Chapter 5

Oscillatory integrals without
convexity

Theorem 4.3.1 requires the phase function to satisfy the convexity condition
of Definition 2.2.3; however, we will also investigate solutions to hyperbolic
equations for which the characteristic roots do not necessarily satisfy such a
condition. In this section we state and prove a theorem for this case. First, we
give the key results that replaces Theorem 4.1.1 in the proof, the well-known
van der Corput Lemma. We recall the standard van der Corput Lemma as
given in, for example, [Sog93, Lemma 1.1.2], or in [Ste93, Proposition 2, Ch
VIII):

Lemma 5.0.5. Let & € C*(R) be real-valued, a € C§°(R) and m > 2 be an
integer such that ®9(0) =0 for 0 < j <m — 1 and ®™(0) # 0; then
‘/ @ (z)dr| < CAL4+N)"Y™ forall X>0,
0
provided the support of a is sufficiently small. The constant on the right-hand
side is independent of A and P.

If m = 1, then the same result holds provided ®’(x) is monotonic on the
support of a.

5.1 Real-valued phase function
In the case when the convexity condition holds the estimate of Theorem 4.3.1
is given in terms of the constant ; as in the case of the homogeneous op-

erators (see Introduction, Section 1.2) we introduce an analog to this in the

73



74 CHAPTER 5. OSCILLATORY INTEGRALS: NO CONVEXITY

case where the convexity condition does not hold. Let ¥ be a hypersurface
in R™; we set
Y0(2) = supinf y(Z; 0, P) < (%)

cex P

where (X; 0, P) is as in Definition 2.2.4.
An important result for calculating this value is the following:

Lemma 5.1.1 ([Sug96]). Suppose ¥ = {(y,h(y)):y €U}, h € C=(U),
U cC R* ! is an open set, and let

F(p) = h(n + pw) — h(n) — pVh(n) - w
where n € U, w € S" 2. Taking o = (n,h(n)) € X, w € S 2 and
P ={0+s(w,Vh(n) w)+t(=Vh(n),1) e R" : 5,t € R},

then
v(Z;0,P) =min {k € N: F®(0) #£ 0} = v(h;n,w).

Therefore,
v(E) = supsupy(h;n, w),
n w
Y0(X) = supinf y(h;n,w).
n w
Now we are in a position to state and prove the result for oscillatory

integrals with a real-valued phase function that does not satisfy the earlier

introduced convexity condition. This is a parameter dependent version of
Corollary 2.2.11.

Theorem 5.1.2. Let a(§) be a symbol of order % —n of type (1,0) on R™.
Let 7 : R™ — R be smooth on supp a, set vy := supysq Yo(XA(7)) and assume
it is finite; furthermore, on supp a, we also assume the following conditions:

(i) for all multi-indices o there exists a constant C,, > 0 such that

1087(€)| < Cal(L+ [€]) 1

(ii) there exist constants M,C > 0 such that for all |§| > M we have
(&) = CIEl;

(iii) there exists a constant Cy > 0 such that |0,7(A\w)| > Cy for all w €
SN > 0;
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(iv) there exists a constant Ry > 0 such that, for all A > 0,

1

XE)\<T) C Bg,(0).
Then, the following estimate holds for all R > 0, x € R™, t > 1:

[ et naeygn(e) ag| < o

where gr(§) is as given in (4.3.1) and C > 0 is independent of R.

Proof. We follow the proof of Theorem 4.3.1 as far as possible, and shall show

how the absence of the convexity condition affects the estimate. Thus, as in

the proof of Theorem 4.3.1, we may first assume, without loss of generality,

that either 7(£) > 0 for all £ € R" or 7(§) < 0 for all £ € R". We will always

work on the support of a, so by writing £ € R™ we will mean £ € supp a.
Divide the integral into two parts:

h(t.o)i= [ eSO gn(@n (e + Vr()) de,
L(tz) = / T gn(E) (1 — k) (T + VT(9)) d

where k € CP(R"), 0 < k(y) < 1, which is identically 1 in the ball of
radius 7 > 0 centred at the origin, B,(0), and identically 0 outside the ball
of radius 2r, Bs.(0). By Lemma 4.3.3 (which does not require the phase
function to satisfy the convexity condition), we have

\Iy(t,z)| < C,t~Y 7 forall t > 1.

To estimate |I;(¢, x)| we introduce, as before, a partition of unity {\Ifg(f)}le
and restrict attention to

Lt z) = / T a(€)gr()Wa(E)n (1 e + VT(€)) dE,

where W, (&) is supported in a sufficiently narrow cone, K, that contains e,, =
(0,...,0,1). Parameterise this cone in the same way as above: with U C
R l

i 0w @) A >0,y €U if () > 0 forall § € R
PO Ow Aa@) A <0,y € UL if 7(€) <0 for all € € R™.
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Here the Implicit Function Theorem ensures the existence of a smooth func-
tion hy : U — R for each A\ > 0, but there is one major difference: the
functions h, are not necessarily concave, in contrast to the earlier proof.
Using the change of variables £ — (Ay, Ahy(y))—note that

0<C< ’_C)\”l

< |z

by the same argument as in the proof of Theorem 4.3.1, providing the width
of K is taken to be sufficiently small—gives

]{(t7x> = /OO/ ei[Aw’-wanhx(y)+f(/\y,/\hx(y))t]a()\y,)\hA(y))
0 U

gr(Ay, A () U1 (Ay, Anx(y))k(E 2 + VT (Ay, A (y))) de

— > _dyd\.
d(\,y)

Once again, let G € C§°(R) so that gr(€§) = gr(§)G(7(§)/R) (where R =
max(R,1)) and a(§) = a(&)gr(§)V1(£), which is a symbol of order vi -
n supported in K; and with all the constants in the symbolic estimates
independent of R. So, recalling that 7(Ay, Aha(y)) = A and writing h(\,y) =
ha(y), we get

I{(tv””):/ / et WG Oy, M (y))
0 U

GN/R)k(t 'z + Vr(Ay, Aa(y

)3
<[ e (G ()
G (72 )r(F+ vr (2w 5nth<$it,y)>)%gglt—ldydx,

where = = t7 and X = Az, = AZ,t. Thus, using |x(n)| < 1, we have

dg
dy d)\
Ny

d\
(5.1.1)

X 1
PN~ i |Ep tE i ~( X by X 7 \" ¢
15 7w) = [ S Gela( Sy Zn( ) () av

At this point, we diverge from the proof of the earlier theorem since we
cannot apply Theorem 4.1.1; instead, note that, for some b € C{(R"!)

|I{(t,$)| < C|§n|—1/’YOt—l/’Yo/ ‘I()\ 2 nlm)G(%nt>Xfl+(1/7o)

0
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with support contained in U, we have

</ /61X[z ry—l—h(i,y)]
~ Jre2lJR
- N 3 o Ll
5(;%y,£§h(§§,y)>(ﬁ%g> " b(y) dyr

We wish to apply the van der Corput Lemma, Lemma 5.0.5, to the inner
integral. Set ®(y, u; 2) := z-y+h,(y), which is real-valued, and consider the
integral

Tnpt? N

1(% 25:7,'7)

dy’

[ e ag(y n)biy) dy
R
where ag(y, p) = u"~ /)Gy, ph,(y)). Recall that

Yp =, hu(y)) y € Uy,

so by Lemma 5.1.1,
min {k eN: 3§1<I>(y,u; z)’ylzo + O} =7(h,;0,(1,0,...,0)) = m.

Fixing the size of U so that |9\ ®(y, z)] > e > 0 for all y € U ensures
that the hypotheses of Lemma 5.0.5 are satisfied. Thus, since the support
of b is compact in R"7!, is contained in U, and aq is smooth, we obtain

[ X0 a0y, wbly) dun| < 3
R

Carry out a suitable change of coordinates so that m = inf,, y(h,;0,w) (this

is possible due to the rotational invariance of all properties used); then, since

m < 7o by definition, we have
‘I(X 2 x_lx’) < O\ ,

Fnt) n

for all \ such that == € supp G (this is to ensure \is away from the origin).
Combining this Wlth (5 1.1) then gives the required estimate:

I'(t,z)| < C|7,| Yot 1w G dX
1 0 ’Ra: t

_C[7, [ Mogt / (VR G\ Rty < Ct % . O
0





