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Abstract: We present a theory of point and interval estimation for nonlinear
functionals in parametric, semi-, and non-parametric models based on higher
order influence functions (Robins (2004), Section 9; Li et al. (2004), Tchetgen
et al. (2006), Robins et al. (2007)). Higher order influence functions are higher
order U-statistics. Our theory extends the first order semiparametric theory of
Bickel et al. (1993) and van der Vaart (1991) by incorporating the theory of
higher order scores considered by Pfanzagl (1990), Small and McLeish (1994)
and Lindsay and Waterman (1996). The theory reproduces many previous
results, produces new non-/n results, and opens up the ability to perform op-
timal non-+/n inference in complex high dimensional models. We present novel
rate-optimal point and interval estimators for various functionals of central
importance to biostatistics in settings in which estimation at the expected v/n
rate is not possible, owing to the curse of dimensionality. We also show that our
higher order influence functions have a multi-robustness property that extends
the double robustness property of first order influence functions described by
Robins and Rotnitzky (2001) and van der Laan and Robins (2003).

1. Introduction

Over the past 3 years, we have developed a theory of point and interval estimation
for nonlinear functionals ¢ (F') in parametric, semi-, and non-parametric models
based on higher order likelihood scores and influence functions that applies equally
to both y/n and non-y/n problems (Robins [16], Section 9, Li et al. [9], Tchetgen
et al. [21], Robins et al. [18]). The theory reproduces results previously obtained
by the modern theory of non-parametric inference, produces many new non-/n
results, and most importantly opens up the ability to perform non-y/n inference in
complex high dimensional models, such as models for the estimation of the causal
effect of time varying treatments in the presence of time varying confounding and
informative censoring. See Tchetgen et al. [22] for examples of the latter.

Higher order influence functions are higher order U-statistics. Our theory extends
the first order semiparametric theory of Bickel et al. [3] and van der Vaart [25] by
incorporating the theory of higher order scores and Bhattacharrya bases considered
by Pfanzagl [11], Small and McLeish [20] and Lindsay and Waterman [8].
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The purpose of this paper is to demonstrate the scope and flexibility of our
methodology by deriving rate-optimal point and interval estimators for various func-
tionals that are of central importance to biostatistics. We now describe some of these
functionals. We suppose we observe i.i.d copies of a random vector O = (Y, A, X)
with unknown distribution F' on each of n study subjects. In this paper, we largely
study non-parametric models that place no restrictions on F, other than bounds
on both the L, norms and on the smoothness of certain density and conditional
expectation functions. The variable X represents a random vector of baseline co-
variates such as age, height, weight, hematocrit, and laboratory measures of lung,
renal, liver, brain, and heart function. X is assumed to have compact support and a
density fx (r) with respect to the Lebesgue measure in R?, where, in typical appli-
cations, d is in the range 5 to 100. A is a binary treatment and Y is a response, higher
values of which are desirable. Then, in the absence of confounding by additional un-
measured factors, the functional ¢ (F) = E{E[Y|A=1,X]|} -E{E[Y|A=0,X]}
is the mean effect of treatment in the total study population. Our results for
E{E[Y|A=1,X]} — E{E[Y|A=0,X]} follow from results for the functional
Y (F)=E{E[Y|A=1,X]} based on data (AY, A, X) rather than (Y, A, X). If Y
is missing for some study subjects, and A is now the indicator that takes the value
1 when Y is observed and zero otherwise, then the functional F{E [Y|A =1, X|}
is the marginal mean of Y under the missing at random assumption that the prob-
ability P[A=0|X,Y] = P[A=0]|X] that Y is missing does not depend on the
unobserved Y.

Returning to data O = (Y, A, X), the functional

P (F) = E{cov(Y,A|X)}/E [var {A| X}
— Blu(X){E[Y|A=1,X] - B[Y|A=0,X]}],

with w (X) = var {A| X} /E [var {A| X }] is the variance weighted average treatment
effect. Our results for E {cov (Y, A|X)} /E [var {A| X }] are derived from results for

the functionals ¢ (F) = E {cov (Y, A|X)} and ¢ (F) = E [{E (Y|X)}2]
We note that Robins and van der Vaart’s [19] construction of an adaptive confi-
dence set for a regression function E (Y| X = z) depended on being able to construct

a confidence interval for ¢ (F) = E {{E (Y|X)}2] They constructed an interval
for £ [{E (Y|X)}2] when the marginal distribution of X was known. In this pa-

per, we construct a confidence interval for £ [{E (Y|X )}2} when the marginal of

X is unknown and, in Section 5, use it to obtain an adaptive confidence set for
E(Y|X =z).

The functional E {cov (Y, A|X)} is the functional E {var (Y|X)} in the special
case in which Y = A w.p.1. Minimax estimation of var (Y'|X) has recently been
discussed by Wang et al. [27] and Cai et al. [6] in the setting of non-random X.

The function v (z) = E[Y|[A=1,X =z] — E[Y]|A =0,X = z] is the effect of
treatment on the subgroup with X = z. It is important to estimate the function
v (z), in addition to the average treatment effect in the total population, because
treatment should be given, since beneficial, to those subjects with v (z) > 0 but
withheld, since harmful, from subjects with +(z) < 0. We show that one can
obtain adaptive confidence sets for v (z) if one can set confidence intervals for the

functional ¢ (F) = FE [’y (X )2} We construct intervals for F [’y (X )2} under the

additional assumption that the data O = (Y, A, X) came from a randomized trial.
In a randomized trial, in contrast to an observational study, the randomization
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probabilities, P (A =1|X) = E (A|X) are known by design. We plan to report
confidence intervals for E [7 (X )2} with F (A|X) unknown elsewhere.

All of the above functionals ¢ (F) have a positive semiparametric information
bound (SIB) and thus a (first order) efficient influence function with a finite vari-
ance. In fact all the functionals ¢ (F') have efficient influence function

(1.1) TE(b(F),p(F), (F)) =if (0,b(X,F),p(X,F),4 (F)),

where b (z, F),p(x, F) are functions of certain conditional expectations, and, for
any b* (z),p* (x),

Ep[IF (", p", ¢ (F))] = Ep [h1 (0){b" (X) = 0(X; F)} {p" (X) —p (X; F)}]

where hy (O) is a known function. We refer to functionals in our class as doubly-
robust to indicate that TF (b (F),p(F),® (F)) continues to have mean zero when
either (but not both) p (F') is misspecified as p* or b(F) is misspecified as b*.
The functions b (z, F) ,p (2, F),IF (0O,b(X,F),p (X, F),y (F)), and hy (O) differ
depending on the functional 3 (F') of interest.

As the functionals ¢ (F') are all closely related, we shall use E {cov (Y, A|X)}
as a prototype in this introduction. For ¢ (F)) = E{cov (Y, A|X)}, b(X;F) =
Ep (Y[X), p(X; F) = Er (A|X),

TE@(F),p(F), ¢ (F) ={Y =0 (X; F)}{A—p(X; F)} — ¢ (F),

and hy (0) = 1.

Whenever a functional ¢ (F) has a non-zero SIB, given sufficiently stringent
bounds on L, norms and on smoothness, it is possible to use the estimated first order
influence function to construct regular estimators and honest asymptotic confidence
intervals whose width shrinks at the usual parametric rate of n='/2. We recall that,
by definition, regular estimators are n'/2-consistent. When X is high dimensional,
the a priori smoothness restrictions on p (X; F) and b (X; F) necessary for point
or interval estimators of E {cov (Y, A|X)} to achieve the parametric rate of n~=!/2
are so severe as to be substantively implausible. As a consequence, we replace the
usual approach based on first order influence functions by one based on higher order
influence functions.

To provide quantitative results, we require a measure of the maximal possible
complexity (e.g. smoothness) of p (+; F') and b (+; F') believed substantively plausible.
We use Holder balls for concreteness, although our methods extend to other mea-
sures of complexity. A function h (-) lies in the Holder ball H(3,C), with Holder
exponent § > 0 and radius C > 0, if and only if & (+) is bounded in supremum norm
by C and all partial derivatives of h(z) up to order |3 exist, and all partial deriva-
tives of order | 3] are Lipschitz with exponent (8 — |3]) and constant C. We make
the assumption that b (-, F), p (-, F) lie in given Holder balls H (5, C), H(B,, Cp).
Furthermore, it turns out we must also make assumptions about the complexity
of the function ¢ (X; F) = Ep [h1 (O)|X] fx (X), which we take to lie in a given
H(B,. Cy). For o (F) = E {cov (Y, AIX)}, g (X; F) = fx (X).

Using higher order influence functions, we construct regular estimators and hon-
est (i.e uniform over our model) asymptotic confidence intervals for functionals
1 (F) in our class whose width shrinks at the usual parametric rate of n=1/2
ever 3/d = 'B”Lzﬁp/d > 1/4 and B, > 0. This result cannot be improved on, since
even when g (z) is known a priori, 3/d > 1/4 is necessary for a regular estimator
to exist.

when-
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When 3/d < 1/4 and g (z) is known a priori, we have shown using arguments
similar to those of Birge and Massart [5] that the minimax rate of convergence for an

__4B/d
estimator and minimax rate of shrinkage of a confidence interval is n~ 387441 > n =2,

When g (z) is unknown, we construct point and interval estimators with this same
48/d

_ lap/
rate of n~ 76/¢+1 whenever

2(A+1)(1—45/d)
(A+2) (1+438/d)—4(8/d) (1 —48/d) (A+1)

(L2)  B,/d>p/d

where A =

g—‘; - 1‘. For example, if A =0, 3/d = 1/8, we require 3,/d exceed

__48/d . . .
1/22 to achieve the rate n~ #/4+1. When the previous inequality does not hold and
A = 0, we have constructed, in a yet unpublished paper, estimators that converge
at rate

S
(1.3) log (n)n +209/d7 2674 | with

m* (<[§ <4§ + (1 —4%) %/ﬂ;/dﬂm - (1+2ﬁ/d)>].

We conjecture that this rate is minimax, up to log factors. In this paper, however,
the estimators we construct are inefficient when the previous inequality fails to
hold, converging at rates less than the conjectured minimax rate of Equation (1.3).

Let us return to the case where Y = A w.p.1. Then ¢ (F') = E {var (Y|X)} and
p(:) =b(-) so A = 0. Now, for fixed 3, Equation (1.3) converges to log (n) n=2%/4 as
By — 0, which agrees (up to a log factor) with the minimax rate of n=28/4 given by
Wang et al. [27] and Cai et al. [6] under the semiparametric homoscedastic model
var (Y|X) = o2 with equal-spaced non-random X. This result might suggest that
X being random rather than equal-spaced can result in faster rates of convergence
only when the density of X has some smoothness, as quantified here by 3, > 0.
But this suggestion is not correct. Recall that we obtained the rate log (n) n—28/d
for ¢ (F') = E{var (Y|X)} as f; — 0 under a non-parametric model. In Section
4, we construct a simple estimator of o2 under the homoscedastic model with X
random with unknown density that, for 8/d < 1/4, 8 < 1, and without smoothness

__4p/d . .
restrictions on fx (z), converges at the rate n~ /41 which is faster than the

equal-spaced non-random minimax rate of n=28/4,

The paper is organized as follows. In Section 2, we define the higher order (es-
timation) influence functions of a functional v (F') for F' contained in a model M
and prove two fundamental theorems — the extended information equality theorem
and the efficient estimation influence function theorem. Further, in the context of a
parametric model whose dimension increases with sample size, we outline why es-
timators based on higher order influence can outperform those based on first order
influence functions in high-dimensional models. In Section 3, we introduce the class
of functionals we study in the remainder of the paper and describe their impor-
tance in biostatistics. The theory of Section 2, however, is not directly applicable
to these functionals because they have first order but not higher order influence
functions. We show that higher order influence functions fail to exist precisely be-
cause the Dirac delta function is not an element of the Hilbert space Lo of square
integrable functions. We describe two approaches to overcoming this difficulty. The
first approach is based on approximating the Dirac delta function by a projection
operator onto a subspace of Ly of dimension k (n), where k (n) can be as large as



Higher order influence functions 339

the square of the sample size n. The second approach is based on approximating the
functional ¢ (F) by a truncated functional 1,y (F'). The truncated functional has
influence functions of all orders, is equal to ¢ (F) if either a k (n) dimensional work-
ing parametric model (with k (n) < n?) for the function b(-) or the function p (-)
in Equation (1.1) is correct, and remains close to ¥ (F') even if both working mod-
els are misspecified. We then use higher order influence function based estimators
of V() (F) as estimators of ¢ (F'). These estimators 9, () are asymptotically
normal with variance and bias for ¢ (F) depending both on the choice of the di-
mension & (n) of the working models and on the order m of the influence function of
{/;k(n) (F'). We show that these same estimators @m,k(n) can also be obtained under
the approximate Dirac delta function approach. We derive the optimal estimator
Yinope kope (n) (Bbs Bps Bg) in the class as a function of the Holder balls in which the
functions b, p, and g are assumed to lie. Finally we conclude Section 3 by show-
ing that the estimators v, j(,) have a multi-robustness property that extends the

double-robustness property of the first order influence function estimator ;.

In Section 4, we consider whether the estimators Jmom,kom(n) (Bps Bp, Bg) are
r/z\ite—minimax. We show that whenever 3/d = Bb;—ﬂp/d > 1/4 and B4 > 0,
Vo pe kope (n) (Bbs Bps Bg) s not only rate minimax but is semiparametric efficient.
Further, by letting the order m = m (n) of the U-statistic depend on sample size,
we construct a single estimator 1,,(n) k(n) that is semiparametric efficient for all
B/d > 1/4 even when g () cannot be estimated at an algebraic rate. We show,
however, that when 3/d < 1/4, ¥m, . k...(n) (Bb: Bp, Bg) does not in general con-

verge at the minimax rate. In Section 4.1, however, we construct a new estimator
~ __4p/d
w,ecjlc’f (Bg, By, Bp) that converges at the minimax rate of n~ %/4+1 whenever Eq. (1.2)

holds. In Section 5, we use the results obtained in earlier sections to construct adap-
tive confidence intervals for a regression function E [Y'|X = z] when the marginal of
X is unknown and for the treatment effect function and optimal treatment regime
in a randomized clinical trial. In Section 6.1, we discuss how to obtain higher or-
der U-statistic point estimators and confidence intervals for functionals 7 (F") that
are implicitly defined as the solution to an equation 9 (7, F') = 0. In Section 6.2,
we define higher order testing influence functions and efficient scores and describe
their relationship to the higher order estimation influence functions and efficient
influence functions of Section 2. Finally, in Section 6.3, we discuss the relation-
ship between the higher order U-statistic point estimators of an implicitly defined
functional 7 (F') and higher order testing influence functions.

Before proceeding, several additional comments are in order. In this paper, we
investigate the asymptotic properties of our higher order U-statistic point and in-
terval estimators. The reader is referred to Li et al. [9] for an investigation of the
finite sample properties of our procedures through simulation. Furthermore due to
space limitations we only provide proofs for selected theorems. Proofs of the re-
maining theorems can be found in an accompanying technical report. In addition,
precise regularity conditions are sometimes omitted from both the statements and
the proofs of various theorems. This reflects the fact that the goal of this paper is
to provide a broad overview of our theory as it currently stands.

Different subject matter experts will clearly disagree as to the maximum possible
complexity of p (z; F'), b(x; F) and g (z; F). Thus it is important to have methods
that adapt to the actual smoothness of these functions. Elsewhere, we plan to
provide point estimators that optimally adapt to unknown smoothness. In contrast
to point estimators, however, for honest confidence intervals, the degree of possible
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adaption to unknown smoothness is small. Therefore we propose that an analyst
should report a mapping from a priori smoothness assumptions encoded in the
exponents and radii of Holder balls (or in other measures of complexity) to the
associated optimal 1 — « honest confidence intervals proposed in this paper. Such
a mapping is finally only useful if substantive experts can approximately quantify
their informal opinions concerning the shape and wiggliness of p, b, and g using the
measure of complexity on offer by the analyst. It is an open question which, if any,
complexity measure is suitable for this purpose.

Finally, most of our mathematical results concern rates of convergence. We offer
only a few results on the constants in front of those rates. This is not because the
constant is less important than the rate in predicting how a proposed procedure will
perform in the moderate sized samples occurring in practice. Rather, at present, we
do not possess the mathematical tools necessary to obtain useful results concerning
constants. A more extended discussion of the issue is found in Section 3 of Li et al.
[9].

In the following, we use X,, < Y,, to mean X,, = O, (¥,,) and Y,, = O, (X,,);

X,, ~ Y, to mean f,’" £ 1;and X,, > Y, (X, < Y,,) to respectively mean )’;L £

n n

P
(%HO) as n — oo.
n

2. Theory of higher order influence functions

Given n i.i.d observations O = 0,={0;,i =1,...,n} from a model
M (©) ={F(0),0 € O},

we consider inference on a nonlinear functional ¢ (6). In general, ¢ (§) can be infinite
dimensional but for now we only consider the one dimensional case. In the following
all quantities can depend on the sample size n, including the support of O, the
parameter space ©, and the functional ¢ (6). We generally suppress the dependence
on n in the notation. We will be particularly interested in models in which the
parameter 6 is infinite dimensional and 6, ©, and % () do not depend on n. We also
briefly discuss models in which subvectors of 6 are finite-dimensional parameters
whose dimension k (n) = n'*? increases as power 1+ p (often p > 0) of n and thus
0, O, and 1, (+) depend on n.

Our first task is to define higher order influence functions. Before proceeding
we recall some facts about U—statistics. Consider a function by, (01,09, ...,0,) =
b(01,02,...,0m) where we often suppress b’s subscript m. For integers i1, s, ..., im
lying in {1,...,n}, we define

Bm7i17~"1im/zbm (021 ) Oi27 ceey Olm) =b (OilaOiQa ceey Olm)

and ( )
n—m)!
Vol 1= S B
11F£02.. . Flim
In an abuse of notation, we will consider the following expressions to be equiva-
lent

Vn [Bm } EVn [Bm,,il,...,im,} EVn [bm } .
Thus V,, [by, ] is an m*™ order U-statistic with kernel b, (01,0, .. .,0.,). We do not
assume that by, (01, 02,...,0s) is symmetric. We will write V,, [By,] as B, m. So,

suppressing the dependence on n, B, =V [B,,].
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Any B,, has a unique (up to permutation) decomposition B,, = > ", D (9)

under any F(.;0) as a sum of degenerate U-statistics ]D)gb) (0), where degeneracy of

D (0) means that DY (9) = a? (0iy, 04y, ..., O;; 0) satisfies
Eg |:dgb) (Oi17"'?0i1,—170il70i1,+1 ...,07;5;0)] = O,Z = ].,...,S,

where upper and lower case letters, respectively, denote random variables and their
possible realizations.

Let U, (8) be the Hilbert space of all U—statistics of order m with mean zero
and finite variance with inner product defined by covariances with respect to the
n-fold product measure F" (+;0). Note that any U-statistic B, of order s, s < m, is
also an m'™" order U— statistic with ]D)l(b) (0) identically zero for m > 1> s .

Since any two degenerate U— statistics of different orders are uncorrelated,
the Uy, (6)-Hilbert space projection of B,, on U; () is Zi:l DY (9) for I < m.
Thus a U-—statistic B, is degenerate < B, = D (0) & Iy B |Um-1(0)] =
0 < By € Up—1 ()" ™7, where Iy [-|-] =TIy, [-|] is the projection operator of the
Hilbert space U,, (6) (with the dependence on m suppressed when no ambiguity
can arise) and, for any linear subspace R of U, (), R+m¢ is its orthocomplement
in the Hilbert space U, (0). Given any B,, = V[B,,], D& (9) is explicitly given by
V [dm,0 {Bm}] where d,, 9 maps B,, =b(0;,,0;,,...,0;,) to

(2.1) Ao {Bm} =b(0i,,04y,...,0;,)
m—1
+3 D" Y B (0(04,04,,...,04,)104,,,05, ., 05,
t=0 Uy Py o Foliry

Given a function g (¢), ¢={(,- .. ,(T}T, define for m =0,1,2,...,

_ _ 99
g\lm (C) —g\ll,.“,lm (C) _aCll o aglm
with I, € {1,...,7}, where the \ symbol denotes differentiation by the variables
occurring to its right and the overbar I, denotes the vector (l1,...,ly). Given a

sufficiently smooth r-dimensional parametric submodel 6 (¢) mapping ¢ € R" injec-
tively into O, define for # in the range of 5(), Q/J\Zm 0)= (z/; o 5) "
1yeees

and fig, (00i0)=(Fo0) (g gy where £(Ou) = TL F(0::6) s
the density of O, with respect to a dominating measure. That is ’l/J\Zm () and
f\j

submodel 6 (¢), where the model 0 has been suppressed in the notation. An s*

Ol

(0,,0) are higher order derivatives of ¢ (-) and f (O,;-) under a parametric
h

m

order score associated with the submodel 6 (¢) is defined to be

S.1,(0) = fi7, (On:0) / f (On3),

where gs 7. (0) is a U-statistic of order s. To understand why vasj (0) is a U —statistic

we provide formulae for an arbitrary score gs 7. (0) in terms of the subject specific
scores

Sty (0)=f/11.1,,,5 (0530) / £ (043 0)
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7=1,...,nfor s =1,2,3. Suppressing the -dependence, results in Waterman and

Lindsay [8] imply
Si1, = D St
J

Soly = D Sutag + D St.5S0 s
i

s#i
S31, = D Subatsg T Y SitsSiss + Sistn St .s + StityjSis.e
J s#i
+ Z S11,3512,5505 -
s#iFt

Note these equations express each Svmi as a sum of degenerate U-statistics.

We now define a m'" order estimation influence function ¥, ) (0) =1Fpp 4 (0) =
IF,, (6) for ¢ (8) where we suppress the dependence on 1 when no ambiguity will
arise.

Definition 2.1. A U-statistic IF,, (f) of order m and finite variance is said to be
an m'" order estimation influence function for ¢ () if (i) Eg [IF,, (6)] =0, § € ©
and (ii) for s = 1,2,...,m and every suitably smooth and regular (see Appendix)
r dimensional parametric submodel g(() r=1,2...,m,

1;[}\]9 (9) = E9 [HFm (0) Ssjs (9) .

Estimation influence functions need not always exist, but when they do they are
useful for deriving point estimators of ¢ with small bias and for deriving confidence
interval estimators centered on an estimate of 1. We will generally refer to esti-
mation influence functions simply as influence functions. We remark that IF,, ()
is an influence function under the above definition if and only if it is one under
the modified version in which the dimension of the parametric submodel 6 (() is
unrestricted. A key result is the following theorem which is related to results of
Small and McLeish [20].

Theorem 2.2 (Extended information equality theorem). Given a m** order
influence function IF,, (9), for any smooth, reqular submodel 6 () and s < m,

0°Ey [ (6(0))] /06, + 0G| 5110y = 07, (0)

Thus, if the functionals Eg [IF,, (0%)] and — [ (0*) — ¢ (0)] have bounded Fréchet
derivatives with respect to 8* to order m + 1 for a norm ||-||,

By (I, (0+80)] = = [ (0+ 00 ) —w ()] + O (1180 I"*")

since the functions Eg [IF,, (6*)] and — [¢ (0*) — 1 (0)] of 8* have the same Taylor
expansion around 6 up to order m.

The proof is in the Appendix. Define the m'™ order tangent space I',, (/) at 0
for the model M (©) to be the subspace of U, (§) formed by taking the closed
linear span of all scores of order m or less as we vary over all regular parametric
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submodels 6 () (whose range includes ) of our model M (©). We say a model is
(locally) nonparametric for m*" order inference if T',, (6) = Uy, (6).

Given any m* order estimation influence function IF,, (¢), define the m** order
efficient estimation influence function to be

IF/7 (0) = g [IF,y, (0) [T (6)]

where Ilg [-|] =g, -] is the U, (§) —projection operator. In the appendix, we
prove the following:

Theorem 2.3 (Efficient estimation influence function theorem).

1. Hszf () is unique in the sense that for any two m* order influence functions
My [T (6) T (6)] = Ty [T (6) [T (6)] a5

2. HFfﬂ:f (0) is a m*™ order estimation influence function and has variance less than
or equal to any other m*™ order estimation influence function.
3. IF,, (0) is a m*™ order estimation influence function if and only if

IF,, (6) € {IFef? (6) + Uy (6);Un () €T, (0)

where F;{"’G (0) is the ortho-complement of Ty, (0) in Uy, (0).

4. If TF,, (0) exists then TFT () exists for s < m and g [IF,, (0) T, (0)] =
IFe/ 7 (6).

5. If the model M (©) is (locally) nonparametric, then

(a) there is at most one m™ order estimation influence function IF,, () for
¥ (),
(b)
IF,, (0) = IF,—1 (0) + IFpm ()

where
IF 1 (9) =1ILn0 [H]Fm (9> |um71 (9)}

and IF ., (0) is a degenerate m*™ order U-statistic and thus
EG []HFm—l (0) HIme (9)] =0.

(c) (i) Suppose, for a given m > 2, IIF,,,_1 (0) exists and a kernel
U fm—1m—1 (oil, el oimfl;ﬁ) of IF 1. m—1(0) has a first order influence func-
tion with kernel if, ;, (014 0n0iy, 1) (0;,,;0) for all
eIm—1,m—1\9iy,--501,, 15

0iyy--,04, . in aset Op_1 which has probability 1 under F™=V) (-,0). Then
IF,, (0) exists and

(22) Wl (8) =V (o [if1 15 1 (0000 1) (Oini®)])

.....

where the operator d,, g is given in Equation (2.1).

(ii) Conversely, if IRy, exists then the symmetric kernel ify") 1 (0iy,- -,

oimfl;Q) of IFp—1,m—1(0) has a first order influence function for all
Oiys---s0i, i a set Op_1 which has probability 1 under F™=Y (., 0). Fur-
ther

m g [ify g ) (Oi30)] =g (O, 01,30).

(0iy 50,05,
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Remark 2.4. Pfanzagl [11] previously proved part 5.c(i) for m = 2. Our theorem
offers a generalization of his result. Note, in part (i) of 5(c), we can always take the
kernel to be the symmetric kernel.

Remark 2.5. Provided one knows how to calculate first order influence functions,
one can obtain IFy (), ..., IF,, (§) recursively using part (5.c). An example of such
a calculation is given in Section 3.2.2 below. Thus part (5.c) has the interesting
implication that even though higher order influence functions are defined in terms
of their inner products with higher order scores S S nevertheless, in (locally)
nonparametric models, one can derive all the hlgher order influence functions of a
functional ¢ (0) without even knowing how to compute the scores Smjm for any

m > 1. In fact, one need not even be aware of the structure of the scores Sm,im in
terms of the subject-specific higher order scores Sj,. 4, ; (f). In contrast, in para-
metric or semiparametric models whose tangent space I';, (#) does not equal the
set Up, (0) of all m*™ order U — statistics, one can often (but not always) still obtain
an inefficient influence IF,, () by applying part (5.c) of the Theorem. However,
calculation of the efficient influence function IF// (9) = I, [IFsr, (6) [T (6)] by pro-
jection generally requires explicit knowledge of the scores S i, O derive Ty, (0).
For this reason, it can be considerably more difficult to analyze certain parametric
models (with dimension increasing with sample size) than to analyze (locally) non-
parametric models. We will consider derivation of and projections onto I',, (6) in a
forthcoming paper. In the current paper, however, we do calculate [ Fy s (0) in one
model that is not (locally) nonparametric so as to provide some sense of the issues
that arise. Specifically in Section 4, we calculate IFy 7(9) for a truncated version

of the functional F [{E Y|X ]}2} in a model that assumes the marginal distribution
of X is known.

Remark 2.6 (Implications of Theorem 2.3 for the variance of unbiased
estimators). Suppose we have n iid draws O =(Oy,...,0,) from F(0;0),0 €

©, and a U-statistic 12)\,” of order m < n with vary {ﬂ)\m} < oo for 0 € O satisfying
jo [im} = ¢ (0) for all § € O. That is, ¥y, is unbiased for ¥ (6). We will use

Theorem (2.3) to generalize a number of well-known results on minimum variance
unbiased estimation to arbitrary models.

By Ey [zzm] = 1) (0), we immediately conclude that, viewing zzm as a k' order U-

statistic, zz;m—w () is a k*" order estimation influence function for ¢ () for n > k >
m. By Theorem 2.3, varg |:1//}\m:| > varg []IIF:‘,{f (9)} We refer to varg []HE‘:;{f (0)} as

the m'" order Bhattacharyya variance bound at 6 for the parameter 1 (§) in model
M (0), as this definition, in a precise analogy to Bickel et al. [3]’s generalization of
the Cramer-Rao variance bound, generalizes Bhattacharyya’s [2] variance bound to
arbitrary semi- and non- parametric models. Indeed our first order Bhattacharyya
bound is precisely Bickel et al.’s [3] generalization of the Cramer-Rao variance
bound.

We shall refer to an m*™ order U-statistic estimator 1Zm as m™ order “unbiased
locally efficient” at 6* for ¢ (0) in model M (©) if it is unbiased for ¢ (#) under the
model with variance at 6* equal to the m™ order Bhattacharyya bound at #*. If
¥y, 18 “unbiased locally efficient” at 6* for all 8* € ©, we say it is ‘unbiased globally

efficient’. By Theorem 2.3, varg {HFZﬁ (0)} > varyg []HFf,{f (9)} forn > k > m. As
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a consequence if an m'™ order ‘unbiased locally efficient’ estimator {/;m,@ rf exists
at 0% then, for n > k > m, IFY7 (9%) = TFS/Y (6*) so the m™ and k' order
Bhattacharyya bounds are equal at 6* and @Zm’e 75 is also kP order ‘unbiased locally
efficient’ at 6*.

From the fact that for an unbiased estimator zZm, @Zm — 1 (0) is an m' or-
der influence function, we conclude that the variance of 12)\m attains the bound

varg- [mﬁ,{ f (9*)} at 0% if and only if ¢, — ¥ (0%) = IFS/F (6%). Tt follows that b,

m
is “unbiased globally efficient’ if and only if ¢, — 1 () = IFS/Y (6) for all § € ©.
We thus have proved the following theorem in the = direction. The <« direction is
immediate.

Theorem 2.7. In a model M (©), there exists an m* order unbiased globally
efficient U-statistic estimator of 1 (6), if and only if, for all 6 € ©, IFIT (9) +4 (0)
is a function Jm,eff of the data O, not depending on 6. In that case, Jm,eff is the
unique unbiased globally efficient estimator.

In a locally nonparametric model all unbiased m*™ order estimators are unbiased
globally efficient, as there is a unique m* order influence function. For example, the

2
usual unbiased estimator 6% =Y., {Xi — i Xj/n} / (n — 1) of the variance

of a random variable X is a second order U-statistic and thus is a k*" order unbiased
globally efficient U-statistic for £ > 2 in the locally nonparametric model consisting
of all distributions under which 52 has a finite variance.

In Section 4 we use the results from this remark to compare the relative efficien-
cies of competing rate-optimal unbiased estimators in a model which is not locally
nonparametric.

We now describe the main heuristic idea behind using higher order influence
functions. Technical details are suppressed. Consider the estimator

(2.3) P = (5) + IFeS ! (5)

based on a sample size n, where 9 is an initial rate optimal estimator of 6 from a
separate independent training sample. That is we assume that our actual sample
size is N and we randomly split the /N observations into two samples: an analysis
sample of size n and a training sample of size N — n where (N —n) /N = c*,
1 > ¢* > 0. We obtain our initial estimate 8 from the training sample data.
Sample splitting has no effect on optimal rates of convergence, although in the
form described here does affect ‘constants’. Throughout the paper, we derive the
properties of our estimators conditional on the data in the training sample. In a
later section, we describe how one can sometimes obtain an optimal constant by
choosing (N —n) /N = N~¢,¢ > 0 rather than c*.

Remark 2.8. Note that sample splitting is avoided in most statistical applications
by using modern “empirical process theory” to prove that ‘plug-in’ estimators such

as Py, = {1/1 (0) + TFe!7 (9)}9:5 that estimate 6 from the same sample used to cal-

culate ]I]Ff,{f () have nice statistical properties. However empirical process theory
is not applicable in our setting because we are interested in function classes whose
size (entropy) is so large that they fail to be Donsker. For this reason we initially
believed that explicit sample splitting would be difficult to avoid in our method-
ology. However, in Robins et al. [18], we describe a new method that effectively
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allows one to use all the data for estimator construction.

Expanding and evaluating conditionally on the training sample (or equivalently

-~

on #), we find by Theorem 2.2 that the conditional bias
Eo [ — v (0)10] = (6) — v (6) + By [1F5]7 (9) 16]

is O, (||§— 9||m+1) which decreases with m provided ||6 — || < 1.
In Theorem 3.22 below, we show that if

A

supoco |f (0:0) = 1 (030)] =0

as ||6 — 0]| — 0, where f (0;6) is the density of O under  and O has probability
one under all § € ©, then

varg {@mﬂ = vary []HFf,{f (é\) |§} = vary {H]qu{f (9\)} (1 +Op(|\§— 9||)>

Now, by Theorem 2.3, varg {]HF?,{f (é\)] increases with m. Further,

varg [I[Fif ! (5 = 1/n, since, conditional on tz)\, ]HFff ! (5) is the sample average of
1td random variables.

To proceed further we shall need to be more explicit about the model M (0).
For now, we consider finite-dimensional parametric models whose dimension k (n)
increases with sample size. That is § = 6,, depends on n and the dimension of
© = 0, is k(n). Suppose k(n) < n¥,y > 0. Let 6, be the maximum likelihood
estimator of 6. If k (n) increases slower than the sample size (i.e., v < 1), then,

a) under regularity conditions, ||§n -6, = O, ({k (n) /n}l/Q) =0, (n—%(l_ﬂ)
with || - || the usual Euclidean norm in R¥(™) ; and b) vary []HFf,{f (5)} , although

increasing with m, remains order 1/n; as a consequence, if m is chosen greater

than the solution m* to n~ mE (1) = n~1/2, the bias of ’(Zm will be o, (n_1/2)7

—1/2 and thus, for

the rate of convergence will be the usual parametric rate of n

n sufficiently large, the squared bias of ﬁm will be less than the variance. As a
consequence, as discussed in Section 3.2.5, we can construct honest (i.e uniform

over 0, € ©,) asymptotic confidence intervals centered at zzm* with width of order
n~1/2. Here is a concrete example.

Example. Suppose O = (Y, X) with Y Bernoulli and with X having a density
with respect to the uniform measure 4 (-) on the unit cube [0,1]% in R?. Suppose
Y =F {(E [Y\X])Q}. Let {z ()} = {z(x);1,2,...} be a countable, linearly inde-
pendent, sequence of either spline, polynomial, or compact wavelet basis functions
dense in Ly (). Set Z (z) = (21 (x) ..., 2k (z))". We assume

P { ’ <I%ﬁk*(n)> - {1 +exp (*ﬁfwnﬁk*(n) (x))} o } :

ﬁk* (n) € Nk*(n)

fx (x) € { I (@38k () = € @k () xp [wg**(n)zk**(n) (a:)} ; }

wk**(n) c Wk**(n)
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where C(wk**(n)) is a normalizing constant and Nj-(,) and Wiy« (,) are open
bounded subsets of R¥" (™) and R¥"" (™). Hence, ©,, = Nj,(n) X Wj(n) has dimension

k(n) = k* (n) + &** (n) and 9 () = v (6,) = [ b2 (ac nk*(n)) I (@D y) s ().

He [7] and Portnoy [12] prove that, under regularity conditions, ||§n — 0, =
O, ({k (n) /n}1/2> when k (n) = n? < n. Below we shall see that

vary {]I]anff ( ) |0] = 1/n for n” < n.
Con81der next models whose dimension k (n) < n” increases faster than n (i.e.,
~ > 1). In such models, the MLE 6, is generally inconsistent and indeed there may

exist no consistent estimator of 6,,. In that case, ||§n —0,,|| fails to be o, (1) and the
conditional bias Fy [{Z;m —(0) |§} may not decrease with m. In order to guarantee

consistent estimators of 8,, exist, it is necessary to place further a priori restrictions
on the complexity of ©,,. Typical examples of complexity-reducing assumptions
would be an e—sparseness assumption that only k(n)*,0 < € < 1, of the k(n)
parameters are non-zero or a smoothness assumption that specifies that the rate
of decrease of the j*component of 6, is equal to 1/j raised to a given (positive)
power. Even after imposing such complexity-reducing assumptions, ¥ (6) = ¥, (6,,)
may not be estimable at rate n=1/2.

For instance consider the previous example but now with v* and v** exceeding
1,50 k**(n) =n"" > n, k*(n) =n" > nand k(n) = k** (n) + k* (n) < n? >
n with v = max (y**,7**). Consider the norms

= {/b2 (x;ﬁk*(n)) dp (95)}1/2,

1/p
Hwk**(n {/f x; wk**(n) du (z )} and

11, = [

*

Hﬁk*(n)

+ [ @],

Suppose, under a particular smoothness assumption, optimal rate estimators %k*(n)
= O, (n~") and

and ﬁk**(n) Of i« () a0 Wien () satisty H%k*(”) = Mie*(n)

Hwk** (n) — Wk=+(ny|| = Op (n~7) for some vy, > 0,7, > 0 and all p > 2. Hence,
P

16 — 0|, = Op (max {n~=",n"7~}). For v > 1, based on arguments given later, we

expect that vars [Jm — 1 (0) |§} = n) and
m—1
'rn—l)

n

Op (an *(n) = Mk*(n) Hwk (n) — Wk*=(n)
Op( *%n*(m*l)%)

0, (116 - 0l17+1).

Ey [m — v (6)16]

To find the estimator @mbm in the class &mwith optimal rate of convergence,

1—4~
letm —1+W

of the squared bias and the order
the order n=41=2(m=1)% 4 n(1=D(m=1=1of the mean squared error at [m*] is less

be the value of m that equates the order n~=47m=2(m-1)7

(=1 (m—1)

of the variance. Then m,_,, = |m*| if
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than or equal to that at [m*]. Otherwise, m, ., = [m*]. The rate of convergence of

wmbm will often be slower than n~/2. Note m,,
of 777 and Y-

.. = 1 whenever v > 2, regardless

By using the estimator i[m*] rather than &mbest, we can guarantee that the
variance asymptotically dominates bias and construct honest (i.e uniform over 6,, €
©,,) asymptotic confidence intervals centered at zz(m*]. Of course, the sample size
n at which, for all ,, € ©,,, the finite sample coverage of the intervals discussed
above is close to the asymptotic (i.e. nominal) coverage is generally unknown and
could be very large. For this reason, a better, but unfortunately as yet technically
out of reach, approach to confidence interval construction is discussed in Section
3.2.5.

In contrast to the case of parametric models of increasing dimension, in the infi-
nite dimensional models which we consider in the following section, the functionals
¥ (0) of interest have first order influence functions IFFy (8) but do not have higher
order influence functions. As a consequence, an initial 'truncation’ step is needed
before we can apply the approach outlined in the preceding paragraph.

Finally, even in the case of parametric models with k (n) > n and complexity
reducing assumptions imposed, , when the minimax rate for estimation of ¢ (6) is
slower than n~!/2, the optimal estimator qlzmb ., in the class 1/Jm will generally not
be rate minimax. See Section 3.2.6 and Sections 4.1.1 for additional discussion.

3. Inference for a class of doubly robust functionals
3.1. The class of functionals

In this Section we consider models in which the parameter @ is infinite dimensional
and 6, ©, and ¥ () do not depend on n. We make the following three assumptions
(Ai)—(Aiii):

(Ai) The data O includes a vector X, where, for all 6 € O, the distribution of
X is supported on the unit cube [0, 1]* ( or more generally a compact set) in R? and
has a density f (z) with respect to the Lebesgue measure. Further ©® = 01 x O,
where 6; € ©7 governs the marginal law of X and 6, € O, governs the conditional
distribution of O|X.

(Aii) The parameter 65 contains components b= b (-) and p = p(-), b : [0, 1]"
R and p : [0, 1]d — R, such that the functional 3 (6) of interest has a first order
influence function IFy y () = V [IF, , (6)], where

(3.1) IFyy (0) = H (b,p) =9 (0),
with H (b,p) = h(0,b(X),p(X))
(3-2) =b (X)p(X)h1(0) +b(X)h2 (0) + p(X) h3 (0) + ha (0)

EBPH1+BH2+PH3+H47

and the known functions hq (+),ha (), ks (-), hsa (-) do not depend on 6.

(Aiii) (a) Ogp X O3, C Oy where Oy, and Oy, are the parameter spaces for
the functions b and p. Furthermore the sets ©g, and ©,, are dense in Lo (Fx (z))
at each 07 € ©;.

or

(b) b* () =p*(-), h3 (0) = ha (O) w.p.1, and Oz, C O3 is dense in Ly (Fx (z))
at each 07 € O;.
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Remark 3.1. (Aiiib) can be viewed as a special case of (Aiiia) as discussed in
Example la below, so we need only prove results under assumption (Aiiia).

Assumptions (Ai)—(Aiii) have a number of important implications that we sum-
marize in a Theorem and two Lemmas.

Theorem 3.2 (Double-robustness). Assume (Ai)—-(Aiii) hold, and recall p and
b are elements of 6. Then

Eg[H (b ,p")] = Eg [H (b",p)] = Ep [H (b,p)] = ¢ (0)
for all (p*,b*) € Ogp x Og,,0 € O.

Proof. Eg[H (b*,p)] — Eg[H (b,p)] = Ep [{H1p(X)+ H2} {b(X) —b*(X)}] and
Eo[H (b ,p*)]|—FEg[H (b,p)] = Ep [{H1b(X) + H3}{p(X) — p* (X)}]. The theorem
then follows from part 1) of the following lemma. O

Theorem 3.2 states that H (-,-) has mean 1 (6) under F'(-;6) even when p is
misspecified as p* or b is misspecified as b*. We refer to the functional ¢ (6) as
doubly robust because of this property. The next lemma shows that H (b*, p*) is not
unbiased if both b and p are simultaneously misspecified. That is, Fy [H (b*,p*)] #

¥ ().
Lemma 3.3. Assume (Ai)—(Aiii) hold. Then

1. Eg[{H\B + Hs}|X] = Eg[{H\P + Hy} | X] =0
2. Eg[H (b",p")] — Eg [H (b,p)] = Eg [(B — B*) (P — P*) Hi]
and ¢ (0) = Eg [H (b,p)] = Eg [-BPH; + Hy]

Proof. Part (1): By assumptions (Ai) and (Aiiia) we have paths 6, (t),1 =1,2, ...,
in our model with 6; (0) = 6 and p; (t) = p; (z;t) = p(x) + te (x), b (x;t) =
b(z),F(x;t) = F(x) for | = 1,2,..., where the sequence ¢ (-) is dense in

Ly [Fx (2)]. Let S (6) be the score for path 6, (¢) at ¢ = 0. Then by 1 (51 (t)) =
Egvl(t) [H (bvpl (t))}

d (91 (9)) /dtimo = Eg [{H1 B + Ha} er (X)]
+ Eg [H (b,p) Si (0)] .-
By IF1,y (0)=H (b,p) — ¢ (9),
i (01.(1)) /dty—o = Eo [H (b,p) Si].
Thus F [{H1B + Hs}¢; (X)] = 0. But {¢; (-)} is dense in Ly [Fy (X)] so
E[HB+ H3|X] =0.

An analogous argument proves Eg [{H P + Hy} | X] = 0. Part (2): E, [H (b*, p*)] —
Eq [H (b,p)] =

Ey [(B*P* — BP) H, + (B* — B) Hy + (P* — P) Hj]

= Ey[(B*P* — BP) H, — (B* — B) PH, — (P* — P) BH,{]

=Eg[(B—DB")(P—P")Hi],

where the second equality is by part 1). Choosing P* = B* = 0 w.p.1 completes
the proof of the theorem since then Ey [H (b*,p*)] = Ep [H4]. O

Below we will need the following partial converse to Lemma 3.3.
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Lemma 3.4. Let Ogp,02,,01 and © and H (b,p) be as defined in (Ai)-(Aiiia).
Suppose that
Ey[{HiB+ H3} |X|=Eg[{HiP+ H2}|X]=0

and v (0) = Ep [H (b,p)]. Then V[H (b,p) — 1 (0)] is the first order influence func-
tion of 1 (0).

Proof. The influence function of the functional Ey [H (b*,p*)] for known functions
b*,p* is V[H (b*,p*) — Eg [H (b*,p*)]]. Thus by the linearity of first order influ-
ence functions, the Lemma is true if and only if for each 6, € ©, the functional
T (b,p) = Ey, [H (b,p)] with 0y fixed has influence function equal to 0 w.p.1 at
(b,p) = (bo,po) C Op. That the influence function is equal to 0 follows from the fact
that, under the assumptions of the Lemma, for sets {¢; (-)} and {d; () } dense in
L [Fo (X)),

dEp, [H (bo (X) +te (X)), po (X) + tdy (X))] /dtji=o
= By [{H1bo (X) + H3} d; (X)] + Ep [{H1po (X) + H2} ¢; (X)] = 0. U

Results of Ritov and Bickel [14] and Robins and Ritov [15] imply it is not possible
to construct honest asymptotic confidence intervals for ¢ () whose width shrinks
to 0 asn — oo if b(-) and p(-) are too rough. Therefore we also place a priori
bounds on their roughness. Our bounds will be based on the following definition.
Definition 3.5. A function A(-) with domain [0,1]? is said to belong to a Hélder
ball H(S,C), with Holder exponent 8 > 0 and radius C > 0, if and only if h (-) is
uniformly bounded by C, all partial derivatives of h(-) up to order |(3] exist and
are bounded, and all partial derivatives VL% of order | 3] satisfy

sup VI h(z + 6x) — VP ()| < C||62]|P~14).

z,x+8x€(0,1]¢

We note that the L,,2 < p < oo and L, rates of convergence for estimation of

a marginal density or conditional expectation h (-) € H(3,C) are O (n_%%> and

(logn) ” d) respectively. We refer to an estimator attaining these rates as

rate optimal.

We make the following fourth assumption:

(Aiv) We assume b(-), p(-), and g(-) lie in given Holder balls H (5, Cy), H(Bp,
CP)7 H(ﬁgv Cg) where

(3-3) g9(x) = E{H,|X =z} f (x).

Furthermore we assume g (X) > g4 > 0 w.p.1. Finally we assume, as can always
be arranged by a suitable choice of estimator, that the initial training sample esti-
mators b (.),p(.), and g (-) are rate optimal, have more than max{/, 8, 3,} deriva-
tives, and have Lo norm bounded by a constant co. Further inf, ¢ 14 g (z) > 0.
The reason for the restrictions on ¢ (-) will become clear below.

The restrictions (Ai)—(Aiv) are the only restrictions common to all functionals
and models in the class. Additional model and/or functional specific restrictions
will be given below.

To motivate our interest in such a class of functionals and models we provide
a number of examples. In each case, one can use Lemma 3.4 to verify that the
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influence function of 1 () is as given. All but Examples 3 and 4 are examples of
(locally) nonparametric models.

Example 1. Suppose O=(A,Y, X) with A and Y univariate random variables.

Example 1a (Expected product of conditional expectations). Let v (0) =
Eolp(X )b(X )] where b(X ) =Ep [Y|X],p(X ) = Ep [A] X]. In this model

IFy 4 (0) =p(X )b(X ) =9 (0)
Fp (XY —b(X)} +0(X ) {A—-p(X)}

SO H1 = —1,H2 = A,H3 Z}/,H4 =0.

We also consider the special case of this model where A = Y with probability
one (w.p.1). Then, as in assumption (Aiiib), b(X ) =p (X ) w.p.1, Hy = Hs w.p.1.
Then ¢ (8) = Ey [b2 (X )]. In Section 5, we show how our confidence interval for
Ey [b2 (X )] can be used to obtain an adaptive confidence interval for the regression
function b (+).

Example 1b (Expected conditional covariance).
Y (0) = Eg[AY] — Eg[p(X )b(X )] = Ep[covy {Y, A|X}]
has influence function

AY —{p(X)b(X ) +p (X )Y =b(X)} +b(X ) {A-p(X)}} - (0),

SO H1 = I,HQ = —A,Hg = —Y, H4 = AY.

Example 1lc below shows that a confidence interval and point estimators for
Ey [covg {Y, A| X }] can be used to obtain confidence intervals and point estimator
for the variance weighted average treatment effect in an observational study.

Example 1c (Variance-weighted average treatment effect). Suppose, in an
observational study, O = {Y* A, X}, A is a binary treatment taking values in
{0,1}, Y* is a univariate response and X is a vector of pretreatment covariates.
Consider the parameter 7 () given by:

o Eg [ COU@(Y*,A‘X)] - E9 [ COUQ(Y*, A|X)]
(34 "0 = T e @AX)] By (7 (%) (1w (X))

where 7 (X) = pr (A =1|X) is often referred to as the propensity score. We are
interested in 7 (6 ) for several reasons. First, in the absence of confounding by
unmeasured factors, 7 (6) is the variance-weighted average treatment effect since

7 (0) can be rewritten as Fy [wg(X )y (X;0) | where wy(X) = % and

Y(r;0) =Eg(Y'|A=1,X=2)—-Epy(Y"|A=0,X =1)

is the average conditional treatment effect at level x of the covariates. Second, under
the semiparametric model

(3.5) v (X;0) =v(0) wp.l

that assumes the treatment effect does not depend on X, 7(6 ) = v (6). In Re-
mark 4.2, we briefly consider inference on 7 (¢) under model (3.5). However since
the model (3.5) may not hold and therefore the parameter v () may be undefined,
our main goal is to make inference on 7 () without imposing (3.5).
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Now if for any 7 € R, we define ¢ (7, 6) to be
Y (7,0) = Eg {Y" (1) — Eg (V" (1) | X)} {A — By (A[X)}],

with Y* (7) = Y* — 1A, it is easy to verify that 7(f) may also be characterized
as the solution 7 = 7 () to the equation # (7,0) = 0. Thus inference on 7 (6 )
is easily obtained from inference on v (7,6). In particular a (1 — «) confidence
set for 7(0) is the set of 7 such that a (1 — «) CI interval for v (7,6) contains
0. Therefore, with no loss of generality, we consider the construction of a (1 —«) CI
for ¢ (7,0) for a fixed value 7 = 7, and write Y = Y™* (7) and ¢ (6) = ¢ (7,0). Thus
¥ (0) = Eyg [covg {Y, A|X}] and we are in the setting of Example 1b.

In Section 6, we show the rates at which the width of the confidence sets for
¥ (7,0) and for 7 () shrink with n are equal.

Example 2a (Missing at random). Suppose O = (AY, A , X ) where Y is an
outcome that is not always observed, A is the binary missingness indicator, X is
a d-dimensional vector of always observed continuous covariates, and let b(X) =
E(Y|A=1,X),7(X) = P(A = 1|X) be the propensity score, and p (X) = 1/7 (X).
We suppose 7 (X) > o > 0 and define

(3.6) b (0) = Ey [W} — By [b(X).

Interest in 1 (0) lies in the fact that ¢ (0) is the marginal mean of Y under
the missing (equivalently, coarsening) at random (MAR) assumption that P(A =
11X,Y) = 7 (X). In this model IFy 4 (6) = Ap(X) (Y — (X)) + b(X) — ¢ (0) so
Hy=—AHy=1,H; = AY, H; = 0.

Note that if one has assumed a priori that fx (-) and p (X) lay in Holder balls
with respective exponents (y, and f,, then [, would be min (8f, ,0p), since

9(X) = —fx (X) /p(X).

Example 2b (Missing not-at random). Consider again the setting of Example
2a but we no longer assume MAR. Rather we assume

P(A=1X,Y) = {1+ exp{~[y(X) +aY]}} "

may depend on Y, where now ~ (X) is an unknown function and « is a known
constant (to be later varied in a sensitivity analysis). In this case the marginal
mean of Y is given by ¢ (0) = Ey (AY [1 +exp{—[v(X)+ aY]}]). Robins and
Rotnitzky [17] proved this model places no restrictions on F (o) and derived

IFy 4 (0) = A{l +exp{-aY}p(X)}{Y = b(X )} +b(X) - (0)
where, now,
b(X )=E[Yexp{—-aY}|A=1,X]/Eexp{—aY}|A=1,X],
and p (X) = exp {—y (X)}. Thus
Hy = —exp{—aY}A, Hy={1— A}, Hs = AY exp{—aY},

and Hy = AY. When « = 0 this provides an alternate parametrization of Exam-
ple 2a.

Example 3 (Marginal structural models and the average treatment ef-
fect). Consider the set-up of Example 1c¢ including the non-identifiable assumption
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of no unmeasured confounders, except now A is discrete with possibly many levels
and f(alX) > ¢ > 0 w.p.l. A marginal structural model assumes Ey, {Ey(Y™*|
A=a,X)} = d(a,v(0)), where d(a,v) is a known function and v () is an un-
known vector parameter of dimension d*. When A is dichotomous with a € {0,1}
and d (a,v) = vy + vaa, then vy (0) is the average treatment effect parameter. Let
f* (a) be any density with the same support as A and let s* (a) be a d*-vector func-
tion, both chosen by the analyst. Then v (6) is identified as the (assumed) unique
value of v satisfying

f*(4)
f(A1X)
where s (0, a,v) = {Y* —d(a,v)} s* (a). Thus a (1 — «) confidence set for v (0) is
the set of vectors v such that a (1 — «) CI for ¢, (8) contains 0. Therefore, with
no loss of generality, we consider the construction of a (1 — «) CI for the d—vector
functional ¢ (0) = v (0) for a fixed value ¥ and define h (O, A ) = s(0,a,v) and
b(a, X )= Eg[h(0,a)|A=a,X] Then ¢~ (0) has influence function

150) = LA g0.4)bax)) +/b(a,X )dF* (a) — 1 (0).
f(A[X)
Next define p(a,X) = 1/f (a|X),v¥ (0,a) = Ef, [b(a, X )]. Then IF; (6) is the
integral

Uy, (0) = By |s(0, A, v) =0,

IF; (0) = / dF* (a) IFy (a,0)

IFy (a,0) = Hy (a)p(a, X)b(a, X )
+H(a)b( X )+ Hs(a)p(a, X )—¢(0,a),
Hy(a) = —I(A=a),Hy(a) =1,H3(a) =1 (A=a)h(0,a).

It follows that TF} () is a integral over a € A of influence functions I'Fy (a, )
for parameters 9 (6, a) in our class with Hy (a) = 0. Thus we can estimate ) (6)
by [dF* (a)1 (a), where ¥ (a) is an estimator of 1 (6,a). If the support of A is
of greater cardinality than d*, the model is not locally nonparametric. Different

choices for s* (a) and f* (a) for which {9/0v"'} Ey {s (0,A,v) f(A‘X)) is invertible
may result in difference influence functions. All yield the same rate of convergence,
although the constants differ. See Remark 2.5 above. Extension of our methods to

continuous A will be treated elsewhere.

Example 4 (Confidence intervals for the optimal treatment strategy in
a randomized clinical trial). Consider a randomized clinical trial with data
O={Y,Y* A X}, Ais a binary treatment taking values in {0,1}, Y* and Y are
univariate responses, X is a vector of pretreatment covariates. In a randomized
trial, the randomization probabilities o (X) = P (A = 1|X) are known by design.
Let b(z) =Eg(Y* |A=1,X=2) - Ey(Y*|A=0,X =2 ) and p(z) = Ey(Y |A =
1, X =2)—Ep(Y |A=0,X =z ) be the average treatment effects at level X =z
on Y* and Y. We assume Y and Y* have been coded so that positive treatment
effects are desirable. Let ¢ () = E [b(X) p (X)]. Because the model is not locally
nonparametric there exists more than a single first order influence function. Indeed,
for any given function ¢ (-),

TFy i (0,¢) =b(X) p(X) =9 (0) + [0 (X) {Y = Ap (X)} +p (X) {Y" — Ab(X)}]
x {A = mo (X)} o5 (X) + ¢ (X) {A = mo (X))},
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with o2 (X) = 7 (X) {1 — mo (X)} is an influence function in our class [provided it
is square integrable] with

Hi=1-2A{A—m(X)}oy?(X),
Hy ={A—m(X)}oy?(X)Y,

Hz ={A—m (X)} oy (X) Y7,
Hy=c(X){A—m(X)}.

As ¢ (+) is varied, one obtains all first order influence functions. We do not discuss
the efficient choice of ¢ () in this paper.

Our interest lies in the special case where Y = Y™* w.p.1 (so there is but one
response of interest) and thus, as in assumption Aiiid), b = p, Hy = Hjz and we
construct confidence interval for ¢ (§) = E [b* (X)]. In Section 5 we describe how we
can use a confidence interval for ¢ (§) = E [b? (X)] to obtain confidence intervals for
the treatment effect function b (x) and, most importantly, for the optimal treatment
strategy dopt (x) = I[b(x) > 0] under which a subject with covariate value x is
treated if and only if the treatment effect b (z) is positive ( i.e., dopt () = 1).

3.2. Higher order influence functions for our model
3.2.1. Dirac kernels, truncation bias, and a truncated parameter

In all of our examples the functions p(-) and b(-) are functions of conditional
expectations given the continuous random variable X. It is well known that the
associated point-evaluation functional p (x) and b (x) do not have first order influ-
ence functions. It then follows from part 5¢ of Theorem 2.3 and the dependence of
IF;  (0) = V [if1,5 (0iy;0)] on b () and p (-) evaluated at the point X that, in none
of our examples, does ¥ (6) have a second (or higher) order influence function.

As a precise understanding of the reason for the nonexistence of higher order
influence functions for ¢ () is fundamental to our approach, we now use part 5c of
Theorem 2.3 to prove that IF, ,, (6) does not exist by showing that the functional
if1,4 (0;8) does not have a first order influence function V [if17i.f1,w(0§') (O; 0)] Let
Fx and fx = fx () denote the marginal CDF and density of X. In this proof, we
do not assume that p(-) and b(-) are functions of conditional expectations. Rather
we only assume that our functional satisfies assumptions Ai)-Aiv)

Consider paths (parametric submodels) 6 (¢) such that 6, (0) = 6 satisfying

p(t)=p (z,t)=p(x)+tg (),
by(t)=b(z,t)=b(x)+ta(x),

where the sequences ¢; () and a; (-),1 = 1,2, ..., are each dense in Ly [Fx (z)]. Let
s1(0;0) = s (O] X;0) + 5, (X3 0),
51 (0] X;0), and s; (X;6) denote the overall, conditional, and marginal scores
dlnf (0;51 (0)) /0t, dlnf (O|X;5l (0)) /0t, dlnfx (X;'a} (0)) /0t

By linearity, i f1.4 (0; #) has an influence function only if the functionals b (x) and
p (z) have one as well. Now by differentiating the identity

Egl(t) {Hib (X, t )+ Hs} | X =2]=0
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with respect to t and evaluating at ¢t = 0, we have
—Eg[{{H1b(X )+ H3}} s (O|X) | X =z] = Eg [H1|X = 2]y (x).

However, by definition, b (x) has an influence function V [z J1p) (O; 9)] at 6 only if
for I =1,2,..., both 9b; (x,t ) /Oty = ai (z) equals Ey [ifl’b(m) (0;0) s (O 9)]
and Fy [iflﬁb(x) (O 9)] = 0. Thus if i fy y(4) (O;0) exists, it must satisfy

— Eg[{H1b(X )+ H3} s (O] X) | X = a]

= Eg [H1|X = l‘} Eg [ifl,b(x) (O, 9) Sy (O, 0)} .
Without loss of generality, suppose H; > 0 w.p.1. Now if we could find a ‘kernel’
Ky o (z,X) such that

r(x) = By [Kjy oo (2, X )7 (X )]
(3.7 = /fom (z,2")r (z*) fx (") dz” for all r () € Ly (Fx)
then
{Eo [H1|X = 2]} V2 Kpy oo (2, X))
x {Eg [H\| X1} 2 {H1b (X ) + Hs}
would be an influence function since
—{Bp [H\|X = 2]} "? Kpy o (, X) x
{Ep [H1| X1} 2 {H1b(X ) + Hs} 5, (0:0)
— Ky oo (2, X) {Eg [H1| X]} 1/ }
x {Hb(X )+ Hs} {s; (0| X) + s (X)}
_ _ Ky oo (2, X) {Eg [Hi|X]} /% x
= BUHX =l By {E9 { {Hb(X ) + Ha} s (O]X) | X } }
= —Eg [(H1b (X) + H3) 5, (0] X) | X = 7].

if1p) (O;0)=—

Eg [H1|X = .T} Eg

= E[H|X =] Ey {

By an analogous argument

7;fl,p(:c) (079) = -

{Eo [H\|X = 2]} "? Ky oo (2, X)
x {Eg [Hy|X]} Y2 {Hip(X ) + Ha}

would be an influence function.

Indeed since the sequences {c¢; (1)} and {a; (-)} are dense the existence of such
a kernel is also a necessary condition for if y») (0;0) and ifi ;) (O;0) to exist
and thus for if1 ., (0;0) to exist. A kernel satisfying Equation (3.7) is referred to
as the Dirac delta function with respect to the measure dFx (z) and would clearly
have to satisfy

(38) fo,oo (.’ﬂil 5 QCZ'Q) =0 Zf Ty, 74— Ty

were it to exist. Of course a kernel satisfying Equation (3.7) is known not to exist in
Ly [Fx] x Lo [Fx]. We conclude that if1 4 (0;0) does not have an influence function
and therefore IFs 5 4 (0) does not exist.

A formal approach

To motivate how one might overcome this difficulty, we note that kernels satisfying
Equation (3.7) exist as generalized functions or kernels (also known as Schwartz
functions or distributions). We shall ‘formally’ derive higher order influence func-
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tions that appear to be elements of the space of generalized functions. However,
we use these calculations only as motivation for statistical procedures based on or-
dinary kernels living in Ly [F'x] X Lo [Fx]. Thus it does not matter whether these
formal calculations could be made rigorous with appropriate redefinitions. Rather
we can simply regard the following as results obtained by applying a “formal calcu-
lus” to part 5c¢ of Theorem 2.3 that adds to the usual calculus additional identities
licensed by Equations (3.7) and (3.8).
We will need the fact that, for any function v (z;6), Eq. (3.8) implies that

v(2;0) Kiy oo (2, X) =0 (X;0) Kfy oo (z,X).
We now show that
W2 (0) = VUi (0] = Uoa [V ]ify i (0,0) (0ui0) /2] U5 (6)]

would formally have U-statistic kernel
€,y (0) Eo [H1|Xi1]_%1fo,oo (Xiy, Xiy) ] ,

Ep [H1|Xi,] 2 p,i, (0)

with ey, (0) = {BiyHi4, + H3,,}, €pin (0) = {H14, P, + Ha iy}

To show Equation (3.9) note, by

OH (b,p) /OP = 8 {BPH, + BH, + PHs + Hy} JoP = BH, + Hj

(3.9)  IF22.4,1,, (0) = —

and
OH (b,p) /OB = PH; + Ho,
we have
i1 p(0n:) (Oiai0) = Qa5 (0) + Qg 7, (0) = TE1p0, (6),
where

QQ@E? () = {Bi. Hii, + HS’il}ifl,p(Xil) (0iy30)

1
2

= —{Bi,H1,, + Hs,,} Eo [H1|X;,]
_1
X Kpy o0 (Xiy, Xiy) Eo [H1|X3,] 2 { Py Hi iy + Ha iy }
_1 _1
= —Eb,iy (0) Ey [Hl‘XZJ 2 KfX,OO (XilaXiz) Ey [H1|X12] ? Ep,ia (9)
Qop7, (0) ={PiHua + Haii}ify yx, ) (Oizi)
_1 _1
= —€b,i, (0) Bo [H1]|Xi,] 2 Ky 00 (Xiy, Xiy) Eg [H1| X3, ] 2 €piy (0) -
Thus, by part 5(c) of Theorem 2.3,

1 2
[F2 2,5 (0) = Ilp,2 {5 {Qz,p,h (0) +Q, 5, (0) + H]Fl,w,z‘2} (2o (9)]

1
D) {leiz (0) + Qo (9)}
=Q, 3, (0) = V[RHS of Equation (3.9)]

since IF1,y,4, is a function of only one subject’s data and Q, 7, (0) and Q, 5, (0)
are the same up to a permutation that exchanges i5 with ;.

To obtain IF;,,5 (0), one must derive the influence function
ifl,ifz‘z,w(Oil,OiZ;-) (Oig30) of ifa 2.4 (Oi,0iy;0). The formula for IF; 5, = (6) is
given in Equation (3.13). A detailed derivation is given in our technical report.
Here we simply note that the only essentially new point is that we now require the
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influence function of Ky, o (X;,,X;,), which, as shown next, is given by

_ KfX»OO (Xllelg)KfX,OO (Xlst )
(310) TRy g, (x0X0) = _{ Ky oo (X5, 1 Xs) :

To see that if Equation (3.7) held, Equation (3.10) would hold, note that for any
path @ (£) with 6 (0) = fx (), h (v) = By, | Kz, o (@, Xi)h (X,»l)} . Differentiating
with respect to t and evaluating at ¢t = 0 , we have

0= By [K 1y oo (2, X) h (X) S (0)] + E, [{gt sy @ Xil)t_o} h (X,»l)} .

Hence it suffices to show that

— B [Kfy 00 (2, X) h (X) S (0)]

=E, {Eo {—Kfy0 (2, Xi;) Kfy 00 (Xig, Xiy) Siy (0) [ X5, R (X))
But, by Equation (3.7),

E, {Eo {—Kx 00 (2, Xiy) Ky 00 (Xiy, Xiy) Siy (0) | Xy} 0 (X))
=E, [7fo700 (I’Xh) Siy (0) h (Xil )] .

Feasible estimators

These “formal” calculations motivate a “truncated Dirac” approach to estimate
¥ (6). Let {z; ()} ={2:(X);1,2,...} be a countable sequence of known basis func-
tions with dense span in Ly (Fy) and define zj, (X)” = (21 (X), ..., 2, (X)). Define

Kok (X X2) = 20 (6)" { B [2000) 2 (07]} 20 ()
to be the projection kernel in Ly (Fx) onto the subspace
lin{zy (X)} = {n"zZ(x )in € R 0Tz, (z ) € Ly (Fx)}
spanned by the elements of Zy, (X). That is, for any h (z),
My [0 (X) llin {21 (2))]
=FE¢, [Kfy i (2, X) h(X)]

=2 @) {Bp [2 ()2 @)} By m (X)) R0,

Then we can view Ky i (;,,2;,) as a truncated at k approximation to K, o (24,
x;,) that is in Lo [Fx] X Lo [Fx| and satisfies Equation (3.7) for all r(z) €
lin{Zx (X)}. Then a natural idea would be to substitute

1)

2,2.4b i1 i (5) = TEbi (5) E’e\[H1|Xi1]7% K? (X, Xi,)

X Es[H\|X5,] 7% ey, (9)

with, for example,

A

Eb,iy (9) E5[Hi|X;, ] _% { Hig, + H3,i1}
ba:

for the generalized function IF5 2 4 i, i, (9) sed on Equation (3.9) resulting in
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the feasible second U-statistic estimator
~k R R 5 R
= (0) + 1Py, (8) + TFYS ) (9)
where
k n k A~
), (0) =V [1FY i (9)] -
To avoid having to do a matrix inversion it would be convenient, when possible,
. 1/2
to choose Zj, (X ) =9, (X )/ {fx (X)} where @1 (X), 2 (X),...is a complete
orthonormal basis with respect to Lebesgue measure in RY. Then E?X [Zr (X) x
Zk (X)T = Ip«k SO
_ T_ Krevr (Xi,, Xi,)
K?x,k (XiNXZé) =7 (Xi, ) 2k (X4, ) = — - 1/2°
{Fe (x0) Fx (%)}

where

KLeb k (XZ11XZ2) = Py, (Xh )T¢k (X'LQ ) :

This choice corresponds to having taken

Koo (Xiys Xiy) = Krevoo (Xiys Xiy) / {fx (Xi) fx (Xip)}'?

in our formal calculations where Kpep oo (X, Xi,) is the Dirac delta function with

respect to Lebesgue measure. In that case with G = g (X) = fx (X) Ep [H1|X] and
G =7 (X) = fx (X) E5[H1|X],

_1 _1
(311) IF22.4.i1.4, (0) = —€p,i, (0) 9 (Xiy) 2 Kreboo (Xiy, Xiy) 9 (Xiy) 2 €p4y (0)
(3.12)

IE) iy (0) = =200 (8) G(X0) ™% K (X, Xi2) 7 (Xi2) ™% e (0)

Unfortunately, we show later that this choice for Z; has good statistical properties
only when fx is known to lie in a Holder ball with exponent exceeding max {5, 5,} -
In our technical report we show one can proceed by induction to formally obtain
that for m = 3,4,...,

IFm,m,w,fm (9)
(3.13)

X emyg)x
_1 J Hy _1
= e O« (X)) H | T g, (X X)) | e, (0)
s=1 g(X‘ +1)
><I(]CX7 (Xz sz)

j+10

where ¢ (X) = F[H{|X] and c¢(m, j) = (m;2) (-1 )(j+l), which we then use to

o k m k)
obtalnIF() 1r/ﬂﬂ}()andzb() —|—E ]HFEM)( ).
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Statistical properties

We shall prove below that the estimator @,’f ) has variance

varg [Jﬁ,ﬂﬂ = (Tllmax ll, <fl)m1 ) ,

when {z (X);l=1,2,...} is a compact wavelet basis. (Robins et al. [18] proves
this result for more general bases). We also prove that the bias

Eq [0)] = 0/(0) = TBL (0) + EB,. (0).
of 127(7’1“) is the sum of a truncation bias term of order
TBy (6) = 0, (k= +0)/7)

(for a basis {2z (X);l=1,2,...} that provides optimal rate approximation for
Hélder balls) and an estimation bias term of order

EB, (9) =0, {P—ﬁ} {B—E} (Gé@)ﬂl

_(m=1)Bg B, __Bp
:Op n~ 2Pgtd  2BpFd  2PpFd |

Jym-+1
Note this estimation bias is Op <H0 — 0” ) . It gets its name from the fact that,

unlike the truncation bias, it would be exactly zero if the initial estimator 0 hap-
pened to equal 0. Thus, the U-statistic estimator 94 for our functional 1 (0) (which
does not admit a second order influence function) differs from the U-statistic esti-
mators ¥, of Eq. (2.3) for functionals that admit second order influence functions

—~ ~m-+1
in that, owing to truncation bias, the total bias of w&’i) is not O, (H@ — GH >

The choice of k determines the trade-off between the variance and truncation bias.
As k — oo with n fixed, varg [ 7(7]:)} — 00 and T By, () — 0. Thus, we can heuristi-

Aﬁ,’f:m)

cally view the non-existent estimator 1Zm = as the choice of k that results in

gym—+1
no truncation bias (and therefore a total bias of O, H9 — GH )) at the expense

of an infinite variance. Writing k = k (n) = n”, the order of the asymptotic MSE of

ﬁfff ) is minimized at the value of p for which order of the variance equals the order
of the sum of the truncation and estimation bias.

Remark 3.6. The models of Examples 1-4 exhibit a spectrum of different likelihood
functions and therefore a spectrum of different first order and higher order scores.
Nonetheless, because the first order influence functions of the functionals 1 (0)
share a common structure, we were able to use part 5¢ of Theorem 2.3 to formally

derive IF (9) and, thus, the feasible IF® @\) in Examples 1-4 in a

m,m,im MM, Y, im
unified manner without needing to consult the full likelihood function for any of

the models. See Remark (2.5) above for a closely related discussion.
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A critical non-uniqueness

We have as yet neglected a critical non-uniqueness in our definition of HIFE:)W w(0) (5)

and thus {p\,(ff ) that poses a significant problem for our “truncated Dirac” approach.
For instance, when m = 3, the two generalized U-statistic kernels 1F3 3 4 4, is,i5 (0)
of Equation (3.13) and

Hy
i (0 22 K X; 7)(
IS5 001 inin (0) = 2 1( Z (] e (K T ]
S (Xi1)2 —Ey [foyoo (X117X22) |X21]
ir (0
X fo;OO (Xi17Xi3) L()

1
S (Xlz) 2
are precisely equal, by Eq. (3.8); nonetheless, upon truncation, they result in dif-
ferent feasible kernels;

(k) N
IF3 3,,i1,12 (9)
- Hy ;. ~
_ 5 (0) [ TR i (i X K (K X) ] B (0)
g(le)i _K]/‘\x,lc ( ) f(Xh)i
and
~ Hiig
(k) 7\ = fbir 0) 2(Xi2)K» (Xiy, Xiy)
IF3737¢7i17i2,i3 - 1
g(Xi1)2 _Erg\ [Kf (X’Ll?X )|Xl1:|

-
x K7, (Xi, X, )—f'*“(
ok g(Xia)

with possibly different orders of bias. For simplicity, we consider the case where
H; =1 as in Examples 1b. Let 6B = B — B P=P— P (5f—(5g—;—1 and

W= [~—

Zi=20)={E[a®z "} .

then,

Eo (118 (7))

| B |(F 1) | )

;ig; ~141)6B;,x
— B, Eb\{ ;Ei; - 1) % (X.,) ] 2 (X0
B [(;gg; ~1+ 1) SPiyZk (Xiy) } 2 (X,
- Eg{(SB“E@\ 5 (Xiz)_,f)iz} Z1i E; [6Pi3Zk } Z }
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and
B0 (1581010 (0)]
o (83
I XZ (XM)T Ey [0P;,Zk (Xi,)]
[ [0 (X)) + 1068, 7
~55| o (f )
X Zy iy E5 [(6F (Xiy) + 1) 6P, 2,
| Folom ] e (25 )
X Z i B5 (0P Z i)
o, ({58} {r-P}{c-c})
That is,

[ 3, 3 zp i1,i2,i3 (5” — Eo [IFég)w i1,02,73 (5”
[6B E; [(5]” (Xi2)7£7;2} Zin E5 {5Pi37f,i3] 7kgi1]
B3 [0BiuZhs] Zriadf (Xi)
x7ii2E§ [6P;y Z ki ]

‘o, ({B—E}{P—ﬁ}{a—@}2)

= E; |0BIL:[6P|Z;,]) T [0f (X H
]

B

_ A{na[ap\zk] Of (X) 11 [0B|Zy]

vo,({5-5) (-7} {e -2} )

H/B\ [5P|7k} X

Sy 1L (082, 1 [0 (X) | Zi]
—11; [0BIZ4] TE [5 (X) [Z]

o, ({s-8}{r-P}{c-c}’)

where I [h(X)|Z] and Hé‘ [ (X)|Zy] respectively denote the projection un-

der F (-; é\) in Lo (ﬁ) of h (X) on the k dimensional linear subspace lin {Z) (X)}
spanned by the components of the vector Zj (X) and the projection on the ortho-
complement of this subspace. Since the basis {¢; (X) ;1 =1,2,...} provides optimal
rate approximation for Holder balls, it is easy to verify that the difference is of order
_Bpld_ pg p/d
n_ 1+2Bp/d 1+2/3q/dk By/d In 1+2[3p/d 1+2ﬁb/dk Bg/d

Op __Bp/d___By/d__ _2pg/d ’
4 TF2Bp/d T 126,74 T+26474d
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which we expect to be sharp for many bases, although not for Haar. For concrete-

ness, we shall look at an example. Suppose 8y/d = 8,/d = 0.3 and 3,/d = 0.1,

(k)
3

thus, by choosing k = ns, converges to ¢ (0) at rate n~%. In contrast, the

order,

Bp/d 5 Bp/d By/d 2
min (n 25,74 1+2Bg/dk Bu/d 4 = T8, 74 TH2By/d |~ Po/d 1 max <1’ k_2)> 7
k n n

of the optimal root mean squares error of w( )* that uses IF(k)’w ; (5) isn 04T >
: B 3

n~95. Thus, for many orthonormal bases, 1/)3 ) converges to 1 (6) at a slower rate

than @é which uses [ F3( 3)7 o s (é\) Nothing in our development up to this point

provides any guidance as to which of the many equivalent generalized U-statistic
kernels should be selected for truncation. To provide some guidance, we introduce
an alternative approach to the estimation of ¥ (6) based on truncated parameters
that admit higher order influence functions. The class of estimators we derive using
this alternative approach includes members algebraically identical to the estimators
w(k) but does not include estimators equivalent to less efficient estimators such as

o

An approach based on truncated parameters

We introduce a class of truncated parameters 1, (6) that (i) depend on the sample
size through a positive integer index k = k (n) (which we refer to as the truncation
index and will be optimized below), (ii) have influence functions IF el (0) of all
orders m, (iii) equal ¢ (0) on a large subset Oy 1, of © and (iv) the 1n1t1a1 estimator

9 is an element of Osup,k s0 that the plug-ins ¢ (9) and wk (9) are equal. To prepare
we introduce a simplified notation. For functions h (o, ) or r () of 6, we will often
write h (0, 5) and r (5) as h (o) and 7, and Es [] as E[]. Similarly , we often
write h (0,0) and r (6) as h (o) and r, and Fy [-] as F [-]. Further we shall introduce
slightly different definitions of truncation and estimation bias.

Define the estimator i, (’6’\) = (5) + ]HFm 7. (5) or, equivalently, mek =

{/;Hﬁm T Then the conditional bias F {@mkﬁ)\] —1 of '(z)\m,k is T By +FEB,,, where

)

the truncation bias TBy = QZk — 1 s zero for 6 € Oy i and does not depend
on m and the estimation bias EB, = E [@mk@ — @Zk is Op (H@— GH’”“) by
Theorem 2.2. Since, as we show later, the order of E'B,, ;, does not depend on k, we
will abbreviate EB,, i as EB,,, suppressing the dependence on k. Under minimal

conditions, the conditional variance of {ﬁ\m,k is of the order of var {HFm {;} whenever

)

k =k (n) > n. The rate of convergence of '(Zm,k to ¥ can depend on the choice of 1;1«
Nevertheless, many different choices Jk result in estimators @m , that achieve what
we conjecture to be the optimal rate for estimators of the form wm k. We choose,
among all such wk, the class that minimizes the computational complexity of wm k-
Specifically for all wk in our chosen class and all j, ]HF i consists of a single term

rather than a sum of many terms. We conjecture thls appeahng property does not
hold for any ¢k outside our class. We now describe this choice. The parameter wk is
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defined in terms of k (n) —dimensional 'working’ linear parametric submodels for
p(-) and b (-) depending on unknown parameters @, and 77, through the basepoints
p(-) and /b\(), where p () and /5() are initial estimators from the training sample.
Specifically let p (X) and b(X ) be arbitrary known functions chosen by the analyst
satisfying Eqs. (3.14)-(3.16) below.

(3.14) p(X)b [Hl\X] >0 w.p.l,

(X) ) .
(3.15) (i o H 2l <e
(3.16) Zb)gg has at least [max {Bp, Bp}| derivatives.

Particular choices of p(X) and b(X) can make the form of IF 7 (5) more aes-

thetic. The choice has no bearing on the rate of convergence of the estimator @ka
to ¢ (f). Often there are fairly natural choices for p(-) and b(-). See Remark 3.9
below for examples. Let @, 7, be k—vectors of unknown parameters and consider
the ‘working’ linear models

(3.17) (X, a) =p(X) +p(X)akz, (X) = P+ Pal Zy,
(3.18) b (X, 7)) =b(X) + b(X)7Lz, (X) = B + Byt Zy.

We define the parameters 7, () and @y, () respectively to be the solution to

0 = Ep[0H (b" (X,7),p" (X, ak)) /Oak]
(3.19) = By [{HW" (X,7) + Hs} 7,

0 = Egl0H (b (X,7m).p" (X.a0)) /O]
(3.20) = By [{Hip" (X, @) + H2} BZx| .

The solution to (3.19) and (3.20) exist in closed form as
~ P = R N
(3.21) 7 (0) = — B, [BPHleZk] Eo [ZkP {HlB + Hg}] :
~ .. — 711 . ~
(3.22) & (0) = —Ey [PBHleZk} Ey [ZkB {HlP + HQH .

Next define b () = b (-,8) = b* (-,%k (0)) and 7 (8) = j (-, 0) = p* (~,ak (9)) and

di(0) = B [H (b(0),56))].

Note the models p* (-,ay) and b* (-,7;,) are used only to define the truncated
parameter &k (0). They are not assumed to be correctly specified. In particular,
the training sample estimates p, b need not be based on the models p* (-, ag),
b* (-,7). We now compare our truncated parameter ¢, (6) with ¢ (8) and calculate
the truncation bias. It is important to keep in mind that b, p are components of the
unknown 6 while p, b, p, b are regarded as known functions.
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Theorem 3.7. If our model satisfies (Ai)—-(Aiii) and
0€Osuwr ={0;p() =" (-,ar) for someay orb(:) =b"(-,7,) for someT,}NO

then U (0) = 1 (0).
Further TBy, () = dp (0) — 4 (0) = Ep [{B 0) — B} {15 @) — P} Hl].

Proof. Immediate from Theorem 3.2 and Lemma 3.3. O

We know from the above Theorem that T By, (8) = 0 for 6 € Oy 1. However to
control the truncation bias in forming confidence intervals for ¢ (6) we will need to
know how fast supgeco {T'Br, (0)} decreases as k increases. The following theorem
is a key step towards determining an upper bound.

Theorem 3.8. Suppose b(X) and p (X) are chosen so that BPE [H,|X] > 0 w.p.1.
Let

.. 1/2
Q=q(X) = {BPE[H|X]}
and 11 [h (Z2) |Q7k] and TI+ [h (X) |Q7k] be, respectively, the projection in
Ly (Fx (%)) of h(X) on the k dimensional linear subspace lin{QZy} spanned by

the components of the vector QZy = q(X)Zx (X) and the projection on the ortho-
complement of this subspace. Then if Ai) — Aiii) are satisfied,

pP-P B-B -
Z e Z
(252 [( 25
Remark 3.9. To simplify various formulae it is often convenient and aesthetically

pleasing to have Q = 1. We can choose B and P to guarantee Q =1 w.p.1. For the
functional ¢ (6) = Ey [b(X) p(X)] of Example la, Hy = —1 w.p.1. Thus choosing

~

TB, =F |IIt

B and P equal to 1 and —1, respectively, w.p.1 makes Q = 1 w.p.1. In the missing
data Example 2a, the functlon H, = —Aso E [H1]|X] = 1/ﬁ and thus the choice
B = —1,P = P makes Q = 1 w.p.1. Note since inference on ¥ (0) is conditional
on the training sample data, we view the initial estimator p(-) of p(-) from the
training sample as known and thus an analyst is free to choose P to be P.

Examples continued. In Example la, recall ¢ = E[BP]. Choose B = —P = 1
w.p.1 so Q = Q =1, and take B € lin {7k}. Then

B=B+1 [(B—E) \74 =11 [B|Z}],
P =TI[P[Z],
TBy = E{[I* [B|Z;) I+ [P|Z]]},
U = —TBy = E{I1 [B|Z},] 11 [P|Z]} .
Thus @Zk appears to be the natural choice for a truncated parameter.

) . A R N 1/2
In Example 2a with¢) = E[B], B= —-1,P=P=1/70=1,Q = {P/P} -

1/2
{g} 7 =7(X),7=m(X), we obtain

w7 (- {5
a[fe) " (o5

1/2 _
b7
1/2 _
[z

ERE!

TBr,=F

ERE
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Thus the truncated parameter @Zk = 1) — T'By, does not seem to be a particular
natural or obvious choice. The complexity of ¥ is not simply due to the fact that
we chose P = P rather than P =1 as we now demonstrate.

In Example 2a with B=-1,P=1,Q =72, Q = n'/2,

I K; _ 1)7T1/2|7T1/27k} %

™ T

P e [(5) (8- B) ez

Nonetheless we will see that, for either choice of (B , P), the parameter Jk will
result in estimators with good properties.

Remark 3.10. Henceforth, given (8,, By, 8y), {91 (X),1=1,2,...} will always de-
note a complete orthonormal basis with respect to Lebesgue measure in R? or
in the unit cube in R? that provides optimal rate approximation for Holder balls

H(p*,C),p* < [max (Bp, B, Bg)], i-e.

. 2
(3.23) SUphen (p+,0)inf, /Rd (h (z) — Zglgpl (33)) dx =0 (k’*Zﬁ*/d) .
' 1=1

The basis consisting of d-fold tensor products of univariate orthonormal polyno-
mials satisfies (3.23) for all 8*. The basis consisting of d-fold tensor products of a
univariate Daubechies compact wavelet basis with mother wavelet ¢,, (u) satisfying

/ U™y (u)du=0,m=0,1,..., M
Rl

also satisfies (3.23) for f* < M + 1.

Theorem 3.11. Suppose that (Ai)-(Aiv) are satisfied, that b(X) and p(X) satisfy
(3.14) — (3.16) and that we take

(3.24) = (X):ak?(x){E{HﬂX]b(X)p(X)}ﬂ/z,

)

where
270 = {E[a 0z} e,

Then
suppeo {TB; (0)} = O, (k—z(ﬁwﬁp)/d)

Remark 3.12. Note if we have chosen b(-) and p(-) so that Q = 1 wpl then
zZx (X) =79, f(X ) simplifies. The preceeding theorem does not hold with @, (X) /

. 1/2
{f(X)} replacing @, ?(X) unless fx is known to lie in a Holder ball with

exponent exceeding max {0y, Gp} .

3.2.2. Derivation of the higher order influence functions of the truncated
parameter

We begin by proving that the first order influence functions of Jk and 1 are identical
except with b(0),p (9), 1 (0) replacing b, p, ¢ (6).
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Theorem 3.13.
IF, - (6)=V [I Foz (9)]
with
IF, ;. (9) = H (5(6) 5 (6)) — % (6).

Proof. Since by, (6) = Ey [H (E (9) 717(9))}7

IF, - (0) = H (5(6) .5 (8)) — ¥ (6)
+E o (v (X,7,0)) " (X7 (0))) /onf | 1P, = (9)

Mk

+E[H (v (X750) 0" (X.30)) joaf] IF, % 6).
But, by definition of 7, () and @y (6), both expectations are zero. O

Note that 7 () and @y (f) are not maximizers of the ‘expected log-likelihood
for @y, and 7. This choice was deliberate. Had we defined 7, (6) and @y, (0) as the

maximizers of the expected log-likelihood, then HIE"L% (#) would have had addi-
tional terms since the expectations in the preceding proof would not be zero. The
existence of these extra terms would translate to many extra terms in HFm,Jk (6)
for large m leading to computational difficulties. Similarly had we chosen mod-

ols p* (X, @) = ® (13+Pa{7k) and b* (X,7,) = ® (§+ Bﬁﬁk) with @ () a
non-linear inverse-link function, IF - (¢) would also have had many extra terms

Wk
without an improvement in the rate of convergence.

The following is proved in the Appendix.

Theorem 3.14. IF, = =TF, = +5J',IF = where IF = =V |IF, = _ |

s a jth order degenerate U—statistic given by

B [(Hlﬁ + HQ) BZZ] } {E [PBH17k7ﬂ }_1

. a X {71@ <H1§ + Hs) P}

22,9k 32

2

- - _
Jieis (-1 [(H1P+H2) BZ’“]

[1{s[pmz7}"

{ (PBEZ.Z)) - E[PBHZZ]] }
.. _ -1 r_ ~ .
x {E [PBlekzﬂ } [Zk (HlB T Hg,) P} '

12

3.2.3. The Estimator z/b\mk = 12)\—1— ﬁlﬁm 7. and its Estimation Bias

)

We can now calculate the estimator {/;m,k = 12 + ﬁm 7 by substitution of g for 0
inllF ~ =1IF ~ () to obtain the following.

m, Pk m,
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Theorem 3.15. Suppose (3.24) holds and define <(X) = E [Hy|X]. Then {ZJ\myk =
" -HHF ~ —|—Z]_2 5.5, where

w+m«* = BPH, + BHy + PH; + Hy,

'lik
IF,, s . = [ P+H2 sz} [Z (HlB+H3>P

i1 i

(P ) (8) 2

/2%, 4X>] ’
i

HlB+H3> )

P RCLaALA)

21
37, ¢k»‘]

A (PBHZZ)
g{ ( — ik k)ls H
Hlé + H3) P} ‘

12

X |:Zk

(
m) (8)" 55|

Proof. By Lemma 3.3 EgHHlﬁ—ng}PZk] - Eg[{HlﬁJng}B?k — 0.
Thus by Egs. (3.21) and (3.22) %k (@\) =ay (5) =0soB (5) =B and P ((9\) = P.
Further, by Eq. (3.24), E [PBH17k7ﬂ - E [PBE [H,|X] 7;@75} B {@ﬁkx
ZZ} = Ipxk - 0

Remark 3.16. The reader can easily check that when B=P=1and Hy > 0wp
1, IFQQ,%@ is precisely the same as IFQ( 2)¢ i s (0) of equation (3.12) in Section

m —k AQ_OTA
3.2.1. By expanding the product H H, x](czf'f — Ipxk ¢, the equality of
N
s=3 7

I/F ~ - and IF(k) (@) can be demonstrated for all m. Note that Iff*' o~

mm,Pr,im mmp,im Wkt

depends on P and B only through their ratio.

~

Example la (Continued). 3 = E[BP],B = -P=1wpl, Q =1H =
_17?k = @k ]/;(X) SO E [7]@?:15} = I« Then

P{H11§+H3}:-(Y—E),B{Hlﬁ+H2}:A—ﬁ
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and thus
— N\ T - N
IF22,1:[71¢,€2 = [(A - P) Zk:|Zl |:Zk (Y - B):|i27
J
— J R = T
Jiet; (=1) [(A_ P) Zk} i H {Z/ﬂszkis Ikxk}

s=3
Example 2a (Continued). H; = —A, B=—-1,P=P=1/7,Q =1, ¢ = E[B],
0 = {13/]3}1/2 B {%}1/2 and Zy = 3, AX), so E[Z Zfis] = Iixk. Then
PLHB+ )y =4 (v - B), B{mP+ 1)} = (4-1)

= A —_T _ A N
IE s = _[(§_1> Z’“L [Zkr (Y_B)L ’
_ o A o
- — (i (A
IFjj,wkij = =1 K% 1) Z’f]il

J
A— —T
X [H {ﬁZka _Ikxlc}‘

s=3

IF.

Z (Y—B)LQ.

_ A ~
[Zk; (Y—B)} .
i .
i
Consider Example 2a with B = —1,P = 1 ,@ = 72 and Z), = ?, f(X)7

B@77;) = o, P{mB+m) = [A(y-B)], B{H1ﬁ+H;} =
4_1), so

Py = —[<§—1>75L [7’“‘4(Y_§)L2’

—~
)
~—

ﬁ (42,2, ~ 1},

X

Zea(v -] .

Our next theorem, proved in the Appendlx of our technical report, derives the
estimation bias £B,, = F [wm k} — 1/Jk

Theorem 3.17. Suppose (3.14)—(3.16) and (Ai)—(Aiv) hold then

= (-nm! b {QQ (B;ﬁ) Eﬂ {E [Q27k7ﬂ - Ika}m”
(3.25) EB,, =(-1) { % {ETQQZc?ﬂ }—1 o {Zsz (P%f)}

|EBm|

(3.26) {%G}m {PG H 16g1127 1 (1+ 0, (1)) x
3.26 < oo o
{f(p(X)—ﬁ(X)) dX} /2{f(b( ) (X )) dX}/

(m-1)8g
(3.27) —0p (<logn> a2, n_(dfTb%erpr%))
n
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9(X)=9(X)

> 1, where 6g = £=<
form > 1, where ég <)

Remark 3.18. At the cost of a longer proof we could have used Hélder’s inequal-
ity repeatedly to control g in the L, norm [[dg|[,,,; with p = m + 1 to show

that|EBm|=op<|6g||m+1Hb ) =50, IO - <->||m+1).Thus,|EBm|is

op<

Theorem 2.2.

m+1
‘9 -0 H ), consistent with the form of the bias given in our fundamental

Remark 3.19 (An alternate derivation of &mk) The above derivation of

@m r required that one have facility in calculating higher order influence functions

IF ol 8 done in the proof of Theorem 3.14 in the Appendix. However, there exists

an alternate derivation of wm r that does not require one learn how to calculate
influence functions. Spe(31ﬁcadly7 we know from Theorems 2 2 and 2.3 that in a

(locally) nonparametric model ]IIE‘ j > 2 is the unique j*" order U-statistic that

is degenerate under 6 and satisﬁes
— - ~ j+1
(3.28) BBy +E [ 6] = FB; =0, (Ha 4| )

with EB; = F [ﬁlﬂ — {Z;k In fact, we first derived @Zmyk by beginning with 121 =
w + ]HE‘l e

finding HIF ~k satisfying the above equation. In fact if one did not even know how

calculating EB; = F [@1@ — {pv,ﬁ and then, recursively for j = 2,...

to derive ]HF _» one could begin the recursion by obtaining IF Lo, the unique

first order U—statlstic with mean zero under 6 satisfying {b\ — 7:2;;6 + F [@1 7 \1/9\} =
N 2
0, (Ho—aH )

3.2.4. The variance of TZm,k = 12)\4— ﬁm 7 using compact wavelets

In this section, we derive the order of the variance of &m,k when the orthonormal
system {p; (X)} used to construct our U-statistics are a compact wavelet basis.
First consider the case where X is univariate; without loss of generality, assume
that X ~ Uniform[0,1]. Because we are primarily interested in convergence rates,
the fact that X may not follow the uniform distribution will not affect the rate
results given below, but can influence the size of the constants. We use ¢; (X) in
place of ¢; (X) to indicate univariate basis functions.

Let k*, k be integer powers of two with k > k*. Denote by ¢ (X) = 5’; (X) the

k— dimensional basis vector whose first k* components ¢1 (X) are the k*—vector
of level log, k* scaled and translated versions of a compactly supported ’father’

wavelet (Mallat [10]) and whose last & — k* components 5: 41 (X) are the as-
sociated compact mother wavelets between levels log, k* and log, k. In partic-
ular, one may use periodic wavelets, folded wavelets or Daubechies’ boundary
wavelets with enough vanishing moments to obtain the optimal approximation
rate of O (k_w/d) for 8 = max (By, Bp, Bp). The multiresolution analysis (MRA)
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property of wavelets allows us to decompose the vector space spanned by the
logy (k)-level father wavelets Vi, (1) into the direct sum of the subspace spanned
by log, (k*)-level father wavelets Vigg_ (1) = {aTalf (X):ac€ Rk*} and the span
of mother wavelets for each level between log, (k*) and log, (k) — 1 which we re-
spectively write as
—2k* *
Wiog, (k) = {aT¢k*+1 (X):aeRF } ,

—ak* .
Wiog, (ko) +1 = {GT¢2k*+1 (X):a€ R } ,

—k B
Wiog, (k)-1 = {GT¢§+1 (X):ac€ R* } )

Then for any integer s with log, (k*) + 1 < s, we have

s—1
Ve = Vlog2(k*) 2] @ W,
v=log, (k*)
As s — o0, the resulting basis system is dense in Ly (X)) (Mallat [10]). Since, in fact,
X is d—dimensional we require a generalization that allows for multivariate tensor

wavelet basis functions. In fact, suppose X7 = (X LoooX d) is now multivariate,
and we again assume X ~ Uniform on [0, 1]d. Given d univariate vector spaces

V11og, (k)s V2 logy (k)5 - - - » Vd,log, (k)

respectively spanned by vectors 5’; (Xl) ,E’f (X2) e ,Elf (Xd), so that for 1 <r <
d,
Vr,logz(k*) - Vr,logQ(k*)Jrl c...C Vr,logz(k)fl - Vr,logz(k)

and
logy (k)—1

Vr,logz (k) = Vﬂlng(k*) ® @ WT’U
U:Ing(k*)

One may define d dimensional tensor vector spaces

Vi log, (k) Vd,Jogy (k*)+15 - - - » Vd,log, (k)
such that
Vi log, (k) C Valogy(k*)+1 C -+ C YV logy (k)
where for s > 0,

yd,logQ(ko)Jrs: ® Vr,log2(ko)+s~
1<r<d
As s — o0, the resulting tensor basis system is dense in Ly (X) (Mallat [10]).
Next, suppose that we have a set of multivariate basis functions

{@’fj(X),j:O,l,...ﬂm}

d

such that for each k;, @’fj (X) spans @ Vilog,(k;,)» Where [] k;, = k;. Define
1<r<d r=1

[|]|2 as the Lo norm with respect to the Lebesgue measure. The following theorem

is key to our derivation of the order of the variance of @m,k.
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Theorem 3.20. For m > 0,

m

@llﬂ (Xil)T H {wllc] (Xij+1) @lfﬂ—l (Xij+1)T} ¢]1€m+1 (Xim+2)
Jj=1 2

m+1
=L H K k) (XiniHl)
j=1

m—+1
= H kj.
J=1

The following theorem is an immediate consequence of Theorem 3.20 obtained
by taking k; = k* = k (which implies we use the father wavelets at level loga (k) but
no mother wavelets.)

Theorem 3.21. For all 6 € O,

1
vary {HIFL% (0)} =,

vare []I]Fjj,% (9)] = (% max {1, (g)j_l}> :

N B 1 k m—1
varg {H]Fm% (9)} ~ varg {HFm% |0} B {17 <E> } .

We now use Theorem 3.21 to derive the order of the conditional variance of @m’k
given 6.
Theorem 3.22. If sup,co ‘f (0; @\) — f(o; 9)‘ — 0 as |\§—9|\ — 0, then for a fized
m7

vary {wm,%ﬂ = vary [HFm,J \9}

k

— vary [@m,gﬂ (1+ 0, (1))

(o ()

The proof is in our technical report.
For a given m, the estimator ¢, x,, (m) that minimizes the maximum asymptotic

MSE over the model M (©) defined by (Ai)-(Aiv) among the candidates $m7k uses
the value kopt (m) = kopt (m, n) of k that equates the order L max {1, (%)mil} of

X

var {Jm 7 ﬂ to the order

max [{TB,J»"’ AEB,, (0)}2] =

2(m=1)8
28y 28p
(bgn) g (Tt
max n ’

2(By+6p)
— 2% tle)
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of the maximal squared bias. The estimator Jmnm, kope = ﬁmom, Kopt (mope) that min-
imizes the maximum asymptotic MSE over the model M (0) among all candidates

1
o : : i . e . ko ) m
Y k is the estimator ¥, &, , (m,n) Which minimizes %max (17 (71”5(7” ")) )

n

3.2.5. Distribution theory and confidence interval construction
We derive a consistent estimator of the variance and give the asymptotic distrib-

ution of ¥y, for any model and functional satisfying (Ai)—(Aiv). Let z, be the
upper a—quantile of a standard normal distribution, i.e. a N (0,1).

—~ — 2
Theorem 3.23. (a) Let W2 - = n~ 'V {{IF ~ } },
1,9 1,9k ,1

n -1 (s) 2
/\2 . — (S _
Wi = (;) v (IFj,j,wm) ] ’

for j > 2, and
W2 _ W2 _ W2 _
Wmﬂfbvk a Wlﬂbk + ijj7’l/1k7
Jj=2
where IF i ,w o is the symmetric kernel of IF iR () We have,
~ [0 P
E[W,5.] = [, 5,18].
B[ ] =[50,
J5%k FER
B[R | = [, - ],
m, m, Yk
where var (-] = vary[-].

(b) Conditional on the training sample,

1 kopt (m,n) m=l e -~ ~ n
{E max {1, (T) }} {wm7kopt(msn) —-F [wm,kopt(m»n)ﬂ }

converges uniformly for 8 € © to a normal distribution with finite variance as
n — o0o. The asymptotic variance is uniformly consistently estimated by

1 k m—1 -1
{—maX{L (—) }} W2 -
n n 7'¢'kopt(m ny

{%vakopt(m,n) - F {Jm:kom(m,n)‘ﬂ } /W .

m wkapt (m,n)

Thus

is converging in distribution to a standard normal distribution.

(c) Define the interval Cp, j; = 1/1m k:i:zaW
Then for k* =n?", p* > Pope(mn) s

o . Suppose kopt (m,n) = nlopemm),

E, {A
supgee | ———==—=1| =0, (1)
vary |:’ll)27k* 0
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and {{/J\mk — (0)} /Wm,%* converges uniformly in 0 € © to a N (0,1). More-

over, Cp, = s a conservative uniform asymptotic (1 — «) confidence interval for

¥ ().

(d) Suppose we could derive a constant Cpiqs and a constant N*  such that

510 [ Ba [{ o iman = 0]

= Sgp |{TBkop,,(m,n) (9) + EB, (0)}‘

1 Popemum \ M= 1) ) /2
S Cbias {_ max {13 (n;) }}
n n

forn > N*. Then

BCp,

opt (m,n)

~ — 1 nPopt(mum) \ M1 1/2
= Q;Z)m,k'opt(m,n) + Zan J}' + Chigs { — max 1, <4>
»YPr* n n

is a conservative uniform asymptotic (1 — «) confidence interval for 1 (0).

Part (a) of the theorem is an easy calculation. The asymptotic normality of
Jm,kom (m,n) 18 based on new results on the asymptotic distribution of higher order
U-statistics with kernels depending on n to be published elsewhere (Robins et al.
18).

Part (c) of the theorem implies we obtain a conservative uniform asymptotic
(1 — ) confidence interval for any value of p* exceeding p, . (mn). However, for
the actual fixed sample size of our study, say n = 5000, there is no guarantee the
interval of part (c) based on given difference p* — p say 0.3, will provide
conservative finite sample coverage.

Because of this difficulty, a better approach, described in part (d), would be
to determine a constant Cp;qs that can be used to bound the maximal bias under
the model at a sample sizes exceeding N*, with N* no greater than the actual
fixed sample size n of the study. Then the interval BC,, i, (m,n) Will be a honest

opt (M,1)5

opt
conservative finite sample 1 — « confidence interval, provided that ¢y, &, , (m,n) has
nearly converged to its normal limit at sample size n. Unfortunately, as yet we do
not know how to determine the constants Cj;qs and N* of part (d) as a function of

our model and of our initial estimator . This is an important open problem.

3.2.6. Models of increasing dimension and multi-robustness

A model of increasing dimension. The previous results can also be used for
the analysis of models whose dimension increases with sample size. In fact, consider
the M (©,n), n known, that differs from model M (©) in that, rather than assum-
ing b(z) and p (z) live in particular Holder balls, we instead assume the working
models of Eqs. (3.17) and (3.18) are precisely true for k = n, so ¥ (6) = thnn (6)
and the dimensions of b (x) and p (x) increase as n". Valid point and interval esti-
mation for ¢, (6) can still be based on the estimators &m,k except now (i) there
is truncation bias only when k£ < n”, (ii) the variance remains of the order of
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%max (1, (;";)mil), and (iii) the estimation and truncation bias (when it exists)
orders will be determined by any additional complexity reducing restrictions placed
on the fraction of non-zero components or on the rate of decay of the components
of the vectors 7j,,, (A) and @, (0), and, for estimation bias, by (3, as well. As a con-
sequence, Mepr and kop: under model M (0,,n) will differ from their values under
model M (©). Note we need not take k = n" as we did in the heuristic discussion
following Remark 2.8. Indeed ,lz;mbest, in that discussion corresponds to the estimator

in the class Jm’k:nn with the fastest rate of convergence. In general, zzmbm will

have convergence rate slower than szophkopt. Furthermore, the discussion in Section
4.1.1 implies that, when n” >> n and the minimax rate for estimation of 1 () is

1/2

slower than n™"/“, even Jmom,km will typically fail to converge at the minimax rate

when complexity reducing restrictions have been imposed on %n,, (0) and T ().

Multi-robustness and a practical data analysis strategy. Conditional on
0 for m > 2, EB,, is zero and thus estimator wm ¢ is unbiased for ¢k ifp(r) =
p(+) ,b( )=0b(),or g(-) = g(-). We refer to ¢m . as triply-robust for iy, gener-
alizing Robins and Rotnitzky [17] and van der Laan and Robins [24] who referred
to b1 as doubly-robust because of its being unbiased for ¢, if either p(-) = p(-)
or 3() = b(-). In fact, for m > 3, we can construct a modified estimator {ZJ\TmnO,S
that is m + 1-fold robust as follows. Let g (-), s = 3,...,m, denote m — 2 addi-
tional initial estimators of ¢ (-) that differ from one another and from g (-). Define
pmod — gy 4 @1,% + ﬁm,% ot Zzn:g ﬁ;jo{gk, where

m,k

—~mod

. ~ T .. I
TF}5 5 = (0 (1 P+ 1) BZ,| {(PBleka)' - I,M}
11 12

{& [pBmz2])

5=

{(pgﬂlmf) B [PBn7.7]] }
Ts

—1

~ .. — -1 _ ~ .
<{B; |PBIZiZ; |} x |Zi (B + Hy) P
with E, defined like E, except with g (+) replacing g (+). In the Appendix of our
technical report, we prove that EBm°d = { mOd} ¢k is

[BPH ( )Zk] {E [BPleif] - I,M}
. xl:IS{E (Bpm7,Z[)})

{E [BPleka E, {BPHJJZ}}
1

|-
x {E [BPHleZ }} [BPH1 (B??)}
i

which is zero if p(-) = p(-), b(-
equals g (-). (We note that if p (-
z’/;mJg are unbiased for ¢ .)

In settings where the dimension d of X is so large (e.g., 30 — 100) that the above
asymptotic results fail as a guide to the finite sample performance of our procedures

), or if any of the m —2 g, gg ()
() v = U5, and thus w"‘ and
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at the moderate sample sizes, say n = 500-5000, commonly found in practice, one
might consider, as a practical data analysis strategy, using the m + 1-fold robust
estimator ¢;2°kd with p(-),b(-),9(-), and the g (-) selected by cross-validation as
in van der Laan and Dudoit [23]. Specifically, the training sample is split into two
random subsamples — a candidate estimator subsample of size n. and a validation
subsample of size n,, where both n./n and n,/n are bounded away from 0 as n —
00. A large number (e.g., n3) candidate parametric models of various dimensions
and functional forms for p, b, and g are fit to the candidate estimator subsample
and the validation sample is used to find the candidate estimators p(-) and b (-) for
p and b and the m — 1 candidate estimators g (-) and g5 (-),s = 3,...,m, for g with
the smallest estimated risks (with respect to an appropriate risk function such as
squared error or Kullback-Leibler).

In the setting of very high dimensional X, current practice is to use a doubly
robust estimator, say Y1 with p and b selected by cross validation (van der Laan
and Dudoit [23]). An m + 1-robust estimator m‘)d with k& > n and m rather large
may be preferable to a doubly robust estlmator for two reasons. First, if one uses
an m + l-robust estimator of ¢ rather than a DR estimator, it may be more likely
that the estimator will have very small bias, as it is more likely that at least one
of m + 1, rather than one of two, models is very nearly correct. Second, because
k > n, nominal 1 — a Wald confidence intervals centered at wﬁf’kd will be wider
than the interval of length proportional to n~/2 centered at ;. A wide interval is
a more appropriate measure of the actual uncertainty about ¢. However, it is also
the case that the bias of wmo can exceed that of 1/11 when all of the m 4+ 1 models
selected by cross-validation are far from correct, owing to the product structure
of the estimation bias. The product of m + 1 errors, each greater than 1, will
exceed the product of just 2 of the errors. We therefore plan to compare through
simulations the finite sample performances of wmo and wl in the setting of very
high dimensional X.

4. Rates of convergence and minimaxity

We consider a generic version in which we only assume a model and functional
satisfying A7) — Aiv). To examine efficiency issues, we first consider the estimator
12)\1 based on the first order influence function and sample splitting. Without loss
of generality we assume 3, > B,. (Otherwise simply interchange 3, and , in what
follows.) It will be useful to consider the alternative parametrization

Bt B
B_pT7

_ @_)
A_<ﬁb 1)=0

The (conditional) variance of 9y is of the order of 1/n and the (conditional) bias
~ ) 5
of 9 in estimating % is O, (n_(d+2‘bﬁb+d+5ﬁp)>. If A =0 and thus 8, = O, the

~ 8 ~
bias of 11 is n~ T and 11 is not n'/2— consistent for v when 3/d < 1/2. At the

~ 28
other extreme, as A — oo, i.e. §, — 0, the bias of ¢; is n~ @4 which fails to be
n'/2—consistent for any finite 3.
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Minimaxity with g known. To further examine efficiency issues, it is instructive
to first consider the estimation of ¢ with g () known. If g (+) were known, we could
set g(X) = g (X) when calculatlng wm k. Then EBy = 0 and ¢2 & would therefore
be an unbiased estimator of z/Jk Letting a superscript g denote the model with g
known, it is easy to see that 1/) a kD (m? ) would be 7,[12 k9 (2 ) Where kS (2)

satisfies max (1/n,k/n?) < var (1/12 k) = TB} = k=2B+8p)/d = =48/d_Solving
this, we find that when §/d is greater than or equal to 1/4, we can take kopt =
n87a < n and ‘wlkgm(g )y — w’ =0, (n 2) regardless of A, which is, of course,
the minimax rate.

In contrast if §/d < 1/4, kJ,; (2) = nTFA7d and (ﬁz,kim@ )~ ¢) —n . In
an unpublished paper, we have proved that this is the minimax rate when g (-) is
known.

This raises the question of whether the lower bounds of rate n=2 for 3 /d>1/4
and/or rate n~ T for B/d < 1/4 are still achievable when g is unknown, without
restrictions on the smoothness of g.

Before addressing this question, we take the opportunity to compare the relative
efficiencies of competing rate-optimal unbiased estimators in the case of g known.
This discussion will provide further insight into the results given in Remark 2.6 for
models which are not locally nonparametric.

Relative efficiency of various unbiased estimators with g known. For
simplicity, we restrict the following discussion to the truncated version of the para-

meter ¢ = F [{b(X)}Q}, with b (X) = E[Y|X], g (-) known, and Y Bernoulli. For
this choice of ¥, g (-) is the marginal density of X. In this subsection, we assume
9 (X) is chosen equal to the known ¢ (X) so F [7;@75} = Ipxk. Also we choose

B=—P=1and take B =b(X) € lin {Z1},so B=1I [B|Z,| = E [Bfﬂ Z, and

~ _ 2 -~

Y = FE [{H [B|Z k}} } do not depend on B. Further we only concern ourselves
with efficiency relative to the n observations in the estimation sample. We thus
ignore any efficiency loss from using N — n observations to construct b.

Let ©9 = {b:z — b(z) € [0,1]} C © denote the subset of © corresponding to
the known g, which consists of all functions from the unit cube in R to the unit
interval. The model M (©9) is not locally nonparametric. For example, the first
order tangent space I'y (f) does not include first order scores for g. Its second order
tangent space I's (b) does not contain second order scores for g or mixed scores for

g and b. Rather, I'; (b) is the closed linear span of the first and second order scores
for b. Thus

T2 (b) = {S(a,c);vary [S(a,c)]} < o0;a € A,c€C }
where
Sy (a,) ={(Y = B)a(X)}, + (¥ = B),¢(X:. X;) (Y = B), |,

and A and C are the set of one and two dimensional functions of z. Since, for
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b € lin {z) (z)},
Jm (3> = JQ,k
[152 +2B (Y - B }

R (O EANCACED)
is unbiased for v, (b) [{H [B|Zk]} ] in model M (09), we know, by Remark

2.6, that HIF‘ZfJf (b) for 1y, (b) is the projection II, [{/;2’]6 — g (b) T2 (9)} of the second
WPk

order influence function TZQ 1 — g (b) onto I's (b). Now if zZZk — 1y (b) was an element
of Ty (b), 2.5 — i (b) would equal IFe/d d{ (b) and thus be second order ‘unbiased

locally efficient’, at b € ©7, as deﬁned earlier in Remark 2.6. However we show
below that, When b( y=c¢ for some ¢ w.p.1 does not hold, ¢2 E— wk (b) is not an
element of 'y (b) for any b. Rather, a straightforward calculation gives

IR/ (b) =V 28 [BZ,] Z,.(v - B)|,
o +|(v -B)Z| [Ze (v - B

Now one can check that 1/Jk ( ) +]1sz d{ (3) is a function of g, so by Theorem 2.7
of Remark 2.6, we conclude no unbiased globally efficient estimator exists. However,
we prove below that wk ( ) + IF</S J (b) and 7 ;, have identical means. It follows

7 k
that Uy, ( ) + ]HFeff (6) is an unbiased estimator of ¢, (b)y=FE {(H [B|7k])2} for
any b € lin {z (z )} Thus, for a given choice of b € lin {Zx ()}, ¥k ( ) —HHFeff (B)

is second order unbiased locally efficient at b = b. However, one can show usmg a
proof analogous to that in Theorem 3.22 that for k < n?

vary, [wk ( ) —HHFeff (Aﬂ /vary []I]F eff (b)]

Wk
=1+op <Hb_bHoo)'

Henceforth we assume that b lies in a Holder ball H (8, Cp). That is, we con-

sider the submodel b € ©9 N H(Gy, Cp) and assume 3(:5) € lin{Zx (z)} converges
—Bs/(2Bb+d)
e uniformly over ©9 N

to b in sup norm at the optimal rate of (logn

H(Sy, Cp). The submodel and the model ©9 have identical tangent spaces. For all
be ©INH(B,Cp), (maz (n=' k/n?)) " 1z {w (b) —HHFeff (3) — (b)} has an
asymptotic distribution with mean zero and variance equal to

lim (maw (n_l,k'/nQ))7 vary [HIF eff (b)] ,

n— o0 Wk

for all b € ©9 N H(B,Cy). In a slight abuse of language, we shall refer to
vary, []HFeff (b)} as the asymptotic variance of {wk ( ) —HUFeff (A) &k( )}

Thus, as with standard first order theory, even when no unbiased estlmator has finite
sample variance that attains the Bhattacharyya bound for all b € ©9 N H (8, Cy),
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there can exist an unbiased estimator sequence whose asymptotic variance does

attain the bound globally.
We next compare the means and variances of ¢k ( ) +1Fe/S J (Z) and zZZk. Now

7 k
the two estimators are algebraically related by

122,1@ = {{/;k (Z) + HIFZ%C (3)} + {V {Bﬁz} - FE {ﬁz} } )
Since V [EQ} —F [EQ} is unbiased for zero, we conclude that 122,;c and 15;C (3) +

]I]F;fi; (3) have the same mean but var, {@2 k} /vary, {H]Fe{»g (b)} > 1 except when
YWYk k

b(X)=0b(X)=cw.p.l for some c. Thus, since 1)y, ( ) —|—HIFEJZ (3) has asymptotic

Yk

variance vary {HIFE{% (b)] and, except when b (X) = c+op, (1), var (V {ﬁQD = n~ 1

Pk

we conclude the asymptotic variance of 1/12 . attains the bound var, {HF ef z/f (b)}
Wk

when k > n, but exceeds the bound when k < n, except when b (X) = ¢ + op (1).
Finally, for completeness, Robins and van der Vaart [19] considered an alternative

particularly simple rate-optimal unbiased estimator of {/Jvk (b)y=FE [{H [B |7k] }2}
given by zZRV =V { [Y?ﬂ A [ZkY]j } The Hoeffding decomposition of zZRV —{/;k (b)

is

v[E[BZ| 2y - d )] +V{[vZ; - B [BZ]]| [Zy - £[BZ.]]}
- HFZ% L) +Q+T
with

Q=V[{II[B|Z] B - ¢}]
2 (Biz;;fizk,j —11[B|Z)] ) (Y - B),

T=V Y _
+BiZ) ;Zk B — 11 [B\Zk] B, —1I [B|Zk] B+

Since, except when B = c w.p.1, var, (Q) < n~! and var, (T') < k/n?, we conclude
that the asymptotic variance of w Rrv exceeds the bound vary []HE‘ ef j (b)} regardless

Yk

of whether k > n does or does not hold except when b (X) = ¢ w.p.1.

Minimaxity with unknown g and 3/d > 1/4. We now show that the bound
n=% for B/d > 1/4 is achievable for each B, > 0. Consider the estimator iy, ; with
nl+42/3/d < k <nand

1 5b /gp } 26g +d

>14+4{-— -
m= {2 d+28, d+28,] B,

(m-1)pg

so that EB,, = O, (n_( 285 +4d +d+26b+d+2ﬁp)) is O, (n’1/2). Then var ({b\mk) =

1/n, TB} = O, (1/n) and EBZ% = O, (1/n) so @m  will be n%—consistent for 1.

If A=0andf < 1/2, the above expression implies that m > Qﬁ +d)/(2ﬁq+d) +1
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for n El —consistency. Slmllarly, if A — oo, ie. By — 0, it is necessary that m >
m / © [i ) +1 for n2 —consmtency These results imply that estimators z/;m k

in our class can always achieve n El —consistency whenever 3, > 0, but for fixed
8 < d/2, the order m of the required U-statistic increases without bound as the
smoothness 3, of g approaches zero.

Efficiency. We now show that when [/d is strictly greater than 1/4, we can con-
struct an unconditional asymptotically linear estimator based on all N subjects with
influence function N1 vazl IF 4, (8) by having the number of the IV subjects al-
lotted to the validation sample and analysis sample be N'=¢ and n =n (¢) = N —
N1=¢ respectively, for 1 > € > 0. It then follows from van der Vaart [26] that the es-
timator is regular and semiparametric efficient. Specifically, suppose 3/d = 1/44 6,

6 > 0. Consider the estimator zZm* g with m* > 1—1—{ 2(11 g~ debﬁb — df§ﬁp} 2ﬁég+d

(m*—1)8g

_(1_5)( pl + a2 tare )
so that EBy- = O, (N e T YT ) is 0, (N"Y/2) and k =

n(e)ﬁ < n(e) so that TB? = 0, (1/N) and var [I/Fjj%c = 0, (1/N) for j >
2. Then, by our previous results,
e =0 (0) = () Y TP (60) + 0, (N712).
It remains to show that
N n(e)
NUSTIF 0 (0) - ZIFLW =0, (N71/2),
i=1
But the LHS is
S n(o S
ZJFWz { N 1} + N1 | > IFy(0)
i=n(e)+1
=0y (n(e)*N") + 0, (N 092N
-0, (N—1/2N—e) +0, (N—1/2N—e/2>
= 0p <N71/2) .
Adaptivity when (/d > 1/4. We next prove that if we let n = n(e) = N —
N1=¢.m = m(N) = o(N) with In(N) = O (m (N)) and k = n () /In(n), Ymx

will be semiparametric efficient for each 5 > 1/4, provided ||g(:) —g ()|l =

Op (m (N(lfe))_Q). Clearly, the truncation bias is o (N*1/2). The estimation bias
—2lm — —(1—e¢ ’8— ’6—

EBn) is O, (m (N(l—e)) 2[m(N)—1] N (1 ){d+2bﬁb+d+2pﬁp}>. Thus EB,n) =

)) —2[m(N)—1] _

0p (N1/2) if m (N0~ N at e }>. So we re-

quire 2[m (N) = 1)t {m (NO-9)} /[ = (1 = ) {75 + 725 H (V) — o0,
which is satisfied if In(N) = O (m (N)). In the appendix of our technical report
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we prove that varg ka } = vary Wm’k } {140, (1)} provided |[g(-) — g9 ()|l =
op (m (N(l’e))_Q). Now

varg [ | =0 varg {1F 4 (8) } (O D (i}

=0

But

m(N) —Im(N)+1

S {lnn} =0 (1 ~ (o) " ]> 0 (1+{mny ).
P 1 —{lnn}

S0 varg {@mk ] is n’lvar/e\{IFLd,,i (5)} {140, (1)} =n"tvar {IF; 4} {1 + 0, (1)}.

The proof of efficiency now proceeds as above.

Alternative estimators when 3/d > 1/4. When /d > 1/4, there actually
exist, at least for certain functionals in our class, n'T -consistent estimators of P
that are much simpler than our very high order U-statistic estimators. For example
consider the expected conditional covariance 1 = E [cov {A,Y|X}] of Example 1b
with d = 1.

Example 1b (Continued). Number the study subjects i = 0,..., N —1 ordered
by their realized values X;, where we have not split the sample. Following Wang et
al. [27], consider the difference-based estimator

N/2—1

Ya=N"1 " (ViAo + Va1 Aoii1 — Yair14Ani — YaiAnipa },
i=0
which has conditional mean given {Xi,..., Xy} of
N/2-1
N1 3" cov{A, Y[ X} + cov{A, V| Xpi41}
=0
N/2-1
+NTE YT ({b(Xipr) = b(X)Hp (K1) —p(Xi)})
=0

Hence
E [&d - 14
N/2—1
=NT'E | Y {b(Xip) = b(X)Hp (Xia) —p (X))
i=0

-1
=0, (N‘l S E{Xi— XZ-}25> =0 (N~?9)
=0

by the theory of spacings (Pyke [13]). But O (N~%9) is 0, (N~'/2) when 3 > 1/4.
. ~ ~ . arg (.

The variance Sf ¥ is O (N71) so ¢q is N1/2—consistent. However, %1,:(9)) £

1+ 0, (1) so 1q is not (semiparametric) efficient. As discussed by Arellano [1], by

using a m*™ order rather than a second order difference operator and letting m — oo

at an appropriate rate as N — oo, the m™ order estimator ¥4 can be made efficient.
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Minimaxity with unknown g and 3/d < 1/4. Cousider next whether the
lower bound of n~ 757 for B/d < 1/4 is achievable when g is unknown but 3, > 0.

44
We will show the next section that the bound n™ 7+d is achievable provided

1-43/d
m 28,/d _ AB/dizig (A+1)
' 28,/d+1 (A+2) ’
: 28( A+1)(1-45/d) : — 15
ie., By > (AT2) (1IF48/3)—4(8/a)(1=48/)( AF1)" To attain the bound n™~ #+d when-

ever Equation (4.1) holds, we introduce new more efficient estimators, owing to the

—~ 4
fact that an estimator 1y,  in our class can attain the bound n~ #+2 only in the spe-
cial case where the second order estimation bias FE B, =

_(59+5b+5p). 48
Op | n \PeFd T d¥25, Td+26p ] ) jg less than n™ 35+d,

For a fixed 8 = (6, + 0b) /2, the right hand side of Equation (4.1) is minimized
over A >0 at A =0. At A =0, Equation (4.1) reduces to

By/d 1—4p/d
(4.2) 28,/d+1 > 1+agja”/t =
W) 5,5 BU-18/d)

1+26/d +8(8/d)*

The right hand side of Equation (4.1) increases with A with asymptote equal to
twice the RHS of Equation (4.2) as A — oo. Hence, in order to attain the optimal

18
rate n~ %+ when 8, = 20 and B, = 0, the quantity mﬁﬁ must be twice as large
g
as when 3, = B = 0.
In the next section, we construct an estimator with a convergence rate of

48 —
log (n)n~ 7+ at the cut-point 1f2ﬂﬁg = (11;141%)[3' In this paper we do not consider

the construction of estimators that are rate optimal below this cutpoint.

However, for the special case A = 0, in an unpublished paper Li et. al. [9]
have constructed estimators which converge at a rate given in Eq. (1.3), whenever
inequality (4.1) fails to hold . We conjecture that this rate is minimax, possibly

only up to log factors, when inequality (4.1) fails to hold and A = 0. At the
By _ (1-48)8
L4269 T+48
log (n) n~ #+4 in agreement with the rate of the estimator of Section 4.1.2 below. In
1 Bg/d (m*+1)2

the extreme case in which 8, — 0 with 3 remaining fixed, log (n)n 2 +1ri5,7a 29/

B 1+28
(’I’L) n7%+_1+2gﬁg %5(1745/‘1) 25gg

cut-point we obtain m* = 0 and thus Equation (1.3) becomes

— log = log (n)n~2P/? which agrees (up to a log
factor) with the rate of n=2%/¢ given by the simple estimator of Wang et al. [27]
analyzed above under “Example 1b continued.” Based on the arguments given
in the Appendix of our technical report, we conjecture that when § < d/4 and

r(n)||[g—gll., = op(1) for some r(n) — oo as n — o0, Wm,k_i/’
Op (n’zﬁ/d (log‘n)t) for some natural number ¢ and any m = m(n) >

4(5/d)? log(n) _ —
25/ Tog(r(my 20 K =k (n) =m0

Remark 4.1. Suppose b (-) = E [Y|X = ] is known to be contained in a Holder ball
H (8,C). We provide a heuristic argument as to why the minimax rate for the linear
functional b (z) does not depend on a priori knowledge of the smoothness of fx (z)
but the minimax rate for the functional ¢ = E [b* (X)] may when 3/d < 1/4. First
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consider the case where fx (x) is known. Let {¢; (z);l=1,...,} be a complete
linear independent basis for Lo (Fx). Define

0 = iy [0(X) 6 (X)" ] By |8, (X) 85 (X)"

Then by (z) = Y0, 1L [b(2) ][4y, (x)] = 0l (x) is the projection in Ly (Fx) of
b(z) onto linear span of the first k basis functions. With fx (z) known and 7, =

_ _ _ -1 _
P, [Yqﬁk (X)T} Ep, [d)k (X) by, (X)T} , unbiased estimators Y5, 77 ¢y () and
?f{kE [Ek (X) ¢y, (X)T} M2, of the the truncated functionals be (z) = nfo, (x)

-1

and Y = E [Ei (X)} =F [ngak (X) by, (X)T nk} are, respectively, rate minimax
for b(z) and ¢, when k = ko is chosen to equate the order of the respec-
tive variances k/n and max (%,k/nz) with the order of the respective squared

~\2
truncation biases |b(z) — by, (z)]> = k~20/4 and (1/) —7/1k> = k=*8/4 For b(x),

kopt = n'/(1428/d) < and the rate is n=7/(@+28) For 1, k,py = n?/(+40/4) > p
and the rate is n~4(8/)/(1+46/d) wwhen 3 < 1/4. The minimax rate for b(z) with
fx (z) unknown and without smoothness assumptions imposed is the same as with
fx () known, since, subject to some regularity conditions, for ko, < n,

P Y81y (X)) P [ ()1 (007] By (2) =, B ()

remains of order Oy, (kopi/n). In contrast, with k > n, P, {ak (X) ¢y (X)T] is not
invertible. It is for this reason that the minimax rate for ¢» with fx (x) unknown is
slower than n—4(8/d)/(1+48/d) ynless the model places sufficient restrictions on the
complexity of fx ().

Improved rates of convergence with X random in a semiparametric

model. We now, as promised in the Introduction, construct an estimator of o2

under the homoscedastic model E[Y|X] = b(X), var[Y|X] = 02 with X ran-

dom with unknown density that, whenever 8 < min {1, d/4} and, regardless of the
43/d

smoothness of fx (x), converges at the rate n_#, which is faster than equal-
spaced non-random minimax rate of n=2%/¢. Specifically we divide the support of
X, i.e. the unit cube in R, into k = k (n) = n”,~ > 1 identical subcubes with edge
length k~'/¢. We continue to assume the unknown density fx (x) is absolutely con-
tinuous with respect to Lebesgue measure and both it and its inverse are bounded
in sup-norm. Then it is a standard probability calculation that the number of sub-
cubes containing at least two observations is O, (n2 / k) We estimate o2 in each
such subcube by (Y; — Y])2 /2, where, for any subcube with 3 or more observations,
i and j are chosen randomly, without replacement. Our final estimator 52 of o2
is the average of our subcube-specific estimates (Y; — Yj)2 /2 over the O, (n?/k)
subcubes with at least two observations. The rate of convergence of the estimator
is minimized at n_% by taking k = nﬁ, as we now show.
We note that

B (Y= Y)* 215, X;] = 0 +{b (X)) = b (X;)}* /2,
b(X:) =b(X;)| = 0% = X" by § < 1, and | X; = X,|| = d"20 (k=1/7)

when X; and X are in the same subcube. It follows that the estimator has vari-
ance O, (k/n?) and bias of O (k=2%/¢). To minimize the convergence rate we
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equate the orders of the variance and the squared bias by solving k/n? = k—46/d

2
which gives k = n1+4574, Our random design estimator has better bias control
and hence converges faster than the optimal equal-spaced fixed X estimator, be-

2
cause the random design estimator exploits the O, (n2 / n1+45/d'> random fluctu-

ations for which X’s corresponding to two different observations are a distance

2 —1/d __4p/d
of O <{n1+4ﬂ/d'} ) apart. Our estimator will not converge at rate n~ 3F/d+1
to E[var (Y|X)] in our nonparametric model, because it then no longer suffices
to average estimates of var (Y'|X) only over subcubes containing 2 or more obser-
vations. Indeed, when var [Y|X] depends on X, the estimator 6% = 72 satisfies

/
{82 = B [ fum) (X) var {Y[X}] /Elfun (X)]} = Oy (0 57457), k(n) = niim,
Jrny (X) is 1/k (n) times the integral of fx (z) with respect to Lesbegue measure
over the subcube containing X.

Remark 4.2. Counsider again Example lc with 7 (6) being the variance weighted
average treatment effect. We impose no smoothness assumptions on fx (x). The ar-
gument in the previous two paragraphs implies that if 8 = (8, + 08p) /2 < d/4 and
max (8p, Op) < 1, we can construct an estimator 7 of 7 () that converges at rate

niﬁ% when the semiparametric model (3.5) holds, which is faster than our con-
jectured minimax rate of n=2%/¢ for 7 (f) when (3.5) is not assumed. Specifically,
again create k = nTF577 subcubes. Let 7 make the sum @Z (1) over subcubes contain-
ing at least 2 observations of {Y;* (1) — Y (1)} {A; — A;} /2 equal to 0 (treating
subcubes with greater than 2 observations as above), where Y* (1) = Y* — 7A.
When (3.5) holds, cov{Y* (7 (0)),A|X} = 0. Thus, an argument analogous to
that above implies that ¢ (7 (6)) converges to cov{Y* (7 (6)),A|X} = 0 at rate
d

_ _48/a_ N __aprd
n~ /4+1, That 7 converges to 7 () at rate n~ 7/4+T is then proved by a Taylor
expansion of 0= (7) around 7 (0).

4.1. More efficient estimators

4.1.1. Case 1: The estimation bias of the third order estimator is less than the
optimal rate

In a (locally) nonparametric model M (©), the estimator am,k = 12; +1IF ~ is

m, Yy
essentially the unique m —th order U-statistic estimator of the truncated parameter

~ —~ m—+1
1y for which the leading term in the bias is O ( ‘ ‘0 — 9” > However, when the

minimax rate of convergence for 1 is less than n~1/2, other m** order U-statistics

estimators will often converge to 1y, (and thus ) at a faster rate uniformly over the
model than does any estimator i, r (constructed from an estimated higher order

influence function @m 7. for {Ek) by tolerating bias at orders less than m + 1 in

exchange for a savings in variance.

Remark 4.3. A heuristic understanding as to why this is so can be gained from the
following considerations. The theory of higher order influence functions as developed
in Theorems 2.2 and 2.3 is a theory of score functions (derivatives). Thus it can
directly incorporate the restriction that a function, say b(z), has an expansion
b(z) = > 12, mz (x) for which n, = 0 for [ > k, as the restriction is equivalent to
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various scores being equal to zero. However the theory cannot directly incorporate
restrictions such as Y ;°, n? = k=% or g o 1=(8+3) that do not imply any
restrictions on score functions. Thus to find an optimal estimator, one must perform
additional “side calculations” to quantify the estimation and truncation bias of
various candidate estimators under these restrictions. As the assumption that b (z)
lies in a Holder ball can be expressed in terms of such restrictions, this remark is
relevant to a search for an optimal rate estimator.

We now construct more efficient estimators. We first consider the case where

. . . 4—( By 4 _Bb_4_DOp )
By, By, and [, are such that the estimation bias O | n \2Pg+d T 425, T d+25, of

43
the second order estimator is greater than O (n_ 4f3+d) but the estimation bias

284 By

48
Of(n (2”9+d+ a2t "+2f’ )> of the third order estimator is less than O (n_ p+d )
That is,

_( 2[ﬂg + By + Bp ) 4B _ ( [39 + Bb + Bp )
(4.4) n \Zgrataren, T I, ) « pTrd < \2Bgra T areE, T ares, )

Then the most efficient estimator 1,  in our class has rate of convergence slower

_ 4B ~ 7(ﬁg+ﬁb+ﬁp) .
than n™ 7774 because g 1, . (2) converges at rate n \*Potd T 425 4328 ) determined

by the second order estimation bias and, for m > 3, Jm’k ) converges at a rate

opt (M
no faster than n_% = n74%3/((371)+4§) = MiN{nm>3} 1 4qm/((m-1+43 ) We
obtained n~4+am/((m=1)+43) 4 (/{:"M’/d)lm7 where k solves the equation

k™ /pmtl = E=4B/d that equates the variance k™/n™t1 of IF,, to the squared
truncation bias k—*4/4,

First, for the remainder of the paper, we redefine Z; = z,(X) = ¢k,f(X){E[H1|
X]b(X)p(z)}~1/? by redefining $,2 7(X) to have orthonormal components un-
der Ly(Fx)such that the linear spans of {o; 7(X), s p,2 (X))} and {pi(X), ...,
©n2(X)} agree for t < n%. This can be accomplished by Gram-Schmidt orthogonal-
ization of @,2(X) in Ly(Fx) beginning with ¢,>(X) and working backwards.

To describe our more efficient estimator, define for nonnegative integers
k(0),k(1),k* (0),k* (1) with £ (0) < k(1) and k* (0) < k* (1) the U-statistic

o () =v (@ ()

with
S (k)R (1)
Us (kw),k*(m)
—k(1),T k(1) =k*(1),T —k* (1) ~
=€ Zr(0yir ({PBﬂlzuo) Zi+(0) ] = Lik (1)~ k(0)} x (k= (1) k*<o>}> Z 1+ (0),i5 Nis
k(1) k*(1) €y 25, (Xiy) X

= ¥ > {[BPHlL_Z Zsy (Xiy) 25, (Xiy) — I [51 = 82]} ;

=R =k (0 X Zsy (ng) 313

where 7:%; = (Zk(0)+1 g .,Zk(l) )T ,%\: (H1ﬁ + HQ) B,& = (H1§ + H3) P,
I’r><v = (Iij)rxv With Iij = I(Z = j)
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As an example, IF = Us (§,5). We can identify (k(l)’k*(1)> with the rec-

33,91 k(0), k*(0)
tangle in R? defined by {(r1,72);k(0)+1 <7 <k(1),k*(0)+1<ry <k*(1)}
with (k (0) + 1,k* (0) + 1) and (k (1) + 1,k* (1) + 1), respectively, the vertices clos-

est and furthest from the origin. Thus IF,, Us (§.6 ) is identified with the

e
rectangle (§,§ ). Indeed we can write

= k* (1)
b (.
3 (k(o), k* (0)
/6\11231 (Xll) X

= Z { {BPHl] ) Zsy (ng) Zsq (ng) -1 [31 = 82}}
iz
(s)e(bioy o)) | x 2, (Xi,) Ay,

where, here and below, s; and sp are restricted to be integers, so (s1,82) €

(:Eé; ZE});) are the lattice points of the rectangle.

We next study the variance of @3 (:Eé; Z Eég ) . It follows from Theorem 3.20 above
(1), k*(1)
k(0), k*(0)
U, (gg;g;g:ggg) s0 if k(0) < k(1) and k* (0) < k* (1) then var [ﬁg (’;g;g:ggg)}
and var [I/[\Jg (551)7 k*él)ﬂ are both of order k (1) k* (1) /n3. Hence the order of the

variance of Us (:Eé; ﬁigég) is determined by the vertex of the rectangle (Zéé; Zg(l);)

furthest from the origin.
In contrast by a theorem in the Appendix of our technical report, the mean

B [0 (o)) s

E (ﬁ {5b|7:8ﬂ 59Q21I [(5p|Z,c «(0) D (1+0,(1

that the number of lattice points in ( ) is proportional to the variance of

with 0b = PE (H1|X) (B~ B), op = BE (H|X) (P - ) 5g = g(XE)(;E)(X) and

Q? = BPE(H1|X) It follows that if k(0) <« k(1) and k* (0) < k* (1) then
|:U3 (:Eé k*E(1)§>:| a'nd E |:U3 (k(o k*(O))] are both Of Order

0, {k ()% k* (0)~% (n/log n) wf+1] .

This “bias” is a “product mixture” of truncation bias through the term
-8,
k (O)fﬁ” k* (0)7[3‘” and estimaton bias through the term (n/logn) 1. To see this

for £ [[[AJg (k(l)’k*(l))}, we ‘sup out’ |5gQ>

k(0), k*(0) from

E (| [i20)] 30@°T [301Z16) |
which is y
0, |(n/ 1oy B (| [aZ115) i [sv12E-6)] )

We then apply Cauchy Schwartz to E (’ﬁ [5b|7k(0 ] [§p|Z: E(l)ﬂ

) , noting that

E ({ {5b\Z:Eéﬂ} >1/2 =0 (k (0)7[3"). Again a more careful argument using
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Holder’s inequality would show the log factor is unnecessary. Hence the order of
the mean of @3 (Z%; z*gég) is determined by the vertex of the rectangle (:Eég :*E(%)
closest to the origin.

Motivation. With this background we are ready to motivate our new estimator.
2
Recall from Section 3.2.5, that with g known, the choice kj,; (2) = n™777 gives

(1/)2 K L(2) ¢) =0, (n 4/35+d) because the truncation bias ‘wkgm@) — w‘ and

variance are of order n~ #5+¢ and the estimation bias is zero. Any choice of k larger

than k7, (2) will result in a slower rate of convergence.

However, when g is unknown and thus estimated, 121\2 k9 (2 ) — ¥ does not attain
Ky

_(_PBg By Bp
the optimal rate of convergence because the estimation bias n (2ﬁ9+d+ 26, T aT2mp )
_ 45 . -~ -~ I (2 )k
exceeds n~ 7+d. The estimator 15 19 (2) =Yore 2yt U ( vt OPtO( )> also
»Nopt "op

_ 48 . .
fails to attain the rate n~ 7+4 because it has variance of the order of

2
Ko (2) Ko (2) _ ) (nw/d n_%> |

n n? n

which exceeds O (n_%) On the other hand, @ZSJCZM@ ) has bias of O, (n_%)

43
because the truncation bias is O, (n7 4ﬁ+d) and the estimation bias

28g By Bp
Op (n ( 2B8g+d + d+23;, + d+2Bp ) )

ap
is also O, (n7 4ﬁ+d) under our assumption (4.4). Our strategy will be to try to

2 ~
replace the term U ( ore(2 ) kOPtO(Q )) in the estimator ¢3,k§pt(2 = z/J2 ke, (2) T

=~ (kS L(2),k
U3 (O,OP( ) opt0(2)) by

a QO alzsl (XZI) Zsy (Xle,) Ais X
3( )* Z {[BPHl} Zs1 (Xiz)zsz (Xi2)_-[[sl :82]}
(s1,52)€Q iz
) kope(2 ), k9 (2) 77 -
where 2 is a subset of the rectangle (0’ ort ) such that var <U3 (Q)) =
n~ 357 but the additional bias

o[ () -

S ()

~ BPH,
€iy Zsy (Xil) { [

Xz, (Xiy
(31,32)6( oot (2 ) kgpg@ ))\Q X Zg, ( )

11
=

0 )
)A I[s1 = s9)
A;

13
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15
is Op (n_ 4ﬂ+d). This approach will succeed if we can chose 2 and thus

g g9
(lgopt(2 )’ kopt0(2 )> \Q

s

to be sums of rectangles (whose number does not increase with n) such that

kS (2), . -
(i) each rectangle in (0:’”"( ) kgpto(Z )> \Q has its closest vertex to the origin, say

-8
(k(0),k* (0)), satistying O, {k (O)fﬁ” k* (O)fﬁp n”’g*g'l} < n~ 7% and (ii) simulta-
neously each rectangle in € has its furthest vertex from the origin, say (k (1), k* (1)),
satisfying O (k (1) k* (1) /n®) = O (n_%).

We index the vertices of our set of rectangles as follows. Consider a natural
number J and a set of non-negative integers Kot = {k—2,k_1, ko, .., kas, koyi1,
kayio} satisfying 0 = k_g < ko < ko < -+ < kaj_o < koy < kajyo = koyq1 <
koj 1< - <k <k_q.

Note the elements with even subscripts increase from 0 to 2J + 2 while elements
with odd subscripts decrease from —1 to 2J — 1. Further the smallest element with
odd subscript equals the largest element with even subscript. We will use two such
sets Ky, 140t and KCp 710t With corresponding elements ky; and &y, with ky 1 = kp 1.

Set for s € {—1,0,...,J}

3d+43
(4.5) ky 2511 =N [k o519,
3d+43
(46) kp,?s-‘rl = n (d+4pB) /kb,Qs-‘rQ’ SO
kposyikvoste  kpostikpospa 8o
fr— =N B+d .
n3 n3

We leave J, K, 5 = {kpas,s=0,...,J+1}, and Ky y = {kp25,5=0,...,J +1}
unspecified for now but derive optimal values below.
Let Q = Q(Kp, Kps ) be the union of rectangles

s=0

J
_ kp,2s—1,kb 25 kp,2s,kb,2s—1 kp.2s+1kb 2741
Q (K:pJ’K:bJ) - {U <kp,2572 kb 252 > U (kp,Zb'fQ kp 25 )} U (kp,zJ ky27 .

The points (kp723+1,kb723+2),(k}p723+27kb723+1) for s = —1,07...,J +1 lie on a
3d+48

hyperbola Hy in R? defined by Hy = {(rl, T9);r1Ty = N } shown in Figure

1 for J = 2. The set Q (s, Kpy) C (g)””t(z )>kf§p,0(2 )) lies below Hy.
Define

V3., k00) = Y2y + Us (2 (Kps, Kig)) -
We then have

Theorem 4.4. (i) The estimator ES,(}C has variance of the order of

pJ s Kbr)

k_
— + (2] +1)n" T



388 J. Robins, L. Li, E. Tchetgen and A. van der Vaart

k_b-1 e T IR R RO NIRRT
| 5
;zg;,/,:g 1.‘ i
PRI
s o !
2 ! B Omegalkpkob) !
A .
T Omega(lk_p, K b Complement |
AR
R s rrrme——— |
" s v i i
Zigiik s : !
G \ " '
TN ; i
- o
AAeA v ' '
] PR P { ]
| A ! )
LR | 1 !
x kb3 —gz;:é;é 5 77 SR ; i
= 2 U o e |
PR S i
PR e A \ 1 I ]
YIS Y ! i
\ 1
- N |
S 7 ! :
K b5 et i . i
. A T T O i i
- e S e C ! ' i
o T O N ! .
k b4 e s ‘ . ;
g o e R s e, 1
k b2 - ?; {n’/i;’- ;’// R, 1
M, /3/;%/ L L T 1
AR A A, A, i 1
,/r:;,/ o /zzzpzzzzzzz S el 1
I{ b O f,/ 3 4;/ o o A o o g e
5
M ///",/// B
7
fz//ff o ////:{///////.&’////////A’/////////zf////////////////////////////////////
R N N )
S ///X////z{////////}’/////////1//////////Jp/////////////////////f/z’///////////
L | | |

k_p0

kK pb k_p1 k p-1

K_p

Fic 1. Hyperbola Hy and Associated Rectangles.

and bias E (a'&(KpJ,)CbJ)) — ¢ of order
S (N (ol
Opn 2Patd Z (kp,2§+1kb,25b
s=0

284

+Op (n_(2ﬁg+d+df2bﬁb +df§gp )) + Op (k:gﬁp""ﬂb)/d) '

—Bv/d . —Bp/d
+kb,2sb—{-1kp72s )

Proof. Each of the 2J + 1 rectangles whose union is Q (K,s,Kps) has (kp2st1,
kp2s+2) or (kpost2,kbast1) for some s € {—1,0,...,J} as the vertex furthest

.. . k kb os __88 .
from the origin and thus contributes =22+22:42 — n775+d to the variance of

=~ ) ~ ok
17/)37(’CpJ7’CbJ)' The variance of ¢y j_, < 5. Now

E (ig,(npj,icb‘,,)) -

(B (3s,) ~ 0} + 1B [0 {2 (K Kun))}] - B

_ Op (k':iﬁﬁﬁb)/d) + Op n*(zéfid*dffﬁ,,*df;sp)
. k_
+E|Us< (o7 1 ) \Q((Kps Kiy))

As is evident from Figure 1, Q°(KC,, 5, Kpy) = (15:1, k61> \Q((Kps, Kpy)) is the union

0

~

Us

k

0,

k

-1, -
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of rectangles U7_, {(k”“l’ kb*”‘*) U (k”“l’ k“s“)} which have

kp,2ss  kp2st1 kp2s+1, kb a2s

{(kp,st kb,2s+1) ) (kp,25+17 kb,QS) NS {_17 07 sy J}}

as the set of vertices closest to the origin, leading to the expression for the bias
given in the theorem. O

Theorem 4.5. Given (By, Bp, By) with By > 61, so A > 0, Equation (4.1) holds if
and only if there exists J, Ky, Kyy such that w37(KpJJCbJ7 -9 =0, (n 45id)

If Equation (4.1) holds, |:U3{(k LR ‘)\Q((IC,,J,ICbJ))H =0, (n_%)
and thus E&(K

integer such that

pKns) Y = 0, (niﬁ), when we choose J to be the smallest

(L4 A) (J+1) +¢* (B, 8, 0) T (14 A)' 7 > ZHZ with
. ([ 2B4/d (A+2) 2(A+2) 3 +43/d
¢ By, 5, 8) = (25g/gd+1 ) 43/d  4BJd+1 ' (1+4B/d)’

kbo = kpo =1, kyos = kpas =n1H8)5p ), 1+ fors=1,...,J+1, with
48/d J+1 -1
0= { b — L+ DI+ D}/ 1+ 8

Note J does not depend on the sample size n.

=~ 88
Proof. From Theorem 4.4, for the variance of ¥ ) to be O, (n_ 4ﬁ+d), J
cannot increase with mn. Further for the second order _truncation bias
Op (k4 p+5)/4) and the square root of the variance kn‘; of s, both to be

p7: Ko

O, <n7 4311) we must have k_; =k, (2) = nTFi573 . Tt then follows from Equa-
tions (4.5) and (4.6) that k, ¢ = kpo = n.

In order for []U?, {(k Lk 1) \Q ((ICPJ,/CW))H =0, (n7%>, we require for

s=0,...,dJ,

_ _2Bg _ _ __88/d_

(4.7) w7 (e 20 St < e
28g _ _ _83/d

(4.8) n 259+d {kp 2§p/dkb Sfj-/ld} < pEB/AAT

Substituting for kj 2s+1 in Equation (4.8) using Equation (4.5) and recalling that
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Bp > By so A > 0, we obtain

o 3d+48 \ —20u/d

_ g _ n (d+43) _ 88

(4.9) n 259+dkp§f"/d{k7 < poaTE
’ P,25+2

28, /d 8p/d_ 3448/d \ 20b/d
N k;ﬁzbs/fQ < ng/dFT T TB/aHT kzﬁp/d <n<1+4ﬂ/d>)

( 2Bg/d ) 1 B/d [: 3+48/d
o kp 2542 < p\2g/aFT ) 25 7d 4[3/d+1 zﬁb/dk/b ( n—(1+43/d>>

2Bg/d 1 __8p/d 1 3 +48/d
e1< kp,2s+2 < n(zgg/d+1 )2Bb/dn I5/d+1 26,74 ]{pAQS ( n(1+45/d)>
Pp,25 ’
kp2s+2 -
(4.10) &1< ;* < ne BB gD,
p,2s
o 1< n¢ BB, A

0<c" (B, 6,8)+A

since n = ko < kpos < kpasio.

28,/d

53, /a1 e obtain
g

Solving the last expression for

1-43/d
20,/d+1 % (A +2) 1+4p/d’

(4.11)

which is Equation (4.1), except with a nonstrict inequality. We have just deduced
that the constraint (4.11) was due to restriction (4.8). We have not yet considered
whether the restriction (4.7) implies additional constraints. We now show that it
does not. Specifically if we set kp, o = kp o for alll € {1,2,...,J + 1}, then equation
(4.7) is true whenever Equation (4.8) holds because of our assumption that A > 0.
Thus we can set ICpy = Ky

Thus we have shown that if iS,(IC

pI: Kb, )

- = 0, (n 4B+d) then k_; =
nTQﬁ/‘i7 (4.11) holds, and J must not increase with n.

We next show that when the inequality is strict in (4.11) and Equation (4.4)
holds, we can find K; = K,; = Ky for which i&,@ - = 0, (n_%). We
then complete the proof of the theorem by showing that when (4.11) holds with an
equality, there is no choice of K; for which i&,@ converges at a rate better than
O, ((log n) niﬁ)

Suppose the inequality is strict in (4.11). Since ky = n. Equation (4.10) ap-

* s -

plied recursively suggests we define ko, = n(1T2)sn¢ (BgB.8) 3 0, (A g g —
3d+43

1,...,J + 1 and take kos41 = ",i?:f) However, this will not generally give

3d+48 | 1 .
kaji1 = kajio = nl@FA 1 2 asrequired when K, ; = Kp;. Instead we use the mod-

ified algorithm given in the statement of the theorem which insures that koy11 =
3+43/d
kg J+2 = n 2A+67d) - as required. Since J is not a function of n, in order to show

_4p
P converges at rate n~ #+4 | we only need to check the bias.
3,K
Now % = I+ ) pa(+8) 71 o PR g1 A) ™ < (IHA) ™ (8,,8,8) (1+4)"

=~ 48
since ¢ < ¢* (8,8, A) so the bias of 15 -, is Op (Tf 4B+d), as required.
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Suppose now the equality holds in Equation (4.11) so ¢* (8,4, 5, A) + A =0 and
continue to assume Eq. (4 4) holds. We now construct an estimator 1/)3 Ks that

converges at rate Op ( ~7% In (n )) and show that no estimator in our class 1#37,@

converges at a faster rate. We conjecture this rate is minimax when the equality

3d+483
in Equation (4.11) holds. Again kgs11 = ",iztlf) and by the previous arguments,
2 3d+48 Y 1/2
ko =n,k_y = n OB/ koyy = kojio = {n<d+4ﬂ> . We can suppose that

kas = n{v(n)}®. It remains to determine v (n) and J = J (n). We know J (n) must
satisfy

, 1/2
3d4/3 } )}J(n)ﬂ 0

k2ynyr2 = {n(d“"’ =n{v(n

v (n) = n(FFHS 1) 70w

The variance of i& i, is of order n" A (n). Thus the order of the bias will still
equal that of the variance provided we multiply the RHS of Eq. (4.9) by J (n). Then

Equation (4.10) becomes 1 < ‘"2”2 <n° (ﬁgﬁ’A)kA J(n )Zﬂ}d . Since, klff—” =
p,2s p,2s

v(n) and n = ko < kpas, we substltute n® = k§ for k5,

3d+43

tion (4.10) which gives v (n) = J (n) /7 . Hence n(2<d+45> DR J(n) %73
which implies that.

in the modified Equa-

(4.12) ) _ 0 (n)]).

To minimize the variance, we want the slowest growing function of n that satisfies
Equation (4.12), which is J (n) = In(n), as claimed. O

4.1.2. Case 2: The estimation bias of the third order estimator exceeds the
optimal rate

. . . . . 7( 209 4 By _Dp )
In this section we no longer assume that the estlmatlon biasn \2Pg+d T dF26, T d+25p
of a third order estimator is less than n™ 7%, Then even when Equation (4.11)

_ap
holds with a strict inequality, ¢3 i, does not achieve a n~ 774 rate of convergence

a8
because the fourth order bias n (259+d+d+2f"b +d+2% )exceeds n~ 1+, However, we
will now construct an estimator ¢ef f = wef f (Bg Br, Bp) that under our assumptions

(A1)—(Aiv) does converge at rate n ~ % whenever (Bgs Bv, Bp) given in assumption
(Aiv) satisfy Equation (4.11) with a strict inequality. Because the estimator is very
complicated, we have chosen to only define the estimator and give its properties
in the text. The motivating ideas for and the formal proofs of these properties are
provided in the appendix of our technical report.

To define the estimator, we need some additional notation. Define

EN k(@1,1)
O ((041) 1< 1< m—1)

u=2

E1,D)T k(u—1,1)=k(u,1)T —k(m—1,1)
=V, (%Zku 0),i1 H (BPHle(u 1 O)Zk(u 0) — Iku_lxku) Zk(m 1 o)Azm>
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where, ky, =k (u,1) — k (u,0), T,y xk, = (Lij), |, With Lij =1 (i = j).
Then define T[/jm (:gég) as f[jm ((l):g(l)g 1<i<m— 1). fjgfj) (::Eé;igég) is de-

fined as U, ((1)288 1<l<m-— 1) with & (1,1) = k (1), k (1,0) = k (0) for [ # u,

* * N(w,u+1) (E*(1) K**(1) k(1 .
and k(u,1) = k* (1), k (u,0) = k* (0). Next gt (k*gog’k**éog ’kEOD is defined

as Up, ((Z)ﬁgﬁﬁg,l glgm—1) with k (1,1) = k (1), & (1,0) = & (0) for | # u and
L#u+1, k(u1) =k (1), k(u,0) = k* (0), k(u+1,1) = k™ (1), k (u+1,0) =

kE**(0). We will use this notation for m = 3, even though ®§1’2) (:Eé;,:gé% ,:Eég)

does not depend on & (0),k (1) and is equal to @g (:Eég,’;:gé;) of the previous
subsection.

Finally, define

v—1
H; =T, (’5“) + > U (Z;H’S") 7
u=1

v—2
_ Ty (u,u+1) kos—1 kos ko T (u,u+1) (kas kos—1 ko
G (8, U) - Z {UU k2s—27k2s—2 70 + [UU kas—27kas 0 ’
u=1

v—2
Q, = @(u,u—&-l) kayt1 kag+1 ko
v v koy k2y 00 :
u=1

Theorem 4.6. Given (B4, By, Bp) satisfying Equation (4.11) with a strict inequality,
define

. - B B 4
(4.13) m(ﬂga/@bvﬂp)_znt{<d+4ﬁ d+ 283, d+2ﬂp> <2+ﬂg>+1}+1

(m=1)B
- logn\ Ty~ — e -t
to be the smallest integer such that { == n 4T20  d¥26p < B | where

8= w Let Ky, J, Es,/cJ be as in Theorem 4.5 and define

T By, Bo, )

- m(ﬁgvﬁbvﬁp) J m(ﬂg»ﬁbaﬁp)
- v—1 v—1
=Usi, + Y CDTH;HY Y (-1)"'G(s0)
v=4 s=1 v=4
m(ﬁyvﬁbvﬁp)
+ Z (71)1]_1 Qv
v=4
=V, (H1§]3 4 HoB + HyP + H4) O
m(6976b7ﬁp) J m(ﬁg7ﬁb7ﬁp) m(ﬁg;ﬁb;ﬁp)
ooy CDTTHEH YD Y (DTG Go+ Y ()T
v=3 s=1 v=3 v=3
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Then
E (G (B3, 80, 5y)) = (60)

_ 5a
k2ﬁl/d <logn>7d+259 kgﬁb/dkfﬁp/d gbgn) d+2ﬁg [ Bb/dk Bp/d
— ) n S n

2s+1 2s+1 ™28
*dig% 28/d - Zizlﬁzﬁg B Fp
_ 1 - logn R
=0, | max ( Oi") * ko ) ( Oi”) Yo TR IR
284
a+26g ( —Bv/dy—Bp/d 3 —By/d}—Bp/d
max [k k k kg *
I ( ) 1<s<g \'28 0 o 2 i
2ﬁ/d ( ) d+25J ks Bb/dk Bp/d (logn d+2ﬁy g P/~ Bp/d
2s+1 >\ " n 2541 M2s 0
= 0, | max " _(m=1)bg ) s
( n) d+wg k—2ﬁ/d <1ogn> aT28, n_—d+2bﬁb_d+2pﬁp
n ’ n

43

-0, (n—m>
and

(w,c wg?ﬂmﬁp))

k2k2 1 k%—i— 86

J+1 —
—|—§ STesT + 3 X n d+ap
Ss=

Inference. Elsewhere, we prove that ¢ef f (Bg: By, Bp) is asymptotically normal.
Here, to avoid the problem of unknown constants’ for confidence interval construc-
tion that we discussed in Section 3.2.5, we will construct nearly optimal rather than
optimal confidence intervals. We suppose that Equation (4.11) holds with strict
equality for the (8y, 85, Bp) associated with the parameter space ©. Then there ex-
ists € > 0 such that for all 0 < o < ¢, (8q, 8y — 0, 3, — o) satisfies Equation (4.11)
with strict equality,

By [052] (B, 50 — 0,8, — ) 6]
varg [@}%ﬂf (ﬁg? /gb — 0, ﬁp - 0) |§:|

SUPgeo =0, (1)

and
8(8—0)

Supgeco {Varg [w’ecflf (Bgs By — 0, Bp — ) |9} } = n G-,

Let W [szC’; 4 (Bg, Bb + Bp )} be a uniformly consistent estimator of (the properly

standardized) varg [weff (Bg: By, Bp ) ﬂ constructed in the same manner as in
Section 3.2.5. Then, for all o < €,

(57 By — 0.8, — ) 0 O} (W[ (B0 — 0.8, ~ )] )

converges uniformly in § € © to a N (0,1). Moreover,

G By B — 0,y — 0) & 2aW [U52 (B, — 0,8, — )]

is a conservative uniform asymptotic (1 — «) confidence interval for ¢ (0) with di-
1(B—0)
ameter of the order of n~ aF4G=) .
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Remark 4.7. If Equation (4.11) holds with an equality and Kj, J, 1 K, are
as in the final paragraph of the preceding subsection then the proof of Theo-
rem 4.6 in the append1x of our technical report implies w (ﬁg, B, Bp) — ¢ (0) =

O, ((log n)yn- T+ )

5. Adaptive confidence intervals for regression and treatment effect
functions with unknown marginal of X

In this section we describe how to construct adaptive confidence intervals (i) for a
regression function b (X) = E[Y|X] when the marginal of X is unknown and (ii)
for the treatment effect function and optimal treatment regime in a randomized
clinical trial.

5.1. Regression functions

Example 1la (Continued). Consider the case b = p, O = (Y, X) with b(X)
E(Y|X). As usual, we assume for all § € ©, b(-) and the density g (-) of
are contained in known Holder balls H (5, Ch) and H (84, Cy). Redefine v (6)

~ 2 ~
Ey [(b (X)-10 (X)) ] where b (-) is an adaptive estimate of b () from the training

>l

sample and expectations and probabilities remain conditional on the training sam-
ple. Adaptivity of b(-) implies that if b(-) € 6 is also contained in a smaller Hélder

ball H (8*,C), 8* > 5y, C < Cp, theng(-) will converge to b (-) under F (-, 6) at rate

*

5*/d

Op ( n~ 25774 | Robins and van der Vaart [19] showed that, when the marginal

density g (x) of X is known, the key to constructing optimal (rate) adaptive confi-
~ 2

dence balls for b (X) was to find a rate optimal estimator of Fy {(b (X)-b (X))

We shall show that their approach fails when the marginal of X is unknown, but
that a modification described below succeeds. Specifically, if b(-) € 6 lies in a
smaller Hélder ball H (6*,C), 8* > B, C < Cp, our modification results in honest
asymptotic confidence balls under F (-,0), 6 € ©, whose diameter is (essentially)

*

p— —d _ —2ﬁb . .
of the same order O, (max {n 1426%/d n d+46 as the diameter of Robins and

van der Vaart’s optimal adaptive region or ball, provided either (i) 8,/d > 1/4 and
Bg/d > 0 or (ii) Bp/d < 1/4 and Equatlon (4 1) holds with 8 = (. This order

*/d
is the maximum of the minimax rate n~ %7 of convergence of b( ) to b(X)
were b(X) known to lie in H (8*,C) and the square root of the minimax rate of

~ 2
convergence of an estimator of Fy [(b (X)—b (X)) ] in the larger model M (©)

with b (-) and ¢ (-) only known to lie in H (5, Cy) and H (34, Cy).

The case where 8/d < 1/4 and Equation (4.1) does not hold will be considered
elsewhere. N -

Now, since Eg {b (X) b(X)} — By {b (X) Y},

v0) = 8|0 -5)]

~

= B [{0(X))*] ~ 2B [b(X)b(X)] + By [{b(X)}z]
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has first order influence function IF, 4 (8) = V[H (b,b) — ¢ (6)] where

H (b,b) = b (X) +2b(X)[Y —b(X)] —2b(X)Y +b° (X),
soHy = —1,Hy = Hy =Y, Hy = —2b(X) Y + 2 (X). Thus H (b, b) for Ey [b (X)ﬂ
differs from H (b,b) for Ep {(b (X) —B(X)ﬂ only in Hy. Since the truncation

bias 5 (6) — 1 (6), higher order influence functions of 1, () and estimation bias
do not depend on Hy, it follows that T By (6) ,]HF],], 7 9), WQJ , and EB,, ()
Wk k

are identical for ¢ () = Ey {(b (X) —Z(X))z} and 9 (0) = [ (X) } In con-
trast, IF y (5) is identically zero for ¢ (0) = {( ( 2} but not for
P (0) = Ep [b (X) } Thus, by Theorem 3.21, for ¢ (¢ [ ) }

varg[{/; ~}xl(ﬁ)m ifk>n and m > 1, andvarg[zb }—Olfk<nand

m, P n\n

= 1. In the case when &k <n and m > 1, by the Hoeﬁ’dlng decompos1t10n

varg [@m%} = varg i ]D)S(Jnlk) (9)

s=1

(%.5)
where Dy ™%/ is a sth order degenerate U-statistic. Further by Theorem 3.21,

we have
(%..7.) (%.7.)
varg [wm JJ = max | varg | DY 77F ,varg | Dy 7

DQ”"ZJ

~

(5)3—1 =0(2%) for any s > 2. Moreover,

3=

as varg

2

S oo
n

varg

b~ -
since the kernel of D1( mp’“) is of order O, (‘ ’b (X)—0b (X)H ) In summary
2

Jec b0,

varg [wm%} = max - 2
( _2Bp/d k)
=max (n 2%/d ~ —
n2
if k <n and m > 1. (In contrast, for ¢ () = Ey {b (X)ﬂ7 varg [ﬁm JJ = L if

k < n). Thus, if By/d > 1/4, (1) Yoy, kope(mope) 18S Kopt (Mope) of O (nﬁﬁsb/d)’
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2 )
where n 7874 < n comes from equating the order k=4%/4 of TBZ () to the order
_ 88y /d
k/n? = n~ 571 < n~! of the variance and (ii) mgpt is the smallest integer m
_(m=1By 28,
such that the order n ( 2Bg +d +d+2ﬂb) of

(anl)Bg

B, - 0, (s (%))

48y /d

is less than the order n~ 745,74 of the standard error. It follows that, for 8,/d > 1/4,
R 2
in contrast to ¢ (8) = Ep [b (X)Q}7 we can estimate ¢ () = Fy [(b (X)-10 (X)) ]

__4By/d
at (the minimax) rate n~ 7¥4%/4 which is faster (i.e., less ) than the usual parametric

rate of n=1/2. )
When 0,/d < 1/4 , the minimax rates for ¢ (§) = Ep {(b (X) —B(X)) } and

P (0) = FEy {b (X )2} are identical and, when Eq. (4.1) holds, it follows from Theorem

~ __4Bp/d
4.6 that ¢;egfjf (B, By, By) achieves the minimax rate of n~ #1774 > n~1/2,

Henceforth assume either (i) 8p/d > 1/4 or (ii) fp/d < 1/4 and Equation (4.1)
holds. Pick an € so that Equation (4.1) holds for (8,4, 8 — €, 8y —€). Let 0 < 0 < ¢

and define 12* = 12(0’) = Ui Akops (mope) o a0d

W =W (o)=W ~

moPt’w{kopt(mth)}l+a

if By/d > 1/4 and & = $7 (8,, 8, — 0,8, — o) and
W =W 4§ _ (o)
W* = W [’@[Jl‘gcjf]f (5gvﬁb — 0, ﬂp - U):| if ﬁb/d < 1/4 Note W* is Op n d+4(5ba)>

uniformly over ©, where © is the parameter space with smoothness parameters
(B¢ Bp). Then, by Equation (4.1) and results in Section 4.1.2, as n — oo,

Bl v}z 72
Thus, if ¢ (6) were a function of 6 only through b (-) so ¥ (6) = 1 (b), the set
(5.1) {0 ()0 (0) < 9" + 2T}
would be an uniform asymptotic (1 — «) confidence region for b(-). However, for

~ 2
Y (0) = Ey {(b (X)-—b (X)) } , this approach fails because 1 () also depends on 6

through the unknown density g (x) of X. This approach succeeded in Robins and
van der Vaart [19] because g (x) was assumed known.

We consider two solutions. The first gives (near) optimal adaptive honest inter-
vals. The second would give honest, but non-optimal, intervals. The first solution

~ 2
is to replace v (0) with its empirical mean Yen,, (b) = V [{b(X) - b(X)} ] in
Equation (5.1),

e 0= 00) =0, ([{s00) =500} | w72} = 0, (w (54
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(=261
uniformly in 6 € O. It is straightforward to check that for all g, > 0, n (d“’ﬂb + 2) <
4[3b/d

n #4571 Thus, for o <, {721\* — Yemp (b)} / {72’\* -V (‘9)} = 1+ 0p (1) uniformly
over 6 € O, so infycopry [{72;* — Vemp (b)} > fzaw*} >1—«and

(5:2) {b* ();V [{b* () —3<X>}2] <P+ zw}

is a uniform asymptotic (1 — «) confidence region for b(-). Moreover, if b(:) €
lies in a smaller Holder ball H (8*,C), 5* > B, C < Cj, then, under F (-, 6), the

diameter
1(5p—) 1/2
{¢ ( d+4(5ba)> }
28%/d_ 4(Bp—0) 1/2
O, [ max{n~ 257 pn d+i(e-7)
grra _2Bb=a)
:Op max{ n 1+28%/d n d+4(8,—0)

4(Bp—2)

25*/ —~ — __2Py=9)
since 4 (6) = O, <n‘—1+‘3ﬁ*dxd) and 9* — ¢ () and W* are O, [n (-2

{QZ* + ZQW*

*

The second, non-optimal, solution would be to replace the functional 1 (6) =

~ 2 ~ 2
Ey {(b (X) fb(X)> } with 4 (b) = f{b(z) - b(a:)} dz. The functional ¥ (b) is
the first functional we have considered that is not in our doubly robust class of
functionals. Arguing as above, if we can construct an asymptotically normal higher
order U-statistic estimator 1* that converges to v (b) at rate n™* on M (O) and a
consistent estimator W* of its standard error, then

{b* () / {b(x) —B(x)}2 dr < 9" + zaW*}

would be an honest adaptive confidence interval of diameter

__8*/d . .
O, (max{n 1+2ﬁ*/d,n_“/2}). We conjecture, based on arguments given else-

~ 2
where, that the minimax rate for estimation of ¢ (b) = [ {b(m) - b(x)} dx ex-

=y Bg/d B/d : B/d
ceeds Op |n d+4ﬂ”} whenever g5 %77 < (1+4ﬁ/d)/(1+2,8/d)‘ Since m >

% B/d for all 8 > 0, it follows that, when the marginal of X is unknown and

~ 2
b/d Bo/d 174ﬁ/dﬂ/d, intervals based on V {{b* (X) - b(X)} }

(A746/d)(1726/d) = 2B,/d+1 ~ 1+4p/d
~ 2
will, but intervals based on | {b ()= (:E)} dz will not, have diameter of the same
order as the optimal interval with the marginal of X known.
5.2. Treatment effect functions in a randomized trial

Example 4 (Continued). Consider the case b = p, Y = Y* w.p.1 so we have
data O = {Y,A, X}, where A is a binary treatment, Y is the response, and
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X is a vector of prerandomization covariates. The randomization probabilities
7o (X) = P(A =1]X) are known by design and b(x) = Eg(Y|A = 1,X = z) —
Eyp(Y|A = 0,X = =z ) is the average treatment effects function. For 6§ € O,
b(-) and the density ¢g(-) of X are contained in known Holder balls H (5, Cp)

and H (8,4, Cy). Suppose we have an adaptive estimator 3() of b(-) based on the
training sample constructed as described below. Now, since Ejy [B(X )o(X )} =
Ey [ (X)Y|A= 1} — Ey [ (X)Y|A —O} has influence function %Yg X) -

(
FEAGYD(X) = By [B(X)b(X)] = (A= (X)) og (X) YBX) = By [B(X)

b(X)], where 02 (X) = 10 (X) {1 — 70 (X)}, ¥ (0) = B [(b (X) —B(X)) ] has
first order influence functions, indexed by arbitrary functions ¢ (z), IFq 4 (6,¢) =
IF; o (0) = V [H (b,b) — ¢ (9)] with

Hy=1-2A{A—m (X)}oy* (X),

Hy = Hy = {A—m (X)} o5 (X) Y.

Hy={A—m(X)}e(X)—2(A—m(X))oy?(X)Vb(X)+ 0% (X).

Thus H (b, b) for Ep {(b (X) —B(X)) } differs from H (b, b) for ¢ () { }

only in Hy. It follows that all the properties of the confidence ball 5.2 for b (-)
Eyp(Y| X =) in the setting of the last subsection remain true for b(-) = Fy(Y|A =
1,X=-)—Ep(Y|A=0,X =) in the setting of this subsection.

Now define dp~ (x) = I'[b* (z) > 0]. Then it then follows that an honest 1 —
a uniform asymptotic confidence set for the optimal treatment regime dop (1) =

I[b(-) > 0] is given by {db* ();V [{b* (X) _E(X)}Q] <o +zaW*}

Adaptive estimator of the treatment effect function. One among many
approaches to constructing a rate-adaptive estimator of b () is as follows. Split the
training sample into two random subsamples - a candidate estimator subsample
of size n. and a validation subsample of size n,, where both n./n and n,/n are
bounded away from 0 as n — co. Noting that

0=Eg[{Y - Ab(X)} ¢ (X){A—mo (X)}]

for all ¢ (+), we construct candidate estimators of b (+) as follows. For s = 1,2, ...,n—
1, let 75 be the solution, if any, to the s equations

=P [{Y - A%lp, (X)} 2, (X){A -7 (X)}],

where 1 (X), @2 (X),...is a complete basis with respect to Lebesgue measure in
R? that provides optimal rate approximation for Holder balls and P, is the em-
pirical measure for the candidate estimator subsample. Our candidates for b (X)
are the b®) (X) = @, (X)” 3,. Robins [16] proved that b(-) is the unique func-
tion b* (-) minimizing Risk(b*) = Ey [062 (X){Y — [A— 7 (X)) b (X)}Q} . In fact,
the candidate b(*) (X) in our set for which Risk(g(s)) is smallest is also the

~ 2
candidate that minimizes F {(b (X)—b® (X)) } since Rlsk( ) —Risk(b) =



Higher order influence functions 399

E [(b (X) =5 (X))Z}. Specifically,

g o0 0O {Y 14 =m0 (05 (0 ]
052 (O{Y = [A = m ()] b (X)}
X)) (b(X) =89 (X))

)= (A= m (X)) (b(X) +5 (X)) )
= B (05 (0 (=m0 (X)) 4 (3 (X) =5 (x)))

. 05 (X) (A —mo
(2(Ab( )~ E(Y|A=0,X)

—E [(b (X) — b (X))Q} .

We use these results to select among our candidates by cross-validation. Let
~ ~ ~ 2
b(-) be the b (-) minimizing P, {00—2 (X) {Y A — 70 (X)] ) (X)} ] over s =
1,2,...,n — 1, where P, is the validation subsample empirical measure. If b(-)
were known to lie in a Holder ball H (8,C), it is easy to check that the candi-

date b (+) with s = Lnﬁj obtains the optimal rate of nTE for estimating
~ 2
E [(b (X)—b® (X)) } Since the number of candidates at sample size n is less

than n, it then follows at once from van der Laan and Dudoit’s [23] results on
model selection by cross validation that b (-) is adaptive over Holder balls.

6. Testing, confidence sets, and implicitly defined functionals

In Example 1c¢ of Section 3.1, we considered the following problem. We were given
a functional 9 (7,60) indexed by a real number 7 and the parameter § € ©. The
implicitly defined-functional 7 (6) was the assumed unique solution to 0 = ¢ (7, ).
We noted that a (1 —«) confidence set for 7 () is the set of 7 such that a (1 —a«) CI
interval for v (7, 0) contains 0. In the following subsection we derive the width of the
confidence set for 7 (0). We then generalize the problem in the second subsection by
introducing the notions of the testing tangent space, a testing influence function,
and the higher order efficient testing score. In the final subsection, we show how
the two earlier subsections are related.

6.1. Confidence intervals for implicitly defined functionals

To derive the order of the length of the confidence interval for the parameter 7 (6)
in Example 1c, we can use the next theorem as follows. Assume Equation (4.1)

holds and 8 < 1/4. Then we can take the estimator 1;(7’) and rate n~7 in the
4

theorem to be the estimator weff and rate n~ Hrto for a very small positive o

and conclude that the length of the confidence interval for (9) in Example 1lc to

be O, (n 45+1+‘7).

Theorem 6.1. Suppose for an estimator TZ(T) and functional v (1,0), there is a
scale estimator W (1) such that n"W (1) — w (7,0) in 0—probability ,w (7,0) >
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c¢* > 0 and (12)\(7') —1/)(7,0)) /W (1) converges in law to N (0,1) uniformly for
0 €0, e {r(0);0c 0O} Then, (i) with z, the a—quantile and ® (-) the CDF

of a N (0,1), the confidence set C,, = {T;—21_q/2 < %V% < Z1_q2 ¢ 18 @ uni-
form asymptotic 1 — « confidence set for the (assumed) unique solution T (0) to
Y (1,0) = 0; (ii) the probability under 0 that a sequence T = T, satisfying ¥ (1,,0) =
apn~ P an, — a # 0 is contained in C,, converges to 1 when p > v, is o (1) when
p < 7, and converges to ® (zl_a/g — W) - <—Zl_a/2 — W) when
p =~. (iii) If ¢ (7, 0) is uniformly twice continuously differentiable in T and 0 < o <
[Yr (7(0),0)] < ¢ and |2 (T(0),0)| < ¢ for constants (o, c), then (ii) holds for a
sequence T = 1, satisfying T, — 7 (0) = {tby (7 (0),0)} " ann P an — a #0,p > 0.

Proof. (i) That C,, is a uniform asymptotic 1 — a confidence set is immediate. (ii)
Now

Pry Zl—aj2 > M > —Z1—a/2
W(Tn)

ol ) ) ) ()
_PG{ 1—a/2 W(Tn) > W(Tn) > 1—a/2 W(Tn) }

vy ol
. q><z1 P w) _¢<_Z1 P w)

n= nY W (r,) n—=o0 0y W (71,)

_ 3 B alim,,_,.onY"" o (— B alim,,_,oon" "
2T w7 0),0) A2 T T 0),0) )

(iii) Since ¢ (1,6) = ¢y (7(8),0) (10 = 7(8)) + 5872 (77 (60),6) (1 — 7 (6))* for
some 7* (0) between 7 () and 7, we have that ¢ (7,,6) = a,n™? + 0p (a,n™") =
an (1 + op (1)) ™7 satisfies the assumption in (ii). O

Remark 6.2. Under some further regularity conditions, the solution 7 to 0 = {/; (1)
is asymptotically normal with mean 7 (6) and variance ¥-2 (7 ,6) [{w (T(6), 0)}2}
uniformly over § € ©, 7 € {7 (0);0 € ©}.

6.2. Testing influence functions and a higher order efficient score

In the following, we repeatedly use definitions from Section 2, which might usefully
be reviewed at this point.

Definition 6.3. m' order testing nuisance tangent space, testing tangent space,
testing influence functions, efficient score, efficient information, and efficient test-
ing variance: Given a model M (0) with parameter space © and a functional

7(0), deﬁne M (©(77)) to be the submodel with parameter space © (1) = © N
{6;7(0) =7T}). Thus M (© (77)) is the submodel with 7 () equal to 7. Define, for
feo (TT) the m'™ order (i) testing nuisance tangent space I''“/-%¢st (9, 7T) to be
the m*" order tangent space for the submodel M (@ (TT) ), (ii) testing tangent space
Iiest (9,77) to be the closed linear span of IF; (. () U Tnuis:test (9 71) (iiia) set

[ruisitest. L (g 1) = {]HFffl,sﬁ(,)} of testing influence functions to be the orthocom-

plement, of Tuis test (97 TT) in Uy, (0), (iiib) set [stdnuis.test. L (9 TT) {HFstd test}

m,7(+)
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of standardized testing influence functions to be

{HFstd,test c anuis,test,J_ (077_1) : E@ [HFStd7tESt]IFi£_f(_) (0):| — vary {HFT{’TJ‘() (0):| } 7

m,7(+) m,7(+)

(iv) efficient testing score ES;:*" (0) = ES;% ) (0) € T (0,7) to be

m,7(-

ES:S,:?() (0) _ ]Egliest — I, [Egiest“—\?nuis,test (97 TT)]
= H9 []Egliest (0) |F:Lnuis,test,J_ (9’ TT)]

-1
where ES!*** (9) = IES?)?E) (0) = varg {]HE‘ifT(,) (9)} HIFTfo(_) (0), (v) efficient test-

ing information to be varg {ESc* (0)}, and (vi) the efficient testing variance to be
[varg {ES\*" (6)}] -

Further define, for § € ©, the m'" order (i) estimation nuisance tangent space
[7uis () to be T7%s () = {Am €T () E [Amwef ! )(e)} - o}, and (ii) effi-

m,7(:

cient estimation variance to be varg []HanffT o 0)].

Remark 6.4. For m = 1, the testing and estimation nuisance tangent spaces
[ruisitest (g 1) and % (9) are identical. However for m > 1, Ipuisitest (g rT)
is generally a strict subset of I'“% (§). For example, if the model can be parame-
trized as 8 = (7,p) and © is the product of the parameter spaces for 7 and p,
the Inwis:test (9 1) is the space of m'" order scores for p; however, T"% (6) also
includes the mixed scores that have s derivatives in the direction 7 and m —s >1
derivatives in p directions. It is this strict inclusion that gives rise to higher order
phenomena that do not occur in the first order theory.

Theorem 6.5. Suppose ES-*" (0) exists in Uy, (0). Then for 6 € © (1),

(i) the set of estimation nuisance scores I (0) includes the set of testing
nuisance scores [Tuwis:test (G,TT) with equality of the sets when m =1,

(i) TFrest y(0),0 € © (t1) is standardized if and only if E []HFteSt ) (0) x

m,7(: m,7 (-

ES'* ()] =1 if and only if E [W@“ (0) EStest (0)] —1

mor()
-1

see S d7 €s €s €es €es . €es €es

(i) {IEAe ) = {Ee (IRt ESIE (6] TREest s IRt ) € {H}an}(.)}},

(iv) the set {IF,, ;) (0)} of all m"™ order estimation influence functions is

’

std,test
LS

(v) Ty [T 0) Pt (6.71)] = {var [BST: (6)]} " BS(E (0).
(vi) {varg [ESLL™" (6)] }71 ES'st (9) € {]I]P‘Std’t“t} and has the minimum vari-

m,7(+)

contained in { } with equality of the sets when m =1,

ance {varg [ES[.™" (9)]}71 among members of {]I]F‘Std’t“t}. In  particular

m,7(+)
{vary [ESI* (0)] }_1 < vary []HFE{];(,) (9)} with equality when m =1,
(vii) Given ]I]Fffiﬁ(,) () € {HFf,efﬁ(,) (-)},any smooth submodel 6 (¢) with range

containing 6 and contained in © (TT) , and s < m, we have

0°Ey [IFLt) (0(0)) ] /06, - 0G| 1 gy = O-
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Thus, if Ey [HFtESt (9*)} is Fréchet differentiable with respect to 8* to order m+1

m,7(-)
for a norm ||-||, Eg |IFX., (8 4+ 60)| = O (||66 || for 6 and 6+ 66 in an open
m,7(+)
neighborhood contained in © (TT), since the Taylor expansion of Ey [HFﬁsfﬁ(i) (0*)]
around 6 through order m is identically zero.

The proof of the Theorem will use the following two lemmas:

Lemma 6.6. For any HIFfsfﬁ(_) (6),0 € © (1)
Ey [H]ngfi(_) (6) EStest (9)] — By [wfgf:(_) (6) EStest (a)} .
Proof.
Ey {Hnygﬁ(.)ESﬁSt (9)}

= i [IBg ) T [BS (0) [T et (o, 1)) = o [1E% BSE 6)].

s T

where the last equality holds by ]I]Ft“t(_) € Tnuisitest. L (g 1), O

m,T

Lemma 6.7. For any HIFfif’f(_) (0),0 €0 (1),

Iy [IE5% ) (0) [T (0.77)

=F [Hﬁest ) (9) ngrelst (9)} {Uar [Egzzst (0)] }—1 ngsst )

m,7(:

m’T(')

=F []I[E‘test (0) Egiest (9)} {Uar [ES:Z‘% (9)] }—1 ES:SSt 0).

Proof. Ttest (,71) = {cBS\** (0); ¢ € R'} @ Tnwisitest (9, 77). Thus, by
]I]Ftest (9) c F'ﬁﬂuis,test,L (97 TT),

m,7(+)

m,7(-)

Iy [Hﬂ?test( () |05 (97’7'1-)} =1y []HE‘ff;fﬁ(_) (0) | {cES!**t () ;¢ € Rl}}
=F [HF:Z;Sf_() (0) ES:ﬁSt (0)i| {Var [Esfzst (0)} }*1 ngrelst (9) '

Now apply Lemma 6.6. O

Proof of Theorem 6.5. (i) is immediate from the definitions. (ii) and (iiii) follow
from

B [mf@st () EStest (0)} —1eF []HW@“ () EStest (9)} =

m,7(-) m,7(")

o Ey {HFﬁgfj(,)mffTQ) (9)} — varg [Wfﬂf(,) (9)} :

where we have used Lemma 6.6. For (iv), note {IF,, ;) (#)} C {]IIFteSt } fol-

m,7(+)
lows from the fact that every smooth submodel through 6 in model M (@ (TT))
is a smooth submodel through 6 in model M (©). Thus it remains to prove that
[F,, .y (0) is standardized. But, by Part 4 of Theorem 2.3,

By [IF - (6) IFSYY, ) (6)] = vary [R5 (6)].
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(v) follows at once from Lemma 6.6 and Part (ii). For (vi), note that

m,7(-)

{VaI‘g [Eanelst (0)] }*1 ]Egirelst (0) c {]HFstd,test}
by definition. Thus

1 B
follows from (v). The result then follows from part (iii). Part (vii) is proved anal-
ogously to Theorem 2.2 except now all scores lie in "% (§) by range 6 (¢) in
o (r1). 0
In the case of (locally) nonparametric models, we can explicitly characterize
riest.t (9, 77). Let {[U;,e;t’J‘ (6, TT)} be the set of all

J»J J»J

ptest-- (9773() —v |:Utest,J_ (G,TT)]

J
with the US5"% (0,77) = 302, el Py 0 (0) [[hus (0i,30) € Uj (8), indexed by
s=2
constants ¢; € R', and functions hy s (0;,;0) satisfying Ep [hy s (O;,;0)] = 0. We re-
mark that the subset of U; (§) comprised of all jth order degenerate U-statistics can

J
Sty [Ths (0i:0)
s=1

one of the functions h; s (O ;) to be clIFf);JZ_) .

be written {V

}. Thus {UT;H‘ (G,TT)} simply restricts

Theorem 6.8. If the model M (©) is (locally) nonparametric, then T34 (0, 77) =
(S, Ut o) 0 (0,07) € {0 (0,71} )

Proof. Since the model is locally nonparametric T't¢st (9, TT) includes the set of all
mean zero first order U-statistics ¢ (¢) and thus any element of '+ (6, 1) must
be a sum of degenerate U-statistics of orders 2 through m. We continue by induction.
First we prove the theorem for m = 2. Now, T% (0, 71) = 14y (0) + U35 "> (0)
where Uy uistest s the closed linear span of the second order degenerate part
> s S11,i51,s of second order scores §2,72 =2 Stlayj + 2szj Si,jS1,,s in model
M (@ (TT)), where ZS# S1,,iS1,,s is a sum of products S, ;Si, s of first order
scores in model M (© (77)) for two different subjects. By model M (©) being
(locally) nonparametric, the set of first order scores in model M (O (1)) is pre-
cisely the set of random variables T7“****** (9, 71) orthogonal to TF¢’/  (6). But

1L,7()
the set of degenerate U-statistics of order 2 orthogonal to the product of two scores

in T7*% (9, 71) is clearly {Ugf;t’J‘ (Q,TT)}. Suppose now the theorem is true

for m, m > 2, we show it is true for m + 1. By M (©) (locally) nonparametric
and the induction assumption, TS, (0, 71) = Tt (0, 77) + ufest | (6) where

nuis,test
um+1,m+1

in model M (© (71)) for m + 1 different subjects. But {Uﬁi_tf‘mH (Q,TT)} is the

set of set of degenerate U-statistics of order m + 1 orthogonal to Z/lxﬁﬁ‘fl (9. O

(0) is the closed linear span of the sum of products of first order scores
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6.3. Implicitly defined functionals and testing influence functions

In the following theorem we show that estimation influence functions IIF,, y(-,.) (€)
for the parameter v (7, -) evaluated at the solution 7 () to 0 = ¢ (7 ,6) is contained

in the set {]HE‘”” , (9)} of testing influence functions for 7 (). We also derive the

m,7(+)
estimation influence functions IF,, -y (0) = >0, IF, ; -( () for 7 () in terms
of the estimation influence functions IF,, ,(;.) (f) for ¢ (7,-) and their derivatives

with respect to 7.

Theorem 6.9. Let 7 (0) be the assumed unique functional defined by 0 = (7 (0) ,
0), 6 € ©. Then, for 0 € © (11), whenever IF,, 1.y (0) and IF , -( (0) ezist ,

(i) T o1, (0) € {TFESE ) (0)],

(i) IF) () (0) = —7'IFy gty (0) € {Hthf(tf“ (9)} where Y, = Y (1,0) /
8T|T:TT7

(iii) IFp ey (0) = =7 {IF (ot () + Quam (0) ), where Quy o ()
Qum,r() (0) =V{Qmm (0)} € {Ufﬁsﬁf (9, TT)}. Form = 2,

Q2,2 ( ) ¢\T2IF1 ()01 ( IFl ,7()582 (0

i oIF, w(q—’r ), 11 i
£ 81F (9) ITFy 70y,

1, w(TT DR

1
.1 —
(6 ) + 2 aIF‘I 1/)(7—1' ) 12

+ _EG[(?IF e 9)] IFy 74, (0

OIFy (1t ). o )
where T = OIF1 (7,1, (0) [OT)r—rt . Qm.m (0) is given in the appendiz

of our technical report as well as the general formula.

Proof. (i) For r < m, consider any suitably smooth r dimensional parametric sub-
model § (¢) with range containing 6 and contained in © (7). Let Sal. (9) be any as-

sociated s'"-order score s < m. By definition of 7 (8), ¥ (7 (0 (¢)),0 (¢)) = 0. Hence,
0=20%(r(0(¢),0(¢))/0¢, -9 c=F-1(0)" Now we expand the RHS using the

chain rule and note that the only non-zero term is the term 1/1\25 (’TT, 0) in which all
s—derivatives are taken with respect to the second 6 (¢) in ¥ (7 (6 (¢)), 0 (¢)); all
other terms include derivatives of 7 (6 (¢)), which are zero by range 6 (¢) C © (7).
Further ¢\;. (77,0) = Ey [HFm,w(TT,-) (9) gs\is (0)} by the definition of the esti-
mation influence function IF,, ,,t.) (#). We conclude that IF,, ,-+ . (¢) is in
Pruisitest (9 71) (i) IFy () = —t5 1Fy i) is straightforward. That IF; ()
is contained in {]HFStd teSt} follows by Part (iv) of Theorem 6.5. (iii) See Appendix

L7()
of our technical report for proof. O

6.4. “Inefficiency” of the efficient score

We now provide an example to show that, contrary to what one might expect based
on Part (vi) of Theorem 6.5, inference concerning 7 (#) may be more efficient when
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based on an ‘inefficient’” member of the set {]I]Fﬁsfﬁ(,) (0)} such as IF,, y(-t.) (0)
than when based on the efficient score ESfoi(,) (9). Without loss of generality, it
is sufficient to consider the case m = 2. In the following example it is T (0) and
UV (TT79) that play the role of 7 () and ¢ (TT,Q) in the preceding theorem, be-
cause 7y, () and v (77,6) have, but 7 (6) and ¢ (77,6) do not have, higher order
estimation and testing influence functions.
Example 1c (Continued). In this example, with Y* (1) = Y* — 74, A and Y*
binary,

P (7,0) = Eg[{Y™ (1) — Ep (Y™ (1) [X)} {A — Ep (A]X)}]
and 7 (0) satisfies ¢ (7 (0),0) = 0. Let 7% (6) satisfy o (7 (8),0) = 0 where
Ui (1,0) = Eg [Y* (1) A]— Eg { [y [B () | Zi,| Iy [P|Z}]] } is defined in Section 3.1
with 7 a real-valued index and B (7) = b(X,7) = Eg (Y* (1) | X). Note ibv;m (1,0) =
~ = 142

o (7,0) /07 = —{ By [4%] = By |{Tls [PIZ4]}] }, s (7,0) = B [varo (A|X)],
1;]67.,.2 (1,0) = ¥,z (1,0) = 0. Below we freely use results of Theorems 3.11, 3.14,
and 3.17. We suppose that 0 < o < varg (A|X) and Ey [A%] < ¢ for some (o, c),
8= w < 1/4. Choose k = kopt (2)n? = nTB 2% 5 > 0 so the truncation
bias of 122’;C (1) = o (7‘, é\) is Op (nilg%) and nfé% < varg {@21@ (7’)} =
k/n? = n~255+9) . We assume the given (B,, 0, Bp) are such that the order

7(ﬁ9+ﬁb+ﬁp) . . . —~ . 4
O, |n~ \PeFaTa¥25, " a2 ) | of the estimation bias of gy (7) is O, (n 4ﬂ+d).

Then ‘121\216 (1) — U, (7, 9)’ and ’7:/;2,;C (1) = (1,0) ‘ are Op (n_%‘“’) which just

- __48
exceeds the minimax rate O, (n i5+d ) for o very small.

Our goal is to compare the coverage and length of confidence intervals for 7 (6)
and 7 () based on

Yok (7', §)
Wb (5)

Tg’k (é\) — T
Clap7 =T "#1-a/2 < ﬁ < Zi-a/2 (>

2,7k

O1-a,{5k(f) T —Z1—a/2 < < Zi-a/2 (>

s

ESLY (5(7)) <
wes (9(r)) S

2,7k

Cloa2,ES =T~ Z1—a/2 <

- ” . ” ES - . . .
\izhere WZW(T) (9) ’WZ,m (9) ’W2,;k (9 (7’)) are appropriate variance estimators,

f is our usual split sample initial estimator, and é\(TT) is an initial split sam-
ple estimator depending on 71 that satisfies vy, (T,g(TT)) =0ifr =17, ie,

T [5 (TT)} = 71, We assume that if 7 (6) = 71 then the convergence rate under  of

__ Py
our estimator of b (X, 7*) for any 7* remains n= #+2% .

We shall see that the interval based on ¢ T outperforms the other two in-

terval estimators. The next theorem gives explicit formulae for g (T, 9)
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ES;E% (5(7’)), and 7 k (5) Using these formulae we calculate the biases and vari-

ances necessary to compare the coverage of the three intervals. Before proceeding,
note the assumption 0 < o < Ey [varg (4|X)], Eg [A?] < ¢ implies

7 (0) =7 (O)]/ |9 (7. 6) 6 (7.0)|

is uniformly bounded away from zero and infinity. It then follows from earlier results
on 1y, (7), the assumption 0 < o < Ey [vary (A|X)], Ey [A?] < ¢, and Theorem

6.9 that C| T is a uniform asymptotic 1 — « confidence interval for both 7 (6)

~ __48
and 7% (0) of length O, (n 5+ +U).
Our comparison requires each of our three candidate procedures to be on the
same scale. Therefore we used standardized versions of the relevant statistics.

Theorem 6.10. Suppose the assumptions described in the preceding example hold.
Then

(i)
o (n8) = e () + 1y 5 ., (9)
—wk( 0)+v[(v () -b0xm)) {A-p0)}]
v {[r@-txn)Z} (Za-seon,,).

where b(X,7) = B (1) = E;(Y* () |X), p(X) = P = E5(A|X);
(ii) Let € denote Y — E(X), and A denote A — p(X). Thus,

ESLY (5(#))
=v ((3(#)) {Wem [sz Bt ((3(7*))} - var [Uéiéf%i’(i ((3(7*) ’TT)] }_1
A g (00) ~ 03525 (00 7))

where
*,test, L (-t t
U, om(id (0 (). )

~o—T ] —
~ 2 ~
+E@\ GZ‘Ai Zk,i Zk,jej

and
v (0) = Ey [varg (A|X)].
Also,

a’?m){ S;ej:(>(§(TT)>} Stfsim@(”))
(62) =o(d (TT))‘ {18, 50 (A6) — Uizt (1) 7))
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(iid)
Tak (5) =7 (5) +1F, 5 (5) +1F, 5 ) (@) ,

where

HF272,:k(') (é\) =Y (5)_1 |:HF2,2,J,€ (T((g‘>) (é\) +Q2)27;k(.) (é\)] where

Q2,2,?,€(-)52 (§>
L) {A=pEOY, —o (O)] [{Y —BO} (A -5 (X)) +
2 A-pOY, —o (0)] [{Y —p0fa-p(x)] |

Proof. The proof of (i) was given earlier. The proofs of (ii) and (iii) are in the
Appendix of our technical report. O

Theorem 6.11. Suppose 71, (§) = 71 and the assumptions of the preceding theorem
hold. Then

(i) varg [U;;?:(L) (é(rT) ,TT)} =o(1),

vary [v (é\)il Vo i (T, g)}
X {varg {Uarg(ﬂ) {]ES;?Z(‘) (5(7-1‘)> }71 ES;‘?Z(‘) (a(TT)) H -1

=1+0, (1)
(ii)

vary {@2,2&(-) (5)} - <:L> 7

vary [v (§>71 Yok (T, 5)} /varg {727k (5) — TT} =1+o0,(1)
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285

28p

=0, {max {n(25i+d+d+25b +d+2ﬁp ) ' T (

() (53 -1) (5-8)
(X
=0, (P - P) (P P) (B B)
2
9(XxX) _ _p g(x) B
* (E(X) ) {(P P) - (3<x> 1) * (B B)}
n (25g+d+d+f55p+d+2gb)
26p Bp By
= 0, { max n (d+2ﬁp)n 28 g~ d+2[3b’
20g Bp Bp Bg
n 2Pg+d {n_ a¥28, 4 A2Pp 4 4n 2/3g+d}

Tra5y T 128,

) o (

TTa5, T d+25p

)

Proof. The proof of part (iii) was given earlier. The remaining parts are proved in
the Appendix of our technical report. O

We conclude from this theorem that the savings in variance that comes with
using ES’;?Z 0 (5 (TT)) rather than g (’7’, 5) is asymptotically negligible even
in regard to constants. Similarly, we conclude that the difference in variance that
comes with using 1 j (T, 5) rather than ]HFZZ;;C o ([9\) is asymptotically negligible,

U*test-L

2,27:() (5(7’7) ’TT)}

and varg [Q2,2,?k o (5)] are of the order of o (%) as their first order degenerate

kernels are both of order o, (1), and N o {TZ)Q’]C (T, 5) — By |:1ZJ2,]€ (T, tz)\)}} is
asymptotically normal, we conclude that

w5 s (0) - £ e (0)]}.
ot {esgn, (06N)} [esi, () - e 5, (000)]]

and n%ﬂ’v (@\) {¢2 k (7’, ) FEy [wg k <T, é\)}} are all asymptotically nor-
mal with the same asymptotic variance.

again even in regard to constants. Further, because vary [

Steat

test
2,7k (¢ ES

2 T)C(

It then follows that a necessary condition for the intervals based on 5 j (TT, @\),

ES;‘%(.) (@\(7)), and 7 (5) — 7 to cover 7 (#) = 71 at the nominal 1 — o level as
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n — 00 is that

v (5)_1E9 {wz,k (TTyé\)} )
varg ) {Es;fgz o (5 (TT)) }*1 Ey [Eggf»;z (5(70)}

N __4p +
and Ey [Tg’k (9) — TT} are O (n 1A+ ”).
Now we know under the assumptions of Theorem 6.11 that this necessary condi-
~ —1 X ~
tion holds for v (9) FEy [wg, k (TT, 0)] since v (0) is bounded away from zero and

. _( Bg o _Po_ o _Pp __48 .
one and, by assumption, n \2#gFd T d¥20 T d¥20 ) = O, (n 4B+d). However, this

necessary condition need not hold for either

varg,,, (Bt () B (B (9(1))]

or Fy |:7'27k (5) — TT}. For example, consider the following specification consistent
with our assumptions: 8,/d = 0, 5,/d = B4/d = 1/4. Then B/d = 1/8, so

_(_Bg Bp Bp Y N
n (oma+ artes +aidsy) — n~ 1+ = n~ /3 However, Ey [7’27}C (9) — TT} converges

_ _Bp__ 1
to zero at rate n 9t2F = n~ 5. Next

varg {Es;fgz 0 (5 (TT)) }*1 Eg [ES;;Z (§(TT))}
28p

B
=0, (n_(d+2bﬁb+d+25p)> —p—1/6 >0, (nfﬁJrg) _ n,1/3+0’

for small 0. We conclude that the intervals based on ESéef_vz 0 (5 (T)) and 7o (é) -

7 fail to cover 7y (§) = 71 at the nominal 1 — « level uniformly over © as n — oco.
We reach the identical conclusion with regard to the parameter 7 (6) because under

our assumptions |7 (0) — 7% (0)| = O, (n7 T +U).
Furthermore, by the argument used in the proof of Theorem 6.9, it is easy to
45
see that the length of each interval is O, (k/n?) = O, (ni 45+d+">. It follows that

if we try to improve the coverage of the intervals based on ES?%(.) (5 (7‘)) and

T2k (5) — 7 by further increasing k, the length of the intervals will increase beyond

43 PR
Op (n_ ip+d +‘7). We conclude that the interval based on 9, ( 7,60 ) is strictly pre-

ferred to the other two intervals when §,/d =0, 8y/d = 8,/d = 1/4 and is never
worse in terms of shrinkage rate and coverage than the other two intervals whatever
be B,, By, and By. We reach the identical conclusion with regard to the coverage
of the parameter 7 () because, under our assumptions including our choice of k,

~ __48 __46 __4B .
|7(8) — 7% (8)] = Op (n 5+ ) and n~ 77 < n~ 3+ 77 the order of the interval
lengths.
These results translate directly into analogous results concerning the associated

estimators. Under our assumptions the estimator solving v, j (7‘, é\) = 0 converges

~ __48
to both 7 (0) and 7 () at rate O, (n 15+d +‘7). In contrast the rate of convergence
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of 71 (5) and the estimator solving Egge%i 0
T (0) at the rates given in (iv) and (v) of Theorem 6.11.

(5(7’)) = 0 converge to 7 (6) and

What is the intuition behind the above findings? First note that, as promised
by Theorem 2.2 and part (vii) of the theorem in the last subsection, the bias away

from zero of varg i, { S;eji() (5(74))}71 FEy {ES?&Z (é(TT))] , Ey [Tz,k (5) —

T (0)], and v (9>_1 Ey [¢2,k (TT, g)} are all O, (‘ ‘(9\— 0 H3> However the nature

~ 3
and convergence rate of the O, <‘ ’9 -0 H ) term can vary markedly between es-

timators, attaining a minimum for Ey [Q/JQ’k (TT, 5)} Now it is not surprising that,
for the same order of variance, the order of Fjy |:T2}k (5) — T (9)} often exceeds
that of Ey {’(/Jg)k; (TT, é\)} Confidence intervals for 7}, (6) based on 72 j (5) are cen-
tered at (i.e are symmetric around) 7o (é\), which is a quite stringent constraint

on the form of the interval. In that sense, intervals based on 73 j (é\) are a higher

order generalization of the first order asymptotic Wald intervals for 73 (0). It is
well known that when 7 (f) is an implicit parameter that sets a functional such

as {/;k (1,0) to zero, first-order Wald confidence intervals are often outperformed
in finite samples by confidence sets obtained by inverting a ‘score-like’ test based
on first order ‘estimating functions’ for the functional that depend on the para-
meter T and, frequently, on estimated nuisance parameters as well, although this
fact is not reflected in the first order asymptotics. Our example is higher order

version of this phenomenon, where the benefit of the interval lea 7 e obtained

by inverting tests based on the estimating function s j (T, §) for the functional
Uk (1,0) is clearly and quantitatively revealed by the asymptotics. Note that, like
first order Wald intervals, the interval based on 73 j, (é\) will differ from the interval

for 71, () based on applying an inverse nonlinear monotone transform h=!(-) to
the end points of a Wald interval for the transformed parameter h {7 ()} that is

centered on h (7), , (5) =h (?k (5)) +1F, h(7 () (5) In contrast, like first order
score-based intervals, the intervals based on v j (T, é\) and ESteSt ) ((/9\ (TT)) are

invariant to monotone transformations of the parameter 7y (6).
More interesting and perhaps more surprising is that, for the same order of

-~ -1 -~
variance, the order of Ej [var {ES;”Z 0 (6 (TT)) } IES;e»jv: (9 (TT>):| exceeds

that of Ey |:1/J2’k (’TT, 9)] . The surprise derives from a failure to recognize that The-

orem 6.5 is simply too general to help select among competing procedures . For
example, this theorem implies that under law 6 (TT), (a) the variance

VTGt {Egéeiim (5(”))}71
of

o {252 (0)} o [t (5100)]
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is less (and generally strictly less ) than the variance of
~ -1 ~
v (9 (T‘L)> FEy [1,/127;C (TT,Q (TT))} ,

~ 3
while (b) both have bias of O, (HH (1) -0 H ) At first blush, this might sug-

gest that the estimator solving ES’;?Z (5 (7)) = 0 would likely have the same

bias but smaller variance than the estimator solving s j (T, 5) = 0. But we have

seen that just the opposite is true. The reason is that the difference between
the variances in (a) is negligible in the sense that their ratio is 1 + o, (1), while

~ 3
the O, (HH (TT) —0 H > biases are often of quite different orders with that of

~ -1 ~
v (9 (TT)) Ey |:’L/127k (H7 0 (TT>):| always a minimum. Furthermore, the theory of
higher order estimation and testing influence functions, as a theory of score func-
tions, is, in itself, insufficient to order these biases. Rather side calculations were
required. See Remark 4.3 above for further discussion.

More generally, whenever the functional ¢ (7,0) is in our doubly robust class,
Equation (4.1) holds so wef 7 is rate minimax (or near minimax if o is chosen posi-

tive), and the suppositions of Theorem 6.1 hold for ¢ (1) = ef 7 (7), Theorem 6.1
then implies the width of the interval estimator for 7 (6) based on wef f (1) converges

to zero at the convergence rate of u)eff (1) to ¥ (7,0).

Appendix

In the following, we assume all parametric submodels are sufficiently smooth and
regular that expectation and differentiation operators commute as needed. We also
define IF; ; to be IF;.

Proof of Theorem 2.2. Define the bias function B, [07,6] of IF, (§) to be
Eyi [IF,, (0)]. Define

Bm,l s [9 0}

s

OB [0(57),0(5)] /05,057, 051,,...05,

g*:5—1{9}7<:5—1{9}7

where we reserve # for differentiation with respect to the first argument of By, [-, -].
Thus for s < m,

Wiy, (0) = Bz a2 0, 0]
To prove the theorem we will first need to show that:
(A.l) Bm,lj.“lj*.ljﬂ,...ls [9, 9] =0form>s>35>0
To this end note that for j < m,
’(/}\ll dia ( ) = aw\ll»..l]‘ (9) /8§l1+1 = 8Bm,l{...l; [‘979] /a§lj+1
= B gz, 10,0] + Byt 16, 0]
- w\h djga ( ) + Bm,lfml;l_ﬂ-l [07 9] 5
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where the second equality is by the definition of IF,, (#), the third is by the chain

rule, and the fourth is again by the definition of IF,, (8). Hence Bm,l;”l;lﬁl [6,60] =
0. Hence for j < m — 2,
0=0Bmy..151,4, [0,0] /Oc; ...
= B g5z 4500 [0, 0] + Byt 1,1 [0, 0]
=04 By 150100 0,0],
where the last equality holds because we just proved Bm,l;...l;lj 1 10,0] = 0 for

arbitrary indices. Iterating this argument proves (A.l). We complete the proof
by induction on s for some s < m. Given a s = 1 dimensional regular paramet-
ric submodel 6 (), Ey(q) [IF, (0 (s))] = 0 by assumption. Hence, by regularity of
the model, 0 = By, 1z [0,0] + B, [0,0]. Therefore By, [0,0] = —\, (0). Now
suppose the theorem is true for s. Then

iy, (0) = =0\, 1, (0) /Oqi,,
= aBm,lL»-ls [67 9] /a§15+1
= B, 1.0, 10,0] + Bty o,y 10,0]

et

= 0 + Bm,llu.lSJrl [97 9] 9

where the second equality is by the induction assumption, the third by the chain
rule, and the last by Equation (A.1). O

Proof of Theorem 2.3. (1) Consider two influence functions IF(! (6) and IF( (6)
for 4 (). Then Eq [{mg) (6) — IF® (9)}%5 (9)] = 4y (6) — g, () = 0 for
any score gs 7. (0),s < m and hence for any linear combination of scores. But,
by definition, linear combinations of scores are dense in I'y, (6). Thus IF'!) () and

IF? () have the same projection on Iy, (6). (2-3): Essentially immediate from the
definitions. (4): For t < s,

by, () = Eo [T, (6)S,7, (6)] = Eo [T,o [IF (0) Uy (9)]8,5, (6)
for any gt 7, (0). (5.a): follows from (1). (5.b): follows from (4). Degeneracy of
IF,m (0) follows at once from the fact that IF,,, (6) € Up,—1 (09)L in Uy, (6). Proof
of part (5.c) requires the following. O

Lemma A.1. Suppose, for m > 1, IFy, n, (0) and if, L (OO ) (Oim+1;9)
’ i1 Ui

m,m

exist w.p.1 for a kernel IF,, ,, (8). Let f (O;é(g)), T = (¢1,...,¢s), denote an

arbitrary smooth s-dimensional parametric submodel. Let Iy € {1,2,...,s}, and
S1, (O) be the score for (;, evaluated at 6. Then,

im ;.) (Oim+1 ) 9) Si, (Oim+1)) _ifm,m,\lt (Oi17 R Oim ; 9)7
and i fr.m (Osy, ..., 04,,;0) s1, (04,,) each have the same mean given O, ..., O

Tm

(11) E [ifm,m,\lt (Oi17 CEEX Oz,,,y 9) |011 PIR) Oim_g] = 07
(iii) Ep [z Frigam (0n o) (Oinini0) [0sys o, oimfz,oimﬂ] =0, so0

m,m

(i) _ifl,if'*”m(oil,i..,o

m,m

im,—17

im 3"

1[0 O] 0]

=TL[V [ify 7 (01,00 2) Qi 0)| W (0) N5 )]
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(iv) TFy, 0\, (0) satisfies Iy []IFm,W\lt (0) Up—2 (0)] =0 and

Ty [TF i, (0) U1 (0)] = —V [mEe [IFSW ©) 04, ..., OWIH .

m,m,\ly ﬂm

Proof. (i) By IF), ., () degenerate,

B [1F, 7 (00412, 0,
— _F, [IFm i (0)51,(04,) 04y oim} .

Further, by definition,

(0 e Oign ) (0i14130) 51, (0i42) |0y, - Oim}

= By [T,y o 0104104,

Eg [Zf1 lfsym

(ii) By IFy,m (0) degenerate 0 = Ej [IF = (0)s1,(0:,)|0i,, -, Oimﬁ}

M,M, e,

w.p.1 and so (ii) follows from (i).
(iii) (i) and (ii) imply

0= Ep [ifl,iffﬂ:"n(Oil,...,Oimp) (Oim+1 ; 9) Sl (Oim+1) 10i, -, Oimﬂ}

B[ o ) Onni)On O

X 81, ( Zm+1) ‘OZI,...,Oimiz] .

.....

But, by sy, (Oimﬂ) an arbitrary mean zero function,

Eo {"fl,z‘ffﬁm(oil,...,

n,m

im s

00) (040 10) 1011, Oty oi,,H}
0

(iv) By definition,

g (It (6) s O] =V ({1 = g} {IF 5, O)}] -

The result follows by Equation (2.1) and part (ii). O

Proof of Theorem 5(c)(ii). Consider a m-dimensional parametric submodel

=1
with Fy [a (O)] = 0. Since this model is linear in the Cj, Ny, (0450) = 0 for

m > 1. Hence S 7. (0) is degenerate of order m, i.e., S . () € UL, (). Since
IF,,—1 (0) exists, on setting Iy = s for s =1,...,m,

0 56) T =0, 0 s 05, 0]
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Differentiating the last display with respect to (,, and evaluating at ( = 0, we
obtain

b, (0) = Eo 1 0)S,,5, 0] + Eo [ 11, 08,17, , )]
=Fy [qu,\zm (9) gm—l,imfl (0)} :
Now
Ey []HFm—l,\lm (0) gmq,im_l (0)}
= Ey [HFm—z\lm 0)S,, 11, ., (0)} + & {mm_l'm_ml’” ©)8,-17,.., )]

- m—1
Setting s;, (0;,,0) = a, (0i,), S,, 17 (0) =32 .4 I ar(0;,;0) is de-

r=1
generate of order m — 1 so

Ey [HFm—ljn—l,\lm 0)S,, 11, (9)}

m—1
= ( - 1)|E9 <|: myn; m—1\lp, (Oil’ T lm 13 :| H ar 01’70 )

and Fjy []HFm,g,\lm (6) Sp_17,_, (9)} = 0. Hence

m—1
g, (0) = (m—1)By (,fmy tmtns, (Oinse . 04,130 Har OZT,0>
r=1

Now, by the assumed existence of IF,, (), we also have Wi, (0) = Ey [IF,, (0) x
S (0)} = mlE, < W (O, 00,56) T ar (O, ,9)). It follows that, for any
choice of m — 1 mean zero functions a, (O) under 0,

0=FEp i fnymi m—1\lm (Ohv"'aoim,l;e)
—mEBq [ifs¥7 (04, -+, 04,:0) i (01,50 |04y ..., 05, ]

21 Tm

X ]j Qg (OZT,0)>

where

r (Oil, .- .,Oimfl;e)

= dmfl 0 |:Z ;Lyinl’m,L\lm (Oi17 BN Oim—l;e)]
—mEy [z (O ,04,,50) 0 (O4,30) |04y - Oimq] .

The last equality follows from

ifom (OO 150) = 1 [0, (O, 04,130)]

m—1,m—1\l,, m—1,m—1\lm,
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m—1
orthogonal to [ a, (O;,;6). We conclude r (O;,,...,0;, _,;6) = 0 with probabil-
r=1
ity 1 because r (O;,,...,0;, _,;0) is a degenerate U-statistic kernel of order m — 1
and all degenerate U-statistics of order m — 1 have kernels that are the (possibly
infinite) sum of products of m — 1 mean zero functions. It follows that, on a set

O,n—1 which has probability 1 under F(™=1 (.;6),

sym ) ) .
i m—1,m—1,\l,, (0217"‘701711—179)

=Fy [{m X 1 Sym (0“, o050 1,05 s 0) am (Oim;e)}]

+ {I - dm—w} [Z :rf/:nl,m—l,\lm (07;1, e ,oimfl;ﬂ)}

:E0 |:{ 1 mXifr;y,%(oila"'voim—uo;o) }a (09):|
_Z;”:l iffnyinlmfl (oil,...,oijfl,O,oin,...,oim 1;0) mAT

since, by parts (i) and (ii) of the Lemma A.1 and Equation (2.1),

{I — dm—l,G} |:’L ;y:nl,m—l,\lm (Oil, e 0415 9):|

Sym . .
§ : —1,m—1 0117"'70ij_170a0ij+17~"50im—179)am(070)

Here I is the identity operator. Now since the model f (O,ﬁ(g)) = f(0;0) {1+

Cmam (0)} with ¢ = 0 for s < m has score a,, (O) and such scores are dense in the
subspace of Ly (F' (-;0)) with mean zero, it follows that i ;"] ,,, 1 (04, .+, 0i,_,;0)
has influence function

- psym .
m xify? (oil,.. 206, 1,0,9)

sym . . . .
E o1 m—1 (0i1--+0i;_1,0,0i,1, ..., 04, _,;0)
on the set O,,_1. Thus

m X afp Vi (0i17~-~70im_1;0im;9) =dme {zfl ifovm

1,m—1

(0iy+10ip _15°) (Oim;e)} '

Corollary A.2. Form > 2,

(A.2) g [TF 1 m—17, (0) U5 (0)] = —TTg [IFy, e, (6) Wm—l ()]

(A3) IF 2, (0) = Mg [T i, (0) Uy (0)]
By [Tt 08,7, 0)] =

(A.4) m!Ey ( o v (Ot 04 50) T] 81, (O, 0)) .

r=1
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Proof of Equation (A.2). By Lemma A.1 and Theorem 5c(ii),

My [IF 1, () U1 (6)]
—v [mEQ (IF;?{% 0) s1, (0:,,) Oy, - -, Oim,l)}

=V [mEe (mld"’“:{ifl’if;yfi,m_l(@l~~~10im1%') (Oim§9)} 51, (0i,,) |
X045, 04, ,)].

Now, by part (iii) of Lemma A.1 and Equation (2.1), the RHS is

V(B (ifyipmm(0nion ) Oini®)51,(01,)10, -, 01, )|
(e D E B0y 0000000
%51, (03,) 011, 01 1]}

= v [1Fm ©)] - v {m—1) B [1E7, (0)(0s,-,0i,i] }

m—1,m—1,\1; m—1,m—1,\[;

m—1

On the other hand, by part (iv) of the Lemma A.1,
IIy []I]mel,mfl,\lt (9) |u7%a_—2 (0)]
=V [IF,_1m-1,\, (0)]
_vy [( 1) E, [IFW (0) |O”1""’O”M*2H . O

m—1,m— 1\l,,zm 1

Proof of Equation (A.3). Write

IF, 1, (0) = Mg [T i, (0) Uy (8)] + {IL [IF5 2\, (6) [ty (6)] + IFy y, (6)}

m—1
+ > AT I v, (0) 1 (0)] + T [TF 5, (6) 424 (9)]}
j=2
The RHS is Iy [IF,, .\, (0) [U_, ()] by Equation (A.2). O

Proof of Equation (A.4).

By [P\t (0087, 0)] = Bo [W [ ,,s, (0) U (0)]S,,7, (9)]

by Equation (A.3). But the RHS of this equation is the RHS of Equation (A.4). O
Proof of Theorem 5c(i). By assumption

g, 0) = Eo (1 (0)S,,_17, , (9)).

m—1

Hence
U, (0) = Ep (11me1 ©)S,,7. (9)) + Ep []HFm—l,\lm S, 11, (9)} :

By Equation (A.4), and the assumption if," |, (Oi,,...,0;,;0) has an influ-
ence function, we obtain

Ey [P 1,0 08,417, , ©)]

= (m—1)!Ey <Z‘f17iffny_'”1'm_1(Oil,...,Oim1;.) (0i,,;0) S, (0;,,; 0 1:[ (Oi,;0) )
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We conclude that IF,, ,, exists and equals

Vm o {ify i (0400, 15) OmiO)]] =
Proof of Theorem 3.14. By Theorem 3.13,
IF 5 . () =if, 7 (04:0)
= Hi, ((0),5(0)) ~ D (6)
= 1 (00 b (Xi,:0) . 5(X30)) = (6),

and by part 5.c of Theorem 2.3,

Vi) = 5 {0 V[P (0 @] 0 ]

1,9
Now
IFLifl Zk (Oil ,~),i2 (9) = h;bv <0i1 y b (Xi1 5 9) ;5(Xi1 3 9)) IFl:l:(Xil ;_)71,2 (9)
+ (04, 8(X450) 5 (Xi,30)) IF, 5, ) ©).
where

b <0i1 ,b(Xi,30) 7]7(Xz‘1;9)) = Hy;,p(X;,;0) + Hay,

h (Oil,b(Xz‘l;@) ,ﬁ(Xil;e)) = H1,i15(X¢1;9) + Hs .

IF1,E(Xi1;-),i2 ) = IF, (Xiy 7)) st )

- =T
= Bi1Zki1]F1’%k(.)’i2 (9)

= 5.7, (B [P ZZL )} [{mD 060 + 1} P70

and

IF

e O = P70 B [PBEZZ) T [(H(X:0) + ) BZ4]

2

P15, (045 )

= —{H1p(X;0) + Ha},, Bn?;fil {Ee [PBH171€7ﬂ }71
X HH{E(X; 6) + Hg} PZ’“LZ
- {Hl’B(X; 0) + Hg} P 7, {Eg [PBHJJ{] }_1

< [{HhB(X:6) + Ha} BZ,]

a’Ild furtl (S}
1,9 2 1 -
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since
Eo |[{H\p (X:6) + Hy) BZ} — B, [{H{B(X; 6) + H3} P?k} —0

and thus I'F’

Lif ~ (Ony5)1in (0) is degenerate. Because IF) ;, _ (01y:) iz (0) has two
1,9, 1,9

terms, it appears that 1 F22 T will consist of two terms. However by the symmetry

upon interchange of i and i1, and the permutation invariance of the operator V

\Y [IFl,ifl = (04y:0).i2 (0)]

—2{H\p(X,6) + Ha},, BiZ,, {Eg [PBHjjﬂ }_1
x [Z {H{E(X, 0) + Hg} P]

iz

Thus we can take

IF

22,112

. . T .. — —71) !
— — {Hip(X,0) + Ha},, BuZy, { Eo |PBHZ47, ] |

x [Z {ng(X, 0) + Hg} P] |

2

as was to be proved. We now complete the proof of the Theorem by induction. We

assume it is true for 1 F o= and prove it is true for I F ( Now

Drim mA 1) (mA1) i1

v {IF(m+1),(m+1),1Zkim+1 (9)} =

l ym
IF o0 (05 )i (0) [Um” ™ (9)” .

1
—V |1Ig
m

m,m, g

Now by the induction hypothesis,

T (ogm,a)
—(—1)™ ! [(Hlﬁ 0) + HQ) BE{}

i1
m - PBH\Z:Zy, )
| L pomzzi] —(Ee [Pgﬂz)z]

| [P 22|} (20 (1B 0) + 1) ]

12

The derivatives with respect to the @'s in P (6), B (6) and in the m — 1 terms
s = ST T .

{Eg [PBHl Zka} } will each contribute a term to V [IF(m+1)(m+1),Jk . (9)} )

However differentiating with respect to the 6 in the m — 2 terms FEy {PBH 17k7ﬂ

will not contribute to V [IF(m+1),(m+1),{Ek Tir

of these m — 2 terms to IFl’ifm,m,Zk (Ogmﬂ) it

data and is thus an element of U, (f) which is orthogonal to the space Upy® ™ 9)

(0)} as the contribution from each

(9) is only a function of m units’
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that is projected on. Now

IF, to [ppmz,2) s )
o [ (PBHZZ) o
S { By [PBlekZﬂ} ' EEQ [};B;'“Zzgﬁ {Eg [PBlekZﬂ} "

so upon permuting the unit indices, the contribution of each of these m — 1 terms

to IFl’ifmm,wk (O;mﬂ),imﬂ () is
(A.5) (-t [(Hlﬁ 0) + HQ) BZZ]“
mt1 L (PBlecff)'
[t pomnay{ R

{5 [Pz 2|} (2 (1B 0) + 1) P

12

which is already degenerate ( i.e., orthogonal to U,, (6)). Differentiating with respect
to the 0's of P (6),B(0) in IF, i~ (05 ) ims (9) we obtain

“mum Ly ( tm

m— 51
G VA e N () [Hlek}

1T {6 [P 2.7} {(PBHIZEZ)i

i1

—E, {PBHEJZ} }

X
s=3 s
{5 [pomz,7E) ) (20 (0B 0) + 1) P
+(-1)m [(Hlﬁ 0) + Hz) BZZL X
[[{&[penzz]) | (pen2Z)) - epon2Zl]} |~

s=3
[ZCHlP} IF, 5, i ©)

Substituting in the above expressions for IF1$(X7-,1 ,-),im+1(9) and IFL?(XQ ,4),im+1(9)’

then projecting on Z/l#”m+1 (0), and again permuting unit indices, we obtain two
identical terms both equal to Equation (A.5). Thus we obtain m +1 identical terms

in all. Upon dividing by m+1, we conclude that V [IF(m+1),(m+1),{Ek Foin

V operating on (A.5), proving the theorem. O

(0)| equals
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