CHAPTER 7

AUTOREGRESSION

7.1. INTRODUCTION.

The purpose of this chapter is to offer a unified functional approach to some
aspects of robust estimation and goodness-of-fit testing problems in pth
order autoregression (AR(p)) models. This approach is similar to that of the
previous chapters in connection with linear regression models, thereby
extending a statistical methodology to one of the most applied models with
dependent observations.

As before, let F be a d.f.on R, p > 1 be an integer, €, €3,... bei.i.d.
F r.v.’s and Yo = (Xo, Xy, - Xl- )' be an observable random vector
independent of €y, €3, .... . Inan R(p) model one observes {X;} satisfying

(1) Xi = pXij-g +-+ -+ ppXip + €, 1<ifmn, p21,
for some p’ = (py, p3, -.- , Pp) € RP.

Processes that play a fundamental role in the robust estimation of p in
this model are the randomly weighted residual empirical processes

-4 ’
(2) Tj(x, t):=n 13_31 8(Xi4) I(Xi—t Yi1 < x), xeR, teRP, 1< j<p,

where g is a measurable functlon fromRtoR and Yi:= (Xi-q,..., Xip)’,
<1<n Let T —(Tl,...

The generalized M- ((EM) estimators of p, as proposed by Denby and
Martin (1979), are solution t of the p equations

(3) Gi(t) := [9(x) Ty(dx, 1) =0, 1<j<p,

where 9 is a nondecreasing bounded measurable function from R to R. These
estimators are analogues of M-estimators of # in linear regression as
discussed in Capter 4. Note that taking g(x) = xI[|x| < k ] + klﬁxl > k| =
#¥(x) in (3) gives the Huber(k) estimators and taking g(x) = x = ¢(x) gives
the famous least square estimator.

The m.d. estimator pg that is an analogue of ﬂl‘; of (5.2.20) is defined
as a minimizer, w.r.t. t, of

P - n ’
(4)  Kgt)= % fIn 1/2i§lg(Xi.j){I(Xin+t X{i-l)
~I(-X; < x -t Yi)}? dG(x), teRP.

209
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Observe that K involves T. Infact,V t € RP,

Ke(t) = 3, [I0"2{Tyx, ) — § g(Xis) + Ti(x, O} 4G,

Three members of this class of estimators are of special interest. They
correspond to the cases g(x) = x = G(x); g(x) = x, G = 6, the measure
degenerate at 0; g(x) = x, G = Fin the F known case. The first gives an
analogue of the Hodges—Lehmann (h.l.) estimator of p, the second gives the
least absolute deviation (1.a.d.) estimator, while the third gives an estimator
that is more efficient at logistic (double exponential) errors than l.a.d (h.l.)
estimator.

Another important process in the model (1) is the ordinary residual
empirical process

(5) Fa(x,t) =0 1 5 I(X; -t Yiq<x), x€R,t el

An estimator of F or a test of goodness-of-fit pertaining to F are usually

based on Fy(x, p), where p is an estimator of p.
Clearly F, is a special case of (2). But, both F, and Tj 1< j<p,
are special cases of

(6) Wa(x,t) :=n"1 % h(Yiq) I(X;—t Yiq<x)
=n! % h(Yig) I(es<x+ (t - p)'Yi-l), x€R, teRP,

where h is a measurable function from R? to R. Choosing h(Yi-1) = g(Xi-)
in Wy gives Tj, 1< j<p and the choice of h=1 yields Fy.

From the above discussion it is apparent that the investigation of the
large sample behavior of various inferential procedures pertaining to p and

F, based on {T;} and Fy(-, p), is facilitated by the weak convergence

properties of {Wy(x, p+n_1/ 2u), x€R, ueRP}. This will be investigated in

Section 7.2, with the aid of Theorem 2.2b.1. In particular, this section
contains an a.u.l. result about {Wy(x, p+n—1/ 2u), x€R, ||u]| < B} which in
turn yields a.ul. results about {T(x, prn /%u), xeR, |[ul| < B} and {Fa(x,

pn Y 24), x€R, |lu)| < B}. These results are useful in studying GM- and R-
estimators of p, akin to Chapters 3 and 4 when dealing with linear regression
models. They are also useful in studying the large sample behaviour of some
tests of goodness-of-fit pertaining to F. Analogous results about the
ordinary empirical of the residuals in autoregressive moving average models
are briefly discussed in Remark 7.2.4.

Generalized M-estimators and analogues of Jaeckel’s (1972)
R-estimators are discussed in Section 7.3. In order to use R- or m.d.
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estimators to comstruct confidence intervals one often needs consistent
estimators of the functional Q(f) of the error density f. Appropriate
analogues of estimators of Q(f) of Section 4.5 are shown to be consistent
under (F1) and (F2). This is also done in Section 7.3, with the help of the

a.u.l. property of {Fy(x, p+n 1/ 2:2, x€R, I}uagB}. This result is also used to
prove the a.u.l. of serial rank correlations of the residuals in an AR(p) model.
Such results should be useful in developing anlogues of the method of
mo:inelnt estimators or Yule-Walker equations based on ranks in AR(p)
models.

Section 7.4 investigates the behaviour of two classes of m.d. estimators

of p, including the class of estimators {pg}. A crucial result needed to
obtain the asymptotic distributions of these estimators is the asymptotic
uniform quadraticity of their defining dispersions. This result is also proved
in Section 7.4. Section 7.5 contains appropriate analogues of some of the
goodness-of-fit tests of Capter 6 pertaining to F.

7.2. ASYMPTOTIC UNIFORM LINEARITY OF W and Fy.

Recall the definition of Vy process from (1.4.1) and the statement of
Theorem 2.2b.1. In (1.4.1), let

(1)  Caiz €, hoi=h(Yiq), fnizn Y2u'Yiy, ueR?, 1¢ig¢n,
An1 = o-field {Yo}, 4ni= o—field {Y;, €1ye-s€i-t), 2€1i< M.

Then one readily sees that the corresponding Vi(x), V;(x) are, respectively,

equal to Why(x, p+n-1/ 2u), Wh(x, p) for each u € R’ and for all x € R.
Consequently, if we let

(2) w(x, t) :=1n"1 5 h(Yiy) F(x + (t—p) Yioy),
#(x, t) := 02 [ Wa(x, t) — m(x, 1)), x€R, teRP,

then the corresponding Un(x), U;(x) are, respectively, equal to #(x, p+

n Y 2u), #(x, %for each ueRP and for all x€R. Recall the conditions (F1)
and (F2) from Corollary 2.3.1. We are now ready to state and prove the
following

Theorem 7.2.1. In addition to (7.1.1), assume that the following
conditions hold:

(al) h s a bounded function.
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@) 0 pay [[Yial = 0p(1).
(@) a7 E Ih(Yi) Yl = Op(1).
(ad) F satisfies (F1) and (F2).

Then, for every 0 < B < o,

(3) sup | Hi(x, prn ) — Hi(x, p)| = op(1),
x€R, ||u||<B

and
4) o2 [(W(x, pn Y 2n) —Wa(x, p)] = — w’n 8 h(Yi-) Vi £(x) + 0p(1).

where 0p(1) s a sequence of stochastic processes that converges to zero,
uniformly over the set xeR, ||u||<B, in probability.

Proof. In view of the discussion preceeding the statement of the
theorem it is clear that (2.2b.2) of Theorem 2.2b.1 applied to entities given
in (1) above readily yields that

sup{| #(x, p+n_1/ 2u) — #(x, p)|; x€R} = op(1) for every fixed u € RP.

It is the uniformity with respect to u that requires an extra argument and
that also turns out to be a consequence of another application of %2.2b.2) and
a monotonic property inherent in these processes as we now show.

Since h is fixed, it will not be exhibited in the proof. Also, for

convenience, write ¥ (-), %(-), Wu (-), va(-) etc. for %(-, p), ¥(-,
12,y 1/2 + -1/2 . . e

pn ' “a), Wi(-, psn/ “u), vi(-, prn /“u) etc. with = signifying the fact

that h* now appears in the place of h in these processes where h* = QVh,

h-=h - h*. To avoid displays being broken into different lines often, write

&, hy, b3 for Yi, h(Yi.y), h*(Yi-l), respectively, i>1. Thus, e.g.,

(6) %) =175 nI {I(e < x v n VPwr ) — Flx v 0 Ve g},

We also need the following processes:

(6) T*(x; u, 2) =0 /2 5 b e < x o 0720 &0 07 2 4],
m*(x; u,2) ;= 0 Y25 bf F(x + 220 &+ 1 Y &)
+

Z* = T* —m® x€R, uelRP,aeR
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Observe that if in Uy of (2.2b.1) we take (ni= €5, hpj = h*(&), Oni =
n Y 2{u'£i+a||£i||} and Ani, 1 i< n,asin (1), we obtain
Ua(-) = Z*(-; w,a), forevery ueRP, aeR.

_1/2 ’

Similarly, if we take fpi =n /“u & and the rest of the quantities as above

then
Un(+) = Z*(-; u,0) = 7/{,*(-), for every u e RP.

It thus follows from two applications of (2.2b.2) and the triangle inequality
that for every u e RP, a € R,

(7a) supx |Z5(x; u, a) - Z5(x; 1, 0)| = op(1),
(7b) supx | % (x) - #7(x)| = op(1).

Thus, to prove (3), because of the compactness of A{B), it suffices to show
that for every € > 0 thereisa 6> 0 such that for every ||u]| < B,

(8) lim supy P( sup | #(x) - #(x)| > 4e) < e
Isl<3,ll-all<ix

By the definition of %" and the triangle inequality, for x€R, s, ueRP,
(9) | #(x) - #(x)| < | %'(x) - %'(x, )| + | %7(x) - %(x)],
| %*(%) - % (x)| < a2 |Wi(x) - Wa(x)| + |v5(x) - via(x)]].
But s €)(B), ||lu]| < B, ||s —ul| < § imply that forall 1<i<m,
10) o Y% g -0 208 <n Y% <oV g 7268

From (10), the monotonicity of the indicator function and the nonnegativity
of h*, we obtain

T*(x; u, -0) - Ti(x; u, 0) < W:(x) - Wf,(x) <T*(x;u, 6) - T*(x; u, 0)

for all x € R, s € #(B), ||s—ul| < 6. Now center T* appropriately to obtain
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(11) o' Wi(x)-Wix)|
<12%(x; w, 8) - Z°(x; w, 0)| + |Z°(x; w, -6) - Z*(x; w, 0)|
+ |m*(x; 0, §) - m*(x; u, 0)] + |m*(x; w, -6) - m*(x; u, 0)],
for all xeR, s € /(B), ||s - u|| < &.
But, by (a4), V lu]| < B,
(12)  sup_ |m*(x; u, £6) - m*(x; u, 0)| < Glf]l_ n™"Bil[h:él,
(13) sup 0/?|v5(x) - vi(x)| < Ol n Bt
lls—af|<5,x o
From 212;, (11), (7a) applied with a = § and a = —§ and the

assumption (a3) one concludes that for every € > 0 thereis a § > 0 such
that for each ||u)| < B,

lim supa P( sup nY2|Wi(x) - Wi(x)| > €) < ¢/2.

s_n"S §,x

From this, $13), (9), and (a3) one now concludes (8) in a routine fashion.
Finally, (4) follows from (3) and (a4) by Taylor’s expansion of F. o

An application of (4) with h(Yi.;) = g(Xij4) and the rest of the
quantities as in (1) readily yields the a.u.l. property of T;—processes, 1<j<p
of (7.1.2). This together with integration by parts yields the following
expansion of the M-scores §j, 1<j<p of (7.1.3).

Corollary 7.2.1. In addition to (7.1.1), (a2) and (a4), assume that the
following conditions hold.

(b1) g is bounded.
(b2) ¥ 1s nondecreasing, bounded and f Y dF = 0.
(b3) n™" B4 |lg(Xi4) Vil = Op(1), 1< <.

Then,V 0 <k, B < o,
sup[n1/2[gj(p +n Y2y - Gi(p)] —wnl % g(Xi.j)Yi_1ffd¢| = op(1)

where the supremum is taken over all Y with ||¢¥||wv< k < m, ||ul| ¢ B, 1<j<p. O
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Upon choosing h =1 in (4) one obtains an analogous result for the
ordinary residual empirical process Fy(x, t). Because of its importance and
for an easy reference later on we state it as a separate result. Observe that
in the following corollary the assumption (a3*) is nothing but the assumption
(a3) of Theorem 7.2.1 with h = 1.

Corollary 7.2.2. Suppose that (7.1.1) holds. In addition, assume that
(a2), (a3*) and (ad) hold, where,

(a3%)  n 7R [[Yial = 0p(1).

Then, for every 0 < B < w,

(14)  sup|n'/?{Fu(x, p+n /) — Fu(x, p)} —u'n7'% Y £(x)| = 0p(1),
where the supremum is taken over x € R, ||u]| < B. o

Remark 7.2.1. Observe that non of the above results require that the
process {X;} be stationary or any of the moments be finite. o
Remark 7.2.2. Consider the assumptions (a2) and (a83). If Y, and

{€i} are so chosen as to make {X;} stationary, ergodic and if E(||Yo||2+ €3)<w
then (a2) is a priori satisfied and (al) implies (a3). See, e.g., Anderson
$197 1; p 203). In paricular, (a3) holds for the h corresponding to the Huber
unction h(x) = }x|I |x] <k) + sign(x)I(|x| > k), k > 0.

Of course if (al) holds with the function h bounded in such a way that
puts zero weight outside of compacts then (a3) is trivially satisfied.

Observe that (a2) is weaker than requiring the finiteness of the second
moment. To see this, consider, for example, an AR(1) model where X, and
€1, €3, ... are independent r.v.’s and for some |p| <1,

Xi=p Xi1+ €, i2 1
Then,
. i,
X;=pXo +.)31 P e, Y; = X, i21l.
J:
Thus, here (a2) is implied by

(3 maz n el = op(1).

But, (%) is equivalent to showing that x2tn {1-P(|&|>x)} — 0 as x — o,
which, in turn is equivalent to requiring that x2P(| €1]>x) — 0 as x — .

This last condition is weaker than requiring that E| €1|2 < o. For example,
let the right tail of the distribution of | ¢;| be given as follows:
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P(|er]>x) =1, x<2,
=1/(x* ), x> 2.
Then, E| ¢| <o, Eé =0, yet x2P(|ell>x)——»0 as X — o. o

Remark 7.2.3. An analogue of (14) was first proved by Boldin (1982)

requiring {X;} to be stationary, E¢; = 0, E(el) < o and a uniformly
bounded second derivative of F. The Corollary 7.2.2 is an improvement of
Boldin’s result in the sense that F needs to be smooth only up to the first
derivative and the r.v.’s need not have finite second moment.

Again, if Yy and {e;} are so chosen that the Ergodic Theorem is

applicable and E(Y;) = 0, then the coefficient n 15 Y;-; of the linear term
in (14) will converge to 0, a.s.. Thus (14) becomes

(149 supyy g [ Falx, pen%0) = Fulx, g} = 05(1).

In particular, this implies that if p is an estimator of p such that

125 - p)|l = 04(1),
then

I/ {Fa(-, 5) = Fa(-» M} = op(1).

Consequently, the estimation of p has asymptotically negligible effect on the
estimation of the error d.f. F. This is similar to the fact, observed in the
previous chapter, that the estimation of the slope parameters in linear
regression has asymptotically negligible effect on the estimation of the error
d% as long as the design matrix is centered at the origin. o

An important application of (14) occurs when proving the a.u.l
property of the serial rank correlations of the residuals as functions of t.
More precisely, let Ri; denote the rank of X;-t/Yj.; among X;-t’/Y;j., 1<j<n,
1<i<n. Define Rj; = 0 for i<0. Rank correlations of lag j, for 1<J<p, are

defined as
(15) S0 = 3 l)gdmnﬁ—@§HXR otl)),  tem,
n{n
S":= (Sy, ..., Sp)-

Simple algebra shows that
Sj(t) = an[Lj(t) — n(n+1)2/4] + baj(t), 1<j<p,
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where a, is a nonrandom sequence not depending on t, |an| = O(1),

bnj(t) = —i—)—ﬁ 121+1 (ﬁ S EJ ) Rit,
{n(n _1)} i=n-j+1 1=1
and

—q 1

Lj(t):= n i§j o Ri4t Rig, 1<j<p, te RP.

Observe that sup{|bgj(t)|; t€R®} < 48p/m, so that n'/Zsup{|by;(t)|; teR®}

tends to zero, a.s. It tflus suffices to prove the a.u.l. of {Ljf only,1<j<p.
In order to state the a.u.l. result we need to introduce

(16) Zs; := f(€i5)F(e1) + f(e1)F(ei), i>],
=0, i<
Uij := Yij-1 F(ei)f(ei) + Yiog f(e1)F(ei), i>],
=0, 1<j.
-1 n -1 n .
Ziz=n ' % Zy Up=n X Uy, 1<j<p.

—q
Yn =1 lilei-l.

Observe that {Z} are bounded r.v.’s with EZ;; = | £(x) dx for all
i and j. Moreover, ei} ii.d. F imply that {Zj;, j<i<n} are stationary and
ergodic. By the Ergodic Theorem

Z; —b(f) := [ £(x) dx, as., j=1,..,p.
We are now ready to state and prove

Theorem 7.2.2. Assume that (7.1.1), (a2), (a3*) and (a4) hold. Then,
for every 0 < B < w and for every 1< j<p,

A suppy g 2o ) Li(e)] - u (O — V]| = 0p(1).

If(a2) and (a3*) are strengthened to requiring E(||Yo||2 + 621) <o and {Xi}

stationary and ergodic then Y, and U; may be replaced by their respective
ezpectations in (17).

Proof. Fixa j in 1<j<p. For the sake of simplicity of the exposition,
write L(u), L(0) for Lj(pn “?u), Lj(p), respectively. Apply similar

convention to other functions of u. Also write ¢€jy for € — n'l/ 2u'Yi.l
and Fy(-) for Fp(-, p). With these conventions Rjy is now the rank of
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X;— (p+n-1/ 2u)'Yi-1 = €;y. In other words, Riy = nFy(€5u, u) and
L(u) = Il—lii_‘}j " Fn(fi-ju’ u) Fn(fiu, 11), u € RP.

The proof is based on the linearity properties of Fy(-, u) as given in (14) of
Corollary 7.2.2 above. In fact if we let

Bi(x, u) := Fp(x, u) — Fy(x) — V%Y, f(x), x€eR
then (14) is equivalent to
sup n'/2|By(x, u)| = op(1).

All supremums, unless specified otherwise, in the proof are over xeR, 1<i<n
and/or ||u|| < B. Rewrite

n'/%(L(u) - L(0))
= n—l/zii:;jq{Fn(fi-ju, u) Fu(ein, u) — Fa(eiy) Fo(es)}
= n_l/zigjq[{Bn(fi-ju; 1) + Fo(eiju) + 1 /%0 Ya f(6150)} -

«{Bn(€iu, u) + Fn(€iu) + 0 Y20 Y, f(e10)}
- Fn(eij) Fu(e5)]-
Hence, from (14), (a2) and (a3*),
(18) n'/%(L(u) - L(0))
= n‘1/2,“l [Fa(€i-ju) Fa(eiu) — Fa(es) Fa(eiq)]

i=j+
-1 0 —
+n li{:j ”[Fn(fi-ju)f(fiu) + Fo(€iu)f(€i5u)](n” ¥n) + 0p(1),
where, now, op(1) is a sequence of stochastic processes converging to zero
uniformly, in probability, over the set /{B).

Now recall that (a4) and the asymptotic uniform continuity of the
standard empirical process based on i.i.d. r.v.’s imply that

sup 0'/2|[Fa(x) = F(x)] - [Fa(y) = F(¥)]| = 0p(1)

| x-y | <6

when first n - o and then §- 0. Hence from (a2) and the fact that
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supi,u | € - € < Bn Y ?max; || Yi]),
one readily obtains
supi,u 12| [Fa(eiu) — Flesw)] — [Fa(es) = F(es)]| = op(1).
From this and (a4) we obtain
(19)  supi,u 02| Fa(ein) — Fa(es) + 0 20 Yo 1(e5)| = op(1).

From (18), (19), the uniform continuity of f and F, the Glivenko—Cantelli
lemma, one obtains

(20) n"/*(L(u) - L(0))
-1 ’
=n 1i§j " [F(ei-) f(es) + F(e1) f(e15)](n Yn)
s -1 0D —_

—un li{:jol{Yi.j -f(€1-)F(€s)+Yiq f(e)F (i)} + op(1).

In concluding (20) we also used the fact that by (a2) and (a3*),
-3/28 | - ’ -1/2 -1y

sup [n72 3 |0 Yigu Vil <B oV max [Yial 27U, (¥l = op(1)

Now (17) readily follows from (20) and the notation introduced just before
the statement of the theorem. The rest is obvious. o

Remark 7.2.4. Autoregressive moving average models. Boldin (1989)
and Kreiss (1991) give an analogue of (14*) for a moving average model of
order and an autoregressive moving average model of order (p,q)
(ARMA?p,q)), respectively, when the error d.f. F has zero mean, finite
second moment and bounded second derivative. Here we shall illustrate as to
how Theorem 2.2b.1 can be used to yield the same result under weaker
conditions on F. For the sake of clarity, the details are carried out for an
ARMA(1,1) model only.

Let ¢y, €1, €2, ..., beiid. F r.v.’sand X, be a r.v. independent of {e;,
i > 1}. Consider the process given by the relation

(21) Xi=pXi1+ €+ f €, i21,

where |p| <1, |B| < 1. One can rewrite this model as

(22) & = X4 —.(Pxo + fBeo), i=1,
= Xi =5 (D) X+ (B (Ko + fer), P22
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Let 0:= (s, t)’ denote a point in the open square (-1, 1)2 and 6, := (p,
f)’ denote the true parameter value. Assume that @s are restricted to the
following sequence of neighborhoods: For a be(0, ),

(29) n/?{s—pl + |t-Bl} <b.
Let {%,i> 1} stand for the residuals {ei, i>1} of 522) after p and

§ are replaced by s and t, respectively, in (22). Let Fy(-, ) denote the
empirical process of {€;, 1 <i < n}. This empirical can be rewritten as

(24) Fa(x, 0) = n‘lii_il I(e; < x + ni), xeR,
where
(25) éni = (s — p)Xo + (t —b) €, i=1,

= Z[(4)V(s+) = (B (48] X
+ (=)™ (X0 + teg) = (=B)™ (pXo + Beo), 12 2.
= bni1 + bniz,  say, i22.
From (25), it follows that for every @€ (-1, 1)? satisfying (23),

| 8aal € b 2(Xo] + o],
By [danl <2007 may [Xs] (1-ba 2 - g1+ (1-181)7),
23 | 6asal €200 /21— b0 72— ) (1Xo] + ea]).

o —1/2
Consequently, if n / 333 | Xi| = op(1), then the {n;} of (25) would
satisfy (2.2b.A2) for every 0 € (—1, 1)2. But by (21),
(26) X; = pXy + Peo + €, i=1,
. i-2
= P pXotheo) + B Po+h) €1+ 6, i22.

Therefore, (2.2b.A2) will hold for the above {dni} if

(27) % may el = op(1).
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We now verify (2.2b.A3) for the above {éni} and with hp; = 1. That is
we must show that n /2 Eil 6ni] = Op(1). We proceed as follows. Let u =

1/2 — /2 .
n /(s —p), v=n"'%(t — f) and Zo:= |Xo| + |€o]. By (23), |u| + |v] €
. Foom ). | + leo]. By (23), |u| + |v]

(28) 02 5] 6| <n7'bZo
_ n i-2 . :
+272 8| S [()(s4+) - (B (p+B)] Xl
40728 | ()Xo + teo) — ()1 2,

= Any + Ana + Apz,  say.
Clearly, |Ani| = o(1), a.s. Rewrite

Aua =728 | SO 4 ) — ()0 )] X

<2bn 35 |43 Xigal + 20728 | B ()i — (<A1 X il
= §22j=0 13- i=2'j=0 13-
(29) = 2bAn21 + 2An22, say.

By a change of variables and an interchange of summations one obtains
-1 4 -1
(30) Apgi<n i}=31|Xi| (1-]t]) "
L igt .
Next, use the expansion ai —ci = (a — c)kZ_IO ai-1* ¢k for any real numbers
a, ¢, to obtain

-1 8 320t k.
Ap22<¢bn i§3j§1k§0|t| 18] Xi5-1]-

Again, use change of variables and interchange of summations repeatedly and
the fact that |§|V|t| < 1, to conclude that this upper bound is bounded
above by

b1 =181) (L —[¢)) 7 + a7 Xl

This, (28) and (29) together with (23) imply that
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(3)  Aw<2n (X (-2 g1 1+ -1 6) )
-1
+(1-181)7".
Finally, similar calculations show that

(32) Ans = Op(n"¥?),

From (28), (31) and (32) it thus follows that if n—1.§1|Xi| = 0p(1),
i=
then the {éni} of (25) will satisfy (2.2b.A3) with hj; = 1. But in view of
(26) and the assumption that |p|V|8| < 1, it readily follows that if
-1 n
® o' |al=05),

then (2.2b.A3? with hpj = 1 holds for the {6n;} of (25). We have thus
proved the following:

If (21) holds with the error d.f. F satisfying (F1), (F2), (27) and (33),
thenV ¢ (-1, 1)?2,

supxln-l/2 ii:ll{I('éi < x) —I(€; € x) — F(x+6ni) + F(x)}| = op(1).

Now use an argument like the one used in the proof of Theorem 7.2.1 to
conclude the following

Corollary 7.2.3. In addition to (21), assume that the error d.f F
satisfies (F1), (F2), (27) and (33). Then,V0<b < m,

sup|n/2[Fu(x,0) — Fu(x,00)] —n /2 %; 6n; £(x)| = op(1),

where the supremum is taken over xeR and 0, 0, satisfying (23).
If (33) is strengthened to assuming that E| €| < o, then

sup|n /2 3 6ai — 0 ?[(s—p)(1p) " + (t-B)(14+8) ] wl = op(2),

where the supremum is taken over s, t satisfying (23) and p = Ee. o

Consequently, if Ee = 0 and (p, f) is an estimator of (p, f) such that

llnll 2 P—p, B—ﬂ)" = Op(1), then an analogue of (14*) holds in the present

case also under weaker conditions than those given by Boldin or Kreiss.
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The details for proving an anlogue of Corollary 7.2.3 for a general
ARMA(p,q) model are similar but some what complicated to those given
above. o

7.3. GM- and R- Estimators.

In this section we shall discuss the asymptotic distributions of GM- and R-
estimators of p. In addition, some consistent estimators of the functional
Q(f) will be also constructed. We begin with

7.3a. GM-Estimators.

Here we shall state the asymptotic normality of the GM-estimators. Let Py

stand for a solution of (7.1.3) such that ||n1/ 2(pl —p)ll = Op(1). That such
an estimator Py exists can be seen by an argument similar to the one given

in Huber (1981) in connection with the linear regression model. To state the
asymptotic normality of Py We need to introduce some more notation. Let

[ Xo X-l,....,X1.p ] [ g(Xo) g(X-l),...,g(Xl.p) ]

X1 X X2 g(X1) 8(Xo),.---,8(X2-p)
1 F=|: S D 2 I : S

Xn-t Xn-g-- Xnp 8(Xn-1) 8(Xn-2),--,8(Xn-p)

¢ = 0"%(G(p),, Gp(p)), Bui= ¥ F= % (B(Xit) Y1t 8(Xip) Yint) -

Proposition 7.3.1. In addition to (7.1.1), (7.2.a2), (7.2.a4), (7.2.b1),
(7.2.02) and (7.2.b3) assume that

(b4) n !B, = B + op(1), for some pxp non—random positive
definite matriz B.

Then
-1
n'%(p, — p) = — (Ba) G + op(1).
If, in addition, we assumes that

(b5) ot f, ¥ = G*+ op(1), G* a pxp non—random positive
definite matriz,

then
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(=) = N(0,3),  Ti=(jtdy) (4 dF)-BG*B

Proof. Follows from Corollary 7.2.1, the Cramer—Wold device and
Lemma A.3 in the appendix applied to G. o

Again, if Y, and {ei} are so chosen as to make {X;} stationary,

ergodic and E "Yo”2+621)<m then (b4) and (b5) are a priori satisfied. See,
e.g., Anderson (1971; p 203).

Note: For a more general class of GM—estimators see Bustos (1982) where a
result analogous to the above corollary for smooth score functions 9 is obtained. D

7.3b. R-Estimators.

This section will discuss an analogue of Jaeckel’s (1972) R-estimators of p
and their large sample properties.

Recall that Ri¢ is the rank of X;j—t/Y;; among {Xyx —t'Yy., 1<
k<n}, for 1<i<n. Also,Rit=0 for i <0. Let ¢ be a nondecreasing
score function from [0, 1] to the real line such that

(1) 2 g(i/(n+1)) = 0.

For example, if ()St) = — p(1-t) for all t €[0. 1], i.e., if ¢ is skew symmetric,
1).

then it satisifies Define
Sj(u) := n_l'ﬁ. lXi.j ©(Riu /(n+1)), 1<j<p, ue lRp,
i=j+
S = (Sl, ooy Sp).

The class of rank statistics S, one for each ¢, is an analogue of the class of
rank statistics discussed in Section 4.3 above in connection with linear
regression models where one replaces the weights {X;j;} by appropriate
design points. A test of the hypothesis p = p, may be based on a suitably
standardized S po), the large values of the statistic being significant.

It is thus natural to define R-estimators of p by the relationship

(2) By, = arg min{|SO)[l; t € ).
An alternative way to define R-estimators of p is to adapt Jaeckel
(1972) to the AR(p) situation. Accordingly, for a teRP, let

Zy(t) = Xk -t Yy, 1 <k <,
Z ) (t) := the ith largest residual among {Zy(t), 1<k<n}, 1<i<n,
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n n
A0 =2 000/ (1)) 21y (8) = B pRie/(ns1))(Xs — 47 Yi.).
Then Jaeckel’s estimator ﬁJ is defined by the relation

py = arg min{ #(t); t € RP}.
Jaeckel’s argument about the existence of an analogue of i‘JJ in the

context of linear regression model can be adapted to the present situation.
This follows from the following three lemmas, the first of which is of a
general interest.

Lemma 7.3b.1. Let di, dy, ..., dp, vy, V3, ..., Vn, be real numbers such
that not all {d;} are the same and no two {vi} are the same. Let riy
denote the rank of vi—ud; among {vj—udj; 1 <j<n},ueR Let {by(i);
1<i<n} be a set of real numbers that are nondecreasing in i. Let

T(u) :=i>'=i1 diba(ri), ueR.

Then, T(u) is a nonincreasing step function in all those ueR for which
there are no ties among {vj—udj; 1< j< n}.

Proof. See Theorem II.7E, p35 of Hajek (1969). o

Lemma 7.3b.2. Assume that the model (7.1.1) holds with (Y;, Xy, X,
..., Xn) having a continuous joint distribution. Then the following hold.

(a) For each realization (Y;, Xy, X2, ..., Xn), the assumption (1) implies
that #(t) is nonnegative, continuous and convez function of t with its
a.e. derivative equal to —nS(t).

(b) If the realization (Y'o, X1, Xa, ..., Xn) 48 such that the rank of % is p

then, for every 0 < b < o, the set {teRP; #(t) < b} is bounded, where
% 1sthe & of(7.3a.1), centered at the origin.

Proof. (a). For any x’ = (xy, X3, ..., Xn)€R", let x(1)<x(2)<....<x(n)
denote the ordered x;, X3, ..., Xn. Let Il := {x = (my, 73, ..., m)’; 7 2
permutation of the integers 1, 2, ..., n.}, byp(i) := ¢(i/(n+1)), 1 <i < n, and
define

n
D(x) := él ba(i) x(i), D,(x) = 3 ba(i) x,., x € R,

k := min{1 < j < n; by(j) > 0}.
Observe that _#(t) = D(Z(t)).
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Now, (1) and ¢ nondecreasing implies that
n

D(x) = £ ba(3) (x() —x(0)

k=-1 n
=% ba(i) (x(1) —x(0)) + E ba(i) (x(i) —x(x))

>0, V xeR",

because each summand is nonnegative. This proves that #(t)> 0, t€R.
By Theorem 368 of Hardy, Littlewood and Polya (1952),

D(x) = max_ o D _(x), V xeR".
Therefore, V t € RP,
*) At) = D(Z(t)) = max_ 1 D_(Z(t))

n
=max .o i§1 bn(l)()(7ri - t,Yﬂ'iA)'

This shows that _#(t) is a maximal element of a finite number of
continuous and convex functions, which itself is continuous and convex. The
statement about a.e. differential being —nS(t) is obvious. This completes
the proof of (a).

(b) Without the loss of generality assume b > _#(0). Write a teRP as
t = uf, ueR, &RP, ||0] = 1. Let dij = 0'Yiy The assumptions about %
imply that not all {d;} are equal. Rewrite
n n
A9 = Hul) = 3 bat) (X —ud)(®) = 3 baran)(Xs — uds)
where now ry, is the rank of X; — ud; among {X;—udj; 1 < j< n}. From
(*) above, it follows that _#(uf) is linear and convex in u, for every OcR?,

n

|6 = 1. Its a.e. derivative w.r.t. uis _'21 dibn(riu), which by Lemma 7.3b.1
i=

and because of the assumed continuity, is nondecreasing in u and eventually

positive. Hence #(uf) will eventually exceed b, for every 0eRP, ||| = 1.
Thus, there exists a u, such that Hu 00) > b. Since £ is continuous,

there is an open set O, of unit vectors v, containing @ such that #(up)
>b. Since b> #(0), and £ is convex, J(uv) >b, V u2uyand V €0,
Now, for each unit vector #, there is an open set O 0 covering it. Since the

unit sphere is compact, a finite number of these sets covers it. Let m be the
maximum of the corresponding finite set of u P Then for all u > m, for all

unit vectors v, #(uv) > b. This proves the claim (b) and also the lemma. o
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Note: Lemma 7.3b.2 and its proof is an adaptation of Theorems 1 and
2 of Jaeckel (1972) to the present case. O
From the above lemma it follows that if the r.v.’s Yy, X;, Xg, ..., Xp
are continuous and the matrix n_lzi(Yi-l - Y)(Yi1 — Y)’ is a.s. positive
definite, then the rank of % is a.s. p and the set {teR?; _#(t) < b} is a.s.
bounded for every 0 { b < . Thus a minimizer ﬁJ of _# exists a.s. and has

the property that makes ||S|| small. As is shown in Jaeckel (1972) in
connection with the linear regression model, it will follow from the linearity

result given in Theorem 7.3b.1 below that 2';] and i)R are asymptotically

equivalent. Note that the score function ¢ need not satisfy (1) in this
theorem.

Some steps of the proof of Theorem 7.3b.1 heavily depend on the
representation of the AR(p) process {Xi} in terms of the error variables
{ei{). For that reason we shall now extend the index i in the process {X;}
to both sides of 0. Accordingly, assume that {e;, i = 0, #1, #2, ...} are
ii.d. F r.v.’s and that

(3) Xi = piXi-1 + p2Xi2 + ... + ppXip + €, i=0,%1,%#2,...., p€ RP.
In addition assume the following:

(4) All roots of the equation

p-1 p~2

xP —pxP " — pxP “ — ... —pp =0 are in the interval (-1, 1).

It is well known that if E| e|2< w, there exist constants {6;, j > 0}
such that 6y =1, ¥j>0 | ;] < m, and that

(5) X;= k;_ Oix e, 1=0,21,#2 ..., in L, and as.,
A1

where the unspecified lower limit on the index of summation is —w. See,
e.g., Anderson (1971) and Brockwell and Davis (1987, pp 76—86). Thus {X;}

is stationary, ergodic and E||Yo||2 < o. Hence (7.2.a1) implies (7.2.a3).
Moreover, the stationarity of {Yj.1} and E||Yo||2 < o imply that V7> 0,

6) P(may Yidl 2 n0%) < (%} 3 EIYe)® 1(Ysd) 2 m'/?)

-2 2 1/2
= 0”2 B|| Yol 21(|| Yol 2 m/?) = o(1).

Thus (7.2.a2) holds. These observations will be used in the sequel
frequently, some times without mentioning.
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With this preliminary background, we now state

Theorem 7.3b.1. (A.U.L. of R—statistics). Assume that (3) and (4)
above hold. In addition, assume that F satisfies (F1), (F2) and that the
following hold.

(c1) (i) Ee=0. (i) 0 < Ee’ < o.

(c2) ¢ is nondecreasing and differentiable with its derivative ¢
being uniformly continuous on [0, 1].

Then, for every 0 < B < w,

(7) e In'/?{S (pn?u) ~ 5} + u'E Q|| = 0p(1),
u||<B

where § = (8, ..., 8p) with
. -4 I — — 1 .
S:=n" % (Xij—X)WF(e) —%), = f ot)dt, 1<j<p,

i=j#+1
n

X := nl 3 X, Q:= ff dy(F),

i=j +1
%= ((B(k—)), L<k<p; 1<i<p; Bk) = Cov (Xo, Xi), 1 <k < p.

Before proceeding to prove the above result, we shall state a lemma
giving the asymptotic continuity of certain basic r.w.e.p.’s. Accordingly, let
h be a nonnegative measurable function from [0, 1] to R, U denote a
uniform [0, 1] r.v., and define

(=072 3 X [(F(ex)) 1(F(es) <) = H()], 0<t<1, 1¢j<p,

t
where H(t):= E H(U)[(U < t) = fo h(s)ds, 0<t<1.
The proof of the following lemma will be given in the subsection 7.3d.

Lemma 7.3b.3. In addition to (3), (4) and (c1(i)) assume that Eh4(U) <
w. Then, V 7> 0, v 1<j<p,
lim lim supy, P( sup | Z(t) — Z(v)| > 9)=0. o
70 It_vl s,',
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Proof of Theorem 7.3b.1. Observe that with

Si(u)= 0" % Xij ¢(Riu /(0+1), uwe®, 1¢j<p,

-1/2

(8)

Thus it suffices to prove the theorem with {S;} replaced by {5;}. Let
$:= (8, ..., Sp). Observe that

~ 4
Hu)=n ligl Yi.1 @(Riu /(n41)), u eRP.

1/2 <
up, n'/%i(w) ~ iw)| <p max Xl flel,n

— 0, a.s..
Iszps !

The proof is facilitated by centering S. Accordingly, define
—-¢ D —
M(u) ;=1 1i§l Yii [@(Ria /(n+1)) = 7], ueR?,

Mi=n"'3 Yiu [o(F(er) - 7).

As in the proof of Theorems 7.2.1, 7.2.2, let M(u), Fy(-, u), etc. stand

for M(p+n_1/ 2u2, Fu(-, p+n—1/ 2u), etc. Thus, e.g., Fu(:, 0) now stands for
the empirical d.1. of €;, 1<i<n. Write Fp(-) for Fy(-, 0). Recall, from the

%roof IOft Theorem 7.2.2 that €= €; -0 /2u Yiy, n 'Rig = Fn(€iu, ).
ow, le

eniu = 02 [(Riy /(n+1)) — F(&5)], 1<i<n, ueRP.
We first prove the
(9) Claim: SUDi,u n—l/zleniul = op(1).

As in the proof of Theorem 7.2.2, the supremum w.r.t. i, u will be over
1 <i < n, /(B), respectively, unless mentioned otherwise.

To begin with, |[n(n+1)"? —1]| = O(n"}) implies that
(10)  gup [0 eniu— [Fa(ew, W) ~ F(e]| = O@@™), as.

Now, in view of (3), (4) and the discussion preceeding the stament of
this theorem, it follows that {X;} are stationary, ergodic and hence by
(clgli) and the Ergodic Theorem, (1/n)%; Y;.; — EY, = 0. This together
with (6) above, Remark 7.2.3 and (7.2.14*) imply that
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sup 02| Fu(x, u) = Fu(x)| = op(1).

|x|<m,ﬁu”SB

This together with (6), (10) and (7.2.19) readily imply that
0 Y 2ep5u = [Fa(€a) — Fe1)] + 0p(n?)
(11) = [Fa(es) — F(es)] — 0 Y20 Y f(e3) + 5p(n " 2),

where, 6p(n_1/ 2) is an array of processes in (i, u) that converge to zero,
uniformly in (i, u), in probability, at a rate faster than n /2

Now the Claim (9) follows from $6), the Glivenko — Cantelli Lemma

and the assumption (F1) that ensures ||f]| < o.
Next, define
I(u) := 2 % Yioeniu o(F(e1)), ue Rl
Note that

M(u) = n ! 3 Yiog [o(F(e) + n—1/2eni“) -]

Therefore, from the uniform continuity of ¢, the facts that n 'y Y4l =
0p(1) = n_1||2i Yi. Y; 41|, which in turn follow from the assumption Eeé< o
and the Erogodic Theorem, and from (9), one readily concludes that, with
U; = F(ey),

1/2 Y

/%M (a) — 9] - 7(a)]|
= [In7/28; Yi-{@(Usn ™ entn) — (U3) — 1 easu o(U)}

(12) = Gp(1).

Next, we approximate 7(u). Again, by the Ergodic Theorem, the
independence of Yj-; from €5, i > 1,and Ee =0 imply that

n”'%; Yi9(Us) £(e) — 0, as.
Hence by (11),
(13)  T(w) = n Y25 Yi[{Fa(es) — F(e:)} — 0 20" Yiif(e3)](U3) + 0p(1)

’ —
= Vn -1 Ln + Op(l),
where now 0p(1) is a sequence of stochastic processes converging to zero,
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uniformly in wu, in probability, and where
Vo :=0"? 5 Yit [Fa(es) — Fes)] p(F(er)),
Ly := nt % Yi-lY’i 1 f(es) o(F(e1)).
Note that
EL, = E(n 1% Yi.Yiq) Q=3Q, Q= [ de(F).
By the Ergodic Theorem,
(14) L,—Y¥Q, as..

Our next goal is to approximate Vy. To that effect, let Vy; denote
the jth component of V. Define

%nj(x) == 0 Y2 5 X G(F(e5)) I(es € x)
vi(x) =0 25 Xy [ PF(y) dF(y) = V2 5 Xi g o(F(x),

-
Hnj(x) := Unj(x) — vnj(x), x €R,
F = Fai(F (1)), 0¢t<L, 1¢j<p.

Observe that

Voj = f[Fo—F]d %nj = [[Fa—F]dS; + [ [Fa—F] dug;

1
== [ [Fn(Fa (1)) = Fai(F(0))] dt — [vaj d[Fa—F]

1 ~ —_— ~
=~ [ IEHEE®) - FO)] dt— [vn; d[Fa—FL
But, % isa Z—process of Lemma 7.3b.1 with h = p. Hence
(1) may | Vaj+ [ vaj d(Fa-F)|
~ _.1 ~
$ i<Wy | ZFER (L)) - Zi()] = 0p(1),

by Lemma 7.3b.1 and the fact that sup[IF(F;l(t)) — t]; 0<t<1] = op(1),
which in turn follows from Lemma 3.4.1.
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~ -4 D
Next, observe that, with X; =n 1.2lxi.j, 1<j<p,
i=

anj d(Fn —F) = n 32 Zi Xi Zi [p(F(e1)) — @]
= Xjn V2 % [p(F(&)) - 7 )-

Let X := (X, ..., Xp) and T =n""2%; [p(F(e:)) — ] Then from
(13) — (15) we obtain

(16) Va=—=XT+0p(1), T(w)=-XT-%uQ+0,(1).
From (12), (16) and direct algebra one now readily concludes that
Mu) =M-XT-%uQ+0p(1)
=172 3 (Y~ X) [o(F(61)) - %]~ Fu Q + 5y(1).

Now argue as for (5) to conclude that
- n ~ — a
™2 2 (Y- X) [o(F(e3) — %] - 51| = 0p(2),

thereby completing the proof of (3). o

Remark 7.3b.1. Note that the same proof shows that under the
assumed conditions, for every 0 < B < o,

o, 15 (pn™/0) — S (g) + u'S [1dp(F) || = 0p(1). :

Remark 7.3b.2. Argue either as in Section 3.4 or as in Jaeckal (1972)
to conclude that [[n'/*(p, — )| = Op(1) and that [[n"/%(p, — p,)I| = op(1).
Consequently by Theorem 7.3b.1,

an)  2%(py —p) =0"%(p, - p) + 0p(1) = Q1 57 B v 05(1).

Observe that $ is a vector of square integrable mean zero martingales
with ESS = afo 3, a; := Var.(¢(U)). Thus, by the routine Cramer—Wold
device and by Lemma A.3 in the Appendix, one readily obtains

< 2
(18) S -2 N(o, % %),
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Estimation of Q(f) := [f dp(F)

1/2;- 1/2;- A2 2¢1
(19) 27 (bg —p) —; N(0, V), 27 (p;—p) — N(0,7),¥=Q "0 ¥ o

Remark 7.3b.3. See the recent paper of Koul and Ossiander (1992) for
an extension of the above results to any ¢ € % of (3.2.1). a

7.3c. ESTIMATION OF Q(f): = [f dy(F).

As is evident from (7.3b.19), the rank analysis of an AR(p) model via the
above R-estimators will need a consistent estimator of the functional Q. In
this subsection we give two classes of consistent estimators of this functional
in the AR(p) model (7.3b.3), (7.3b.4). One class of estimators is obtained by
replacing f and F in Q by a kernel density estimator and the empirical
d.f. based on the estimated residuals, respectively. This is analogous to the
class of estimators discussed in Theorem 4.5.3. The other class is an
analogue of the class of estimators discussed in Theorem 4.5.1 in connection
with the linear regression setup.

Accordingly, let p be an estimator of p, K be a probability density
in R, hy, be a sequence of positive numbers, h, — 0 and define, for x € R,

ti=Xi—p'Yiq, 1€<i<n; Fu(x):=Falx, p) =10 1 5 I(% < x),

~ _1 — “. _1 — s

fn(X) = (Ilhn) Ei I{(xTne'l , fn(X) = (Ilhn) Zi K(JL-KC‘I).
Finally, let

Qn = ffn dw(i‘n).

Theorem 7.3c.1. In addition to (7.3.b3), (7.3.b4), assume that Ee; =0,
Ee% < w. Moreover, assume that (F1), (F2) and the following conditions hold.
(i) ¢€#:={p ¢ anondecreasing function on [0, 1], p(0) = 0, p(1) = 1}.
(i) hy>0; hy— 0, n*/?h, — .
(iii) K is absolutely continuous with its a.e derivative K satisfying f |K| <w.
. 1/2,~
(i) I3 o)l = 0p(1).
Then,

(1) sup |Qn - Q(f)l = OP(1)°
pE €
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Proof. The proof is similar to that of Theorem 4.5.3, so we shall be
brief, indicating only one major difference. Unlike in the linear regression
setup, i.e., unlike (4.5.11), here we have from Remark 7.2.3,

(2) supy 02| Fo(x) — Fu(x)| = 0p(1), where Fy(x) = Fy(x, p).

In other words the linearity term involving Y/ 2(2‘) — p) is not present in the
apeli(rloﬁmation of Fn. Proceeding as in the proof of Theorem 4.5.3, (2) will
yi

% 1/2, =1 p 1/2 ;
10— fall, < (0" 28) 7 0! 2[F0 ~ Full - f 1K
1/2, -1
= op(('/*ha) ™) = 0y(1).

Compare this with (4.5.19) where Op((nl/ 2hn)_l) appears instead of
op((nl/ 2hn)_l). Rest of the proof is exactly the same as there with the
proviso that one uses (2) instead of (4.5.11), whenever needed. o

The reader may wish to modify the above proof to see that gy
continues to be consistent for Q even when Ee # 0, so that the term that is
linear in nY/ %(p— p) is now present in the expansion of Fy.

We shall now describe an analogue of 95 of (4.5.6). The motivation is
the same as in Section 4.5, so we shall be brief on that also. Accordingly, let

B(y) := [ [Falysx) — Fu(-yx)] d o(Fu(x)), y20.

Observe that p is an estimator of the d.f. of the absolute difference | e — n],
where ¢ and 7 are independent r.v.’s with respective d.f.’s F and ¢(F).
As in Section 4.5, one can use the following representation for the
computational purposes.

B(y) =07 B [uli/n) - A(F0)/)] EX(1en —2n | €9, ¥20,

where {€;) } are the ordered residuals {€;} from the smallest to the largest.
Now let t; denote an ath percentile of the d.f. §(y) and define

=025 272 /2t o0<a<l.

The consistency of these estimators may be proved using the method of the
proof of Theorem 4.5.1 and the results given in Corollary 7.2.1. The
discussion about the choice of a etc. that appears in Remark 4.5.1 is also
pertinent here.
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Another class of estimators is obtained by modifying @, by replacing
F, by the estimator Fy(x) = [ fu(y) I(-w<y<x) dy. The consistency of

these estimators can be also proved by the help of Corollary 7.2.1. 1]
7.3d. PROOF OF LEMMA 7.3b.3.

The proof of Lemma 7.3b.3 is similar to that of Theorem 2.2a.1(i) and will be
a consequence of the following {wo lemmas.

Lemma 7.3d.1. In addition to (7.3b.3), (7.3b.4) and (7.3b.cl) assume
that the following hold:

(d1) Thed.f. F is continuous and strictly increasing.

(d2) The function h on [0, 1] to R is nonnegative and f |h(t)|4dt< .

Then the following hold:

(A) Forany 0<u<v<w(l andforall 1<j<p,

(1) lim supa E{ Z(v) - F()}*{( (W) - F(v)}’ ¢ C mm,,

where m; := fv hz(t) dt, my:= fw h.2(t) dt, C is a constant given in (19)
u v
below.

(B) Forany 0<u<v<l andfor 1<j<p,
lim sup, E { Z(v) — z(u)}4 <Cmi

Proof. (A). Since u, v, w, are fixed, we shall suppress these entities
in the notation. Let Fy := o—field{e;; i <k}, k=0, #1, 2, ... . Further, to

simplify writing let x = F 1(u),y = F 1(v) and z = F (%) and define
(2) pi1=H(v)-HQu), pa=HWw)-H{); q=1-pj j=12
ai = MF(es))I(x < €1 <y) —p1, Bi:= WF(e1))I(y < € < z) —po.
Then
(3) {F() - FP{FW) - F)* =078 Xsje0) (5 Xe 56"
In carrying out the computations that follow we have repeatedly used

the following facts: ai, (i are centered; aif; are Fx.; measurable for all
i <k and Xjij is F;.; measurable and independent of €;,i> 1. Thus,
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(4) E a;i=0=E f, forall ik.
EX; jXk-j@ifk = E[XijXkjoiE(fk| Fx-1)] = E[XijXk-jos] E(fx) =0, i<k;

EXi Xk X2 0 o f2 = E[Xi Xk X258 asE(ax|Fiy)] = 0, i,r<k

Using facts like these one can write

(8) E(S1 X1 a)"(Se Xeif)’
= TEXi;of 4 + 5,2EX} X2 £
+4Z 2 E X3XE @i Bi o e
+2% 2 BE Xij X X%-j(ai o B2 + B Px o)

+4EZ D E X Xrj X§ a1 Br ox f

2
+4Z 2 EE Xij Xrg Xy i fr o i

=T+ Ty+4T;3+ 2(T4 + T5) + 4(T5 + T7), say.

We shall now show that 11-2Tj —0, for j=1,4,5,6,7, and that

lim sup n—2(T2 + 4 T3) < C mym,. The basic idea of the proof is to exploit
the hierarchal nature of the process. Observe that had the underlying
observations been independent then T; would have been equal to zero for j
= 4, 5, 6, 7. However, under (7.3b.3), {X;} are not independent but
asymptotically behave like independent r.v.’s. This is the reason to expect

n 2T; —0 for j=4,5,6,7.

The details of the proof of n-2Tj tending to zero for each j =4, 5, 6,
7 are elementary and cumbersome but similar. So the details will be given

only for n 2T; — 0. To this effect, observe that
E(XiXrXb5aibronfi) = B XiXr X7 08B (ox fe| Fit), i,T < k.
Moreover, {¢i} i. i. d. implies that for all k > 1,

E(oxfx|Fx-1) = (1-p1)ps(—p2)+(—p1)(1—p2)P2+PP2(1—P1—P2) = —PiP2,

and, in addition, Ee = 0 implies that EX;.iX;X$. 505 = 0, r < i, k—j < i—1.
Therefore,
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(6) 1 °Tr= - "pips{S T EXij Xy X7 01 by

2
+I X k_§3>i EXij Xr-j Xk @i fr}

=—pp2n {Ts+ Tra}, say.
Now, for a convenient reference we rewrite (7.3b.5) as
(7 X;= k?i 0; x ex, i>1, as,

where, as in (7.3b.5), the unspecified lower limit on the index of summation
is —w, and {6k} are real numbers satisfying 0y = 1, A; < o, with

Ag:=Zixo |&|% a2 1.

Note that supy |f| < A; and hence A; < o implies that

(8) Ar<Al<w, foralq>l.
Next, define
(9) Ag,n = r%n On+ €5,
n n
Hm,k:= Ekom-rer, 0_<_nsm<m,k$n.
Tr=
ar:=E(a€), br:=E(f¢), up:=Ee, 1<r<4,

a% := Var.(a), ag := Var.(f)

where a, f are copies of a;, ;. Observe that

n
(10) Hm:k = Alnm - Am,k-l; k S n S m,
i-1 .
Xi=Aii=Apig+Hijiga+ 6= A5+ €5, Vi,
a% <mg, where my is as in (1), k=1,2.

Morover, {¢;} i.i.d., E(¢) = 0, and (8) imply that forall n { m < m,

(11) EAZn=3 BmimAi<e,

rzm-n

EAg,n =k§m_n5§ﬂ4 + 3k§m_n rgm_n,#kaﬁagﬂz < (pati2)Ad < o.
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For the same reasons, from (10) it follows that
E{X% ai|Fi-} =2 Aj,i-1a1+a;,  foralli.
Use this and argue as for (6) to obtain

T7l = Er E xr_jﬂr {231 Lr +ag Xr}
+ r§i;i-j§r+1 E Xf‘jﬂr {2alLi + azxi_j}

= T711+ Triz, say, where Li:= Xij Ai,ir

The C—S inequality, the staionarity of the process {X;} and (11) imply
that for all r, j,

Elxr-jﬂr Lrbjl < {E(Xr-jﬂr)2 EL¥+j}1/2 < D4 C4 <o,
E|Xr-jﬂr Lrl S D4 C4 < @,

where Dy, Cx are constants depending on the kth moment of h(U? and the
kth moment of ¢ and Ay, respectively, 1 < k < 4. These facts imply that

(12) 0 2| Ty = O(@™}) = o(1).
Next, to handle T2, use (11) to obtain that for i—j > r+l,

Li = {Ai-jor-1+ Oi-j-r €r + Hi-:g,rol}{Ai,r-l +0ir e+ Hi,—:u}-
Use the above type of conditioning argument to obtain that

EXr. fr Li = EXrjj {[0ix Aijor-1+ 0ix Aiyr-1] by + 051 0ir b},

EXrj fr Xij = EX {03« by + 20ijr Aijyro b}, i—j > T+1.
Use these facts together with (11) and an argument like the one that led to
(12) to conclude that n 2|Ty2| = O(n 2). This and (12) yield
(13) 1 2| Ty| = 0@™Y) = o(1).

Now we turn to T72. Using (10) write

Xk = Akjyi-1+ Oj-i €5+ Hﬁ:,in, k—j 2 i+,

and use arguments like those above to obtain that

E{X%-j oi|Fiq} = &-j-i ag + 2Axj,i-1 Oj-i 3y, k—j > i+l,
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so that

(14) Ty = r<2i3<§;k_§3szXr-j Pr Xi-j {0§-j a2+ 2Ak,i1 Ohj-i a4}

= a2 T721 + 23.1 T722, say.
Arguing as above and using the stationarity and the fact that EX, = 0, one
obtains

Exr-j ﬂr Xi-j = EXr-j ﬂr {Ai-j,r-l + 0i-j - €r+ H;:}arol}

= EX;j 052 by =0, ij > r+l.
Thus,
| T721| € a2d2 §<§ |EX:j Br Xi] = 0.
Similar arguments show that |n"2T722| = 0o(1) thereby completing the

proof of n_2|T72| = 0(1). This together with (13) shows that

n"2|T,| = o(1).
Now consider T»: Rewrite
Ty = (213<2r3 + §<§) (Exzi-j Xg-j ol ﬂ%) = Ty + T2, say.
Again, by a conditionning argument,

(15) Ty = o3 - 2.z EX3; X2, of

=d}- 2.v2 2
=02 (i<r2;:r-;i35j + i(rgr-ii:zju)(Exl.J XI‘-_] Ch)
= 0} - {Tau+Taa}, say.
Again, the C—S inequality, the stationarity of the process {Xi}, the

assumptions (7.3b.c1) and (d2) imply that 0 < Ty < j'n-EX§ = O(n), by
(8) and (10), so that

(16) n 2Ty = 0@ h) = o(1).
Next, argue as for (14) to obtain

Typ=_3 5. EX3;X%;dl

irir-i2j+

2 2 rj 2
= Y X EXijai{Arg,i-t+O-i €+ Hrj,ia}
idrir-i2jv
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r-j
= 021- D) Exzi.j {A?‘-j’i-l + m)=3i+1 0%-j-m Eez}

i<rir-i2j+

+2c Y % EX%.J' Arjyia O

i<rir-i2j+1
(17) =02 - By+2:-By+ O(n), say, c= E(ea)z.
The C—S inequality and (11) yield that
(18) 1 ?B;<C<u, foralln1,

where C is a constant depending on p4 and A;. A similar argument shows
that |By| = O(n—l). This together with (17) and (18) yield that

(19) lim supy, n—2|Tm| <C 021.

Hence, from (17) — (19) one readily obtains

lim supy n-2|T21| <C a% o% <Cmm, by (10).

Similarly, one concludes a similar result for T2 thereby enabling one
to conclude

(20) lim sup, n_2|T2| < C mym,, where C is asin (18).

Finally, consider n 2Ty By arguments similar to those above we
obtain

(21) n_2T3 = —n'2 %(? Exzi_j Xg.j ai Bi pip2
=—ppen 2 % B EXiyjaifiXii+0@™)

Crir-idj 4
Let ¢ = E(aff €'). Use (10) and procced as before to obtain
EX%-J' a; fi X%-j = EX2i-j{‘P1P2 (Ag-j-i-l + i ;EJM 0%-1'-.:. )
+ 25 ca+ 201 Arsjyict O}

Combine this with (21), argue as above using (11) and the C—S inequality, to
obtain

- _ r-j -
n 2T3 = (plpg)zn 2 ¥YY E X%_j[Ag.j,i_l + ﬂzmgi 0%-j-m] + O(n 1).

irir-i2j+ +

Another application of (11) yields
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lim sup, |0 2T3| < C (pp2)’ < Cmym;,,

where C is as in (18) above, because
2_f Y 2 IRV ASY)
pi={["mt) &t} <(v—u) L7 K1) dt ¢ m,
o2 = {j;" h(t) dt}2 < (w =) j;" K2(t) dt < m,.
The proof of (A) is now terminated.
PROOF of (B). Fix jand define, for r> 1,k > 1,
urk = B{(Xx @) | Fx-1} = Xk E(ak|Fx-1);
k k
U = I urj Sk = X Xija
i=1 1=1

Now observe that
(22) %(v) — %(u) =n"’Sn.

Because {Xi.; ai} are conditionally centered, gives F;.;, it readily follows
that {Spn, Fn} is a mean zero martingale. Therefore, from Chow, Robbin
and Teicher (1964),

n
(23) E St =E{Usy +4 Sn Uz + 6 S2 Uzy — 6.5 uzj U}
But,
n n k
E, X us U= E { & E(XE of| %) B B(X14 of|Fiur))
L2 2 kKoo o2 2 2 4
=E k§l Xk 07 * iglxi.j o1 = {:SE E Xi, Xk * 01,
n n 3
E 80Uz = E{ Z Xij o+ B B((Xi 0a)"|Fx-1)}
= 3 ZEXi; X3 a;-E(a®),
ES2 U = 02 - E{(T X% o + 2 T Xi Xrjaian)( T X))
nVUm=201- {(1 i ai + et r-j @il £ k-j
2 2 2.2 2 2 2.
=01 [B Xl o1 Xig + 01 - 2, B X X

2
+2 3 Z I EXij Xrj Xij o o,



242 AUTOREGRESSION 7.3d

E Ui =S EXi; - E(a’).

Combine the above with (23) to obtain
— - n
1 ?ESs=n Z{iglEx‘%.j . E(a) + 35 EXi X3, i - E(d?)

2 2 22 2 2 2
+ 607 - [ii_(‘kf_:j EX{aiXi + al-i)gk EX1. Xk

S_]z}iﬂ
2
+ 2 )?(Zr)(i: EXij Xr Xi a3 o]}
=0{K,+ 4Ky + 6 0% [Ks + o2 K¢ + 2 K]}, say.
Arguing as for the proof of (A), one can show that 11-2Kj —0,j=1,
2, 5, that lim sup n-2|K3|$ C a“;, and that lim sup n 2K, < C. Hence (B). o

Lemma 7.3d.2. In addition to (7.3b.3) and (7.3b.4) assume that Ee¢ = 0,
Eé? < o, and Eh2(U) < w. Then the finite dimensional distribution of %,

for every 1 < j< p, converges weakly to that of {E(Xo)2}1/ 2B -), where B is
the Brownian motion in C[0, 1] with the covariance function H(u) —H(u)H(v),
0<u<vel.

Proof. The proof uses Corollory 3.1 of Hall and Heyde &1980; p 58)(see
Lemma A.3 in the Appendix) and the Cramer—Wold device. Accordingly, fix

jandlet 0<uy<uz<.... <ur <1, 0€R". Define
r
an(€i) 1= E X {M(F(ex))I(F(e1) < ue) = G(u)},
-1/2 4 .
bni:=1n % Xij an(e), Snii= kijlfnk, 1<i¢n

T
Note that Snpn = kglf)k %(ux). Because of the given assumptions, and

because &n; is conditionally centered, given Fi.j, {(Sni, Fi-1), 1 <1< n} isa
mean zero square integrable martingale array. Next, fora 6> 0, by the C-S
inequality,

- n_lélExzi-j {E[e2(e)I(| X1 an(es)] > /%) |7}

-4 N
<ot B EXY; PY2(| Xy an(e)| > 0'/2[1) - Dy
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2 - n
< (%) B BIX:51°EY| an(s) | Fi-]-Daoe

< C3Da, (00?7 = o(1)
where, in the above, Dy, is a constant dependin on r, D4 and @ and C3is a
constant dependin on p3 and d;.
Next, from the definition of H in terms of A one readily sees that

L 2 -1 & 2 2
Z E(&ilFiq) =n " X Xij Elan(es)|Fi]
-1 )1 2 r )y
=n X Xij; ¥ X Ala [G(uxAum) — G(uk) G(up)]
i=1 k=1m=1
T T
= E(x%)kzgz1 I Aeha[G(ukhun) — G(vi)G(ua)] + 0p(1),

by the Ergodic Theorem.

The above calculations show that {Sni, Fi-, 1 < i < n} satisfy the
conditions of Lemma A.3 and hence Sp, converges weakly to an appropriate
normal r.v. This completes the proof of the Lemma. o

Proof of Lemma 7.3b.3. In view of the Lemmas 7.3d.1(A) and 7.3d.2
above, the proof uses Lemmas A.1, A.2 and Theorem A.l in the Appendix
and is exactly like that of Theorem 2.2a.1(i). O
7.4. M.D. ESTIMATION
In this section we shall discuss two classes of m.d. estimators. They are the
analogues of the classes of estimators defined in the linear regression setup at

5.2.11) and (5.2.20). To be precise, consider the autoregression model
7.1.1) and define, for a GeDI(R),

(1) Ke®)= 5 [ 8 gXiHI0Ks ¢ 3t Vi) ~ F)} dG(),

p - ’
Ky(t) = 3 [ B e(XeaiXs ¢ o Yi)
—I(-X; < x-t Yi0)}]2 dG(x), teRP,

In the case the error d.f. F is known, define a class of m.d. estimators of
p tobe

(3) pg := argmin{Kg(t); t € RP}.

In the case the error distribution is unknown but symmetric around 0,
define a class of m.d. estimators of p to be
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(4) pg = argmin{Kg(t); t € RP}.

Note that the role played by the vectors {n-l/ 2[g(Xi_1), g(Xi-g, oy B(Xip)];
1<i< n} is similar to that of the vectors {dni; 1 <i < n} of Chapter 5. To

put it in matrices
¥ isasin (7.3a,.15.

The existence of these estimators has been discussed in Dhar (1991a)
for p = 1 and in Dhar (1991c) for p > 1. For p = 1, these results are
relatively easy to state and prove. We give an existence result for the
estimator defined at (4) in the case p = 1.

the precise analogue of D is the matrix n /2 ¥, where

Lemma 7.4.1. In addition to (7.1.1) with p = 1, assume that either

(5a) xg(x) >0, V xeR, or (5b) xg(x) <0, V xeR,

Then, a minimizer of Kg ezists if either G(R) = » or G(R) < o and g(0) = 0.
The proof of this lemma is precisely similar to that of Lemma 5.3.1.

The discussion about the computation of their analogues that appears
in Section 5.3 is also relevant here with appropriate modifications. Thus, for
example, if G is continuous and symmetric around 0, i.e., satisfies (5.3.10),
then, analogous to (5.3.7%),

p n n ’ ’
Kg(t) = 2 2, 2 a(Xi)g (X ) G(Xi-t Yig) — G(-Xiot Vi)
— |G(Xi-t Yisg) — G(Xk-t Yi1)|}-

If G is degenerate at 0 then one obtains, assuming the continuity of the
errors, that

P n ’
(6) Ky(t) = 3 [, e(Xi)sign(Xi - ¢ Yir)[", wop.L.

One has similar expressions for a general G. See (5.3.7) and (5.3.7").

If g(x) = x = G(x), pg is mle of p if F is logistic, while pg is an
analogue of the Hodges—Lehmann estimator. Similarly, if g(x) = x and G is

degenerate at 0 then pg is the l.a.d. estimator.

We shall now focus on proving their asymptotic normality. The
approach is the same as that of Sections 5.4 and 5.5, i.e., we shall prove that
these dispersions satisfy (5.4.A1) — (5.4.A5) by using the techniques that are
similar to those used in Section 5.5. Only the tools are somewhat different
because of the dependence structure.
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To begin with we state the additional assumptions needed under which
an asymptotic uniform quadraticity result for a general dispersion of the
above type holds. Because here the weights are random, we have to be
somewhat careful if we do not wish to impose more than necessary moment
conditions on the underlying entities. For the same reason, unlike the linear
regression setup where the asymptotic uniform quadraticity of the underlying
dispersions was obtained in L;, we shall obtain these results in probability
only. This is also reflected in the formulation of the following assumptions.

(7) (a) Ehz(Yo) < wm. (b) 0< Ee2 < .
(8) V [lul| ¢<B,aeR,
[ ER2(Yo) | F(xen ™/ (u Yoral| Vo) - F(x)]dG(x) = o(2).

(9) There exists a constant 0 <k <w,3 V §>0,V |lu]| ¢ B,

lim infy P( f n'l[ii_':lh*(Yi-l){F(xm'l/ 20 Y Y2 )) -
- Fxen Y20 Yo V26 Y5 ) 12AG(x) < k62) = 1,
where h* is asin the proof of Theorem 7.2.1.

(10) For every |lu]| ¢ B,

S E (Vi) {FGen ™ 20 Vi) P02 Yif()}dG(x) = op(1),
and (5.5.68b) holds.

Now, recall the definitions of Wy, v, #, 7!’*, T*, W*, Z*, m” from
(7.1.6), (7.2.2), (7.2.5) and (7.2.6). Let |-|, denote the Ly—norm w.r.t. the

measure G. In the proofs below, we have adopted the notation and
conventions used in the proof of Theorem 7.2.1. Thus, e.g., & = Yi-;; %(+),

vu(-) stand for #(-, pn Y 20), m(-, pen /2

u), etc.
Lemma 7.4.2. Suppose that the autoregression model (7.3b.3) and
(7.3b.4) holds. Then the following hold.

(11) Assumption (8) implies that¥ 0 < B < m,
B [2(x v, 2)-2"(x v, 0)"4G(x) = o{1), V |lu] <B,a€R

(12) Assumption (9) implies that V 0 < B <o,V [lu]| < B,
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lim inf, P("sup|| Y/ 2|l/ib1(x, p+n_1/ 2v) - Vi(X, P+11_1/211)|: <ké?) =1.
v-_u||€<é

where k and § are as in (9).
(13) Assumptions (7), (9) and (10) imply that V 0 < B < o,

-1/2

supyicp J 18 2 {(x, o 20) - m(x, )}

- u'n‘lélh(yi-l)yi-l £(x)]2dG(x) = op(1).

Proof. Let, for x,a € R; u, y € RP,
-1/2 -1/2
(14) p(x,1,3;5) := | F(xen V2 (w yualy])))-F(xen Y 2uy))|.

Now, observe that n!/ 2[Z*(x; u, a)-Z°(x; u, 0)] is a sum of n r.v.’s
whose ith summand is conditionally centered, given F¥;;, and whose

conditional variance, given F;.1, is E[{b*(£)}? p(x,0,3;&:){1— p(x,u,2;£)}], 1

<i< n. Hence, by Fubini, the stationarity of {£;} and the fact that (h*)zg
b2,V uel(B),

Lh.s.(11) < [ Eh*(Yo)p(x,1,3;Yo) dG(x) = o(1),

by (8) applied with the given a and with a = 0 and the triangle inequality.
To prove (12), use the nonnegativity of h*, the monotonicity of F and

(7.2.10), to obtain that ||v|| < B, ||v - u|| < § imply that V ||u]| < B,

(15) n'2|(x) — vax)| < Im*(x;w, 6) - m*(xw,—0)],  V xeR.

This and (9) readily imply (12) as the r.v. in the Lh.s. of (9) is precisely the
| - |§ of the r.h.s. of (15) for each n > 1.

The proof of (13) is obtained from (7), (9) and (10) in the same way as
that of (5.5.30) from (5.5.7), (5.5.8) and (5.5.9), hence no details are given. o

Lemma 7.4.3. Suppose that the autoregression model (7.3b.3) and
(7.3b.4) holds. In addition, assume that (8) and (qgr) hold.
Then,V0 < B < w,
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(16) SUP||4||<B f [ #5(x, pn Y ?0) — H*(x, p)I%dG(x) = op(1).
(1) supyyep ST o7 0) — Hi(x, p)PAG(x) = 0p(1).

Proof Let q(x,my) := |F(x +1n Y%u'y) - F(x)|, xR u, y € R,

The r.v. n1/2[ %'(-) - ¥*(-)] is a sum of n r.v.’s whose ith summand is
conditionally centered, given F;.;, and whose conditional variance, given F;.;,

is E[{h*(&)}? q(-,m&){1— q(-,m;&)}], 1 <i < n. Hence, by Fubini, the
stationarity of {¢;} and the fact that (h*)2 <h% V ||lu|| <B,

(18) E|%*-#*|2¢ [ n-liilIlEhz(YH)|F(x+n—1/2u’Yi_1) - F(x)| dG(x)

< [ En(Yo)|F(xn 20 Yy) - F(x)| dG(x).
Therefore, by (8) with a = 0 and the Markov inequality,
(19) | %™ 7712 = 0p(1), V |lul ¢ B.

Thus, to prove (16), because of the compactness of /{(B), it suffices to
show that for every 7> 0 thereisa §> 0 such that for every |lul| < B,

(20) liminf, P( sup |Ly—Lu| < ) =1,
l[v-ull<s

where Ly:= | % - #*|2, ||lu] ¢B.

Expand the quadratic, apply the C—S inequality to the cross product
terms, to obtain

(21) |Ca—Lol < | %= %512+ 2] %551 | %577

Observe that h* > 0, F nondecreasing and (7.2.10) imply that
0 ¢ [m¥(x;w, £8) - m*(x; 1, 0)| € m*(x; w, &) - m*(x; u,-),

for all xeR, s € M(B), |s-u]| < 6. Use this, the second ineqality in (7.2.9),
(7.2.10), (7.2.11), and the fact that (a+b)2 < 2(a2+b2), a, beR, to obtain
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+

| %5~ %12 < 16{ [ [2*(x; w, 0) - Z°(x; u, 0)]°dG(x)
+ [125(x; v, -8) - Z°(x; u, 0)]*dG(x)
+ [Im*(x; v, 8) - m*(x; v,-)’dG(x)

1/2, £ +\,2
+ 0205 - )12 ),

for all v € ¥(B), ||v - u|| < . This together with (9), (12), (13), (19), (21)
and the C—S inequality proves (20) and hence, (16).
The proof of (17) follows trom (16) and the first inequality in (7.2.9). o

Now define, for t € RP,
(22)  Ku(t) = f[n_llzig}lh(Yi-l){I(Xigx+t'Yi-1)—F(y)}]2 dG(x),
Ka(t) == [ #(x, ) + 2/ (t-p)" n_léllh(Yi-1)Yi-1f(x)]2 dG(x).

Theorem 7.4.1. Suppose that the autoregression model (7.3b.3) and
(7.3b.4) holds and that (5.5.69), (7) — (10) hold. Then,¥ 0 < B < o,

(23)  supyep [ Kulo + 07 %0) = Kifp + 27/ %0))] = 0p(1).
Proof. Observe that, by (5.5.69), (7),
(24) E[ #(x, p) dG(x) = Eh(Y,) [F(1-F)dG < a.

The rest of the proof of (23) follows from Lemmas 7.4.2 and 7.4.3 in a similar
way as that of (5.5.28) from Lemmas 5.5.1, 5.5.2 and the result (5.5.30). o

Now we shall apply this result to obtain the required quadraticity of

the dispersion Kg and K. For that purpose recall the matrices &, % and
B, from (7.3a.1). Note that Xij, g(Xi) are the (i,j)t» entries of &, %
respectively, 1<i<n, 1<j<p. Also observe that the

(25) jth row of By is 'ﬁlg(Xi.j)Y/i 4 1<j<p.
i=

To obtain the desired result about Kg, we need to apply the above
theorem p times, jth time with

(26) h(Yi.) = g(Xi4), i=1, ..., p.
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Now write % for #, when h is as in (26) and #(-) for #(-, p),
1<j<p. Note that ! A(+) A(-, p)

- n
#x) =02 B g(Xi}{l(e < x) —F(x)}, 1<i<p, xeR

We also need to define the approximating quadratic forms: For t € RP, let
- P 1N
20)  Kg®) = 3 [1%(x) +0' () 27" 8 (X1 Vi ()] 4G (),

() Ky®:= 3 1%+ a-p) 07§ gXi) Vit PaG(x),

where
(29) (0 =0 EgXi}{I(ea¢x) - [ <x)},  1<i<pxek

Before stating the desired results consider the conditions (7) — (10)
when h is as in (26). Condition (7a) is now equal to requiring that
Eg%(Xyj) <o forall j=1, ..., p. Because of the stationarity of {X;}, this in

turn is equal to
(7ag) Eg%(Xy) < .
Similarly, (8) is equal to
(8g) V |[ull <B,aeR,1<j<p,
[ (X1) [F(xen™ 2w Yora|| Yo))) - F(x)|dG(x) = o(1).

Let (9g¢) stand for the condition (9) after h*(Y;.,) is replaced by g*(Xi.j),
1<j<p, in (9), 1<i<n. Interpret (10g) similarly. We are now ready to state

Theorem 7.4.2. Suppose that the autoregression model ‘57.3b.3) and

(7.3b.4) holds and that (5.5.68a), (5.5.69), (7b), (7Tag) — (10g) hol
Then,V 0 < B < u,

(30) SUD|l4((<B | Kg(p + n_1/2u) —Kgp+ n—llzn))| = op(1). o

Proof. Note that the jth summand in Kz isa Kn with h as in (26).
Hence (30) readily follows from (23). o

Lemmas 7.4.2 and 7.4.3 can be directly used to obtain the following
Theorem 7.4.3. In addition to the assumptions of Theorem 7.4.2, except

5.5.69), assume that F is symmetric around 0, G satisfies (5.3.8) and that
5.6a.13) holds.
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Then,YV 0 < B < w,
-1/2 5 -1/2
(31) supcp | Ke(oen I2y) — K{(pen )| = 0p(1). 0

Upon expanding the quadratic and using an appropriate analogue of
(24) obtained when h is as in (26), one can rewrite

Ry(t) = Ke(o) + 2(t-p) 0 /7By [ #(x) 1(x)dG(x)
+ (t-p)" 2 7'BuBa (t-p) |11}, tew?,

where ¥ := (#, .., #%)’. Now consider the r.v.’s in the second term.
Recalling the definition of 9 from (5.6a.2), one can rewrite

Sai= [ ¥ {04C() = 072 g [9(er) — BY(e)]

where g;’ is the ith row of % ie.,

(32) gi’ = (8(Xi-1), 8(Xi2), -, 8(Xip)),  1€i&m

Since g; is a function of Y-y, it is Fj-; — measurable. Therefore, in
view of (7a5 and (5.5.68a), {(8n, Fn-1), n > 1} is a mean zero square
integrable martingale array. The same assumptions, and an argument like
that in the proof of Lemma 7.3d.2, enable one to verify the applicability of
Lemma A.3 in the Appendix to S,. Hence, it follows that

(33)  Sa — N(0, G*riley), G* =Eggy’, 7= Var Y(e))/( [%4G)%.
By the stationarity and the Ergodic Theorem, we also obtain
(34) n B, — B, as,, B:= En"'B, = Eg,Y,.

Consequently it follows that the dispersion K satisfied (5.4.A1) to
(5.4.A3) with 0o = p, 8, =n'/%, S, =0 /%8, 8., Wa=n"'B.B,, W = B,
¥ = B G*B 72, and hence it is an u.l.a.n.q. dispersion.

In view of (24) applied to h as in (26), the condition (5.4.A4) is
trivially implied by (735 and (5.5.69).

Recall, from Section 5.5, that in the linear regression setup the
condition (5.4.A5) was shown to be implied by (5.5.11) and (5.5.12). In the
present situation, the role of Ty, Ty of (5.5.11) is being played by n 'B f,

1" !B, (4G, respectively. Thus, in view of (34) and (5.5.68a), an analogue of
(5.5.11) would hold in the present case if we additionally assumed that B is
positive definite. An exact analogue of (5.5.12) in the present case is
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(35) Either
0g:Y;40>0, V 1<i<n,V 0k, |6 =1, as.,
or

0g:Yi0¢<0,V 1<i<n,V 0l |0 =1, as..
We are now ready to state the following

Theorem 7.4.4. In addition to the assumptions of Theorem 7.4.2,
assume that the B of (34) is positive definite and that (35) holds. Then,

(36) n'/%(pg— p) = — {n'Ba [ 124G} ™" 0 + 0p(1).
Consequently,
(37) 2/(5g—p) — N(0, (B) ' G*(B)) ' 7). :

Let py denote the estimator p; when g(x) = x. Observe that in this
case G* = B=En ‘% .%= EY,Y,. Moreover, the assumption (35) is a
priori satisfied and (7.3b.3), (7.3b.4) and (7b) imply that EY,Y, is positive
definite. Consequently, we have obtained

Corollary 7.4.1. Suppose that the autoregression model (7.3b.3) and
7.3b.4) holds and that (5.5.68), (5.5.69), (7b), (8g) — (10g) with g(x) = x
old. Then,

(38) 2/%(px — p) — N(o, (EY,Yo) 7). 0

Remark 7.4.1. Asymptotic Optimality of px. Because B and EYOYB
are positive definite, and because of 1 FF— EYoY;, a.s., and (34), there
exists an Ng such that n > % and n™'B, are positive definite for all n>N.

Recall the inequality (5.6a.8). Take J = n /2 ¥,L= 2 2% in
that inequality to obtain

n—l ?, ? > n—l y' .z-(n"l‘z-' $)_1,n—1$, ?, Vn > No, a.s.,

with equality holding if, and only if % « %. Letting n tend to infinity in
this inequality yields

B)7re* (B) !> (EY,Yo) .
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We thus have proved the following:

(39) Among all estimators {pg; g satifying (Tag) — (10g) for the given (F, G)
that satisfy (7b), (5.5.6gS), (5.5.69)%, the ome that minimizes the

asymptotic variance is px ! o

We shall now state analogous results for pg. Arguments for their
proofs are similar to those appearing above and, hence, will not be given.

Theorem 7.4.5. In addition to the assumptions of Theorem 7.4.4, ezcept
5.5.69), assume that F is symmetric around 0, G satisfies (5.3.8) and that
5.6a.13) holds. Then,

(40) n'/%(pf — p) = — {n'Ba 4G} 52" + 0p(1),
where

S = [ #0146 =0 L g [9(-65) - W]

Consequently,

(41) 2 2(gg—p) — N, (B 6*(B) ' m),

(42) 2'/2(p — p) — N(0, (BYY0) 'ri). :
Obviously the optimality property like (39) holds here also.

Remark 7.4.2. On assumptions for the asymptotic normality of px, px-
If G is a finite measure and F has uniformly continuous density then it is
not hard to see that (8g) — (10g), with g();_) = x, are all implied by (7b).
Consider the following assumptions for general G:

(43) Ele|* <o, EeéZ> 0.

(44) As a function of s € R, f E|X1-j|2||Yo|| f(x+s]| Yo||) dG(x) is continuous
at0, 1<j<p.

(45) For every 6> 0, ueRP,
[ : [ E{lIYoll[fGen ™ ?(u Yort 8§ Yoll)) — f(xen ™20 Yo)]}? dG(x)dt = o(1).
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(46) For every u € RP,

-1 -
ST E X Yl o™ 200 Ya)]? dG(x) = Op(1), 1< <.

An argument similar to the one used in verifying the Claim 5.5.1 shows

Ega;; (5;15.(6803)), (43) and (44) imply (8g) while (5.5.68b), (45) and (46) imply
g) and (10g).

In particular if G(x) = x, then (5.5.68), (43) and { continuous imply

all of the above conditions, (5.5.69) and (5.6a.13). This is seen with the help

of a version of Scheffe’s Theorem. o

Remark 7.4.3. Asymptotic relative efficiency of px, px. Since their
asymptotic variances are the same, we shall carry out the discussion in terms

of px only, as the same applies to px under the additional assumption of the
symmetry of F and G.

Consider the case p = 1. Let 02 = Var(e¢) and pis denote the least
square estimator of p;. Then it is well known that under (7b), n'/ 2(;‘)1s - p1)
—2 N(o, 1—p21). See, e.g., Anderson (1971). Also note that in this case

(EYOY;,)_1 = (l-p“;) /0% Hence the asymptotic relative efficiency e of py,

relative to pis, obtained by taking the ratio of the inverses of their
asymptotic variances, is

(47) e = e(px, p1s) = 0?72

Note that e > 1 means px is asymptotically more efficient than pys.

It follows that py is to be prefered to pys for the heavy tailed error d.f.’s
F. Also note that if G(x) =x then 72 = 1/12 [[f(x) dx]?2 and e = 12 o2
[jf2£x dx]2. If G is degenerate at 0, then 72 = 1/[4f2§10)] and e =
40212(0). These expressions are well known in connection with the Wilcoxon
and median rank estimators of the slope parameters in linear regression
models. For example if F is N(0, 1) then the first expression is 3/7 while
the second is 2/w. See Lehmann (1975) for some bounds on these
expressions. Similar conclusions remain valid for p > 1. ]

Remark 7.4.4. Least Absolute Deviation Estimator. As mentioned
earlier, if we choose g(x) =x and G to be degenerate at 0 then py is the
l.a.d. estimator, v.i.z.,

P ’
48 p, . :=argmin{ ¥ % X sign(Xi-t Yi 2; teRP
lad 1=1 i=1 ]
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See also (6). Because of its importance we will now summarize sufficient
conditions under which it is asymptotically normally distributed. Of course
we could use the stronger conditions (43) — (46) but they do not use the
given information about G.

Clearly, (7b) implies (7ag) when g(x) = x. Moreover, in this case the
Lh.s. of (8¢) is

EX}5|F™*(u Yoal|Yoll)) - Fa ™% Yy)|

which tends to 0 by the D.C.T., (7b) and the continuity of F, 1< j< p.
Now consider Z'Qg). Asssume the following:

(49) F has a density f that is continuous at 0 and 1(0) > 0.
Recall from (7.3b.6) that under (7.3b.3), (7.3b.4) and (7b),
(50) 0 Y 2max{||Y;l; 1 <i <0} = op(1).

The 1.v.’s involved in the Lh.s. of (9;) in the present case are
—-1. D - -
2 '[2 Xi4{F( Y20y 4+ 0726 Y1)
- P 2w Yo - 07204 )

which, in view of (49), can be bounded above by
_4 N
(1) 482 (0" 3 X5l Yiall (i)l

where {fai} are 1.v.s, fini € 0 2[0’ Yi-y — 8| Yi-ql|, 0/ Yior + 8| Yini)]], 1<i<a.
Hence, by the stationarity and the ergodicity of the process {Xi}, (7b), (49)

and (50) imply that the r.v.’s in (51) converge to 48 [EX.|| Y| f(O%]z,
?.s.,)l <'j < p. This verifies (9;) in the present case. One simiiarly verifies
10g).

Also note that here (5.5.68) is implied by (49) and (5.5.69) is trivially
satisfied as [F(1-F) dG < 1/4 in the present case. We summarize the above
discussion in

Corollary 7.4.3. Assume that the autoregression model (7.3b.3) and
(7.3b.4) holds. In addition, assume that the error d.f. ¥ has finite second
moment, F(0) = 1/2 and satisfies (49). Then,

2/ %(g, =) = N(O, (EYoY0) ™/41%(0)),

where p,,_, is defined at (48). o
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7.5. GOODNESS-OF-FIT TESTING.

Once again consider the AR(p) model given by (7.3b.3), (7.3b.4) and let F,
be a known d.f.. Consider the problem of testing H,: F = F;. One of the
common tests of H, is based on the Kolmogorov—Smirnov statistic

Dy = n'/?supy |Fu(x, §) — Fo(x)|.
From Corollary 7.2.1 one readily has the following:

If Fy has a uniformly continuous density f,, fo > 0 a.e.; szdFo(x) <
o, p satisfies (7.3c.(iv)) under F, then, under H,,

Dy = sup | B(Fo(x)) + 0"/%(p— p) 0 7"8: Yi.i fu(x)| + 0p(1).
In addition, if EYy = 0 = Ee;, then Dy =2 sup{|B(t)|, 0 <t <1}, thereby
rendering Dy asymptotically distribution free.

Next, consider, Hp: F = N(g, 02), L€ R, ¢* > 0. In other words,
Hy; states that the AR(p) process is generated by some normal errors. Let

fn, 0n and pp be estimators of u, o, p respectively. Define

Fa(x) =07 5 I(X; < X6 + fin + P Y3), x €R,
Dn = n'/2 supy|Fu(x) — &(x)|, & = N(0, 1) d.f.

Corollary 7.2.1. can be readily modified in a routine fashion to yield that if

02| (i — ) + (5n— )| o+ 0¥|pn — || = Op(1)

then
Dn := supc| B(&(x)) + 0'/*{(fin — 1) + (5n — 0)}o ™" n(x)| + op(1),

where n is the density of ®. Thus the asymptotic null distribution of Dn
is similar to its analogue in the one sample location—scale model: the

estimation of p has no effect on the large sample null distribution of Dn.

Clearly, similar conclusions can be applied to other goodness-of-fit
tests. In particular we leave it as an ezercise for an interested reader to
investigate the large sample behaviour of the goodness-of-fit tests based on
Lo—distances, analogous to the results obtained in Section 6.3. Lemma 6.3.1
and the results of the previous section are found useful here. ooooo





