A remark on the H*-calculus

Nigel J. Kalton *

Abstract

If A, B are sectorial operators on a Hilbert space with the same
domain and range, and if ||Az| ~ ||Bz| and ||[A~ x| ~ || B~'z||, then
it is a result of Auscher, McIntosh and Nahmod that if A has an
H —calculus then so does B. On an arbitrary Banach space this is
true with the additional hypothesis on B that it is almost R-sectorial
as was shown by the author, Kunstmann and Weis in a recent preprint.
We give an alternative approach to this result.
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1 Introduction

In [1] the authors showed that if X is a Hilbert space and A, B are sectorial
operators with the same domain and range and satisfying estimates

|Az|| = || Bx|| x € Dom (A) (1.1)

and
|A™ 2| =~ ||B 'z x € Ran (A) (1.2)

then if one of (A, B) admits an H>—calculus then so does the other. Results
of this type are useful in applications and were studied in [7]| for arbitrary
Banach spaces. In that paper, a similar result (Theorem 5.1) is proved under
the additional hypothesis that A is almost R-sectorial.

In this note we give a rather different approach to this result. We replace
the almost R-sectoriality assumption by the technically weaker assumption
of almost U-sectoriality, although this is probably not of great significance.
However, our approach here is perhaps a little simpler. We also point out
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that some additional assumption is necessary in arbitrary Banach spaces;
there are examples of sectorial operators A, B satisfying (1.1) and (1.2) but
such that only one has an H*—calculus.

It is possible to consider estimates on fractional powers and our results
can be extended in this direction (as in [7]); however to keep the exposition
simple we will not discuss this point. We also point out that our approach
is really based on an interpolation method, known as the Gustavsson-Peetre
method [5] (see also [4]); but to avoid certain technicalities we have not made
this explicit.

2 U-bounded collections of operators

Let X be a complex Banach space. A family T of operators T : X — X is
called U-bounded if there is a constant C' such that if (x;)7_, C X, (27)7_, C
X*’ (T]);Lzl - (‘Tv

n n n
S [Ty 2)] < C sup IS gl sup (|3 agesl
j=1 laj|=1 j=1 | j=1

aj|=1

The best such constant C' is called the U-bound for T and is denoted U(7).
This concept was introduced in [8].

We recall that T is called R-bounded if there is a constant C' such that if
()jo1 € X, (T)jo C T,

El Y e Tl < CEI Y eayl*) 2.

J=1 Jj=1

Here (¢;)7_, is a sequence of independent Rademachers. The best such con-
stant C' is called the R-bound for T and is denoted R(T). An R-bounded
family is automatically U-bounded |[8].

We will need the following elementary property:

Proposition 2.1. Suppose F': (0,00) — L(X) is a continuous function and
that T = {F(t) : 0 <t < oo} is U-bounded with U-bound U(F'). Suppose
g € Li(R,dt/t). Then the family of operators

> dt
G(s) = / g(st)F(t); 0<s<oo
0
is U-bounded with constant at most U(F) [[° |g(t)|dt/t.
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Proof. Suppose (v;)7_; C X, (7})j—; C X* with

sup ||Zajxj|| sup ||Zaﬂ; <1

laj|=1 laj|=1

Then for sy,...,s, € R we have

> lG e <3 [l )

j=1
dt

<) [ a7

3 Sectorial operators

Let X be a complex Banach space and let A be a closed operator on X. A is
called sectorial if A has dense domain Dom (A) and dense range Ran (A) =
Dom (A™!) and for some 0 < ¢ < 7 the resolvent (A — A)~! is bounded for
|arg A| > ¢ and satisfies the estimate

sup AN —A)7 < co.

|arg A[>¢

The infimum of such angles ¢ is denoted w(A).

Let 3, be the open sector {z # 0: |argz| < ¢}. If f € H*(X,) we say
that f € H5(X,) if there exists § > 0 such that |f(2)| < C'max(|z|°, |2]7%).
For f € H{°(X,) where ¢ > w(A) we can define f(A) by a contour integral,
which converges as a Bochner integral in £(X).

FA) = 3 [ T4

where T, is the contour {|t|e"*"!: —co < 0 < oo} and w(A) < v < . We
can then estimate || f(A)|| by
|\d>\|

LA < C A [F(N) o
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If we have a stronger estimate

IF (AN < Cliflla=s,)  feHT ()

then we say that A has an H*(X,)—calculus; in this case we may extend
the functional calculus to define f(A) for every f € H>*(X,). The infimum
of all such angles ¢ is denoted by wgy(A).

We will need a criterion for the existence of an H*-calculus. It will be
convenient to use the notation fy(2) = f(Az) and to let u(z) = z(1 + 2)72
so that u € H{*(X,) for all ¢ < m. The following criterion goes back to [2]
and [3|. A simple proof is given in [10].

Proposition 3.1. Let A be a sectorial operator and suppose 0 < ¢ < T.
Then the following are equivalent:
(i) There is a constant C' so that

| M)z, < Clallla’ll Jargul = ¢, v € X" € X"
0

(ii) A has an H*—calculus with wy(A) < 7w — .

Remark. (i) is equivalent by the Maximum Modulus Principle to
(uu(tA)z, 27— < Cllelllla”l| - largul <o, v € X, 27 € X7
0

If A is sectorial we can define a closed operator A* on X* by A*z* = 20 A
with domain Dom (A*) consisting of all x* such that x — x*(Ax) extends
to a bounded linear functional on X. Then A* need not be sectorial since it
need not have dense domain or range. Note that

|A*x*|| = sup |{z,z")] z* € Dom (A")
A~ z| <1
z€Ran (A)

and
I(A") el = sup [{z,2")] 2" € Ran (4").
|| Az||<1
x€Dom (A)
Thus if A and B are sectorial operators satisfying (1.1) and (1.2) they will
also satisfy Dom (A*) = Dom (B*), Ran (A*) = Ran (B*) and

|A* || =~ || B*z*|| z* € Dom (A") (3.1)
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and
(A" 2% = I(B)'*|| 2 € Ran (A%) (3.2)

If A is a sectorial operator and ¢ > w(A) we shall that f € H§°(X,) is
U-bounded (respectively R-bounded) for A if the family of operators { f(tA) :
0 <t < oo} is a U-bounded (respectively R-bounded) collection.

Proposition 3.2. Suppose A has an H*-calculus and that o > wy(A). Then
for any f € H3*(X,) we have that f is R-bounded (and thus U-bounded) for
A.

Proof. Suppose w(A) < 1 < ¢. Then the map A — f(AA) is analytic on 3,_y
and extends continuously to the boundary. The operators { f(2Fte*(*=¥) A)},
are R-bounded (uniformly in 0 < ¢ < 0o) by Theorem 3.3 of [8] and the result
follows by Lemma 3.4 of the same paper. O

Suppose A is a sectorial operator on X and ¢ > w(A). We will say that
A is almost U-sectorial (respectively almost R-sectorial) if there is an angle
¢ such that the set of operators {\NAR(\, A)? : |arg \| > ¢} is U-bounded
(respectively R-bounded). If we define u(z) = z(1+2)~2 this implies that the
functions uy(z) = u(Az) are uniformly U-bounded (respectively uniformly R-
bounded) for | arg \| < m — . The infimum of such angles is denoted wy (A).
By Lemma 3.4 of [8] this definition is equivalent to

Oy(A) =7 —sup{f : wu.+w is U-bounded}
or, respectively
Wr(A) =7 —sup{f : u+w is R-bounded}.

Proposition 3.3. Suppose A admits an H*-calculus. Then A is almost
R-sectorial (and hence almost U-sectorial) and &y (A) < Or(A) < wg(A).

Proof. This follows from Proposition 3.2. O]

Lemma 3.1. Suppose A is almost U-sectorial and ¢ > v > wy(A). Then
there is a constant C' = C(yp) so that if f € H{(X,) then f is U-bounded

for A with U-bound

d\|

vin=c |f<A>|'|T,.
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Proof. Fix ¢ > 1 > v > wy(A). We may write f(tA) in the form

FEA) = = [ FEAT2AY2(0 — A) A,

e Ty

Therefore the result follows from Lemma 2.1 once we show that the two
families of operators {h(eXtA) : 0 < t < oo} are U-bounded where 6 =
7 — and h(z) = 2Y/2(1 + 2)7L.

Consider

1+iz'/? z
-7
1 —q21/2 1+z

g(z) = —ilog |arg z| < .

Then g € H§°(X,). Furthermore
J) =21 +2) 1 —r(l+2)72

Hence g.+i0 € H3°(X,). For convenience we consider the case of +6. Thus
if
1 .
T,=—— [ g(te® A\ — A)~2d\

21 T,

the family of operators {7; : 0 < ¢t < oo} is U-bounded, again by Lemma
2.1. Now integration by parts shows that

i6
T, = t; : / ()72 (1 +teN) 7 — (14t A) 2)AA — A)HdA
m Jr,
1 , .
= — [ (h(te” ) — mu(te X))\ — A)~tdA
271 T,

= h(te®A) — Tu(te A).

Thus it follows that the family {h(te?A): 0 <t < oo} is U-bounded.
[

4 The main results

If A is sectorial then the space Dom (A)NRan (A) is a Banach space (densely)
embedded into X under the norm || Az||+|| A~ 2|+ ||z||; similarly Dom (A*)N
Ran (A*) is a Banach space embedded into X* under the norm || A*z*|| +
(A"~ || + [l
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Theorem 4.1. Suppose A is a sectorial operator. In order that A have an
H®>-calculus with wy (A) = ¢ it is necessary and sufficient that:

(1) A is almost U-sectorial with Oy (A) = .

(ii) There ezists a constant Cy so that for each v € X there is a continuous
function & : (0,00) — Dom (A) N Ran (A) such that

N
| a2 AR < Crllzl, j=—1,0,1, Jag) <1, N=1,2,..., 0 <t < o0
k=—N

and - @t
(x,x") :/0 (5(25),.75*}? e X",

(i1i) There exists a constant Cy so that for each x* € X* there is a continuous
function £ : (0,00) — Dom (A*) N Ran (A*) such that

N
I a2 (A7) ¢ (25| < Colla®(l, 5= —1,0,1, Jag| <1, N=1,2,..., 0 <t < o0
k=—N

and
dt

@)= [@enT  aex,
Proof. Let us assume (i), (ii) and (iii). Suppose |0] < 7 — ¢ and ||z|| <
1, ||lz*|| < 1. Let &(t),&*(t) be chosen according to (ii) and (iii). We define
E(t) = tAE(t) + 17 ATIE() + 26(8),  €7(8) = tAET(t) + tTTATE(E) + 267(1).

Thus we have

N
1D a2*E(25) <3Ch, j=-1,0,1, ax| <1, N=1,2,..., 0<t < oo

k=—N

and

N
I a2 e (25)) <3Ch, j=—1,0,1, |a| <1, N=1,2,..., 0 <t < 0.
k=—N

Note that £ : (0,00) — X and £* : (0,00) — X* are both continuous and

07
€(t) = u(tA)E(t)  0<t<oo
&) = uitA) &)  0<t< oo
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If 7 —|argu| > v > ¢ we have

/O|<UH(TA>H>|_<//
L
dt

| et oo, ONF = [ untrtayusta)ion. ueay &g

dt ds dr

| lwtragone @l g T
/ | (u(rtA)E(st), € (8)) | ——

For fixed r, s

/ S [t (27t Ay, (DAY AVE (5271), € (201))) 2L

JEZ
< 9C1CoU (uypusu)

SCKJMWMMM)(NK|

where C' is constant independent of z, x*. Integrating over r, s gives:

Aﬂ<umAMw%w%sc(nym>ﬁﬂ)(nw<W@Q

This estimate shows, by Proposition 3.1, that A has an H*—calculus with
wr(A) < ¢. Since wy(A) < wpy(A) by Proposition 3.3 we have equality.

To complete the proof we show that if A has an H>—calculus then (i),
(ii) and (iii) hold and that oy (A) < wy(A).

To show (ii) and (iii) we observe that

12/Ooo(u(tz))2% _1

Note that z/u(z)? € Hg°(X,) for j = —1,0, 1. It follows easily that if z € X
and z* € X* then

£(t) = 12u(tA)?x, 5 (t) = 12(u(tA)?) z*

give the required functions.
For (i) observe that wy(A) < wy(A) but the first part of the proof shows
equality.
0
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Theorem 4.2. Suppose A and B are sectorial operators such that Dom (A) =
Dom (B), Ran (A) = Ran (B) and for a suitable constant C' we have

C Y Ax|| < ||Bz| < C|| Az x € Dom (A)

and
CHA x| < ||B 2| < Cl|A || x € Ran (A).

Suppose A has an H*>—calculus. Then the following are equivalent:
(i) B has an H®—calculus with wy(B) = .
(11) B is almost U-sectorial and oy (B) = .

Proof. This is now immediate from Theorem 4.1 using (3.1) and (3.2). O

If X is a Hilbert space then the assumption that B is almost U-sectorial is
redundant and this reduces to the result of Auscher, McIntosh and Nahmod
[1]. However, in general this assumption cannot be eliminated. It suffices
to take a sectorial operator A with an H>—calculus with wy(A) > w(A).
Such examples exist [6]; in fact examples are known on subspaces of L,, when
1 <p<2[9]. Now fix § with 7 — wy(A) < < 7 — w(A). Thus e A are
sectorial with w(eT? A) < w(A)+7—0. However if both have an H>—calculus
we would deduce that for a suitable constant C'

ee » dt
| Mt a0 < Clallla’)] we X, 5 e X0
0

which would imply that wy(A) < 7 — 0. This contradiction implies that at
least one of e*¥ A fails to have an H>—calculus. However if B = ¢ A then
(1.1) and (1.2) are trivially satisfied.
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