" + (x2—3x+1)2’=0
is of the second order in 2’. A known solution is the derived ratio (z/e*)’.
Z=@e ) =e*(l—1x). Letz/ =e=(1—x)w.

’77

From this, 2”7 and 2”7 may be found and the equation takes the form

v

A=—r)w” +(1+x)(x—2)w' =0 or i”—:—:rd,n-— de.
w

r—1
This is a linear equation of the first order and may be solved.
logw =122 —2log(zx—1)+C or w = Cle%xﬂ(x —1)-2

Hence w=C, fe%ﬁ(x— 1)~2dz + C,,
s, (z\ z\ 22 _ z\
z _<;)w_cl(e_1> [ @—1)-2as + 02<-e;>,
e=0, [ (Z) [ e—n-2aep+ 6,2+ c

Y =ez = Cl"””f(f;) fe% ”z(x — 1)=2(dr)? 4 Cyr 4 Cyex.
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The value for ¥ is thus obtained in terms of quadratures. It may be shown that in
case the equation is of the nth degree with p known solutions, the final result will
call for p (n — p) quadratures.

105. If the general solution y = C .y, + Cy, + - - - + C,y, of the reduced
equation has been found (called the complementary function for the
complete equation), the general solution of the complete equation may
always be obtained in terms of quadratures by the important and far-
reaching method of the variation of constunts due to Lagrange. The
question is: Cannot functions of » bhe found so that the expression

Yy=C@y+ )+ + C®)y, (24)
shall be the solution of the complete equation ? As there are n of these
functions to be determined, it should be possible to impose n — 1 condi-
tions upon them and still find the functions.

Differentiate y on the supposition that the C’s are variable.
Y =0y A+ Cnt o+ Ct O+ 1O+ + 3O
As one of the conditions on the C’s suppose that
NnCi+y:Ci+ -+ 4.0, =0.
Differentiate again and impose the new condition
so that y” = Cl?/i’ + 02'!//2/ +--+ pn!/:z"
The differentiation may be continued to the (n — 1)st condition
YR+ TR+ TR0, =0,
and YO = Oy Caf D O
Then y® = Cw” + Cyi” + - + Oy
+ YO0+ g0 4 4y
Now if the expressions thus found for y, ;z/', Yy, o, y@Th, y™ be
substituted in the complete equation, and it be remembered that y,,
Yy * s Yy are solutions of the reduced equation and hence give 0 when
substituted in the left-hand side of the equation, the result is
YOI+ YOG g IO = R
Hence, in all, there are n linear equations
le; + ?/20; +--+ :’/np;l = O)
ney  +wC: 4+ =0,
YOI A Y IC I = 0,

Yr O 4+ yeOC, 4 -+ yeTVCL =R
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connecting the derivatives of the (’s; and these may actually be solved
for those derivatives which will then Dbe expressed in terms of 2. The
_(”s may then be found by quadrature.
As an exalple consider the equation with constant coefficients
UP 4+ D)y =secx with y =C; + Cycosx + Cysinx

as the solution of the reduced equation. Here the solutions ¥y, , ¥,, ¥; may be taken
as 1, cos &, sin x respectively. The conditions on the derivatives of the (’s become
by direct substitution in (25)
‘ Cy1 + coszCy + sinzCy =0, —sinzCj + coszCy =0, — coszC; — sinzCy =sec.
Hence C; =secz, C;=-—1  C;=—tanz
and C,=logtan(}z + }m) +¢c, Co=—x+c,, Cg =logcosz + c;.
Hence y=c,+logtan(}e + }7)+ (¢, — x)cosz + (c; + log cosx)sinx
is the general solution of the complete equation. This result could not be obtained
by any of the real short methods of §§ 96-97. It could be obtained by the general
method of § 95, but with little if any advantage over the method of variation of
constants here given. The present method is equally available for equations with
variable coefficients.

106. Linear equations of the second order are especially frequent in
practical problems. In a number of cases the solution may be found.
Thus 1° when the coefficients are constant or may be made constant by
a change of variable as in Ex.7, p. 222, the general solution of the
reduced equation may be written down at once. The solution of the
complete equation may then be found by obtaining a particular integral
I by the methods of §§95-97 or by the application of the method of
variation of constants. And 2° when the equation is exact, the solution
may be had by integrating the linear equation (19) of § 103 of the first
order by the ordinary methods. And 3° when one solution of the re-
duced equation is known (§104), the reduced equation may be com-
pletely solved and the complete equation may then be solved by the
method of variation of constants, or the complete equation may be
solved directly by Ex. 6 below.

Otherwise, write the differential equation in the form

ol2 dy
y :+ P ‘/ L, T a=R 26)
The substitution y = wz gives the new equation
&% | (2du dz r
da? <u az T > +. (“" + Pu' 4+ Qu)z =— (26"

If « be determined so that the coefficient of 2’ vanishes, then

1%
(?+<Q 1dp 1

w = e~ 2 Pz gnq mH(e-3--3 P2>z — Reb [Pz (7
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Now 4°if Q — } P' — 1 P? is constant, the new reduced equation in
27) may be integrated; and 5°if it is 1 /o% the equation may also be
integrated by the method of Ex.7, p.222. The integral of the com-
plete equation may then be found. (In other cases this method may
be useful in that the equation is reduced to a simpler form where solu-
tions of the reduced equation are more evident.) :
Again, suppose that the independent variable is changed to z. Then

d¥ 2"+ Pdy | Q

R
dz? 2% de 2RV TR 28)
Now 6° if 2”7 = + Q will make 2" + Pz' = kz", so that the coefficient
of dy/dz becomes a constant %, the equation is integrable. (Trying if
2" = + Q#* will make 2" 4 Pz'= kz"/z is needless because nothing in
addition to 6° is thereby obtained. It may happen that if z be deter-
mined so as to make 2" 4+ Pz' = 0, the equation will be so far simpli-
fied that a solution of the reduced equation becomes evident.)

. 2 2d 2 ¥
Consider the example d_y + 2% + a—y = 0. Here no solution is apparent.
dz?  xdr ot
Hence compute Q — } P’ — 1 P2, This is a%/x* and is neither constant nor propor-
tional to 1/x2. Hence the methods 4° and 5° will not work. From 22 = @ = a2/x*
or 2z’ = a/x?, it appears that z” + Pz’ = 0, and 6° works ; the new equation is
d2y . a
- =0 with z2=—-.
, dz? ty T
The solution is therefore seen immediately to be
y =C,cosz— Cysinz or y=C,cos(a/z)+ C,sin (a/z).
If there had been a right-hand member in the original equation, the solution could
have been found by the method of variation of constants, or by some of the short
methods for finding a particular solution if R had been of the proper form.

EXERCISES
1. If arelation C,y, + Coy, + - - - + Cryn = 0, with constant coefficients not all 0,
exists between n functions y,, ¥,, - - -, ¥ of @ for all values of z, the functions are
by definition said to be linearly dependent; if no such relation exists, they are said
to be linearly independent. Show that the nonvanishing of the Wronskian is a
criterion for linear independence.

2. If the general solution y = C,y, + Cpy, + - - - + O, is the same for
Xy® 4+ Xjy@-D4 ... 4 X,y=0 and Py® 4 Piyr-D ... 4 Py =0,
two linear equations of the nth order, show that y satisfies the equation
(X Py = X P)y=D + .o + (XoPy— X Pr)y =0
of the (n — 1)st order; and hence infer, from the fact that y contains n arbitrary
constants corresponding to » arbitrary initial conditions, the important theorem:

If two linear equations of the nth order have the same general solution, the corre-
sponding coefficients are proportional.
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3. If y,, ¥,y - - - » Yn are n independent solutions of an equation of the nth order,
show that the equation may be taken in the form W(y,, y,, - -+, ¥, ¥) = 0.

4. Show that if, in any reduced equation, X,/ _; + .X,, = 0 identically, then
is a solution. Find the condition that ™ be a solution ; also that em* be a solution.

5. Find by inspection one or more independent solutions and integrate :

(@) (1+a%)y”—2zy +2y =0, B) 2" +(1—2)y' —y =0,
(v) (ax—ba?)y” — ay’ + 2by =0, ) 3y +ay —(+2)y=0

1 1 1, 1,1 1\, (1 1, ,
(¢€) (lng‘l'B—ﬁ‘l';’)Z/ +(10gz+;+ﬁ_a§>y +(z—2—;>(y—my)—~07
() y¥—ay”+ a2y —y=0, (n) Ga2—x+ 1)y + 82y " — 4y’ —8y =0.

6. If y, is a known solution of the equation y” + Py’ 4 Qy = R of the second
order, show that the general solution may be written as

_ — [ Pazxdx 1 [ru Sriz g ane
y"Cly1+CZy1fe y12+y1fy128 fyle (dx)2.
7. Integrate:
(@) zy”"— 2z+ 1)y’ + (x+1)y=a2—2—1,
(B) vy’ —a% t+ay =g, () &’ +Q—2)y —y =€
) v —xzy+(x—1)y =R, (€) y”sin?x 4+ y’sinwcosx — y = ¢ — sine.
8. After writing down the integral of the reduced equation by inspection, apply
the method of the variation of constants to these equations :
(@) (D? +1)y =tanc, B) (D% + 1)y = secx, ) (D—1)2%y =ex(1— )2,
B =2y +a2y —y=(1—2)% () 1—2x+ )y —1)— 2%y’ 422y’ —y=1.

9. Integrate the following equations of the second order:

(a) 4a%y” + 423y + (22 + 1)%y = 0, B) ¥y’ — 2y tanx — (a? + 1)y = 0,

(v) 2y” + 2y — ay = 2=, (8) y”sinx + 2y cosa + Sysinx = e,
(¢) ¥” + y'tanz + y cos?z = 0, ) A=)y —ay + 4y =0,

() ¥ + 2e=— 1)y + 2oy = ete, (6) 2" + 8%y’ + y =z-2.

10. Show that if Xy + X,y + X,y = R may be written in factors as
(XoD? + XD + Xp)y = (91D + q1) (0D + ¢,) ¥ = R,
where the factors are not commutative inasmuch as the differentiation in one

factor is applied to the variable coefficients of the succeeding factor as well as
to D, then the solution is obtainable in terms of quadratures. Show that

9,9, + plp; + 09, =X; and ¢, + plq; =X,.
In this manner integrate the following equations, choosing p, and p, as factors of
X, and determining ¢, and g, by inspection or by assuming them in some form and
applying the method of undetermined coefficients :
(@) zy”"+(1—2)y —y = ¢, B) 32%y” + (2— 62y —4=0,
(7) 82%y"+ (24 6x—6x2)y’' —4y =0, (8) @2—1)y"—Bz+)y—z@—1)y=0,
(€) axy” + 3a + br)y’ + 3by =0, (&) zy’ —2x(1+2)y +2(1+ )y =28,

11. Integrate these equations in any manner :

1 m+\/5—8

’’ ’ ) 7’ 2 ’ 2
(a) v —Ey+ e y =0, ®B) v —Ey +(L12+5§)?/=0,
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(v) ¥’ + y'tanz + y cos?zx = 0, (9) y”_z(n_f“,)yf_l_ <n2—-2n—5)y=e"z,
xT
(e) A=)y’ —ay’ — %y =0, (£) (@2 —a2?)y” — 8ay' — 12y =0,
1 2 9—4zx 6—3x
RTINS , .o , —o,
(n) ¥ * Togz? e<$+ ng) , O v —5—v+tg v
(1) ¥+ 22y —nPy =0, (k) ¥” — 4oy’ + (422 — 8)y = e,

(\) ¥+ 2ny cotnx + (m? — n?)y =0, (v) ¥"+2(@ 1+ Bz—2)y + Az—4y =0.

12. 1f y, and y, are solutions of y” + Py’ + R = 0, show by eliminating @ and
integrating that [ra
Yy — Yayy = Ce/ 7

What if C=0? If C % 0, note that y, and y; cannot vanish together; and if
y1(@) = y,(b) = 0, use the felation (y,97 ), : (¥o¥1 ), = k>0 to show that as y7,and
Y1, have opposite signs, y2, and yz; have opposite signs and hence y,(£) = 0 where
a<£<b. Hence the theorem : Between any two roots of a solution of an equation
of the second order there is one root of every solution independent of the given
solution. What conditions of continuity for y and y” are tacitly assumed here ?

107. The cylinder functions. Suppose that C,(z) is a function of «
which is different for different values of » and which satisfies the two
equations

Coa(2) = Crun(2) =2 —c% C.(®), Cn_y(@)+ Cpp(@)= ?—5—" C.(2). (29

Such a function is called a cylinder function and the index = is called
the order of the function and may have any real value. The two equa-
tions are supposed to hold for all values of » and for all values of .
They do not completely determine the functions but from them follow
the chief rules of operation with the functions. For instance, by addi-
tion and subtraction,

y n n
Cn(x) = Cu——l(x) - ; C"<.’E) = ; Cn(x) - Cn +1(‘2")‘ (30)
Other relations which are easily deduced are
D,[x"C (ax)] = ax"C, _;(ax), D [x="C,(ax)] = — ax™"C, 1,(x), (31)
n n—1
Dx[xéC,,( vV aa:)] =1Vaxr? C, __1( Vaz), (32)
Co(x) = — C (), C_(x) = (—1)*C, (), n integral, (33)
d 4 A
C,,(gc) K (x) — Ch(x) K, (x) = C, 1 () K, (x) — C (%) K, 1 (x) = P (34)
where C' and K denote any two cylinder functions.

The proof of these relations is simple, but will be given to show the use of (29).
In the first case differentiate directly and substitute from (29).

De[enC(ax)] = ac"[aDazO"(az) + g Cn(aa;)]

= a:"[aC,,_l(a;v) —al Cylar) + 2 C,,(cm:)].
ar fd
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The second of (31) is proved similarly. For (32), differentiate.

s 21 n —
D0, (Van)] = a0 (Vam) + o %\/gp e Oa(VaR)

n—1
1 i — .
=-Vaz 2 [ n_ Co(Vazx) + Cp1(Var) — L Ca(V aa:b].
2 Vax Vaz
Next (33) is obtained 1° by substituting 0 for n in both equations (29).

C_1(x) — C1(®) =2 C5(x), C_1(x)+ C(x) =0, hence Cj(x)=—C\(x);
and 2° by substituting successive values for n in the second of (29) written in the
form xC, _1 + ¢C,, +1 = 2nC,. Then

zC_1+aC =0, xC_2+xCO= —20_,, ?ECO+1302=2(71,
2C_s+2C_1=—4C_,, x01+x03=402,
204+ 2C_3=—060Cg, 20+ 2Cy =6 C,,
and so on. The first gives C_j= — C,. Subtract the next two and use C_; + C; = 0.
Then C_g3—C, =0 or C_y = (—1)2C,. Add the next two and use the relations
already found. Then C_g+ Cy =0 or C_g=(—1)3C,. Subtract the next two,

and so on. For the last of the relations, a very important one, note first that the
two expressions become equivalent by virtue of (29) ; for

’ ’ 1 n n
C"Kn - Cnl‘n = 5 C, K, — C, Ky 41— 5 C, K, + Cp1K,.

d . , . 1
Now "('1; [CB (Cn+1Kn - C:ZI\11+1)] =C, +1Kn — G Ky + -EKn<Cn - n : C +1>

+2C, +1<g K,— K, +1) —zK, +1 (g Cp— G, +1>

n4+1_,
- (EC"<K" - 1— K, +l) =0.
Hence 2 (Cr 41K, — C,K, 11) = const. = 4, and the relation is proved.

The cylinder functions of a gi\}en order n satisfy a linear differential
equation of the second order. This may be obtained by differentiating
the first of (29) and combining with (30).

20;,’=C;_1—0;,+1="_10,,_1—20,,+”:1

Cn+1

n 1
= ; (Cn—l + Cn+l) - ;: (Cn—-l - n+1) —2c0,.

d* 1d 2 '
Hence d—il:j/z + - (_.7[ + <1 - %)Z/ = 07 Yy = C"<9E). (35)

x dx

This equation is known as Bessel’s equation ; the functions C,(x), which
have been called cylinder functions, are often called Bessel’s functions.
From the equation it follows that any three functions of the same order
n are connected by a linear relation and there are only two independent
functions of any given order.



ADDITIONAL ORDINARY TYPES 249

By a change of the independent variable, the Bessel equation may
take on several other forms. The easiest way to find them is to operate
directly with the relations (31), (32). Thus

Dx[‘t—ll("7t<x)] = ‘,L._ncn+l =—x ‘/L._n_l("" +1)

Di[.’l!‘"(,‘ﬂ(l’)] P x—n—lcn_H + - x—rz—lc/."+2
== x_"—lcnﬂ + 2(7" + 1) x‘"_lcnﬂ —x~"C,.

Py  (1+4+2n)dy e .
Hence o + L +y=0, y=a ", (xr). (36)
. dy  (1—2n)dy o
Again e + —1—2 e +y=0, y=a"C,(x). 37
Also 2y + A+ n)y' +y =0, Y= m_i('"(2 \/;) (38)
And 2 +A—n)y'+y=0, y=2C[(2V) (39)

In all these differential equations it is well to restrict  to positive values

inasmuch as, if » is not specialized, the powers of x, as 2, == " 2%, x 2, are
not always real.

108. The fact that » occurs only squared in (35) shows that both
C,(x) and C_,(x) are solutions, so that if these functions are inde-
pendent, the complete solution is ¥ = «C, + 0C_,. In like manner the
equations (36), (37) form a pair which differ only in the sign of .
Hence if H, and H_, denote particular integrals of the first and second
respectively, the complete integrals are respectively

y=aH,+0H_,x* and y=aH_,+ O0Hx*";

and similarly the respective integrals of (38), (39) are
y=oal,+0I_ " and y=al_,+ 0lx",

where I, and I_, denote particular integrals of these two equations. It
should be noted that these forms are the complete solutions only when
the two integrals are independent. Note that

L@=a""c(2Vz), C,)=Ga)3E2). (40)
As it has been seen that C, = (—1)*C_, when = is integral, it follows
that in this case the above forms do not give the complete solution.

A particular solution of (38) may readily be obtained in series by the

method of undetermined coefficients (§ 88). It is

. _ (=1
Iﬂ@):%a,w, TN+ ) +2) -t i) (41)

as is derived below. It should be noted that I_, formed by changing
the sign of » is meaningless when = is an integer, for the reason that
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from a certain point on, the coefficients a, have zeros in the denominator.
The determination of a series for the second independent solution when
n is integral will be omitted. The solutions of (35), (36) corresponding
to I,(x) are, by (40) and (41),

. a ® (_ 121',1:21' . "
Jn(*)zgz - 22ii!(n+ Z)! _%_!In(%ws’ (42)
1 '
@ (@) = 5o L4 2%, (42)

where the factor »! has been introduced in the denominator merely to
conform to usage.* The chief cylinder function €, () is J, (x) and it
always carries the name of Bessel.

To derive the series for I,(x) write

1 |(Li=a,+ ax+ 2% 4 o @kl
A4+n)| =a,+2axc+ 3Bax2+---+k—1)ap1xk—2+4...,
z |IV= 2a, +3-2a2 4+ 4+ (k—1)(k—2)ap_12b—34 ...,

0 = [ay+ ay(n + 1)] + @ [a; + a2 (n + 2)] + 22 [a, + 33 (n + )]
+o @ et ak@+ )]+

Hence ay+a(n+1)=0, a;+a2(n+2)=0,---, w1+ ak(n+k)=0,
@ —
n+1’

%
Qy = = .
PTo2m+2) 2!+ l)(n+2)’
— (= D¥a,
T k41t k)
If now the choice a, =1 is made, the series for I,(x) is as given in (41).
The famous differential equation of the first order
xy’ — ay + by? = can, 43)
known as Riccati’s equation, may be integrated in terms of cylinder functions.
Note that if n = 0 or ¢ = 0, the variables are separable ; and if b = 0, the equation

islinear. As these cases are immediately integrable, assume bcn = 0. By a suitable
change of variable, the equation takes the form

d2yn a\ dn _ _ln _ndné ,
‘a?*(“ﬁ)ig bn=0,  g=gan y=3L 43)

A comparison of this with (39) shows that the solution is

1= Al o(— beg) + BL,(~ bet) - (— beg)7,

n

or a, = —

ey

107

which in terms of Bessel functions J becomes, by (40),
n=£0[AJ,(2V = bcg) + BT 1(2V=bep)].

* If n is not integral, both n! and (n + ¢)! must be replaced (§147) by I'(n 4 1) and -
T'(n+i+1). ‘
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The value of ¥ may be found by substitution and use of (29)

— nJa (2:c V=be/n) — AJ, a(2az'~’\/ bc/n)
y=\/—§x§ n , (44)
Jg(2a:5\/—bc/n)+AJ_E(2z§\/—bc/n) ‘

where A denotes the one arbitrary constant of integration.
It is noteworthy that the cylinder functions are sometimes expressible. in terms
of trigonometric functions. For when n = } the equation (35) has the integrals
y=Asinz + Beosz and y= a:%[AC%(:c) + BC_%(:c)].
Hence it is permissible to write the relations
2d0y@) =sinz,  2h0_4(@) = cosa, (45)
where C is a suitably chosen cylinder function of order 4. From these equations
by application of (29) the cylinder functions of order p + }, where p is any integer,
may be found.

Now if Riccati’s equation is such that b and ¢ have opposite signs and a/n is
of the form p + 1, the integral (44) can be expressed in terms of trigonometric
functions by using the values of the functions Cpi1 just found in place of the J’s.
Moreover if b and ¢ have the same sign, the trigonometric solution will still hold
formally and may be converted into exponential or hyperbolic form. Thus Riccati’s
equation is integrable in terms of the elementary functions when u/n =p + } no
matter what the sign of bc is.

EXERCISES

1. Prove the following relations:

(a) 4 C;; =Ch_2—2C, + Cn+21 (,3) zCyp = 2(n + l) Cnt1— I'Cﬂ+27
(v) 28C; = Cr-3—8Cn_1+4 3Ch41— Crys, generalize,
() 2Crn=2m+1)Crhy1—2n+3)Crys+2(n+ 5)Cry5— xCrys.

2. Study the functions defined by the pair of relations
d
Foa@®) + Fuvi(@) = 2£Fn(w), Foa@) — Fu1(@) = n(z)
especially to find results analogous to (30)—(35).
3. Use Ex. 12, p. 247, to obtain (34) and the corresponding relation in Ex. 2.

4. Show that the solution of (38) is y = A4I, f v + BI,.

5. Write out five terms in the expansions of I, I,, I_ % yJos JIqe
6. Show from the expansion (42) that } ! J J. 1 () ==~ sm z.
7. From (45), (29) obtain the following :
z’ECg(a:) S—lil———mex x%‘C.g(w)z <§2— 1) sinz——%msx,

w‘}-‘C_%(J:) —sxlxx—%sﬁ, IC r,(x) §&.mz+(;----1>coso;,
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8. Prove by integration by parts: f{i—?dx = % + 6% + 6. SfJ—;'gf
9. Suppose Cy,(x) and- K,(x) so chosen that 4 =1 in (84). Show that

y = ACu(@) + BEa() + L[Kn(w) [ g;—fﬁdz —Cu@) [ %ﬁ—x—)dx]

is the integral of the differential equation-a2y” + ¢y’ + (22 — n?)y = Lz—2.
10. Nete that the solution of Riccati’s equation has the form

, o L@+ 400
F(x)+ AG (x)

will be the form of the equation which has such an expression for its integral.

» and show that Z—Z +P)y + Q@) =R(x)

11. Integrate these equations in terms of cylinder functions and reduce the
results whenever possible by means of Ex. 7:

@2y —5by+y*+a*=0, (B ay' —3y+y’=2?
(V) v’ +yer= =0, (8) a%y” 4+ nay’ + (b + cxm)y = 0.

12. Identify the functions of Ex. 2 with the cylinder functions of .

13. Let @2 — 1) P, =(n+ 1) (Pry1—2P,), P, ,=zP,+(n+1)P, (46)
be taken as defining the Legendre fuﬁctions P,(x) of order n.” Prove
(@ @ —1)P,=n@Py—Puo1),  (B) @n+1)2Py=(n+1)Puys + nPuo,
() @+ )Pu=P, 1 —P,;, () (1-a)P —2zP, +nm+1)P,=0.

A
and P,Qu4+1— Pr+1Q, = ——

14. Show that P, Q, — P,Q, = n 7’
n

22 —

where P and @ are any two Legendre functions. Express the general solution of
the differential equation of Ex. 13 () analogously to Ex. 4.

15. Let u = 22 — 1 and let D denote differentiation by x. Show

Drn+lyn+1 = Dr+l(yur) = uDrtlur 4+ 2(n + 1) 2Drur 4+ n(n + 1) Dr—lyn,

Drtlyn+l = DrDuyn+1 = 2 (n 4 1) Dr@@uwr) = 2 (n + 1)aDmur + 2n(n 4 1) Dr—lyn,
Hence show that the derivative of the second equation and the eliminant of.Dn—1u»
between the two equations give two equations which reduce to (46) if

1 dn (When n is integral these are
P = — 2 .
(%) on . n! dan (@ =1y iLegendre’s polynomials.

16. Determine the solutions of Ex. 18 (3) in series for the initial conditions
(@) Pa(0) =1, P,(0)=0, B) Pu(0)=0, P,(0)=1.

17. Take P, =1and P, = . Show that these are solutions of (46) and compute
P,, P;, P, from Ex. 18 (B). If z = cos §, show

P,=3cos204+%,  P;=4cos360+ §cosf, P,=35cos46+ 3cos26 + 4.
18. Write Ex. 13 (5) as (% [(1—22)P,] + n(n + 1) P, = 0 and show

— %) P, d(l— a2
ALY “Fm]m.
dx dx

(4 )=+ 1] [ PaPude = f_:‘[P,,,d“
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Integrate by parts, assume the functions and their derivatives are finite, and show
+1
f PoPude =0, if nx%m.
-1

19. By successive integration by parts and by reduction formulas show

+1 1 +1 dn(x2 . l)n d"($2 - l)n (_ 1)71 +1
Pldy = £ —
«f—l it 227(n !)? f dan dan T on.p! ~/:l (@ — e

and f P2 dr =

n integral.
2n + 1’

+1 +1 n(x2 — 1)»
20. Show f T Pdx = f me =0, if m<n.
-1 -1 dxn
Determine the value of the integral when m = n. Cannot the results of Exs. 18, 19
for m and n integral be obtained simply from these results ?
22 23 x4
g gn tga T vhen
n =0. Assume a solution of the form y = I ;v 4+ w so that
d2w dl, dv . d v dv
T— 22— __=0, if =0
iz >+ + + i & y dx“’ +— ==
is the equation for w if v satlsﬁes the equation zv” + v = 0. Show
2Br 2Bz* 2Bz?

v=A + Blog, aw” 4w +w_2B—T+2!3!—3!4!

By assuming w = a,% + a,2? 4 - - -, determine the a’s and hence obtain

x? 1 z? 1 1 xt 1
w=2B[ —'2‘;§<1+2>+37(1+§+§) 4'2< + -+ +4)+ '];

and (4 + Blogz) I, + wis then the complete solution containing two constants.
As AI, is one solution, Blogz- I, + w is anothér. From this second solution for *
n = 0, the second solution for any integral value of n may be obtained by differ-
entiation ; the work, however, is long and the result is somewhat complicated.

21. Consider (38) and its solution Iy =1—x + —

SR



