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COMPENSATED COMPACTNESS,
COMMUTATORS AND HARDY SPACES

CHUN L1

ABSTRACT. Since Coifman, Lions, Meyer and Semmes discovered the link between Hardy
space theory and compensated compactness theory, there has been much progresses in
developing further connections between them. In this survey we show how the boundedness
and compactness of commutators can be used to get the weak convergence and higher
integrability of certain bilinear forms which are related to compensated compactness.

§1. Introduction.

Recent discoveries tie the weak continuity of various nonlinear quantities in com-
pensated compactness with the theory of harmonic analysis, showing that many of these
quantities are in fact in well-known Hardy spaces. We refer readers to the papers of
Coifman, Lions, Meyer and Semmes [CLMS] , Miiller [Miil] for more details.

The problem we are concerned with is set up as follows. Let

B;:R* x RM — g™

B, :R" x RN — R™

be two vector-valued bilinear forms. Therefore for every non-zero £ € R*, Bj;(§,-)
are linear maps from RV to R™, j = 1,2. Let Q : R¥> — R™M be a linear map
which satisfies p"Qv = 0 whenever By (§, ) = 0, Ba(§,v) = 0 for some & # 0. Denote
q(u, v) = u"Qu, the bilinear form on RM x RM2 related to Q.

Tartar [T] proved that if uy — w in L?_, vy — v in L%, and Bi(D,uy),
By(D, vi) are compact in W',;CI’2, then q(uk,vr) has a subsequence converges to q(u, v)
in the sense of distributions.
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Zhou [Z] generalised the result to LP spaces, under the condition that rankB; (¢, -)
and rankBs(€,-) are constant. More precisely, suppose 1 < p,g < o0, 1/p+1/¢ = 1.
Then if ug — win L}, vy — v in L}, and By(D,uy), B2(D, vy) are compact in VVl;cl’p

and VVl;C1 P respectively, g(uk, vr) has a subsequence converges to q(u,v) in the sense of
distributions.
The well known ‘div-curl lemma’ of Murat’s is a special case of this result. [M]

Later, the following result has been proved by using techniques in harmonic analysis.
Suppose rankBi(&,-) and rankBy(E,-) are constant, and 1 < p,g < 00, 1/p+1/q = 1.
Then for'u € LP , v € L9, By(D,u) = 0, B2(D,v) = 0, we have g(u,v) € H', and
llg(u, v)|lm; < Cllull,lv]lq, where H! is the Hardy space. See [CLMS] for the case
when p = ¢ = 2 and B, = Bs, and see [LMWZ] for the other cases. In fact, in the
paper [LMWZ] by Li, McIntosh, Wu and Zhang, the condition that rankB;(£,-) and
rankBy(€,-) are constant is dropped when p = g = 2.

The same result is also true in the local case, i.e., we can replace LP, L9 and H'!

by LT , L]

P e LY. and H} ., though we have not remove the constant rank condition in this

oc?
case.

By using this result,together with Jones and Journe’s result [JJ] and the ‘biting
lemma’, Coifman, Lions, Meyers and Semmes [CLMS] proved the following result on
weak convergence.

Ifuy — win LP |, B1(D,ug) = 0, vy — v in LY | Bo(D,v) = 0, then ¢(ug,vg) has
a subsequence converges to g(u,v) weak-* in H* .

In this paper, we give a direct proof of the weak convergence by using the compact-
ness of commutators.

In the local case, by using the fact that f € H\_, f > 0 implies f € L(log L)0c [S],
we conclude that q(u, v) € L(log L), if ¢(u, v) > 0 and u, v satisfy the above conditions.

S. Miiller’s [Mii1] following result is therefore a special example of this case: suppose
f:R* — R* (n > 2), and satisfies Vf € L. Let J(f) = detVf. If f'is an
orientation-preserving mapping, i.e. J(f) > 0, then J(f) € L(logL)ioc. This follows
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from our results because

J(f) = gg]: +- +gian

with divo = 0.

In the Jacobian case, the following more general result has been proved: For o € R,
if Vf e L™(logL){-", and J(f) > 0, then J(f) € L(log L)%,. See [IS] for a = 0, [GI]
for o = 2, [BFS] for 0 < oo < 1 and [Mi] for all a.

In [LMZ], Li, McIntosh and Zhang discussed more general bilinear forms, and ob-
tained the following result. If for 1 <p,g < o0,1/p+1/g=1,a € R, u e L”(logL)loc ,
vE Lq(logL)loc1 B1(D,u) =0, By(D,v) =0, q(u,v) > 0, we have q(u,v) € L(log L)§ .

Recently, Li and Zhang [LZ] considered the integrability of such bilinear forms on

Orlicz spaces. Suppose ¢ is an Orlicz function on R*. Let

/¢( if /;oogﬁi—s)ds<oo
/¢ if /100¢—(:)-ds=oo

Then for u € LP¢(LP), v € LI¢(LY), Bi(D,u) = 0, B2(D,v) = 0, ¢(u,v) > 0, we have
q(u,v) € Ly(L). Moscariello [Mo] proved the case when ¢(t) > (logt)~! for Jacobians.
oo
A side-product of our proof is that, if Vf € L"¢(L™) with / @ds = 00, then
1

»(t) =

L sc(] v

which gives a positive answer to the conjecture made by Greco, Iwaniec and Moscariello
in [GIM].

I would like to take this opportunity to thank the organisors for inviting me to
participate the conference. My thanks are also due to my co-workers professor McIntosh

and Dr Zhang for allowing me to cite the unpublished results.

§2. On commutators.

First we define some notation.
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A function b € L, is said to be in BMO of

il
sup — [ |b—bg| < oo
ack Q1)o7

where bg is the mean value of b on the cube Q. If furthermore, it satisfies

1
lim —/ b—bpo|=0,
1Q1-0 |Q] Q[ al

then we say b € VMO. o

The Hardy space H! is defined, say, in [S] or [CLMS].

The relationship between these spaces is: (VMO)* = H!, (H')* = BMO.

Let K be a Calderén-Zygmund operator on LP(R"), 1 < p < co. Let [b, K] denote
the commutator of K and the operator of multiplication by the function b, i.e. [b, K|f =

bK(f) — K(bf). The following theorem is well known in harmonic analysis.

Theorem 2.1. Suppose 1 < p < o0.
(1) Ifb€ BMO, then [b, K] is bounded on L, and ||[b, K]|| < C||bllBsro;
(2) ifbe VMO, then [b, K] is compact on LP;
(3) 40 < a < min(1,p/n), b € Ay, then [b, K] is bounded from LP to L9, with
1/g=1/p—a/n, and ||[b, K]|| < C||b]|a,-

For the proof we refer to [JP] and [L].

The other commutator is a nonlinear one. Let

il
/1l

ST =(GGFH-) S
Theorem 2.2. For0<e<1,

NS~ Klfll 2 < Coellfllp

for each f € e,

The proof can be found in [IS].
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Now let us turn our attention to the bilinear forms. Zhou [Z] proved that if @, By, B2
satisfy the conditions listed in §1, then there exist A;(&), A2(§), which are smooth,

homogeneous of degree —1, such that
Q = BI(§)A1(§) + A2(£) B2(§)

for any £ # 0.
Thus, for a test function b, we have, if Bi(D, u) = 0, Ba(D,v) = 0, then

/ bq(u, v)dz = bu" Qudz = < [b, K|u,v >
n Rn

where K is the Calderén-Zygmund operator defined by
Ku(§) = B{ (§) AT (§)a(€)-
Please see [LMWZ] for the details.

As proved in [LZ], by properly choosing b on different occasions, and by using the

results on commutators, we can get the following estimate.

Proposition 2.3. Suppose 1 < p,q< oo, 1/p+1/q=1. Suppose for § small enough,
we P78 ve LI° Bi(D,u) = 0, Bo(D,v) = 0, g(u,v) > 0, then for p1 < p — 9,

loc 7 loc 7

@1 <q—6, with1/py +1/q1 <1+ 1/n, we have

[ law o)z
B
(%)
<Ol E T ([ )Tl e ce([ (] e
2B 2B 2B 2B
fore > 6 ,e(1/p1+1/q1) <1/p1+1/q1 — 1, and for ball B C R".
Later on we shall see that this estimate is the critical point for proving the higher

integrability of bilinear forms.
§3. Higher integrability of certain bilinear forms on Orlicz spaces.
Suppose ¢ : Rt —s R¥ is a continuous function, which satisfies the property that

limy 00 A75¢(A) = 0 and limy—e0 A*@¢(A\) = oo for any € > 0. Furthermore, suppose

there exists n > 0 such that A\"¢(e*) is non-decreasing.
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For p > 1, the Orlicz space LP¢(LP)(Q) is defined as

by P
{f/Ifl¢(| o) <o)

where 0 < 7 < p is fixed, and

~,|,_.

flas = (g 1)

We denote
Alsceny =1 | lflpqs(l]'f[l 3.

Different choices of r give equivalent norms.

The following type of Holder inequality holds.

Proposition 3.1. Suppose Ap(A) is log-convez, i.e. log(etp(el)) is convex in t. Then

forl<p,g<oo,1/p+1/g=1, we have
IfallLer) < N fllzrpczeyllgllLog(za)-

We first look at ¢ such that

T oA o _
/1 -—/\—d/\ =0

_ e
/\) —/1 —t——dt

We need to use the following results on the boundedness of maximal functions on

In this case, let

Orlicz spaces.
Proposition 3.2. Suppose Q is a bounded open subset of R*, then

(1) Mgq, the mazimal function on §, is bounded on LP¢(LP)(Q) for p > 1, and
1Mo fllLegrry < Cllfllrgcrey;
(2) if f € Lige(Q) such that Mof € L¢(L)(Q), then f € Lyp(L)(Q) and

I fllzyry < CliMafllLer)-

For the proof, see [Mo], [GIM]. Now we are ready to prove the following theorem.
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Theorem 3.3. Suppose ¢ is as above. Then for u € LPP(LP)(Q), v € LI¢(L)(R)
Bi(D,u) =0, B2(D,v) =0, q(u,v) >0, for ball B C Q, such that 2B C Q,

L w. v 1 wlPr)1/m L ayl/a
-lBI/Bqu >d:csc<|231/w| ) <I2B,/wlv| )

wherel <p1 <p,1<q1<¢q,1/pm+1/¢1 <1+1/n.

Proof. For our choice of ¢, u € LP#(LP) implies v € LP~? for any § > 0. Thus from

Proposition 2.3, we have

[ latw i<z
i |
()

1

< OB HE ([ qupye ([ e e[ uprd(f e
2B 2B 2B 2B
for 0 <e < 1. If ¢(A) > C > 0, then for f € L¢(L)(B),
s/ |f10=de — 0 as ¢ — 0.
B

Therefore for u € LP¢(LP)(2B), v € LI¢(L?)(2B),

( / fufP=Pe) 3 / [o]e=o)% 0
2B 2B

as € = 0. Thus by letting ¢ — 0 in (*) we prove the lemma.
So we can suppose ¢(A) = 0 as A — oco. Let

2X
h(A) = A ¢(e°)ds,

* h(A log A
then h()) is decreasing, and A"*!h(])) is increasing, / Lcl/\ = 00, hllog %) <
1

A log A
Co(A).

1/p a -1
Let L(p) = // @ds = / @de. Then L(p) — oo as p — 0. Multiplying
1/a W

-1
oth side of (x) by —— and integrating from p to a, and dividing both side by L(u),
both side of bh(se)d' ing fi d dividing both side by L(u)

we have
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1 : C|B| [° ("1 .
L(p /,L / € (u, v)[l drde < L(N)/;; e (|u|25,p1|”l231q1)1 de
Lo

L(y)

/ / e~ ) ulPPedzde) > ( / / h(e1)|v|9 % dzde) 7.

We first prove that

@ h(log \)
h A78de <
G o
for A > e.
f h(e~Y)A"¢de
0
= / h(s)A~+ S
1/a s
log & d oo L
=/ h(s) s—$+/ h(s))\‘?di
1/a 52 log A §
log A L 00 N
< (log)\)“"'lh(log)\)/ s““—lx\‘?d—f—f—h(log)\)/ /\'?d—j
1/a S log A S
log A d h(lo A)
< n+1 g—n—lo—tlogrls s nuogAa)
< (log \)" " h(log A) /1/«1 s 32 Togx
alog A
_ hllog ) / it g=tgy 4 PIoEN)
logX Jy log A
< oMo )
- log A
Thus, since hllog ) < ¢(A), we have
log A
[ [ retpeeasde < i+ [ jupodulr)do)
un J2B 2B
and

/ / h(e™Y)|v|? qsdxds<C’([B[+/ lv|%¢(Jv|?)dz).

Thus by 1ett,ing ¢ — 0 and using L’Hospital’s rule, we get

[ atwvids <clEmE ([ e[l
B 2B 2B
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In fact, this estimate gives us the inequality
Mp(q(u,v))(z) < CMap(uP*)/P Map(v®)/%,

where Mp is the Hardy-Littlewood maximal function on B.
Thus from the properties of maximal function on Orlicz spaces, we have the following

conclusion.

Theorem 3.4. If u € LP$(LP)(2B), v € LI¢(L9)(2B), B1(D,u) = 0, By(D,v) = 0,
q(u,v) > 0, then q(u,v) € LY(L)(B), and

llg(u, V)llLyr) < CllullrgrayllvllLagre)-

a
Now we turn to the case when / ?—(:\%\—-)-d/\ < oo. In this case, we let ¥(\) =
1

[ 4,

Lemma 3.5. Suppose ¢ is concave, and () > cA™¢ for any € > 0. Then there etists

h, bounded, non-decreasing on R*, continuous at 0, such that

d(A) ~ /Oa eA"%dh(e)

A) ~ /0 " A—cdhe)

and

for someO0<a<1.

For the proof, see [GIM].
By using this lemma and estimate (*), we can prove that Theorem 3.4 is still true,

with the norm estimate replaced by

w. v) q(u5 uP Iul l/p ]’U' l/q
/B a(u, (L) c</ S0 o[ vto(re)

llullp, [[v]la: 1K “m

The details of the proof can be found in [LZ]. O
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Examples

(1) When ¢(A\) = (log(A+e)) "1+ for @ € R, then we have 1(\) = (log(A+e€))®.Thus
we recover the result in [LMZ], especially the Jacobian case proved by Milman
[Mi] and others.

(2) When ¢()\) = (log(A + €))"L(log(log(A + €) 4+ €))~'*%, for a € R, we have
P(A) = (log(log(A+€) + €))*. In the Jacobian case, when o > 1, the result can
be deduced from [Mo] (in this case, ¢(A) > c(log\)~!); when « < 1, the proof

can be found in S. Wu’s paper [Wu].

§4. Weak convergence of bilinear forms.

First of all, the following theorem is true.

Theorem 4.1. Suppose up — u weakly in LP |, vy — v weakly in L9, B1(D,u;) =0,

Bo(D,vg) =0, then q(ug, vi) has a subsequence converges to q(u,v) weak-+ in H!.

Proof. In section 2 we have the expression
/n bg(u,v)dr = /n bu” Qudz =< [b, Klu,v >
if B1(D,u) =0, B2(D,v) =0. Now by the boundedness of [b, K|, we have
< q(u,v),b> < Clibllsmollullplvllg-

Then by duality, we obtain ¢(u,v) € H' and ||g(u,v)||m < C|lull,|lv]lg- Thus for the

sequences in the Theorem, we have
llg(u, ve) |z < Cllugllpllvill < C".

From the fact that H' is weak-* compact, we can choose a subsequence of q(ug, vi)
which converges, weak-* in H!. What is left is to identify the limit. In [CLMS] it
is proved that the subsequence converges to g(u,v), by using the ‘biting lemma ’ and

Jones-Journé approach. Here we give another proof. Since for ¥ € VMO, [b, K] is
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compact, thus we can choose a subsequence of [b, K]u; which converges strongly to

[b, Ku, therefore for this subsequence (we still denote as [b, K]ug), we have
< q(uk,ve), b > = < [b, Klug, vy > — < [b, K|u,v >

for any b € VMO. Thus by duality, q(us,vg) converges to g(u,v) weak-* in H'.

In §3 we have proved that if uy € LP@(LP)(Q?) is bounded, vi € LI¢(LI)(Q) is
bounded, By (D, u;) =0, B2(D,v) =0, and ¢(ug,vi) > 0, then

llg(ur, vi)llLwr) < CllukllLrgre)llvellLegrey < C'

We recall the ‘criteria of de La Vallée Poussin’ which says that if fi € Ly(L)(Q)
is bounded for some 1 such that ¥ (¢) — +o0o when ¢t — oo, then fj has a subsequence

which converges weakly in L(2). Thus we have the following theorem.

 B(t
Theorem 4.2. Suppose ¢ is as before, and satisﬁes/ (—t)—i—)dt =o00. Ifur € LPP(LP)(QQ)
1
bounded, vy € Li¢(LI)(Q) bounded, Bi(D,ui) = 0, Ba(D,v) = 0, and q(ug,vg) > 0,
then q(ug,vi) has a subsequence which converges to q(u, v) weakly in L(Q2), where u and

v are the weak limits of uy, and vy, in LP¢(LP)(Q?) and Li¢(L?)(Q) respectively.

Proof. The only thing left to be proved is that the weak limit is ¢(u,v). It can be
obtained by using the same method that S. Miiller used in [Mii2]. The details can be
found in [LZ].
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