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1. Introduction

The construction of tests for hypotheses on the coefficient vector in linear re-
gression models with dependent errors is highly practically relevant and has
received lots of attention in the statistics and econometrics literature. The main
challenge is to obtain tests with good size and power properties in situations
where the nuisance parameter governing the dependence structure of the er-
rors is high- or possibly infinite-dimensional and allows for strong correlations.
The large majority of available procedures are autocorrelation-corrected F-type
tests, based on nonparametric covariance estimators trying to take into account
the autocorrelation in the disturbances. The tests currently used can roughly be
categorized into two groups, the distinction depending on the choice of the criti-
cal values. The first group of such tests is based on critical values obtained from
an asymptotic framework in which the nonparametric covariance estimators are
consistent, and where the asymptotic distribution of the F-type test statistic un-
der the null hypothesis is a x? distribution. Quantiles of this limiting distribution
are then used for testing. Concerning these tests, important contributions in the
econometrics literature are Newey and West (1987), Andrews (1991), Andrews
and Monahan (1992), and Newey and West (1994). Tt is safe to say that using F-
type tests based on x? critical values and the covariance estimators introduced
in the latter two articles currently constitutes the gold standard for the testing
problem under consideration. In contrast to the estimator suggested earlier by
Newey and West (1987) - structurally 27 times a standard kernel spectral den-
sity estimator (Bartlett (1950), Jowett (1955), Hannan (1957), and Grenander
and Rosenblatt (1957) Section 7.9) evaluated at frequency 0 - the covariance
estimators suggested in Andrews and Monahan (1992) and Newey and West
(1994) both incorporate an additional prewhitening step based on an auxiliary
vector autoregressive (VAR) model, as well as a data-dependent bandwidth pa-
rameter. A distinguishing feature of the estimators introduced by Andrews and
Monahan (1992) on the one hand and Newey and West (1994) on the other hand
is the choice of the bandwidth parameter: Andrews and Monahan (1992) used
an approach introduced by Andrews (1991), where the bandwidth parameter is
chosen based on auxiliary parametric models. In contrast to that, Newey and
West (1994) suggested a nonparametric approach for choosing the bandwidth
parameter. Even though simulation studies have shown that the inclusion of a
prewhitening step and the data-dependent choice of the bandwidth parameter
can improve the finite sample properties of the tests obtained, these more so-
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phisticated tests still suffer from size distortions and power deficiencies. For this
reason Kiefer, Vogelsang and Bunzel (2000), Kiefer and Vogelsang (2002), and
Kiefer and Vogelsang (2005) suggested a different asymptotic framework for ob-
taining critical values. Their framework, in which the bandwidth parameter is a
fixed proportion of the sample size, leads to inconsistent covariance estimators
and to a non-standard limiting distribution of the corresponding test statistic
under the null hypothesis, the quantiles of which are used to obtain tests. In
simulation studies it has been observed that these tests still suffer from size dis-
tortions in finite samples, but less so than tests based on x? critical values. How-
ever, this is at the expense of some loss in power. Furthermore, simulation results
in Kiefer and Vogelsang (2005) and Rho and Shao (2013) suggest that the finite
sample properties of tests based on non-standard critical values can be improved
by incorporating a prewhitening step. In the latter paper it was also shown that
the asymptotic distribution under the null of the test suggested by Kiefer, Vo-
gelsang and Bunzel (2000) is the same whether or not prewhitening is used.

A number of recent studies (Velasco and Robinson (2001), Jansson (2004),
Sun, Phillips and Jin (2008, 2011), Zhang and Shao (2013)) tried to use higher
order expansions to uncover the mechanism leading to size distortions and power
deficiencies of the above mentioned tests. These higher-order asymptotic results
(and also the first-order results discussed above) are pointwise in the sense that
they are obtained under the assumption of a fixed underlying data-generating-
process. Hence, while they inform us about the limit of the rejection probability
and the rate of convergence to this limit for a fixed underlying data-generating-
process, they do not inform us about the size of the test or its limit as sample
size increases, nor about the power function or its asymptotic behavior. Size
and power properties of tests in regression models with dependent errors were
recently studied in Preinerstorfer and Potscher (2016): In a general finite sam-
ple setup and under high-level conditions on the structure of the test and the
covariance model, they derived conditions on the design matrix under which
a concentration mechanism due to strong dependencies leads to extreme size
distortions or power deficiencies. Furthermore, they suggested an adjustment-
procedure to obtain a modified test with improved size and power properties.
Specializing their general theory to a covariance model that includes at least all
covariance matrices corresponding to stationary autoregressive processes of or-
der one (AR(1)), they investigated finite sample properties of F-type tests based
on non-prewhitened covariance estimators with data-independent bandwidth pa-
rameters (covering inter alia the procedures in Newey and West (1987), Sections
3-5 of Andrews (1991), Hansen (1992), Kiefer, Vogelsang and Bunzel (2000),
Kiefer and Vogelsang (2002, 2005), Jansson (2002, 2004), but not the methods
considered by Andrews and Monahan (1992), Newey and West (1994) or Rho
and Shao (2013)). In this setup Preinerstorfer and P6tscher (2016) demonstrated
that these tests break down in terms of their size or power behavior for generic
design matrices. Despite this negative result, they also showed that the adjust-
ment procedure can often solve these problems, if elements of the covariance
model which are close to being singular can be well approximated by AR(1)
covariance matrices.
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Preinerstorfer and Pétscher (2016), however, did not consider tests based on
prewhitened covariance estimators or data-dependent bandwidth parameters.
Therefore the question remains, whether the more sophisticated tests typically
used in practice, i.e., tests based on Y2 critical values and the estimators by
Andrews and Monahan (1992) or Newey and West (1994), and the prewhitened
tests based on non-standard critical values and data-independent bandwidth
parameters, i.e., tests as considered in Rho and Shao (2013), also suffer from
extreme size distortions and power deficiencies, or if prewhitening and the use
of data-dependent bandwidth parameters can indeed resolve or at least sub-
stantially alleviate these problems. In the present paper we investigate finite
sample properties of tests based on prewhitened covariance estimators or data-
dependent bandwidth parameters. In particular our analysis covers tests based
on prewhitened covariance estimators using auxiliary AR(1) models for the con-
struction of the bandwidth parameter as discussed in Andrews and Monahan
(1992), tests based on prewhitened covariance estimators as discussed in Newey
and West (1994), and prewhitened tests based on non-standard critical values
as discussed in Rho and Shao (2013). We show that the tests considered, albeit
being structurally much more complex, exhibit a similar behavior as their non-
prewhitened counterparts with data-independent bandwidth parameters: First,
we establish conditions on the design matrix under which the tests considered
have (i) size equal to one, or (ii) size not smaller than one half, or (iii) nuisance-
minimal power equal to zero, respectively. We then demonstrate that at least
one of these conditions is generically satisfied, showing that the tests considered
break down for generic design matrices.

It is important to stress that this generic negative result does not only apply
to tests based on x? critical values, or to tests based on one of the non-standard
critical values mentioned above. The result is applicable to every F-type test
based on one of the nonparametric covariance estimators considered and com-
bined with any (data-independent) critical value 0 < C' < co. Hence, the prob-
lem described by our generic negative result can not be resolved by simply
adjusting (data-independently) the critical value used.

Motivated by this negative result, we introduce an adjustment procedure.
Under the assumption that elements of the covariance model which are close to
being singular can be well approximated by AR(1) covariance matrices, we show
that the adjustment procedure, if applicable, leads to tests that do not suffer
from extreme size distortions or power deficiencies. Finally, it is shown that
the adjustment procedure is applicable under generic conditions on the design
matrix, unless the regression includes the intercept and the hypothesis to be
tested restricts the corresponding coefficient. On a technical level we employ
the general theory developed in Preinerstorfer and Potscher (2016). We remark,
however, that the genericity results in particular do not follow from this general
theory. Rather they are obtained by studying and carefully exploiting the specific
structure of the procedures under consideration.

The paper is organized as follows: The framework is introduced in Section 2.
In Section 3 we introduce the test statistics, covariance estimators, and band-
width parameters we analyze. In Section 4 we establish our negative result and
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its genericity. In Section 5 we discuss the adjustment-procedure and its generic
applicability. Numerical results are presented in Section 6. Section 7 concludes.
The proofs are collected in Appendices B-D. Appendix E contains tables for the
numerical results.

2. The framework

Consider the linear regression model
Y=X5+1U, (1)

where X is a (real) n x k dimensional non-stochastic design matrix satisfying
n > 2, rank(X) = k and 1 < k < n. Here, € R* denotes the unknown
regression parameter vector, and the disturbance vector U = (uy,...,u,)" is
Gaussian, has mean zero and its unknown covariance matrix is given by o2X.
The parameter o2 satisfies 0 < 02 < oo and ¥ is assumed to be an element of
a prescribed (non-void) set of positive definite and symmetric n x n matrices
¢, which we shall refer to as the covariance model. Throughout we impose the
assumption on € that the parameters ¢ and ¥ can be uniquely determined
from o2¥.

Remark 2.1. The leading case we have in mind is the situation where uy, ..., u,
are n consecutive elements of a weakly stationary process. In such a setup a co-
variance model is typically obtained from a prescribed (non-void) set of spectral
densities F. Assuming that no element of F vanishes identically almost every-
where, the covariance model corresponding to F is then given by

C(F) ={%(f): feF},
with

S0 = ([ ew-oi-prmar/ [Cron) e

n

—m i,j=1
and where ¢ denotes the imaginary unit. Every such X(f) is positive definite and
symmetric. Furthermore, since Y(f) is a correlation matrix, 02 and X(f) can
uniquely be determined from o?%(f). As outlined in the Introduction the tests
we focus on in this article are particularly geared towards setups where F is a
nonparametric class of spectral densities, i.e., where the corresponding set €(F)
is rich. A typical example is the class F¢, which consists of all spectral densities of
linear processes the coefficients of which satisfy a certain summability condition,
i.e., spectral densities of the form
2

R

f) = @m)™

ch exp(—tjA)
7=0

where, for a fixed £ > 0, the summability condition 0 < 372, §élej] < oo is
satisfied. We observe that €(F¢) contains in particular all correlation matrices
corresponding to spectral densities of stationary autoregressive moving average
models of arbitrary large order.



2102 D. Preinerstorfer

The linear model described in (1) induces a collection of distributions on
(R™, B(R™)), the sample space of Y. Denoting a Gaussian probability measure
with mean € R™ and covariance matrix 02X by P, ;s and denoting the
regression manifold by 9t = span(X), the induced collection of distributions is
given by

{Puoes i p €M 0<0? <o0,% €C}. (3)

Since every ¥ € € is positive definite by definition, each element P, ,25 of
the set in the previous display is absolutely continuous with respect to (w.r.t.)
Lebesgue measure on R™.

In this setup we shall consider the problem of testing a linear hypothesis on
the parameter vector 3 € R¥, i.e., the problem of testing the null R = r against
the alternative RS # r, where R is a ¢ X k matrix of rank ¢ > 1 and r € RY.
Define the affine space

My={peM:pu=Xpand R3 =r}

and let
My =MM\My={peM:u=Xpand RB#1r}.

Adopting these definitions, the above testing problem can be written as
Hoy:p€eMy, 0<0? <00, 8€C vs. Hi:peM,0<0? <00, Led, (4)

where it is emphasized that the testing problem is a compound one. It is imme-
diately clear that size and power properties of tests in this setup depend in a
crucial way on the richness of the covariance model €.

Before we close this section by introducing some further terminological and
notational conventions, we comment on how the fixed-design-assumption and
the Gaussianity-assumption above can be relaxed:

1. We remark that even though our setup assumes a non-stochastic design
matrix, the results immediately carry over to a setting where the data
generating processes of the design and the disturbances are independent
of each other. In such a setup, which covers many relevant scenarios, e.g.,
most simulation examples in our key references Andrews and Monahan
(1992), Newey and West (1994), and Rho and Shao (2013), our results
then deliver size and power properties conditional on the design, which,
in the tradition of conditional inference, might be considered as the more
relevant criterion, because X is observable (e.g., Robinson (1979)).

2. The Gaussianity assumption might seem to be restrictive. However, as in
Section 5.5 of Preinerstorfer and Potscher (2016), we mention that the
negative results given in Section 4 of the present paper immediately ex-
tend in a trivial way without imposing the Gaussianity assumption on the
error vector U in (1), as long as the assumptions on the feasible error
distributions are weak enough to ensure that the implied set of distribu-
tions for Y contains the set in Equation (3), but possibly contains also
other distributions. Furthermore, by applying an invariance argument (ex-
plained in Preinerstorfer and Pétscher (2016) Section 5.5) one can easily
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show that all statements about the null-behavior of the procedures under
consideration derived in the present paper carry over to the more general
distributional setup where U is assumed to be elliptically distributed. This
is to be understood as U having the same distribution as moX'/2E, where
0 <o <o, X €€ Eisarandom vector uniformly distributed on the
unit sphere S"~!, and m is a random variable distributed independently
of E and which is positive with probability one.

We next collect some further terminology and notation used throughout the
whole paper. A (non-randomized) test is the indicator function of a set W €
B(R™), i.e., the corresponding rejection region. The size of such a test (rejection
region) is the supremum over all rejection probabilities under the null hypothesis
I’I()7 i.e.,

sup  sup sup P, 25 (W).
HEMH 0<o2< 00 LEC

Throughout the paper we let Bx(y) = (X’X)f1 X'y, where X is the design
matrix appearing in (1) and y € R™. The corresponding ordinary least squares
(OLS) residual vector is denoted by ix (y) = y — XBx (y). The subscript X is
omitted whenever this does not cause confusion. Random vectors and random
variables are always written in bold capital and bold lower case letters, respec-
tively. We use Pr as a generic symbol for a probability measure and denote
by E the corresponding expectation operator. Lebesgue measure on R™ will be
denoted by Agn. The Euclidean norm is denoted by ||-||, while d(z, A) denotes
the Euclidean distance of the point € R™ to the set A C R™. For a vector x in
Euclidean space we define the symbol (z) to denote +x for  # 0, the sign being
chosen in such a way that the first nonzero component of (x) is positive, and we
set (0) = 0. The j-th standard basis vector in R"™ is denoted by e;(n). Let B’
denote the transpose of a matrix B and let span (B) denote the space spanned
by its columns. For a linear subspace £ of R™ we let £ denote its orthogonal
complement and we let 11, denote the orthogonal projection onto L. The set
of real matrices of dimension m x n is denoted by R"*™. Lebesgue measure
on this set equipped with its Borel o-algebra is denoted by Agmx~. We use the
convention that the adjoint of a 1 X 1 dimensional matrix D, i.e., adj(D), equals
one. Given a vector v € R™ the symbol diag(v) denotes the m x m diagonal
matrix with main diagonal v. We define

Xo={X e R : rank(X) = k},
i.e., the set of n x k design matrices of full rank, and whenever k > 2 we define
X0 = {X’ e R =1 rank((ey, X)) = k} )

which is canonically identified (as a set) with the set of n x k design matrices of
full column rank the first column of which is the intercept ey = (1,...,1)" € R™.
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3. Tests based on prewhitened covariance estimators

In the present section we formally describe the construction of tests based on
prewhitened covariance estimators. These tests (cf. Remark 3.4 below and the
discussion preceding it) reject for large values of a statistic

NQZ%M@WQ%MM@mim¢mm%

else,

(5)

where

Qy) = nR(X'X) " (y)(X'X) 'R,

and

N*(Q) = {y € R™ : Q(y) is not invertible or not well deﬁned} .

The quantity 1\ appearing in the definition of Q) above denotes a (VAR-) pre-
whitened nonparametric estimator of n = E(X'UU’X) that incorporates a band-
width parameter which might depend on the data. Such an estimator is com-
pletely specified by three core ingredients: First, a kernel x : R — R, i.e., an even
function satisfying «(0) = 1, such as, e.g., the Bartlett or Parzen kernel; second,
a (non-negative) possibly data-dependent bandwidth parameter M; and third, a
deterministic prewhitening order p, i.e., an integer satisfying 1 <p <n/(k+1)
(cf. Remark 3.2). Specific choices of M are discussed in detail in Section 3.1.
All possible combinations of k, M and p we analyze are specified in Assumption
1 of Section 3.2. Once these core ingredients have been chosen, one obtains a
prewhitened estimator \il, which is computed at an observation y following the
Steps (1) - (3) outlined subsequently (cf. also den Haan and Levin (1997)). We
here assume that the quantities involved (e.g., inverse matrices) are well defined,
cf. Remark 3.1 below, and follow the convention in the literature and leave the
estimator undefined at y else. Using this convention \il(y) is obtained as follows:

1. To prewhiten the data a VAR(p) model is fitted via ordinary least squares
to the columns of V(y) = X' diag(%(y)). One so obtains the VAR(p) resid-
ual matrix Z(y) € RF*("=P) with columns

p
2 ) = V(y) = D AP W)V () forj=p+1,....n
=1

The k x (kp)-dimensional VAR(p)-OLS estimator is given by

A0) = (AP ), AP W) = L) ()W)

where V,(y) = (V.(,H_l) )y, Vin (y)) € RF*("=P) and the j-th column of

~ . . /
Voly) € R¥X ) equals (V)1 (), -, Vs (), V5 () € R¥P for j =

1,...,n — p. In matrix form we clearly have Z(y) = V,(y) — A®) (y)Vo(y).
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2. Then, one computes the quantities

1 n—p 5 71 : ; —p—
fz(y) _Jn» Ej:i+1 Zj (y)Z.(jfi)(y) f0<i<n-p-1,
I'(y) if0<—i<n—p—1,

and defines the preliminary estimate
Uy)= Y,  w(i/My)Tiy),

where in case M (y) = 0 one sets x(i/M(y)) = 0 for i # 0 and «(i/M(y)) =

k(0) for i = 0. )
3. Finally, the preliminary estimate W(y) is ‘recolored’ using the transforma-
tion

Remark 3.1. The construction of U (y) outlined above clearly assumes that (i)
A®)(y) is well defined, which is equivalent to rank(Vy(y)) = kp; that (i) M(y)
is well defined, which depends on the specific choice of M (cf. Section 3.1); and

that (iil) Iy — >0, Az(-p)(y) is invertible.

Remark 3.2. By assumption, all possible VAR orders p we consider must
satisfy p < n/(k + 1). This is done to rule out degenerate cases: for if p >
n/(k + 1), then rank(Vy(y)) < kp would follow because of Vy(y) € RFP*(n=p),
Hence the covariance estimator would nowhere be well defined for such a choice,
because (i) in Remark 3.1 would then clearly be violated at every observation
Y.

Remark 3.3. In the present paper we focus on VAR prewhitening based on
the OLS estimator. This is in line with the original suggestions by Newey and
West (1994), as well as with Rho and Shao (2013). Alternatively, for p = 1,
Andrews and Monahan (1992) suggested to use an eigenvalue adjusted version

of the OLS estimator, the adjustment being applied if the matrix I, — flgl)(y)
is close to being singular. We shall focus on the unadjusted OLS estimator for
the following reasons: Newey and West (1994) reported that the finite sample
properties show little sensitivity to this eigenvalue adjustment. Furthermore, it
is the unadjusted estimator that is often used in implementations of the method
suggested by Andrews and Monahan (1992) in software packages for statistical
and econometric computing (e.g., its implementation in the R (R Core Team
(2016)) package sandwich by Zeileis (2004), or its implementation in EViews,
e.g., Schwert (2009), p. 784.). We remark, however, that one can obtain a neg-
ative result similar to Theorem 4.2, and a positive result concerning an adjust-
ment procedure similar to Theorem 5.4, also for tests based on prewhitened
estimators with eigenvalue adjustment. Furthermore, we conjecture that it is
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possible to prove (similar to Proposition 4.5) the genericity of such a negative
result, and to show that one can (similar to Proposition 5.5) generically resolve
this problem by using the adjustment procedure. We leave the question of which
estimator to choose for prewhitening to future research.

In a typical asymptotic analysis of tests based on prewhitened covariance
estimators the event N*(2) is asymptotically negligible (since ) converges to a
positive definite, or almost everywhere positive definite matrix). Hence there is

no need to be specific about the definition of the test statistic for y € N*(£2),
and one can work directly with the statistic

y = (RB(y) —r)' Q@ (y)(RB(y) — 7). (6)

which is left undefined for y € N*(Q). In a finite sample setup, however, one

has to think about the definition of the test statistic also for y € N*(Q). Our
decision to assign the value 0 to the test statistic for y € N*(Q) is of course
completely arbitrary. That this assignment does not affect our results at all is

discussed in detail in the following remark.

Remark 3.4. Given that the estimator § is based on a triple k, M, p that
satisfies Assumption 1 introduced below (which is assumed in all of our main
results, and which is satisfied for covariance estimators using auxiliary AR(1)
models for the construction of the bandwidth parameter as considered in An-
drews and Monahan (1992), for covariance estimators as considered in Newey
and West (1994), and for covariance estimators as considered in Rho and Shao
(2013)), it follows from Lemma 3.10 that N*(f2) is either a Agn-null set, or that
it coincides with R™. In the first case, which is generic under weak dimension-
ality constraints as shown in Lemma 3.11, the definition of the test statistic on
N* (Q) does hence not influence the rejection probabilities, because our model
is dominated by Ag» (€ contains only positive definite matrices). Therefore, size
and power properties are not affected by the definition of the test statistic for
y € N*(Q). In the second case, i.e., if N*(Q) coincides with R", the statistic in
(6) is nowhere well defined, and hence, regardless of which value is assigned to

it for observations y € N*(£2), the resulting test statistic is constant, and thus
any test based on it breaks down trivially.

3.1. Bandwidth parameters

In the following we describe bandwidth parameters M that are typically used in
Step 2 in the construction of the prewhitened estimator U as discussed above:
The parametric approach (based on auxiliary AR(1) models) suggested by An-
drews (1991) and Andrews and Monahan (1992), the nonparametric approach
introduced by Newey and West (1994), and a data-independent approach which
was already investigated in Kiefer and Vogelsang (2005) in simulation studies
and which has recently been theoretically investigated by Rho and Shao (2013).
Since the bandwidth parameter M is computed in Step 2 in the construction
of \il(y), we assume that x, p and y are given and that Step 1 has already been
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successfully completed, i.e., all operations in Step 1 are well defined at y, in
particular Z (y) is available for the construction of M. If not, we leave the band-
width parameter (and hence the covariance estimator) undefined at y. We also
implicitly assume that the quantities and operations appearing in the procedures
outlined subsequently are well defined and leave the bandwidth parameter (and
hence the covariance estimator) undefined else. A detailed structural analysis
of the subset of the sample space where a prewhitened estimator Q) is well de-
fined is then later given in Lemma 3.9 in Section 3.3. Finally, we emphasize
that the bandwidth parameters discussed subsequently all require the choice of
additional tuning parameters. These tuning parameters are typically chosen in-
dependently of y and X, an assumption we shall maintain throughout the whole
paper (but see Remark 3.8 for some generalizations).

3.1.1. The parametric approach of Andrews and Monahan (1992)

Let w € R* be such that w # 0 and w; > 0 for i = 1,...,k, ie., wis a
weights vector. Based on this weights vector the bandwidth parameter is now
obtained as follows: First, univariate AR(1) models are fitted via OLS to Z;.(y)
fori=1,...,k, giving

n—p R n— p 1
pi(y) = Zij(y) z(g 1) / Zw (y)? fori=1,...,k,

67(y)=n—-p—-1)" Z (sz( ) — pily )Zi(j_l)(y)>2 fori=1,...,k,

=2

Where we note that n — p — 1 > 0 holds as a consequence of n > 2 and 1 < p <
Then, one calculates

k k
493 (1) () ohy)
Z“’Zlf )°(1+ pi(y))? /;“lumy»“

. M dpi(y)2e &4
o) = L / ;“%1/3%)4'

=1

k+1

Finally, bandwidth parameters are obtained via
Man jwe(y) = e (a;(y)n)*  for j=1,2,

where to obtain a bandwidth parameter, one has to fix the constants ¢; > 0,
ca > 0 and j and where ¢ = (¢1,cq). Typically the choice of these constants
and the choice of j depends on certain characteristics of x (for specific choices
see Andrews (1991), Section 6, in particular p. 834). For example, if  is the
Bartlett kernel one uses ¢; = 1.1447, ¢co = 1/3 and j = 1, or if k is the Quadratic-
Spectral kernel one would use ¢; = 1.13221, ¢ = 1/5 and j = 2. Since we do
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not need such a specific dependence to derive our theoretical results, we do not
impose any further assumptions on these constants beyond being positive (and
independent of y and X). We shall denote by M4y, the set of all bandwidth
parameters that can be obtained as special cases of the method in the present
section, by appropriately choosing - functionally independently of y and X - a
weights vector w, constants ¢; > 0, co > 0 and a j € {1,2}.

Remark 3.5. Since n, k and ¢ are fixed quantities, the tuning parameters w,
¢; for i = 1,2 and j might also depend on them, although we do not signify
this in our notation. A similar remark applies to the constants appearing in
Section 3.1.2 and in Section 3.1.3. Although we do not provide any details, we
furthermore remark that one can extend our analysis to bandwidth parameters
as above, but based on estimators other than p;, e.g., all estimators satisfying
Assumption 4 of Preinerstorfer and Potscher (2016) such as the Yule-Walker
estimator or variants of the OLS estimator.

3.1.2. The non-parametric approach of Newey and West (1994)

Let w € R* be as in Section 3.1.1 and let w(i) > 0 for |i| = 0,...,n—p—1 be real
numbers such that w(0) = 1. For example, Newey and West (1994) suggested
to use rectangular weights, i.e.,

1 if [i] < [4(n/100)%/°

wey = {1 < LaG/10027,
0 else,

where |.| denotes the floor function. Define for every |i| =0,...n —p—1

n—p
Gi(y) =wTilpw=m—-p) ™" > Z;W)Z ;W
g=lil+1
A bandwidth parameter is then obtained via

n—p—1 n—p—1 2 °
Mywowe) =2 | [ liFw@a)/ Y wab)| n
i=—(n—p—1) i=—(n—p—1)

where ¢; is a positive integer, where ¢; and ¢3 are positive real numbers and
where ¢ = (¢;,Ca,¢3). These numbers are constants independent of y and X
and have to be chosen by the user. The choice typically depends on the kernel
(for the specific choices we refer the reader to Newey and West (1994), Section
3). As in the previous section, we do not impose any assumptions beyond posi-
tivity (and independence of y and X) on the constants. Furthermore, we shall
denote by My the set of all bandwidth parameters that can be obtained as
special cases of the method in the present section, by appropriately choosing -
functionally independently of y and X - a weights vector, numbers w(i) > 0 for
|i| =0,...,n—p—1, ¢ a positive integer, ¢; > 0 and ¢3 > 0.
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Remark 3.6. (i) The method described here is the ‘real-bandwidth’ approach
suggested in Newey and West (1994), as opposed to the ‘integer-bandwidth’
approach. In the latter approach one would use 1 + | Myw w.wz(y)] instead of
MnNw,ww,z(y). Both approaches are asymptotically equivalent (Newey and West
(1994), Theorem 2) for most kernels (including the Bartlett kernel which is sug-
gested in Newey and West (1994)). Therefore, they are equally plausible in terms
of their theoretical foundation. For the sake of simplicity and comparability with
the bandwidth parameter as suggested by Andrews and Monahan (1992), which
is not an integer in general, we have chosen to focus on the ‘real-bandwidth’
approach.

(ii) Newey and West (1994), p. 637, in principle also allow for ¢ =0 (¢ =0
in their notation) in the definition of their estimator. We do not allow for such a
choice. However, note that ¢; = 0 implies Myw. o w.c(y) = an®. This is a data-
independent bandwidth parameter. These parameters are separately treated in
Section 3.1.3.

3.1.8. Data-independent bandwidth parameters

Kiefer and Vogelsang (2005) and Rho and Shao (2013) studied properties of tests
based on prewhitened covariance estimators and data-independent bandwidth
parameters. Here one sets M = b(n — p) where b € (0, 1] is functionally inde-
pendent of y and X. For example, in Rho and Shao (2013) the choice b = 1 is
studied. These approaches all lead to bandwidth parameters Mgy > 0, that are
functionally independent of both X and y. We denote the set of such bandwidth
parameters by Mgy .

3.2. Assumptions on k, M and p

Different combinations of kernels x, bandwidth parameters M and VAR orders
p obviously lead to different estimators. We indicate the dependence of the
estimator on these quantities by writing QK’ M,p- In the present paper we shall
consider estimators fl& M,p based on a triple x, M, p which satisfies the following
assumption:

Assumption 1. The triple x, M, p satisfies:

1. K : R — R is an even function and x(0) = 1. Furthermore, & is continuous,
satisfies lim,_, o k() = 0, and for every real number s > 0 and every pos-
itive integer J the J x J symmetric Toeplitz matrix with ij-th coordinate
k((i — j)/s) is positive definite.

2. M € My UMpyw UMgy.

3. pis an integer satisfying 1 < p <n/(k+1).

Remark 3.7. First, we remark that the positive definiteness assumption in Part
1 of Assumption 1 is natural in our context, because it guarantees that €2, arp
is nonnegative definite whenever it is well defined. Furthermore, it allows us to
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derive simple conditions for positive definiteness of Q, ar, (cf. Lemma 3.10).
It is well known that many kernels used in practice satisfy the positive defi-
niteness assumption, e.g., the Bartlett, Parzen, and Quadratic-Spectral kernel.
Secondly, we note that in principle Assumption 1 does not prohibit a combi-
nation of Maas1,w,,c € Maas with a second order kernel, or the combination of
Man,2,.0,c € May with a first order kernel. It also allows for a combination of
elements of My with a prewhitening order p > 1 and for the combination of
elements of Mgy with a kernel other than the Bartlett kernel. This goes well
beyond the original suggestions in Andrews and Monahan (1992), Newey and
West (1994) and Rho and Shao (2013), but we include these additional possi-
bilities for convenience. We also remark that since we assume throughout that
n > k, the set of VAR orders satisfying the third part of Assumption 1 always
includes the order p = 1.

Remark 3.8 (Tuning parameters depending on the design). The tuning param-
eters used in the construction of M € Mgy UMpyw U Mgy, e.g., the weights
vector w used in the construction of M € M4 UMy, are by definition func-
tionally independent of y and X. Requiring that the tuning parameters are
independent of X is not a restriction in all results of the present paper in which
the design matrix X is fized (i.e., Theorem 4.2, Proposition 5.2, and Theorem
5.4). To see this, suppose that a design matrix X as in (1) is given, that x and
p satisfy the first and third part of Assumption 1, respectively, and that M is
constructed as in one of the Sections 3.1.1, 3.1.2, 3.1.3, but with a vector of tun-
ing parameters ¢*(.), say, that is not constant on Xy. The triple s, M, p hence
does not satisfy Assumption 1. Let M be the bandwidth parameter that is ob-
tained from M by replacing the vector of tuning parameters ¢*(.) by ¢ = ¢*(X).
Clearly, «, M, p satisfies Assumption 1, and the test statistics as in Equation (5)
based on QK’ ir,p and Q,ﬁ’ M,p, respectively, coincide for this specific X.

3.3. Structural properties of prewhitened covariance estimators

The study of finite sample properties of a test based on the statistic in Equation
(5) with Q = Q. as,, requires a detailed understanding of definiteness properties
of the covariance estimator €2, rr.,, and of the structure of the set N*(Qy ar,).
Denoting the subset of the sample space R™ where Q,@ M,p is not well defined by

N(Qg,0,p), we can write

N* (Qurtp) = N(Qurp) U {y € RUN Qcarp) - det(Qunrp(y) = 0}

As a first step we study N (€ ar,p) in the subsequent lemma, where it is shown

that N (€2 ap) is algebraic. The lemma also characterizes the dependence of

N(Qy,m,p) on the design matrix, which will later be useful for obtaining our
genericity results.

Lemma 3.9. Assume that the triple k, M, p satisfies Assumption 1. Then,

N(Qsrp) = {y € R" 2 ginap(y, X) = 0},
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where goap @ R™ x R™* — R is a multivariate polynomial (explicitly con-
structed in the proof). As a consequence N(QN’M},,) is an algebraic set. Further-
more, gu,m.p does not depend on the hypothesis (R,r).

The subsequent lemma discusses definiteness and regularity properties of
Q..arp and shows that N*(€,r,) is an algebraic subset of R”. Again the
dependence of this algebraic set on the design is clarified. Given a prewhitening
order p satisfying Part 3 of Assumption 1, we define for every y € R™ such that

AW (y) is well defined and such that I, — S0, Al(p)(y) is invertible the matrix

Bp(y) = R(X'X)™! (ﬁc -3 AP (y)> Z(y). (7)

=1

Lemma 3.10. Assume that the triple k, M, p satisfies Assumption 1. Then the
following holds:

1. Qv p(y) is nonnegative definite if and only if .. v p(y, X) # 0.

2. QH,M’p(y) is singular if and only if g, v p(y, X) # 0 and rank(B,(y)) < q.
3. QK,M,p(y) =0 if and only if gx mp(y, X) # 0 and B,(y) = 0.

4. Qe v p(y) is positive definite if g pp(y, X) # 0 and rank(Z(y)) = k.

.

We have
N*(Quarp) = {y € R" 1 g5 0, (4, X, R) = 0},

where g, pr, + R" x Rk RIXF 3 R is a multivariate polynomial (explic-

itly constructed in the proof). As a consequence N*(2,; pp) is an algebraic
set. Furthermore, gy s, 1s independent of 7.

It is a well known fact that an algebraic subset of R"™ is either a closed Agn-
null set, or coincides with R™ (for a proof see, e.g., Okamoto (1973)). The latter
case occurs if and only if a (multivariate) polynomial defining the algebraic set
vanishes everywhere. Together with Part 5 of Lemma 3.10 this implies that
N* (QKVwa) is either a closed Agn-null set, or coincides with R™, depending on
whether g7 /(. X, R) # 0 or g:7M7p(.,X, R) = 0 holds, respectively. In the
latter case, every test based on the test statistic defined in Equation (5) with
0= Qm M,p trivially breaks down, because in this case the test statistic vanishes
identically on R™. Obviously, studying size and power properties of tests based
on this test statistic in a sample of size n is only interesting, if we can guarantee
that gy M,p(.7 X, R) # 0 holds for a sufficiently large set of design matrices. That
this is indeed the case is the content of the subsequent lemma. More precisely
it is shown that g M’p(., X, R) # 0 is generically satisfied whenever n exceeds
a certain threshold. It is also shown that the threshold we give can not be
substantially improved. The notion of genericity employed is further discussed
in Remark 3.12 following the lemma.

Lemma 3.11. Assume that the triple k, M, p satisfies Assumption 1. Then the
following holds:
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1. Ifn<k(p+1)+pand g=k, then
9 (X, R) =0 for every X € Xo.
2. If k(p+1)+p+ 1m,,, (M) <n, then
Gt p( X, R) £ 0 for Agnxx-almost every X € Xo;

if k =1 we have in particular g; \ (., e4, R) # 0.
3. Ifk>2and k(p+ 1) + p* + 1ym,,, (M) < n, where p* = p+ (p mod 2),
then

Gt p (s (e4,X),R) Z 0 for Agux(e—) -almost every X € Xg.

Remark 3.12. (1) Part 1 demonstrates that if n is too small in the sense that
n < k(p+ 1) + p, then for every X € X, the test statistic in Equation (5) with
0= QK,M#, vanishes identically if ¢ = k holds, because the estimator Q){,M,p is
either not well defined or singular at every observation y. This shows that one
can in general not expect that N *(QH M,p) is generically a Agn-null set in case
n<k(p+1)+p.

(2) Under the assumption that k(p + 1) + p + 1y, (M) < n holds, Part 2
establishes genericity of g M7p(., X, R) # 0 in that it shows that the statement
holds for Agnxx- almost every X € Xgy. This notion of genericity is obviously
related to situations, where the data-generating process underlying the design
matrix X is assumed to be absolutely continuous w.r.t. Agnxx. In this situation,
a bandwidth parameter M € My U Myw would typically be based on the
weights vector w = (1,...,1)" € R¥. As a specific result of independent interest
it is also shown that if k =1 then g ,, (., e4, R) # 0 holds, which means that

in the location model the set N*(£x as,p) is & Agn- null set.

(3) Under the assumption that & > 2 and k(p+ 1) + p* + 1m,,, (M) < n
holds, Part 3 establishes genericity of g 5, (., (e, X),R) # 0 by showing that
the statement holds for Agnxx-1 almost every X € X,. This is a genericity
statement concerning design matrices the first column of which is the intercept.
In contrast to (2) this notion of genericity is related to situations, where the first
column of the design matrix is fixed and the data-generating process underlying
the remaining columns is absolutely continuous w.r.t. Agnxx-1). In such a setup
the construction of a bandwidth parameter M € M 4y UMy would typically
be based on the weights vector w = (0,1...,1)" € R¥.

4. A negative result and its generic applicability

In the first part of this section we obtain our main negative result concerning
finite sample properties of tests based on prewhitened nonparametric covariance
estimators. For this result to hold, we have to impose a richness assumption on
the covariance model €. Let €4p(1) denote the set of all correlation matrices
corresponding to stationary autoregressive processes of order one, i.e., €4r(1) =
{A(p) : p € (—1,1)}, where A(p);; = pl*~! for 1 <4, j < n. The assumption is
as follows.
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Assumption 2. €yp1) C <.

Remark 4.1. Assumption 2 implies in particular that the singular boundary
of € CR"™*™ i.e., the set of singular matrices in bd €, contains at least the two
elements e €/, and e_e’_, where ey = (1,...,1) and e_ = (—1,1,...,(=1)")".
We note that these two singular matrices can be approximated by sequences
A(pm) € € with p,, — 1 and p,, — —1, respectively, where p,, € (—1,1).

Since the procedures we study in the present paper are geared towards situ-
ations such as € D € for some ¢ > 0 (cf. Remark 2.1), covariance models which
clearly satisfy the above assumption, Assumption 2 is mild in our context (cf.
also the discussion in Section 3.2.2 of Preinerstorfer and Pétscher (2016)). Under
this assumption and given a hypothesis (R, ), the subsequent theorem provides
four sufficient conditions on the design matrix under which a test based on a test
statistic as in Equation (5) with Q = Q, a7, together with an arbitrary (but
data-independent) critical value 0 < C < oo, breaks down in terms of its finite
sample size and/or power properties. More precisely, Conditions (1) and (4) im-
ply that the test has size equal to one, Condition (3) implies that the test has
size not smaller than 1/2, and Condition (2) implies that the nuisance-minimal
rejection probability equals zero at every point uy € 9.

Theorem 4.2. Suppose that the triple k, M, p satisfies Assumption 1 and
that € satisfies Assumption 2. Let T be the test statistic defined in (5) with
Q= Qrrp. Let W(C) = {y € R* : T(y) > C} be the rejection region, where C
is a real number satisfying 0 < C' < co. Then the following holds:

1. Suppose g;; yr,(e+, X, R) # 0 and T(ey + pg) > C holds for some (and
hence all) pg € Mo, or gy yr,(e—, X, R) # 0 and T(e— + pg) > C holds
for some (and hence all) u§ € My. Then

= (W(0)) =1

Sup P,y o2

se
holds for every po € Moy and every 0 < 02 < co. In particular, the size of
the test is equal to one.

2. Suppose g} yr (e, X, R) # 0 and T(eq + pg) < C holds for some (and
hence all) pg € Mo, or g yr,(e—, X, R) # 0 and T(e- + pg) < C holds
for some (and hence all) pf € M. Then

inf Py oo (W (C)) = 0

holds for every py € My and every 0 < 0% < oo, and hence

inf 1nf P W ())=0
it inf P s (W (C))
holds for every 0 < 02 < co. In particular, the test is biased. Furthermore,
the nuisance-infimal rejection probability at every point puy € My is zero,
i.€.,

f f P W (C)) =0.
0<g%<oozlrelc w2z (W(C))

In particular, the infimal power of the test is equal to zero.
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3. Suppose gy (e, X, R) #0, T(ey +pug) = C and grad T'(e4. + 1) exists
for some (and hence all) pi € Mo, or gy yp (e, X, R) # 0, T(e— +pi) =
C and grad T (e_ + u) ewists for some (and hence all) pf € Moy. Then
sup P, 025 (W (C)) =2 1/2
Tee
holds for every pg € My and every 0 < o2 < co. In particular, the size of
the test is at least 1/2.
4. Suppose that gy \,(., X, R) # 0. Suppose further that e, € M and

RB(ey) # 0 holds, or e € M and RB(e_) # 0 holds. Then
sup P, 25 (W (C)) =1
Xecd

holds for every po € My and every 0 < o2 < oo. In particular, the size of
the test is equal to one.

Remark 4.3. (i) Lemma C.1 in Appendix C shows that the rejection probabil-
ities P, 525 (W (C)) depend on (p, 02, X) only through (((R3 —r)/c),X), where
B is uniquely determined by X3 = p.

(ii) Obviously, the conclusions of the preceding theorem also apply to any
rejection region W* € B(R™) which differs from W (C') only by a Ag~-null set.

(iii) In Part 1 of the theorem the condition g, ,(e+, X, R) # 0 (g5 5, (e—,
X, R) # 0) is superfluous, because it is already implicit in T'(e4 + pf) > C >0
(T(e—+us) > C > 0), which is readily seen from the definition of 7" in Equation
(5). A similar comment applies to Part 3 of the theorem, where the condition
9 v plers X, R) # 0 (g5 ap p(e—, X, R) # 0) is already implicit in T'(e4 + p5) =
C >0 (T(e— + pf) = C > 0). The conditions are included for the sake of
comparability with Part 2 of the theorem.

(iv) In case M € Mgy, the assumption concerning the existence of the
gradient can be dropped in Part 3 of the theorem. This follows from Lemma
C.2 in Appendix C, where it is shown that if M € Mgy, then the existence of
grad T'(e4 + pg) and grad T'(e— + pg) is already implied by g7\, ,(e4, X, R) # 0
and gy 1 ,(e—, X, R) # 0, respectively.

(v) Throughout the theorem, Assumption 2 can be replaced by the weaker
assumption that there exist two sequences A(pgrlt)) and A(psrzl) ) of AR(1) corre-
lation matrices in €, such that pg) — —1 and pg) — 1. In Parts 1 and 2 of
the theorem it is even enough to assume that there exist sequences Z,(q? € ¢ for
1= 1,2 with pICIRN eqe’, and 22 e el . Therefore, in these parts it is only
important that - and not how - these singular matrices can be approximated
from within €.

We shall now provide some intuition for Theorem 4.2 (cf. also the discussion
preceding Theorem 5.7 in Preinerstorfer and Potscher (2016)). The repeated
appearance of the vectors e; and e_ in the theorem stems from the fact that
both e, €/, and e_e’ are elements of the singular boundary of € 2O €41y (cf.
Remark 4.1). Furthermore, for every u$ € 9y and every 0 < 02 < oo we have
that Pu3,022 — Pu&c,zeJr‘g/+ weakly as ¥ — eqe/, with ¥ € €, and similarly that
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Pz o2 = Pus 52¢_or weakly as ¥ — e_el with ¥ € €. These limiting measures
are absolutely continuous w.r.t. A« span(e,) and Aux i span(e_), respectively. As
a consequence we see that the mass of P,x 525 concentrates on ‘neighborhoods’
of certain one-dimensional affine spaces as ¥ approximates e, €/, or e_e’_ from
within €. From that it is intuitively clear that size and power properties crucially
depend on the behavior of the tests on ‘neighborhoods’ of these spaces. The first
and second part of the theorem provide sufficient conditions under which these
spaces are almost surely (w.r.t. Apg+span(e) and >‘u3+span(ef)) contained in the
interior or exterior of the rejection region, respectively. The former case then
leads to size distortions, the latter to power deficiencies. The situation in the
third part of the theorem is quite different and more complex. In this case
the one-dimensional affine space supporting the respective limiting measure is
neither almost surely contained in the interior, nor almost surely contained in
the exterior of the rejection region. Rather it is almost surely contained in the
boundary of the rejection region. Therefore, in contrast to Parts 1 and 2, it is not
only important that the measures concentrate on the respective one-dimensional
space, but also how they concentrate (cf. Remark 4.3 (v)). The concentration
turns out to be such that eventually the measures put roughly equal weight onto
the rejection region and onto its complement, resulting in rejection probabilities
as large as 1/2 under the null. We point out that the proof idea used to establish
Part 3 is inspired by the proof of Theorem 2.18 in Preinerstorfer and Pétscher
(2017). The last part of the theorem considers the case where one of the vectors
e4 or e_ is an element of 9 that is also ‘involved’ in the hypothesis. It is then
shown that the size of the test is one if the global condition g 5, (., X, R) # 0
is satisfied. We recall that if this condition fails to hold, then the test T based
on QH, M,p breaks down in a trivial way, because T' is then zero everywhere.
Therefore we see that under Assumption 2 one simply can not test a hypothesis
involving e, € M or e_ € M by means of a test T based on ;. ar, with x, M,
p satisfying Assumption 1 (this in particular covers the location model where
X = ey, cf. also Lemma 3.11, Part 2).

Remark 4.4. Suppose that it is known a priori that for some (fixed) e € (0, 1]
the covariance model € does not contain AR(1) correlation matrices A(p) with
p < —1+¢; ie., instead of Assumption 2 the covariance model € satisfies

Cany(e) = {Alp) :pe (-1 41} CC

Inspection of the proof of Theorem 4.2 then shows that a version of Theorem
4.2 holds, in which all references to e_ are deleted in Parts 1-4. For example,
Part 4 of this version of Theorem 4.2 reads as follows:

“Suppose that g 1/ (., X, R) # 0. Suppose further that e, € M and
RfB(ey) # 0 holds. Then

sup P;J,O,UQE (W (C)) =1
Yecd

holds for every o € My and every 0 < 0% < oo. In particular, the
size of the test is equal to one.”
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This statement covers (in particular) the important special case of testing a
restriction on the mean in a location model. We make the following observations
concerning this version of Theorem 4.2:

e Since e_e’ is not necessarily an element of the singular boundary of the co-
variance model considered here, the result just described does not contain
“size equal to one”- or “nuisance-minimal-power equal to zero”-statements
that arise from covariance matrices approaching e_e’ . Note, however, that
the original Theorem 4.2 implies by a continuity argument that if ¢ is small
(compared to sample size), then considerable size distortions or power de-
ficiencies will nevertheless be present for covariance matrices in € that are
close to e_e’ .

e Consider the case where e € 9, i.e., the regression contains an intercept,
and where the hypothesis does not involve the intercept, i.e., RB (e4) =0:
Then we see that Parts 1-4 of the version of Theorem 4.2 just obtained do
not apply. In fact, in this case we can establish a positive result concerning
a test based on T with ) = QK, M,p, and based on a non-standard critical
value that depends on . This positive result, together with its restrictions,
is discussed in Remark 5.3.

Given a hypothesis (R, ) the four sufficient conditions provided in the preced-
ing theorem are conditions on the design matrix X. They depend on observable
quantities only. How these conditions can be checked is discussed in the subse-
quent paragraph: The first three parts of the theorem operate under the local
assumption that the multivariate polynomial gy MJ)(., X, R) does not vanish at
the point e or e_, respectively. The multivariate polynomial gy M,p(~7 X,R) is
explicitly constructed in the proof of Lemma 3.10. Therefore, the condition that
it does not vanish at specific data points can readily be checked. Some addi-
tional conditions needed in Parts 1-3 of the theorem are formulated in terms
of T(eq + pfy) and T(e— + pg), which are in fact independent of the specific
1 € Mo chosen and therefore easy to calculate. Part 3 of the theorem requires
the existence of grad T'(eq + u) or grad T(e— + u) (which is immaterial if
M € Mgy as discussed in the preceding Remark). Again the existence of the
gradients is independent of the specific choice of pf € M. Sufficient conditions
for the existence of the gradient, under the assumption that  is continuously
differentiable on the complement of a finite number of points, are provided in
Lemma C.2 in Appendix C. These conditions amount to checking whether or
not M(e4) or M(e_), respectively, is an element of a certain set determined
by k consisting of finitely many points. In contrast to Parts 1-3, the fourth
part of the theorem operates under the global assumption that the multivari-
ate polynomial g M7p(.,X ,R) is not the zero polynomial. Since the polyno-
mial g:,M’p(.,X, R) is explicitly constructed in the proof of Lemma 3.10, the
global assumption g M’p(., X, R) # 0 can either be checked analytically, or by
using standard algorithms for polynomial identity testing. In addition to this
global assumption, the fourth part needs additional assumptions on the struc-
ture of M and the hypothesis (R,r) which can of course be easily checked by
the user.
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The preceding theorem has given sufficient conditions on the design matrix,
under which the test considered breaks down in terms of its size and/or power
behavior. However, for a given hypothesis (R, ) there exist elements of Xy C
R™** to which the theorem is not applicable. As a consequence, the question
remains to ‘how many’ elements of Xy the theorem can be applied once (R,r)
has been fixed. This question is studied subsequently. It is shown that generically
in the space of all design matrices at least one of the four conditions of Theorem
4.2 applies. The first part of the proposition establishes this genericity result
in the class of all design matrices of full column rank, i.e., Xy. The remaining
parts establish the genericity result in case k > 2 and the first column of X is
the intercept, i.e., X = (e+,X) with X € X,. Before we state the proposition,
we introduce two assumptions on the kernel k. The first assumption is satisfied
by all kernels typically used in practice.

Assumption 3. The kernel & is continuously differentiable on the complement
of A(k) C R, a set consisting of finitely many elements.

The second assumption, which is used in some statements of the second part
of the genericity result, imposes compactness of the support of the kernel. This
is satisfied by many kernels used in practice, e.g., the Bartlett kernel or the
Parzen kernel, but is not satisfied by the Quadratic-Spectral kernel.

Assumption 4. The support of k is compact.

The genericity result is now as follows, where several quantities are equipped
with the additional subindex X to stress their dependence on the design matrix.

Proposition 4.5. Fiz a hypothesis (R,r) such that rank(R) = q. Let k, M,
p satisfy Assumption 1. For X € Xg let Tx be the test statistic defined in (5)
with 0 = Q. arp.x and let 1o x € Mo x = {p €span(X) : p= XB,RB=r} be
arbitrary (the sets defined below do not depend on the choice of u(*),X). Fiz a
critical value C' such that 0 < C' < co. Then, the following holds.

1. Suppose that k(p+ 1)+ p+ 1y,,, (M) < n, define

X1 (er) ={X €Xo: g5 ppleq, X, R) =0}

x B {X € Xo\X1(eq): P (grad Tx ())]ey +ur . }
2 (€+) = * o s
and Tx (e +pp x) =C

and similarly define X1 (e—) and X2 (e—). Then, X1 (e4) and X1 (e_) are
Arnxr-null sets. If M € My or if k satisfies Assumption 3, then X2 (e4)
and Xo (e—) are Apnxx-null sets. If Assumption 2 holds, then the set of
all design matrices X € Xg for which the first three parts of Theorem 4.2
do not apply is a subset of (X1 (ex) UXa(eq)) N (X1 (e2)UX2(e-)) and
hence is a Agnxi-null set if M € Mgy or if k satisfies Assumption 3; it
thus is a ‘negligible’ subset of Xq in view of the fact that Xy differs from
R™ % only by a Agnxi-null set.

2. Let k > 2 and assume further that k(p + 1) + p* + 1y, (M) < n, where
p* = p+ (p mod 2). Define
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Bi(eo) = {X R0 g7y lems (e, X0, ) = 0,

§2 (ei) _ X e %O\xl (67) : ﬂ (gradT(@+7)~()(.))|e +M0 (o4, 5) '
and T, sy(e—+1g ., x ))

Then, X1 (e—) is a Agnx—1)-null set. Furthermore, X5 (e—) is a Agnx(k-1)-
null set under each of the following conditions:

(a) M € Mgy .
(b) M € Mapn and k satisfies Assumptions 3 and 4.

(¢) M € Myw, p is odd, w; > 0 for some i > 1 and K satisfies Assump-
tions 8 and 4.

(d) /i; sazfisﬁes Assumption 3 and X — T, ¢ (e- + N;,(e+,)2)) % C on
Xo\Xy (e-).

Suppose that the first column of R consists of zeros and that Assumption

2 holds. Then, the set of all matrices X € X such that the first three

parts of Theorem 4.2 do not apply to the design matrix X = (e+,X) is a

subset of X1 (e_) U Xy (e_) and hence is a Agnx—1)-null set _if one of the

conditions in (a) (d) holds; it thus is a ‘negligible’ subset of Xy in view of
the fact that %o differs from R™** =1 only by a Agnx@e—1) -null set.

8. Suppose k > 2, that the first column of R is nonzero and that Assumption

2 holds. Then Theorem 4.2 (Part 4) applies to the design matriz X =

(e+,)~() for every X € X satisfying g;:)Mm(.,X, R) #£0.

Remark 4.6. (i) If n < k(p+1)+p and g = k holds, the first part of Lemma 3.11
shows that the test trivially breaks down, since for every element X of X, the
test statistic T'x is then constant on R™. Therefore, the assumption on n in the
first two parts of the proposition can in general not be substantially improved.

(ii) In the second part of the proposition, the analogously defined sets X, (e+)
and X, (e, ) clearly satisfy X; (e;) = Xo and X5 (e1) = 0.

(iii) In the third part of the proposition, if X = (ey, X) does not satisfy
95 p( X, R) # 0, then the test breaks down in a trivial way, since T'x is then
constant.

The first part of the preceding genericity result shows that if M € Mgy, or
if the kernel satisfies Assumption 3, then Theorem 4.2 can be applied to generic
elements of Xy, i.e., to all elements besides a Agnxx-null set. Since all kernels
used in practice, in particular the kernels emphasized in Andrews and Monahan
(1992) and Newey and West (1994), i.e., the Quadratic-Spectral kernel and the
Bartlett kernel, respectively, satisfy Assumption 3, this additional restriction on
k is practically immaterial. The second part of the proposition considers the
situation where the first column of the design matrix is the intercept, which in
addition is assumed not to be involved in the hypothesis in the sense that the first
column of R is zero. In this situation it is shown that Theorem 4.2 can generically
be applied to design matrices of the form (e, X ) with X € Xy, under certain
sets of conditions on the triple x, M, p. We first discuss Conditions (a)-(c):
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(a) In case M € Mgy no additional condition is needed for establishing
generic applicability of Theorem 4.2.

(b) If M € My, generic applicability of the negative result follows if the
kernel satisfies Assumptions 3 and 4, which applies to many kernels used
in practice, but not to the Quadratic-Spectral kernel which is emphasized
in Andrews and Monahan (1992).

(¢) In case M € Mpyw, the result shows that the procedure breaks down
generically if p is odd, w; > 0 for some 7 > 1 and & satisfies Assumptions 3
and 4. This seems to be restrictive. However, the recommended procedure
in Newey and West (1994) is obtained by choosing « the Bartlett kernel,
p=1landw=(0,1,...,1)", because in Part 2 the first column of X is the
intercept. Therefore, we see that the recommended procedure in Newey
and West (1994) satisfies this condition.

Summarizing, we see that the Conditions (a)-(c) in the proposition cover the
recommended choices of k, M and p in Newey and West (1994) and Rho and
Shao (2013). For all procedures that are not covered by Conditions (a)-(c), e.g.,
the procedure in Andrews and Monahan (1992) based on the Quadratic-Spectral
kernel, one can typically obtain the genericity result by applying Condition (d),
which (under Assumption 3) is always satisfied apart from at most one excep-
tional critical value C*. This is seen as follows: Clearly, Condition (d) depends
on the critical value C. We see that if Assumption 3 is satisfied, then (d) can be
violated for at most a single 0 < C* < oco. If this C* happens to coincide with
C, the condition is not satisfied and we can not draw the desired conclusion for
this specific value of C'. Moreover, we immediately see that the condition must
then be satisfied for any other choice C’, say. Therefore, generic applicability of
the negative result follows for any value C’ # C' in that case. This shows that
even if one chooses a triple k, M, p that does not allow for an application of
(a)-(c), one can not expect to obtain a procedure that has good finite sample
size and power properties, because for all but at most one exceptional critical
value the corresponding test is guaranteed to break down generically. The third
part of the proposition considers the case where the first column of the design
matrix is the intercept, and where the coefficient corresponding to the intercept
is restricted by the hypothesis. In this case it follows that one can either apply
Part 4 of Theorem 4.2, or the test statistic is constant and hence the test breaks
down in a trivial way (cf. Remark 4.6).

5. A positive result, an adjustment procedure and its generic
applicability

In the previous section we have established a (generically applicable) negative
result concerning tests based on (5) and a prewhitened covariance estimator
Qm M,p- In the present section we first present a positive result concerning these
tests under a non-generic condition on the design matrix. Then we introduce
an adjustment procedure and establish a condition on the design matrix un-
der which the adjustment procedure leads to improved tests. Finally we prove
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that this condition holds generically in the set of all design matrices. Both,
the positive result concerning tests as in (5) based on a prewhitened covari-
ance estimator Qm M,p, and the results concerning the adjustment procedure are
established under the following assumption on the covariance model €.

Assumption 5. The set € C R"*" is norm-bounded and satisfies € 4r(1) C €.
Furthermore, for every sequence ¥, € € that converges to ¥ € bd(€) satisfying

rank(X) < n there exists a corresponding sequence p,, € (—1,1) such that
Apm) V28 Apm) Y2 = 1, as m — oo.

Remark 5.1. (i) We first note that Assumption 5 is stronger than Assumption
2. Therefore, under the former assumption the negative result established in
Section 4 concerning tests as in (5) based on a prewhitened covariance estimator
Qm M,p does apply a fortiori. As a consequence, if € satisfies Assumption 5, then
positive results concerning size and power properties of tests of the form (5)
can only be established under non-generic assumptions on the design matrix.
However, as we shall show, positive results can generically be established for an
adjusted version of such tests.

(ii) Boundedness of € is typically satisfied in our setup, as it is always satisfied
if € consists only of correlation matrices.

(iii) The last part of the assumption states that elements of € that are ‘close’
to being singular can be well approximated by AR(1) correlation matrices. This,
together with €4 r(1) being a subset of €, readily implies that the singular bound-
ary of € must coincide with {e+e’+, e_e. } Therefore, we see that the assump-
tion rules out the existence of rank deficient elements of bd(€) with rank strictly
greater than one. As an example, this rules out the case where € is the correla-
tion model corresponding to all stationary autoregressive processes of order less
than or equal to two (cf. Lemma G.2 in Preinerstorfer and Potscher (2016)). If
this is not ruled out, however, further obstructions to good size and power prop-
erties can arise along suitable sequences approximating these boundary points
(cf. Section 3.2.3 in Preinerstorfer and Potscher (2016)). The possibility of es-
tablishing positive results in settings like that is beyond the scope of the present
paper and will be discussed elsewhere.

(iv) We note that Assumption 5 is clearly satisfied for every covariance model
of the form ¢ = QZAR(l)UQZﬁ, where ¢ C R"*™ is a closed set consisting of positive
definite correlation matrices. As an example, let d € N be fixed and let €y 4(q)
denote the set of all correlation matrices corresponding to stationary moving
average processes of an order not exceeding d, i.e.,

Q:MA(d) = {E(fa,J) o= (Lalv cee 7ad), € RdJrla(s > 0}7

where 3( fq,5) denotes the n x n-dimensional correlation matrix corresponding to
the spectral density fo s(A\) = §| Z?ZO ajexp(—tAj)|? (cf. Equation (2)). Then
€ = €4r) Ucl(€ara(a)) satisfies Assumption 5, because every element of the
closure of €y 4(q) is a positive definite correlation matrix (the latter statement
follows from Equation (2), compactness of the unit sphere in R4*! and the
Dominated Convergence Theorem).
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Under Assumption 5 we shall subsequently establish a positive result con-
cerning tests based on a test statistic T' as in (5) with = Q,@Myp. In light of
Part (i) of the preceding remark we already know that such a positive result
can only be established under non-generic conditions on the design matrix. In
particular, the subsequent positive result considers the non-generic case where
- besides g 5, ,(, X, R) # 0, a condition that is generically satisfied under a
mild constraint on n (cf. Lemma 3.11) - the column span of the design matrix
includes the vectors e, and e_ and where Rﬁ(e+) = Rﬁ(e_) = 0 holds.

Proposition 5.2. Suppose that the triple k, M, p satisfies Assumption 1, and
that € satzsﬁes Assumption 5. Let T be the test statistic defined in Equation
(5) with Q = Qe prp. Let W(C) = {y € R™ : T(y) > C} be the rejection region,
where C' is a real number satisfying 0 < C < co. Suppose further that e4,e_ €
M, RB(ey) = RB(e_) =0 and 9 p( X, R) # 0. Then, the following holds:

1. The size of the rejection region W (C') is strictly less than 1, i.e.,

sup  sup sup P, .25 (W(C)) < 1.
o €M 0<o2 <00 BET

Furthermore,

inf  inf fP s2x (W(C)) > 0.
oot dnf Puors (W(C))

2. The infimal power is bounded away from zero, i.e.,

inf inf fP 2 (W(C)) > 0.
ok ok dnf P, o2s(W(C))

3. For every 0 < c < oo

inf Py e, (W(C)) =1
H1E€EM,0<0" <0
d(p1,Mo)/o>c

holds for m — oo and for any sequence ¥, € € satisfying X, — > with
Y a singular matriz. Furthermore, for every sequence 0 < ¢, < 00

inf inf P,
p1€My, e ’
d(p1,9M0)>cm

o2, E(W(C)) =1

holds for m — oo whenever 0 < 02, < 00, Cp/oOm — 00, and €* is a

(nonempty) closed subset of €. [The very last statement even holds if one
of the conditions ey,e_ € M and RB(e4) = RB(e—) = 0 is violated.]
4. For every 0, 0 < < 1, there exists a C(J), 0 < C(0) < oo, such that

sup  sup sup P, ,2x(W(C(0))) < 4.
BoEMp 0<o2<00 XeC

Under the maintained assumptions on the hypothesis and the design Proposi-
tion 5.2 shows that given any level of significance 0 < § < 1, a critical value can
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be chosen in such a way that the test obtained holds its size, while its nuisance-
minimal power at every point p; in the alternative is bounded away from zero.
As Theorem 4.2 in combination with Proposition 4.5 shows, this is impossible
for generic elements of the space of all design matrices. Additionally, Part 3 of
the proposition shows that the power approaches one in certain parts of the pa-
rameter space corresponding to the alternative hypothesis. These parts are char-
acterized by ||(RS™) —r)/o|| being bounded away from zero and ¥ — ¥ with
% being singular, or [|[(R3M) —r)/o| — co and ¥ — ¥ with ¥ positive definite,
and where in both cases (1) is the parameter vector corresponding to i (note
that d(u1,9M) is bounded from above and below by multiples of ||[R3™M) — r||,
where the constants involved are positive and depend only on X, R and r).

Remark 5.3. Suppose that instead of Assumption 5 it is known that the co-
variance model satisfies the following variant of Assumption 5 that rules out
AR(1) correlation matrices A(p) with p arbitrarily close to —1:

The covariance model € C R"*" is norm-bounded and there exists
an ¢ € (0, 1] such that €4p1)(e) C € (cf. Remark 4.4). Furthermore,
for every sequence ¥, € € that converges to ¥ € bd(€) satisfying

rank(X) < n there exists a corresponding sequence p,, € (—1 +¢,1)
such that A(pp,) Y28, A(pm) "2 — I, as m — oo.

Let T and W (C) be defined as in Proposition 5.2 above, and suppose further
that e, € M, i.e., the regression contains an intercept, that RB(6+) =0, i.e.,
the hypothesis does not involve the intercept, and that gy ,, (., X, R) # 0.
Then one can show (using essentially the same argument as in the proof of
Proposition 5.2) that the Conclusions 1-4 of Proposition 5.2 hold in this setup.
In particular, for any given ¢ € (0, 1) there exists a critical value C(6) = C(,¢)
such that the test with rejection region W (C(4,¢)) has size not greater than 0.
This establishes a positive result concerning a test based on the test statistic T'
with ) = Q){,M,p7 and based on the non-standard critical value C(d,¢), which
in practice can be obtained as explained in the discussion following Theorem
5.4. However, the test obtained critically depends on &, which in practice will
typically be difficult to choose. If one uses a test with critical region W(C(4,&*))
where €* > ¢, then the size of this test might exceed §. In light of this drawback,
it is important to stress that autocorrelation-robust-testing is possible without
imposing such an artificial condition that rules out AR(1) correlation matrices
A(p) with p arbitrarily close to —1: Theorems 5.4 and 5.5 in the present section
show that (at the small cost of including the artificial regressor e_) a generic
positive result can be obtained under the more natural Assumption 5. Theorem
5.4 furthermore shows that including the artificial regressor e_ leads to good
power properties of the resulting test for covariance matrices close to A(—1).

Proposition 5.2 assumes, among others, that X satisfies ey, e_ € span(X),
an assumption which is satisfied only by non-generic elements of the set of all
design matrices. In the following we shall now consider the (generic) situation
where ey, e_ € span(X) is violated. Proposition 5.2 is then clearly not applica-
ble. However, as we shall see, a positive result similar to Proposition 5.2 can be
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established for an adjusted test statistic. To explain how the adjustment proce-
dure works, suppose that we have a triple x, M, p satisfying Assumption 1 which
we want to use for covariance estimation. Suppose further that 1 < p < 25
holds, which is typically satisfied. The following theorem now shows that under
certain conditions on the design matrix - which are shown to be generically satis-
fied in Proposition 5.5 below, and which in particular require e4,e_ € span(X)
to be violated - one can work with an adjusted test statistic that has improved
size and power properties, and which is constructed as follows: instead of basing
the construction of the test statistic on the true design matrix X and on R,
we first construct an artificial design matrix X of full column rank satisfying
span(X) = span(X,e;,e_) by adding the vectors e, and/or e_ to X. Fur-
thermore, we construct a corresponding matrix R = (R,0) by appending zero
vectors to R such that R and X have the same number of columns. Then we
construct a test statistic T as in Equation (5), but with X and R replaced by X
and R, respectively, and where the covariance estimator is based on x, M and p
as above besides some minor updates in the construction of M described below.
The subsequent theorem shows that if ey,e_ € span(X) is violated, if every
e € {ey,e_} Nspan(X) satisfies RB(e) = 0, if rank(X) < n, and if an assump-
tion on X and R analogous to the assumption gr. M’p(.7 X, R) # 0 in Proposition
5.2 is satisfied, then for every critical value 0 < C' < oo the test with critical
region W(C) = {y € R" : T(y) > C} has the same Properties (1)-(4) as W(C)
in Proposition 5.2.

Theorem 5.4. Suppose that the triple k, M, p satisfies Assumption 1, that p
additionally satisfies 1 < p < kL_H,), and that € satisfies Assumption 5. Suppose
that one of the following (mutually exclusive) scenarios applies:

1. e, € M with RBx(ey) =0,e_ ¢ Mandk=k+1<n. Let X = (X,e_)
and define R = (R,0) € RI*F,

2. ey &M, e €M with RBx(e_) =0 and k=k+1<n. Let X = (X, e,)
and define R = (R,0) € RI*F.

3. ey &M, e ¢ M with rank (X, ey, e ) =k+2 and k =k +2 < n. Let
X = (X,ey,e_) and define R = (R,0,0) € RI*k,

4. er &M, e ¢ M with rank (X,ey,e ) =k+1andk =k+1<n. Let
X = (X,ey) and define R = (R,0) € RI*k,

Then in all cases X is a matriz of full column rank. Define
) (BB (y) YL @) (RBs() = 1) ify & N yrp ),
0 else,

where QK,M&,;( (y) is the estimator one would obtain following Steps 1-3 in
Section 3 if X was the underlying design matriz, (R,r) was the hypothesis to be
tested and where M is defined as follows: in case M € Mgy we set M = M;
in case M € My we compute M as outlined in Section 3.1.1 (using as input
ZX(y) as opposed to ZX(y), and replacing k by k), with the same constants c;
and co and j as used in the construction of M, but with w replaced by @ =
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(w,0)" € R¥; in case M € Myw we compute M as outlined in Section 3.1.2
(using as input Zg(y) as opposed to ZX(y)), with the same constants ¢; for
i =1,2,3 and the same weights w as used in the construction of M, but with w
replaced by @ = (w,0) € R*. Let W(C) = {y e R" : T(y) > C'} be the rejection
region where C' is a real number satisfying 0 < C < oco. If g;M’p(.,X,R) e
0 (where g:,Mm is the function obtained from Lemma 38.10 applied to k, M

and p and acting as if X was the underlying design matriz and (R,r) was the
hypothesis to be tested), or equivalently if N*(fl,{yM,p,X) # R™, then in each of
the four scenarios above the Conclusions (1)-(4) of Proposition 5.2 hold with
W (C) replaced by W (C).

The procedure outlined in the preceding theorem is based on an artificial de-
sign matrix X which is obtained from X by adding either one or both elements
of the set {ey,e_} to the columns of X. If the so-obtained matrix X satisfies
9:,1\7[,;;(" X, R) # 0, then the results from Proposition 5.2 carry over to the re-
jection regions derived from T. In particular the adjusted test statistic T leads
to rejection regions the size of which is bounded away from one and such that
the nuisance minimal power is bounded away from zero. Besides these improve-
ments, the adjustment procedure is extremely convenient from a computational
perspective, as the adjusted test statistic T' does not require any additional im-
plementations. It is based on the same algorithm as the calculation of T', only
with a different design matrix.

The theorem shows that for every level of significance 0 < § < 1, there exists
a critical value C(§) such that the rejection region W (C(d)) has size smaller
than 0. The critical value can be determined as follows: First of all, due to cer-
tain invariance properties of T (cf. the proof of Theorem 5.4), the probabilities
P02 (W(C)) do not depend on po and o2. Hence, for any fixed 0 < C < oo,
the maximal rejection probability under the null can be approximated numeri-
cally by simulating the rejection probabilities from a finite subset of €, and then
doing a grid search. In a second step C'(d) can be approximated by a line search
exploiting monotonicity of P, ,2x(W(C)) in the critical value.

The adjustment procedure described in Theorem 5.4 is applicable and yields
an improved test under the assumption that ey, e_ € span(X) is violated (and
hence the positive result in Proposition 5.2 concerning the unadjusted test does
not apply), that every e € {e4,e_} Nspan(X) satisfies R3(e) = 0, that k < n
and that g’:’M’p(., X, R) # 0. Given a hypothesis (R, r) these are conditions on
the design matrix X. Our final result now shows (under mild constraints on n)
that these conditions are generically satisfied in the set of all design matrices
Xo; and also in ?N&’O, the set of all design matrices the first column of which is
the intercept, under the additional condition that the first column of R is zero.
Under Assumption 5 we hence see that although rejection regions based on T'
generically break down as a consequence of Proposition 4.5, this problem can
generically be resolved by using rejection regions based on the adjusted test
statistic 7', unless the regression includes an intercept and the first column of
R is nonzero.
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Proposition 5.5. Fix a hypothesis (R,r) with rank(R) = q, suppose that the
triple k, M, p satisfies Assumption 1, that p additionally satisfies 1 < p < =3
and that € satisfies Assumption 5. Then the following holds, where p* = p +

(p mod 2).

1 If(k+3)(p*+2)+p—1+1ym,,, (M) < n, then for Agnxr-almost every
design matriz X € X9 C R"¥* Scenario 8 in Theorem 5.4 applies, and
the Conclusions (1)-(4) of Proposition 5.2 hold for any critical value 0 <
C < oo with W(C) replaced by W(C) = {y e R" : T(y) > C'}, where T is
constructed as outlined in Theorem 5.4.

2. Suppose that the first column of R is zero, that k > 2 and assume that
(k+2)(p* +2) +p— 14 1y, (M) <n holds. Then for Agnxw—1) -almost
every X € Xy Scenario 1 of Theorem 5.4 applies to X = (e+,X), and
the Conclusions (1)-(4) of Proposition 5.2 hold for any critical value 0 <
C < oo with W(C) replaced by W(C) = {y e R" : T(y) > C}, where T is
constructed as outlined in Theorem 5.4.

6. Numerical results

In this section we discuss numerical results to further illustrate our theoretical
findings. In both of the subsequent examples sample size n equals 100 and the
level of significance is 0.05. We study properties of the following tests (based
on the respective design matrix and hypothesis (R, 7)): (i) the test that rejects
if (5) with k the Quadratic-Spectral kernel, M the corresponding bandwidth
parameter based on auxiliary AR(1) models as suggested in Andrews and Mon-
ahan (1992) (cf. the discussion in Section 3.1.1), and prewhitening order p = 1
exceeds the x? critical value; (i) the test that rejects if (5) with & the Bartlett
kernel, M the corresponding bandwidth parameter as suggested in Newey and
West (1994) (cf. the discussion in Section 3.1.2), and prewhitening order p = 1
exceeds the x? critical value; (iii) the test that rejects if (5) with x the Bartlett
kernel, data-independent bandwidth parameter M = n —p (cf. the discussion in
Section 3.1.3 and Rho and Shao (2013)), and prewhitening order p = 1 exceeds
the corresponding non-standard critical value (which was obtained from Table
1 in Kiefer and Vogelsang (2002)). In Example 2 we also illustrate the effect
of applying our adjustment procedure to the tests (i) - (iii) (the adjustment is
not applicable in the testing problem considered in Example 1). For the actual
computations we used the implementations of the tests (i) - (iii) (and of their
adjustments, which are computationally of the same structure, apart from the
computation of the critical values, cf. the discussion after Theorem 5.4) provided
by the R (R Core Team (2016)) packages Imtest (Zeileis and Hothorn (2002))
and sandwich (Zeileis (2004)).

6.1. Example 1

The first example concerns testing a zero restriction on the mean in a location
model with stationary and Gaussian AR(1) errors, i.e., testing problem (4) with
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(a) Testing a Hypothesis on the Intercept (b) Testing a Hypothesis on the Slope
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Fi1c 1. (a) Ezample 1: Null rejection probabilities for the tests (i), (i), and (i), corresponding
to “Andrews-Monahan”, “Newey-West”, and “Rho-Shao”, respectively. (b) Exzample 2: Null
rejection probabilities for the tests (i), (ii), and (iii), corresponding to “Andrews-Monahan”,
“Newey-West”, and “Rho-Shao”, respectively. In both (a) and (b) the dashed black line cor-
responds to 0.05.

X =ey, R=1,r =0, and covariance model € = €4p(1). We observe that the
triples k, M, p used in the tests (i) - (iii) satisfy Assumption 1 (cf. Remark 3.7),
and that Part 2 of Lemma 3.11 can be used to verify the applicability of Part 4
of Theorem 4.2. This then shows that the size of each test under consideration
is 1. To illustrate this numerically, we obtained Monte Carlo approximations
of the rejection probabilities of the tests (i) - (iii) under P, g, a(,), recall that
A(p) denotes the correlation matrix corresponding to a stationary AR(1) model
with parameter p, for p € {0,40.1,£0.2,40.3,...,£0.9,40.95, £0.99, +0.999,
+0.9999} and B; € {0,0.1,0.2,0.3,0.4,0.5,0.6, 0.7, 0.8,0.9,1,1.5,2}, based on
2500 replications in each scenario. The results for §; = 0, i.e., the null rejec-
tion probabilities illustrating the above quoted negative result, are shown in
Figure 1(a). As expected from the theoretical results (cf. also the explanations
after Theorem 4.2), the rejection probabilities are very large when the AR(1)
parameter p is close to 1. Furthermore, Figure 1(a) shows that for the tests
(i) and (ii) the rejection probabilities are clearly above 0.05 when p is close to
—1. We also observe that while the tests (i) and (ii) show an almost identical
behavior in terms of their null rejection probabilities for p close to 1, the null
rejection probabilities of test (iii), although they eventually get much too large,
remain stable for a wider range of values of p. Tables 1, 2, and 3 in Appendix
E contain all simulated rejection probabilities. These tables also contain Monte
Carlo approximations of the rejection probabilities under the alternative (i.e.,
the simulation results for 8; > 0).

6.2. Example 2

The second example concerns testing a zero restriction on the slope parame-
ter in a regression model with an intercept, one additional regressor, and with
stationary and Gaussian AR(1) errors, i.e., testing problem (4) with X =
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(e+,z) (the choice of x is outlined below), R = (0,1), » = 0, and covari-
ance model € = € p(;). We proceeded as follows: For each value of p €
{0,+0.1,£0.2,40.3,...,£0.9, 0.95, £0.99, +0.999, £0.9999} a regressor x was
generated by drawing a random vector from the distribution of n consecutive
observations of a stationary Gaussian AR(1) process with parameter p. Then
rejection probabilities for the tests (i) - (iii) under P,g, A(,) were obtained for
B2 € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1,1.5, 2}. In each scenario, i.e., for
each combination of p and 3, the Monte Carlo approximations were based on
2500 replications. Since the regressor « was drawn randomly for each value of
p, the whole procedure was repeated 28 times, and the rejection probabilities
were then averaged. The average null rejection probabilities obtained for each
p € {0,40.1,+0.2,4+0.3,...,+0.9, £0.95,+0.99, £0.999, +0.9999} are given in
Figure 1(b). This figure clearly shows that the tests (i) - (iii) under considera-
tion do not control size, not even approximately. The null rejection probabilities
become very large for |p| close to 1. This effect is more pronounced for p close
to —1, which is due to the fact that an intercept is included in the model. A
complete summary of the rejection probabilities (which also contains rejection
probabilities under the alternative) can be found in Tables 4, 6 and 8 in Ap-
pendix E. In addition to the tests (i) - (iii) we also studied the behavior of their
adjusted versions (for the same set of = vectors), the adjusted versions being
obtained following the description in Part 1 of Theorem 5.4. The critical val-
ues were obtained by applying the grid-based Monte Carlo procedure explained
after Theorem 5.4, where we have chosen an equally spaced grid from —.99 to
.99 with 20 grid points, and 1000 replications for simulating the corresponding
rejection probabilities. Of course, in a specific application, where one only needs
to obtain a critical value for a single design matrix, the grid can be chosen much
finer. The null rejection probabilities of the adjusted versions of the tests (i)
- (iii) are shown in Figure 2(a). We see that the rejection probabilities of the
adjusted versions of the tests, although they are slightly above 0.05 for large
values of |p| (due to the coarseness of the grid used), are mostly between 0.03
and 0.04. Comparing these results to the null rejection probabilities of the un-
adjusted versions of the tests in Figure 1(b), the adjustment procedure, albeit
leading to rejection probabilities clearly below 0.05 in most scenarios considered,
leads to a substantial improvement concerning the null rejection probabilities.
Power properties of the adjusted versions of the tests (i) - (iii) are presented
in Figures 2(b)-(d) in the form of contour plots. It can be seen that the three
adjusted tests are very similar concerning their power properties. Furthermore,
fixing p and treating ([ as a function argument, the power functions become
“flatter” for larger values of |p|. A complete summary of rejection probabilities
is provided in Tables 5, 7, and 9 in Appendix E.

7. Conclusion

We have shown that tests for (4) based on prewhitened covariance estimators
and possibly data-dependent bandwidth parameters break down in finite sam-
ples in terms of their size or power properties. This breakdown arises already for
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Fic 2. (a) Example 2: Null rejection probabilities for the adjusted versions of the tests (i),
(i), and (i), corresponding to “adj. Andrews-Monahan”, “adj. Newey-West”, and “adj.
Rho-Shao”, respectively. The dashed black line corresponds to 0.05. (b) Ezample 2: Contour
plot of rejection probabilities of the adjusted version of test (i). (¢) Ezample 2: Contour plot
of rejection probabilities of the adjusted version of test (ii). (d) Ezample 2: Contour plot of
rejection probabilities of the adjusted version of test (iii).

comparably simple covariance models such as € = € (7). We have also shown
how a simple adjustment procedure can generically solve this problem in many
cases. The test statistic obtained by applying the adjustment procedure is of
the same structural form as the test statistic based on estimators suggested by
Andrews and Monahan (1992) and Newey and West (1994) and the test statistic
in Rho and Shao (2013), but it is based on an artificial design matrix. There-
fore, the adjustment procedure does not only lead to improved size and power
properties, but is also convenient from a computational point of view. For the
adjustment procedure to work, Assumption 5 has to be satisfied, which requires
that elements of the covariance model € that are close to being singular are
well approximated by AR(1) correlation matrices. If and how the adjustment
procedure can be extended to settings where this approximation condition is
not satisfied is currently under investigation.

Appendices

Additional notation: For the sake of clarity we shall repeatedly stress the
dependence of V', Vp, V,,, Z, AW g, Q. mp and By on the design matrix X
by writing VX, VO’X, Vp,x, ZX, Ag?), Ux, QN,M’p’X and B, x in the following
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proofs. At various places we shall use the following notation: Given a matrix
M e R™>*™2 and indices 1 < ¢ < 'mq and 1 < j < mgy we denote by [M];; = M;;
the ij-th coordinate of M, by [M].; = M.; the j — th column of M and by
[M];. = M;. the i — th row of M. In case my = 1 we write [M]; = M; instead of
(M1

Appendix B: Proofs of results in Section 3.3

Proof of Lemma 8.9. Since X is a matrix of full column rank by assumption,
we clearly have det(X’X) # 0. From the definition of QmM,p)X we see that
Y € N(Quarpx), i-e., Qe arpx(y) is not well defined, if and only if one of the
following conditions is satisfied (cf. Remark 3.1):

(1) det (Vo x ()G x(v)) = 0
(1) det (Vo,x (4) V5 x (4)) # 0 and det (I = Sy AR (4)) = 0;
(IIT) det <V07X(y)‘7()’,x(y)) # 0 and det (Ik -3, fll(p))( (y)) # 0 and M(y) is
not well defined.

Using tix (y) = (I, — det(X'X) "1 X adj(X’'X)X’)y we see that the coordinates
of Vo.x(y) := det(X'X)Vp x(y) and of V, x(y) := det(X'X)V, x(y) are values
of certain multivariate polynomials defined on R™ x R™*¥ evaluated at the point
(y, X). Since (I) is equivalent to

det(det(X/X)Q%,X(y)vd7X(y>) = det(Vo.x (y) Vo x(v)) =0,

this shows that (I) is equivalent to g1(y, X) = 0, say, where g; : R” x R"** —
R is a multivariate polynomial which is clearly independent of (R,r). Using
this equivalence, Condition (II) is seen to be equivalent to ¢1(y, X) # 0 and

det (Ik -0, Al(p))((y)) = 0. Because of g1 (y, X) # 0 we have
- A (P)
I, — Z Az}px (y)
=1

= L V)T (Tox VW) D).
= L= Vox WV x®) (Vox@)Vix 1) " D),
= I —det (Vox )V x®) ™ Vox (0)Vix () adi (Vo,x (1) Vg x (1)) D(p),

where D(p) = (I, ..., I)" € RFP>*k Using this together with similar arguments
as above we see that pre-multiplying I, — Y}, fll(p% (y) by det (VO,X (y)VO’X (y))
results in a matrix, the entries of which are values of certain multivariate poly-
nomials, defined on R™ x R"*¥ evaluated at the point (y, X). It follows that
the second equation in (IT) can be replaced by

g2y, X) = [det (Vo x () Vi x (v))] " det (Ik - ZAI(?))((y)) =0,
=1
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where gy : R x R™** — R is a multivariate polynomial which is independent of
(R, r) either. Summarizing our observations concerning (I) and (IT) we see that

N(QH,M,[),X) ={y e R": g1(y, X)g2(y, X) = 0}

U{y € R": g1(y, X)g2(y, X) # 0 and M(y) not w.d.}.

The set in the second line of the previous display depends on the specific
bandwidth M. Hence, we have to distinguish three cases: Suppose first that
M = Mgy € Mgy, i.e., M is a constant which is functionally independent of
y, X and thus everywhere well defined on R". Define g.. s\ ,p = 9192, so that
G My p - R X R™* — R is a multivariate polynomial. Noting that

N(QH,MKWP,X) = {y eR™: gK,MKVJ?(va) = 0}

then proves the statement in case M € Mgy, because g aryy ,p is independent
of (R,r). Next we consider the case M = Man jw. € Man, and we start
with j = 1 (the case j = 2 is handled almost identically: omit the square in
the definition of D; below, the squares from the expression in Equation (9),
and adapt the discussion following Equation (9) and the exponents of the pre-
multiplying factors accordingly). We shall drop the subindices j and ¢ from
M A, jw,e for notational convenience and write Maas,, instead. We partition

{y € R" : g1(y, X)g2(y, X) # 0 and M4 (y) not w.d.} = Dy U Da, (8)
where D and D5 are disjoint and defined as
D; = {y ER™: g1(y, X)ga(y, X) # 0,3i* : ps-(y) not w.d. or ps-(y)* = 1},
Dy = {y e R"\Dy : g1(y, X)g2(y, X) # 0,Vi s.t. w; #0:67(y) =0}

The equality in (8) is readily seen from the definition of M4 ,,. We want to
obtain more suitable characterizations of D; and Dy and proceed in two steps:
(1) First, we claim that y € D if and only if

91(y, X)g2(y, X) #0 and

2 2
k n—p n—p—1

H Z[Zx(y)]ij[ZX(y)]i(j—l) - [Zx(y)]?j =0. ©)
i=1 j=2 j=1

To see this assume that g1 (y, X)ga(y, X) # 0 holds: Suppose that p;«(y) is not
well defined. The latter occurs if and only if Z;:f_l [Zx(y)]7-; = 0, i.e., all sum-
mands are zero, which immediately implies Y77 [Zx ()]i-;[Zx (y)]i+(j—1) = 0.
Therefore, the factor corresponding to index i* vanishes and thus the prod-
uct defining the second equation in (9) vanishes. That p2.(y) = 1 implies
that the product vanishes is obvious. To prove the other direction assume that
91(y, X)ga(y, X) # 0 and that the product vanishes. This implies that at least
one factor with index ¢*, say, equals zero, which implies that either p;-(y) is
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not well defined or pZ (y) = 1 holds. This proves the claim. Secondly, we recall

that if g1 (y, X)ga(y, X) # 0, then Zx (y) = f/pfg(y) - Ag?) (y)Vo.x (y). Using an
argument as above it is then easy to see that Zx (y) pre-multiplied by

det (Vo,x (¥)Vg x (y)) det(X'X) (10)

gives a matrix, the entries of which are values of certain multivariate polynomials
defined on R x R™** evaluated at the point (y, X). Thus, if we multiply the
second equation in (9) by the (4k)-th power of the expression in the previous
display we see that Equation (9) can equivalently be written as

91(y, X)ga(y, X) # 0 and garr1(y, X) =0,

where ganr1 : R™ x R™*k 5 R is a multivariate polynomial that is independent
of (R, r). Summarizing, we have shown that

Dy ={y eR": g1(y, X)g2(y, X) # 0,9a0m,1(y, X) = 0}.

(ii) First we observe that y € Dy if and only if

91(y, X)g2(y, X)gam(y, X) #0 and
n—p

w3 (Zx )y~ ) Zx W) =0,
i=1 j=2

(11)

where we recall that by assumption w is functionally independent of y and X.
Because ganr1(y, X) # 0 implies that p;(y) is well defined for i = 1,. .., k, which
is equivalent to 7:_1”_1[ZX (y)]3 # 0 for i = 1,...,k, the second equation in
the previous display can be replaced by

k n—p /n—p—1 n—p 2
> wiy, < S ZxWAlZx )]s — Z[ZX(y)]il[ZX(y)]i(z—n[ZX(y)}i(j—1)> =0.
i=1 =2 =1 1=2

We now multiply the function defining this equation by the 6-th power of the
expression in Equation (10) and denote the resulting function by gaasw,2(y, X).

The statement in Equation (11) is then seen to be equivalent to

91y, X)g2(y, X)gan1(y, X) # 0 and ganrw,2(y, X) =0,

where gan w2 : R™ X R™*k 5 R is a multivariate polynomial. We also see that
JAM w2 is independent of (R, r). We conclude that

Dy ={y eR": g1(y, X)g2(y, X)gam(y, X) # 0, 9amw,2(y, X) = 0}.

Now let gux Mapwp = 919294AM,19AMw,2- By what has been shown above
Gk, Marwwp - R" X R™** — R is a multivariate polynomial. Furthermore,
Gk, Man....p does not depend on (R, 7). We observe that

N(QoMargopX) =Y ER™: G Marsop(y, X) =0}
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This proves the lemma in case M € M 4),. Finally, we consider M = Myw,w,w €
Mpyw, where we write Myw . instead of Myw,. w,e, because the argument
and the resulting polynomial are independent of ¢. We use a similar argument as
in the previous case. We observe that if g1 (y, X)g2(y, X) # 0, then the function
MNw,ww is not well defined if and only if

n—p—1
S wiaily) =0, (12)
i=—(n—p—1)
where
ai(y)=(n-p)" > Zx®)y ([ZAX(?J)]-(jf\il))/W for i =0,...n—p—1.
J=lil+1

Since w and w are both functionally independent of X and y, we can pre-
multiply Equation (12) by the square of the expression in Equation (10) to see
that the statement g1 (y, X)g2(y, X) # 0 and Myw,.  not being well defined is
equivalent to

91(y, X)g2(y, X) # 0 and gnw,w,w(y, X) =0,

where gyw,ww @ R" X R™** 5 R is a multivariate polynomial. The function
INW,w,w is independent of (R, 7). Using these properties, defining gx amry w0 w.p =
91929NW w.w, & function which does not depend on (R, ), and noting that

N(QK’MNW,w,w,p,X) = {y eR"™: gH,MNw,u,w,P(va) = 0} )
then proves the claim in case M € My . O

Proof of Lemma 3.10. To establish Parts 1-4 of the lemma we apply a similar
argument as in the proof of Lemma 3.1 in Preinerstorfer and Pétscher (2016).
We observe that if y ¢ N (€ arp.x), or equivalently g, ar,(y, X) # 0, we can
write Qa7 x (y) as

A n
QK,,M,p,X (y) = n—p

By x (@)Wn—p () By, x (1), (13)

where W,,_,(y) € R"=P)x("=P) i the symmetric Toeplitz matrix with ones
on the main diagonal, and where for i # j its ij-th coordinate is given by
k((1 — j)/M(y)) whenever M(y) # 0, and by 0 else. Recall that M(y) > 0.
If M(y) = 0 we have W,,_,(y) = L,. If M(y) > 0 the matrix W,_,(y) is
positive definite by Assumption 1. Therefore, in both cases the matrix W,,_,(y)
is positive definite. This immediately establishes Parts 1-4, where rank(R) = ¢
is used in proving Part 4 (we emphasize that Qm Mp,x(y) can be nonnegative
definite, singular, zero or positive definite only if it is well defined, i.e., only if
9, M p(y, X) # 0 holds). It remains to prove Part 5. We recall that

N* (OH,M@X)

= N(Qumpx)U {y € R™\N(Qp11p,x) : det [Q,{,M,p,x(y)] = 0} .
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From Part 2 of the present lemma we know that we can rewrite the second set
to the right as

{y € RN (nrpx) et [By x () By.x (4)] = 0} (15)

For every y € R™\N(Qu.1rp.x) we have with D(p) = (I, ..., I,)’ € R*»)*k
that (using the same notation as in the proof of Lemma 3.9) B, x(y) can be
written as

ROX'X) ™ (I = Vox ()W x (9) [Vox () Vo x ()] " D))~ N
% (Vox (9) = Vox (0)Vi x () [Voux (0)Vx ()] ™' Vox ()

=R(X'X) " det(X'X)™"

x (det([Vo,x () Vo, x W) )Ix — Vo.x
Y)

YWo.x (y) adj [Vo,x (1) Vs x ()] D(p)) ™"
X (det [VO,X( Wo. X(y)} Vo, x ( ] V

)V,
~Vox (¥)Vo x (v) adj [Vo,x (v) Vo, x (v)] Vo,x (v))

=det(X'X)?
x det (det([Vo,x (1) Vo x (1)) Ik — Vo.x () Ve x (%) adj [Vo,x (4) Vi x ()] D(p)) ™"
x Radj(X’'X)
x adj (det([Vo,x (1) Vo,x W) Ik — Vi,x () Vo, x () adj [Vo,x (¥) Vo, x (¥)] D(p))
x (det [Vo,x (1) Vo,x ()] Vo,x () — Vo,x () Vo,x (v) adj [Vo,x () Vo, x ()] Vo,x ()

We therefore see that the coordinates of the matrix B, x(y), say, which is ob-
tained by pre-multiplying B, x (y) by the factor F,(y, X ), defined as the product
of det(X’X)? and

det (det([Vo,x 1)V x W]k = Vo.x (1) V5 x (v) adj [Vo,x (1) V5 x (v)] D(p)) ,

(for later reference we note that F, : R™ x R"*¥ — R is a multivariate poly-
nomial), are values of certain multivariate polynomials defined on R"™ x R"**
evaluated at (y, X). Furthermore, we can replace B, x(y) in Equation (15) by
B, x (y) without changing the set. This follows because y ¢ N (£, ar,p) implies

Fy(y, X) = det(X'X)* det(Vo,x (¥) V. x (1)) det( Z )

If we combine this equivalent expression for (15) with (14) and Lemma 3.9 we
obtain

N* (QH,M’p,X> = {y €eR": gmM,p(% X) det [BP,X(?J)B;I),X (y)] = 0} .

We next define g 5/ (¥, X, R) = g, m,p(y, X) det[Bp,X(y)Bz’)’X(y)]. By Lemma
3.9 we see that gg 5/, : R" x R™*k x R?** — R is a multivariate polynomial
that does not depend on 7. O
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The subsequent technical lemma plays a key role in several constructions in
the proofs of the genericity results.

Lemma B.1. Let 1 <k <n,n > 2 and let (R,r) be a hypothesis. Suppose that
the triple k, M, p satisfies Assumption 1. Assume that the tuple (y, X) € R"xXg
satisfies for some t > k:

(A1) Vx(y) has exactly t + 1 nonzero columns with indices 1 = j; < jo < ... <
Jt+1 < n.

(A2) jix1—ji>p+1fori=1,....t, andn —jr41 > p—1.

(A3) If t = k, then rank(Vx (y)) = k. Otherwise,

span({[ffx(y)].ji ci=1,... ,t})

= span({[VX(y)].ji i=2,...,t+ 1}) = RF.

Then, the following holds:

1. Ag?) (y) = 0 and rank(Zx (y)) = k.
2. Under each of the following three conditions we have g,’;M’p(y, X,R)#0

(or equivalently y ¢ N* (e rrp.x)):
(CKV) M e Mgy ;

(CAM) M € Mayy, and every row vector of the matriz obtained from Zx (y)
by deleting its last column is nonzero [this is in particular satisfied if

n—ji1>p—1f;

(CNW) M € Mnw, and either each coordinate of w'Zx (y) is non-negative,
or each coordinate of W' Zx (y) is non-positive.

3. For every Q € R¥**F such that rank(Q) = k, the tuple (y,XQ) is an
element of R™ x Xq that satisfies (A1), (A2) and (AS3).

4. Ifk > 2 and either [Vx (y)]1j, > 0 fori=2,...,t+1 or [Vx(y)]1,, <0 for
i=2,...,t+1 holds, then there exists a reqular matriz Q € RF¥** such
that the first columns of X and XQ, respectively, coincide and such that

g:’M’p(%XQ, R) #0 (or equivalently y ¢ N*(Qu pmp,x0))-

Proof. Denote the column vectors of VX(y) by v; fori=1,...,n. If t > k, then
by (A3) the set {v;,,...,v;,} and {v;,,...,v;,,, }, respectively, spans R¥. Using
(A3), we now show that this is automatically satisfied in case t = k. To prove
this claim, we first recall that v; = [ix (y)]; X}.. We see that ix (y)L span(X)
implies

k+1

0="> lax@);X). =D v, = v,
; =1 i=1

Jj=1
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where the third equality follows from (A1) (¢ = k). This shows that

k+1

Uj1 = - E :sz
1=2
k
Ujetr = _E :vji'
=1

By (A3) rank(Vx (y)) = k, which together with (A1) implies that span({vj, : i =
1,...,k+1}) = RE. Therefore, it follows from the two equations in the previous
display that {v;, :¢=1,...,k} and {v;, : ¢ =2,...,k+ 1}, respectively, spans
R*. Hence the claim follows. We next show that Ag?)(y) is well defined. For this
we have to verify that rank(Vp x(y)) = kp (cf. Remark 3.1). The j-th column

(j=1,...,n—p) of \A/O7X(y) is given by
(v}+p,1,...,v;+1,v;-)’ GRkpa (16)

which is to be interpreted as v; if p = 1, as (vj 4, v}) if p=2etc. Forl =1,...,p
we define the (kp) x k dimensional auxiliary matrix D; = e;(p) ® I, where
ei(p) denotes the I-th element of the canonical basis of RP (and ® denotes the
Kronecker product). The following claims are immediate consequences of the
structure of Vx (y) implied by (A1) - (A2):

(I) D,vj, is the first column of V x (y);
II) Ift > 2, then Dyv;, fori =2,...,tand [ = 1,...,parecolumnsof‘70X Y);
Ji ,
(III) If p > 2, then Dyw;,, for I=1,...,(p — 1) are columns of ‘A/07X(y).

To see Parts (I) and (II), we observe that (Al) and (A2) imply that for i =
1,...,t, there are at least p zero columns between the columns v;, and vy, ,, of
Vx (y). Equation (16) together with j; = 1 then immediately implies Parts (I)
and (II). Now we consider Part (IIT) and hence assume that p > 2. We start with
the case [ = (p—1). Every column of Vy (y) with index greater than j;, is zero
by Assumption (Al). By Assumption (A2) we have n — ji+1 > p — 1. Together,
this implies that the column vy, , is followed by at least p—1 zero columns. Since
Ji+1—J¢ = p+1 by Assumption (A2), the column v, , is preceded by at least p
zero columns. The assumption n — ji41 > p—1 is equivalent to n —p > j441 — 1.
Hence, denoting the m; x mg-dimensional zero matrix by 0,,, m,, We can use
Equation (16) with j = j;11 — 1 to see that

/
(v N A V)
Jt+1+p—2> P Vg1 “Je1—1 / / : _
(v,,,+01,k) ifp=2,

/ ’ )/ _ {(01,(p2)k77];'t+1a01,k)/ lfp > 2
is a column of VO’ x (y), where in deriving the equality we made use of the already
established fact that the column vj,, of Vx(y) is preceded by at least p > 1

zero columns (which implies that v _; is the zero vector), and followed by at
least p— 1 zero columns (which is used in case p > 2). This proves the statement
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concerning Dj,_1vj,,,. In case p = 2 we are done. If p > 2, then the statements
concerning Dyvj,,, for [ =1,...,p—2 follow from Equation (16) together with
the equation in the previous display and the fact that vj,,, is preceded by at
least p zero columns.

We now use (I)-(I1I) and span({v;,,...,v;,}) = span({vj,,...,vj, }) = R*
to show that rank(Vp x (y)) = kp: The matrix Vy_x (y) is kpx (n—p) dimensional.
Therefore, we must show that it has full row rank. Assume existence of a row
vector € = (£1,...,&,), where £ € R¥ for i = 1,...,p, such that fffoyx(y) =0
holds. Part (I) shows that 0 = {Dpv;, = &puj,. If t > 2, then Part (II) applied
with [ = p shows that 0 = £Dpv;, = &y, for © = 2,...,t. Summarizing the
cases t = 1 and ¢ > 2 we obtain &,v;, =0 for i = 1,...,t. Because {v;,,...,v;,}
spans R*, it follows that &, = 0. If p > 2, Part (III) implies that 0 = £Dyvj,,, =
&uj, ., for I =1,...,(p—1). If t > 2 Part (II) implies 0 = {Dyv;, = &y, for
l=1,...,(p—1)and i = 2,...,t. Summarizing again the cases t = 1 and ¢ > 2
we obtain that for . =1,...,(p — 1) we have

&uj, =0fori=2,...t+1

Because {vjz, C U, +1} spans R*. it follows from the previous display that
& =0forl =1,...,p— 1. Since we already know that £, = 0, we obtain

€ = 0 and thus rank(Vp x (y)) = kp. Therefore Ag?) (y) is well defined. To see

that flg’;) (y) = 0 we observe that every nonzero column of Vy (y) besides the
first one is preceded by at least p zero columns. The matrix ‘A/py x (y) is obtained
from Vx(y) by deleting the first p > 1 columns. This together with Equation
(16) immediately implies ‘A/p,x(y)f/o”x(y) = 0 and thus Agf) (y) = 0. Before we
show that y ¢ N*(€ arp.x) under the conditions (CKV), (CAM) and (CNW),
respectively, we note that rank(Zx (y)) = k. This follows, because /lg?) (y) =0
implies Zx(y) = prx(y), which together with jo — j1 > p + 1 shows that the
vectors vj, for i =2,...,t+ 1 (which span R¥) are column vectors of Zx ().

Now, as a consequence of Part 4 of Lemma 3.10 positive definiteness of
Q,{’M@X (y) and hencey ¢ N* (QN,M,p,X) follows if we can show that Q,{yM’p’X (y)
is well defined. Since A®)(y) = 0 implies invertibility of I, — - Agp))((y), it
remains to show that M is well defined at y (cf. Remark 3.1). This is trivially
satisfied under Condition (CKV) because M € My is everywhere well defined.
Suppose that Condition (CAM) holds, i.e., M € Ms)s and every row vector of
the matrix obtained from Z x(y) by deleting the last column is nonzero. That
the latter condition is satisfied if n — j;4+1 > p — 1 follows because in that case
the last column of Zx (y) is the zero vector and rank(Zx (y)) = k. Under the as-
sumption that every row vector of the matrix obtained from Zx (y) by deleting
the last column is nonzero it is obvious that the denominators in the definition
of pi(y) fori=1,... k, ie.,

n—p—1
ST Zx@)} for i=1,....k

j=1
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do not vanish. Therefore, p;(y) for i = 1,...,k are well defined. Using Assump-
tions (A1) and (A2) together with p > 1 and Zx(y) = Vj, x (y), it follows that
there is always at least one zero column between two nonzero columns of Zx (y).
Therefore, it is clear that the numerators appearing in the definition of p;(y)
fori=1,...,k, ie.,

n—p R .

Z[Zx(y)]ij [Zx(W)i—1y for i=1,... .k,

j=2

must vanish. It follows that p;(y) = 0 for ¢ = 1,..., k. We finally show that
Gi(y)>0fori=1,... k. We note that p;(y) =0 for i = 1,..., k implies

n—p

6i(y)=m—-p-1"" Z[Zx(y)}f] fori=1,...,k.

=2

Because of Zx(y) = Vp.x(y) it follows from Assumptions (A1) and (A2) that
the first column of Zx(y) must be zero. Furthermore, we already know that
rank(Zx (y)) = k. This implies that the matrix Z,, say, which is obtained from
Zx (y) by deleting the first column, must be of full row rank k. Consequently
all rows of Z, must be non-zero. The previous display shows that 6;(y) for
i1 =1,...,k is, up to a positive factor, the squared Euclidean norm of the i-th
row of Z,. Therefore 6;(y) > 0 for ¢ = 1,...,k must hold. Therefore, we have
shown that M (y) is well defined (we even see that M(y) = 0 holds). Now we
consider the case where Condition (CNW) holds, i.e., M € Muyw and every
coordinate of w'Zx (y) is non-negative (non-positive). We have to show that

n—p—1

S wli)aily) #0.

i=—(n—p—1)

The non-negativity (non-positivity) condition immediately implies 7;(y) > 0
for |i| = 0,1,...,n — p — 1. Furthermore, since rank(ZX(y)) =k and w # 0,
by the definition of the weights vector, we have w’ZX(y) # 0. This implies
go(y) = (n —p) Y|w' Zx (y)||? > 0. By assumption w(0) = 1 and w(i) > 0 for
li| =1,...,n —p— 1. Therefore, the quantity in the previous display does not
vanish and thus M (y) is well defined. This proves the second part of the lemma.

We next prove Part 3. Let @ be a regular k£ x k dimensional matrix. First,
we obviously have X@Q € Xy, because X € Xy and @Q is regular. Secondly, since
span(X) = span(X(@), using regularity of (), we have that ix(y) = Uxq(y).
This immediately entails

Vxq(y) = (XQ)' diag(ixq(y)) = (XQ) diag(ix (y)) = Q' X' diag(ix (y))
=Q'Vx(y).

Therefore, the tuple (y, XQ) € R™ x X, satisfies (A1), (A2) and (A3), because
(y, X)) does so and @ is regular.
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It remains to prove Part 4. We do this by constructing a @ as in Part 3 such
that the tuple (y, XQ) € R™ x X, satisfies Condition (CKV), (CAM) or (CNW),
respectively, if M € Mgy, M € Map or M € Myw, respectively. If M € Mgy
we can obviously choose Q = I;. Suppose that M ¢ Mgy . Let Q € RF** be
such that rank(Q) = k. We specify this matrix later on. From Part 2 of the
present lemma we see that the tuple (y, X Q) satisfies (A1), (A2) and (A3) and
therefore we can conclude from Part 1 of the present lemma that flgf)Q(y) =0,

which implies Z xo(y) = Vp’ xo(y). Together with the equation in the previous
display, we see that

Zxq(y) = Voxa(y) = Q'Vpx(y). (17)
We now want to choose @ € R¥** (regular) such that

(i) every row vector of the matrix obtained from Zxq(y) by deleting the last
column is nonzero, and

(i) either every coordinate of w’Z xo(y) is non-negative, or every coordinate
of w'?XQ(y) is non-positive,

holds, and that additionally the first columns of X and X @), respectively, co-
incide. By assumption we either have [Vx(y)]1;, > 0 for i = 2,...,t+ 1, or we
have [Vx(y)]1j, <0 fori=2,...,¢t+ 1. Consider the former (latter) case: Let

1 v v 7 v

0100 ... 0
Q(,Y)ZOOlO...O’

00 00 ... 1

which is a regular matrix for every v € R. Post-multiplying X by Q(v) has the
same effect as adding ~y-times the first column of X to all other columns, without
changing the first column. We observe that since V}, x (y) is obtained from V (y)
by deleting the first p columns, the nonzero columns of pr x(y) are precisely
the vectors [V (y)].j, for i = 2,...,t + 1 because (y, X) satisfies Assumptions
(A1) and (A2). Therefore, it is obvious from Equation (17), together with the
assumed [V (y)]1j, > 0 for i = 2,....t +1 ([Vx(y)]y, <0 fori = 2,....t+
1), that by choosing v* > 0 large enough, we can enforce that all nonzero
columns of Z XxQ(y+)(y) are coordinate-wise positive (negative). Consider (i):
Using Equation (17) we see that Q(v*)'[Vx(y)].j, is a column of the matrix
obtained by deleting the last column of Z xQ(v+)(y). This follows from j, >
p + 2 (a consequence of the assumptions jo — j; > p+ 1 and j; = 1), which
shows that Q(v*)' [V (y)].j, is a column of Zxo(-+)(y), together with jo < jz <
n (a consequence of k > 2), which shows that it is not the last column of
ZAXQ(W*)(y). Since all coordinates of Q(v*)'[Vx (y)].;, are positive (negative) by
construction of Q(v*), it follows that Q(~*) satisfies (i) above. To show (ii)
we recall that w is nonzero and coordinate-wise nonnegative. Since all nonzero
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columns of Z xQ(y+)(y) are coordinate-wise positive (negative), it immediately
follows that every coordinate of w'Z XQ(y+)(y) is non-negative (non-positive).
By construction the first columns of X and XQ(7*) coincide. This proves the
claim. O

Proof of Lemma 3.11. We start with the first part. Let X € Xy € R™**¥ and

y € R™ be arbitrary but fixed. We show that y € N*(Qy ar,p,x ), which is equiv-

alent to gi 5, ,(y, X, R) = 0 by Part 5 of Lemma 3.10. If y € N(Q4,a1,p,x) C
N*(Qu.arp.x) we are done. Suppose y ¢ N(Qy ar.,p.x) which is equivalent to
9wt p(y, X) # 0 by Lemma 3.9. We claim that rank(Zx (y)) < k must hold. As-
suming this claim and using rank(R) = ¢ = k, X € X which implies rank(X) =
k, and y ¢ N (€1 p.x) which implies rank(I, — 27, Al(p) (y)) = k, it then fol-
lows from the definition of B, x (y) in Equation (7) that rank(B, x (y)) < q. As
a consequence, Part 2 of Lemma 3.10 then shows that QK’MJ,,X (y) is singular,
which implies y € N*(Qy.az,p.x ). To prove rank(Zx (y)) < k we note that

25 ) V5 0) |y = Vi) (Vox W) Tox(0)]
=V X (D (0 ()

We see from the previous display that rank( Zx(y)) = k, ie., Zx(y) hav-

ing full row rank, is equivalent to rank(V, x(y)) = k and span(Vj x(y)) N
span(f/p’x(y)) = {0}. Using rank(Vy x(y)) = kp, a consequence of y ¢

N(Q ar,p,x) (cf. Remark 3.1), this implies
rank (V5 x () : Vi x () = (0 + k.

But this is impossible, because the matrix (VO’X(y) : V;X(y)) is (n—p)x((p+
1)k) dimensional, which together with n < (p + 1)k + p implies rank( AO’,X(y) :
VixW) <n—p<(p+1k

Next, we prove Part 2 of the lemma. Under the present assumptions it is
shown in Part 1 of Proposition 4.5 that for Agnx» almost every X € Xy we have
95 mp(et, X, R) # 0 and therefore in particular g 5, (., X, R) # 0. This proves
the first statement. To show the remaining statement we construct a y such that
95 p(Ys e+, R) # 0. Note first that 2p + 1 + 1w, (M) < n obviously implies
2p+1 < n. Let y € R satisfy y1 = —1, yp42 = 1 and y; = 0 else. [Note that
this is feasible, i.e., p+2 < n holds, because of 2p+1 < n and p > 1.] We intend
to apply Part 2 of Lemma B.1 with ¢ = k = 1 to the tuple (y, e4). We first have
to show that the tuple (y, e ), which is clearly an element of R™ x X, satisfies
Assumptions (A1), (A2) and (A3). For this we observe that ey Ly, which implies
e, (y) = y and therefore
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Hence (Al) is satisfied, because y; = —1 # 0 and y has only two nonzero
coordinates. The corresponding indices are j; = 1 and j;41 = p + 2. The first
part of Assumption (A2) is therefore obviously satisfied. The second part, i.e.,
n—jir1 =n—(p+2) > p—1, follows immediately from 2p+1 < n. Assumption
(A3) follows from y # 0 together with the previous display and ¢ = k. Therefore,
ZAe+ (y) = Vp@r (y) =(0,1,0,...0) € R*? follows as an application of Part 1 of
Lemma B.1. Obviously (CKV) holds if M € Mgy . Since ZAe+ (y) =(0,1,0,...0)
it is also obvious that (CN'W) holds if M € My . Suppose now that M € M4,
holds. In this case 1m,,, (M) = 1 and therefore 2(p + 1) < n holds. The latter
implies n — (p + 2) = n — js+1 > p — 1. Consequently the statement in brackets

n (CAM) shows that the condition is satisfied.

It remains to prove Part 3. Under the present assumptions it is shown in
Part 2 of Proposition 4.5 that for Agnx-1 almost every X € X, we have

gm Mp(e—7 (€+, )a ) 7é 0 and therefore gn Mp( (€+, )a ) 7_é 0. o

Appendix C: Proofs of results in Section 4

For a definition of the group G (91y) appearing in the following lemma we refer
the reader to Preinerstorfer and Potscher (2016) Section 5.1.

Lemma C.1. Assume that the triple k, M, p satisfies Assumption 1. Assume
further that g7\ (., X, R) # 0. Then, B and Q,%M’p satisfy Assumptions 5,
6, and 7 in Preinerstorfer and Pétscher (2016) with N = N(Quarp). In fact,
QK,M,p (y) is nonnegative definite for every y € R"\N(QKVMJ,), and 1is positive
definite Agn-almost everywhere. The test statistic T defined in Equation (5),
with ) = QH}MJ,, is tnvariant under the group G (My) and the rejection prob-
abilities P, 525 (T > C) depend on (,u,aQ,Z) € M x (0,00) x € only through
((RB —r) /o, %) (in fact, only through (((RB —r) /o) ,X)), where B corresponds
to p via p = Xp.

Proof of Lemma C.1. The assumption g 5, (., X, R) # 0 together with Part 5
of Lemma 3.10 implies that the algebraic set N* (QH Mp) is a closed Agn-null
set. Therefore, by Lemma 3.9, it follows that the algebralc set N (QK Mmp) C
N "‘(Q,.i M.,p) is a closed Agn-null set as well. We claim that Q,€ M,p i continuous
(and obviously well defined by definition) on R™\N (€, ar,), because it can be
written as a composition of continuous functions on this set: We recall from
Equation (13) the representation

A n
Qpemp(y) = n—p

By (y)Wa—p(y) By (y) for every y € R™\N(Qenr,p).

We first observe that By,(.) (which was defined in Equation (7)) is continuous
on R™\N(Q, a1p), because V(.) and hence A®)(.) and Z(.) are continuous on
R™\N(Qy.11p). By considering each of the cases M € Mgy, M € My and
M € My separately, it is easy to see that M (.) is continuous on R™\ N (Qy a1p)-
The main diagonal entries of W, (.) are by definition constant on R™\ N (Qy s )
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Therefore, it remains to show that all off-diagonal entries are continuous on
R™\N(Qy.11p). Bach of them is of the form r(i/M(y)) for some fixed |i| =
1,...,n—p—1if M(y) # 0, and 0 if M (y) = 0. Since & is a continuous function by
Assumption 1, and M (.) is continuous on R™\ N (€, ar,,) and satisfies M (y) > 0,
it remains to check that x(z) — 0 as |z| — oo, which is a part of Assumption
1. This proves the claim. Since B is well defined and continuous everywhere
on R™, it follows that both 3 and Q,{, M,p are well-defined and continuous on
R™\N(Qy. 1) Clearly, Q. ar is symmetric on R\ N (€, ar,). This proves Part
(i) of Assumption 5 in Preinerstorfer and Pétscher (2016). To prove the second
part let y € R™\N(Qy.ar,), @ # 0 and v € R¥. We have to show that ay+ X~ €
R™\N(Qy.1p). Note that V(ay + Xv) = X' diag(a(ay + X)) = oV (a(y)),
which implies A®) (ay + X~) = A®) (i(y)) and Z(ay + X7) = aZ(y). The lat-
ter immediately leads (considering each of the cases M € Mgy, M € Myw
and M € My separately) to M(ay + Xv) = M(y), which in turn implies
Wi—play + Xv) = Wyh_p(y). It then follows from the previous display and
the definition of B,(y) that Q. arp(ay + X7) = @®Qu arp(y). Therefore, we
clearly have ay + Xy € R"\N (QH M.,p), which proves Part (ii) of Assumption 5
in Preinerstorfer and Potscher (2016), and where we have also established the
equivariance property of Qm M,p required in Part (iii) of Assumption 5 in Prein-
erstorfer and P6tscher (2016). That B satisfies the equivariance property in Part
(iii) of Assumption 5 in Preinerstorfer and Potscher (2016) is obvious. It remains
to show that Q. a7, is Agn-almost everywhere nonsingular on R™\N(Qy ar).
This is equivalent to

{v € RN (Qarp) : det(@uarp(®)) = 0 = N* (Qarp)\N (Qar)

being a Agn-null set. This is obvious, since we have already observed that
N *(Q,.i M,p) is & Agn-null set under the maintained assumptions. This proves
the claim concerning Assumption 5. That QH, M.p(y) is nonnegative definite for
every y ¢ N(Qu.nrp) (which is equivalent to g, arp(y, X) # 0 by Lemma 3.9)
has been shown in Part 1 of Lemma 3.10. It follows that Q,g, M,p is positive defi-
nite on the complement of N* (QK M.p). Hence Q. a7 is Agn- almost everywhere
positive definite. This immediately shows that Assumptions 6 and 7 in Preiner-
storfer and Pétscher (2016) are satisfied. The remaining two claims in the lemma
now follow immediately from what has been established together with Lemma

5.15 Part 3 and Proposition 5.4 in Preinerstorfer and Pétscher (2016). |

Proof of Theorem 4.2. In each part of the theorem we have gy 5, (., X, R) # 0.
In Part 4 this is an explicit assumption. In the other parts this is implied by
the assumption that g:7kj’p(.,X, R) does not vanish at a specific point. As a
consequence Lemma C.1 is applicable in all parts of the theorem. We shall now
apply the first two parts of Corollary 5.17 in Preinerstorfer and Pétscher (2016)
to prove the first two parts of the present theorem. Lemma C.1 shows that B
and . ar, satisfy Assumption 5 in Preinerstorfer and Pétscher (2016) with

N = N(Q4 pmp). Furthermore, note that the set N* figuring Corollary 5.17 of
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Preinerstorfer and Pétscher (2016) coincides with N*(Q, a7,,). By Assumption
2 the spaces Z; = span(e;) and Z_ = span(e_) are concentration spaces of €
(cf. Lemma G.1 in Preinerstorfer and Pétscher (2016)). Hence, Parts 1 and 2
of the present theorem now follow by applying the first two parts of Corollary
5.17 in Preinerstorfer and Potscher (2016) and Remark 5.18(i) in Preinerstorfer
and Potscher (2016) to Z4 as well as to Z_, and by noting that Part 5 of
Lemma 3.10 shows that the statement e, € R™\N*(Q, ar,) translates into
95 mplers X, R) # 0, with a similar translation if e is replaced by e_. That
the test is biased in Part 2 of the theorem follows immediately from Part 5 of
Lemma 5.15 in Preinerstorfer and Pétscher (2016) (note that Assumptions 5 and
6 in Preinerstorfer and Pétscher (2016) are satisfied by Lemma C.1) showing
that W(C') contains a non-empty open set. To prove Part 4 we apply Theorem
5.19 in Preinerstorfer and Pétscher (2016). Lemma C.1 shows that 3 and Q. ar,,
also satisfy Assumption 7 in Preinerstorfer and Pétscher (2016). We consider
the case where e, € 90 and RB(@Q # 0. The other case can be handled
analogously. From Remark 5.20 in Preinerstorfer and Potscher (2016) we see
that all conditions on the covariance model in Theorem 5.19 in Preinerstorfer
and Potscher (2016) are satisfied with ¥ = eye/,, span(Z) = span(e) and
Z = e,. Clearly, span(Z) = span(e;) C 9 and R3(z) # 0 holds Aspan(5)~2-€-
This shows that Equation (33) in Preinerstorfer and Pétscher (2016) holds in the
present setup. To conclude, it remains to observe that K> in this equation equals
one. This follows from the discussion preceding Theorem 5.19 in Preinerstorfer
and Poétscher (2016), because Qn, M,p is almost everywhere positive definite by
Lemma C.1.

Now we consider Part 3 of the theorem. We prove the case where gy, 5, ,(e+,
X,R) # 0, T(eq + ufy) = C and grad T(es + pf) exists for some pf € M.
The other case works analogously. The statement in the theorem saying that
if grad T'(ey + pf) exists and T'(e4 + p) = C holds for some uf € My, then
grad T'(eq + pf) exists and T'(ey + pf) = C holds for all uf € My follows at
once from invariance of T' w.r.t. G(9My), which holds as a consequence of Lemma
C.1. In a first step we now show that the linear functional on R™ corresponding
to the row vector grad T'(u$ + ey ) does not vanish everywhere on span(ey)*:
Arguing by contradiction, assume that grad T(uf + ex)w = 0 for every w €
span(e; )t, which is equivalent to grad T'(ug + e )’ L span(e;)® and therefore
grad T'(pu$ + e4)" € span(eq) holds, i.e., grad T'(u$ + e4) = ce!, for some ¢ € R.
Since T is G(9My) invariant, it holds for every v # 0 that

T(vet + pg) = T(v(ex + p5 — ko) + 1o) = Tlesr + pg) = C.
Hence on the set R\ {—1} the mapping
o Tles + iy +aes) = T(1+a)es +pi3) = C

is constant, thus showing that the directional derivative of T" at the point e +
pg in direction ey is zero. The latter is equivalent to grad T(uf + e4)ey =
cllex]|*> = 0, and hence ¢ = 0 holds which implies grad T'(ug + e4) = 0. To
arrive at a contradiction it remains to show that there is a vector v such that
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the directional derivative of T at e; + o in direction v does not vanish. To
this end, recall that Assumption 5 in Preinerstorfer and Potscher (2016) is
satisfied, hence the discussion following that Assumption in Preinerstorfer and

Potscher (2016) shows that N*(Qy ar,p) is invariant w.r.t. G(9). Therefore,
er & N*(Qparp) implies ey + 1 & N*(Qyn1p). Since N*(Qy ) is closed by
Lemma 3.10, there exists an open ball U, of radius € > 0 centered at ey + p
such that U, € R™\N*(Q,.as,,). Additionally, we note that e, ¢ 9, because
M C N*(Qy.01p) always holds (see the discussion in Preinerstorfer and Potscher
(2016) after Assumption 5). Therefore, v = Ilgprer /|| Ignrey| is well defined
and for 0 < |a| < & we have ey + pu§ + av € U.. Assume that 0 < |a| < e. The

OLS estimator 3 clearly satisfies
RB(es + pi + av) = RB(ey + 1) + aRB(v) = RB(ey + p5),
where the second equality follows from v 19%. Since Q. s, satisfies the equiv-

ariance condition in Assumption 5 of Preinerstorfer and Pétscher (2016) we can
furthermore write

Qn,M,p(e+ + o+ av) = QmM,p(eJr + aw)

foR

v pler —Ilmey + av)

— Oty (Tons e+ allons e/ o e )

~ «
- (mim )
e ||H£mL€+H e

o ~
Miee]) o (Tlovs o)
«

+ - @
[Tlop et ||

.

:(1

)2 Qe vt (64 + 1) -

By definition of T' (cf. Equation (5) and recall that ey + uf +av € Us C
R™\N*(,0,p)) and the assumed equality T'(e+p5) = C, the relations derived
above allow us to show that

Tes + uf +aw)

R ’ R
= (Rﬁ(eJr + pd + av) — r) Q;Mp(€+ + pg + av) (Rﬁ(e+ + pug + av) — r)

« — A * A— * A *
=(1+ m) 2 (Rﬁ(eJr + 1) — 7") O ples + 1g) (Rﬁ(q + po) — 7‘)
«
=14 ——) T (et +
( ||H93?L6+H) ( + IU’O)
«
=14+ -—— )2
U s

holds for every 0 < |a| < e. This implies that the directional derivative of T in
direction v at the point e} + uf equals —2C/|[Ilgyr e ||, which is nonzero as a
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consequence of C' > 0. In a second step we shall now derive an expansion of T’
at points of the form y 4 pg for y satisfying e/, y # 0: For every h € R™ we have

T(es + 1 +h) = Tles +p3) + grad T(es +us)h+Q(h)  (18)

where Q(h)/||h|| — 0 as h — 0 and h # 0. Recall that T is invariant under the
group G(My). In particular for every y such that €/, y # 0 we have

/

ey n
T(y + /LS) = T( :L e+ :U'S + Hspan(eJr)iy) = T(6+ + ,U'S + ﬂnspan(e+)iy)v
+

where the first equality holds because of y = Ugpan(e, )y + Uspan(e, )+ ¥y and the
second follows from invariance of T w.r.t. G(9p). This means that whenever
e’y # 0 holds, we can combine the equation in the previous display and Equa-
tion (18) with h = 711 )Ly to see that

+

span(e4

* * n * n
T(y+ﬂ’0) = T(6+ +/J’O) + / gradT(e+ +ﬂ0)Hspan(e+)iy+Q(/—Hspan(e+)ly)
€Ly €Ly
(19)
holds and that
Q(

n

n
Wﬂspan(e+)LyM)/He/ y Hspan(e+)lym|| — 0, (20)
+Jm +Im

for any sequence y,, satisfying e/ y, # O, Ugpan(e )+ Yym — 0 and

el ym
c,;ﬁl‘[span(eJr)Lym # 0. Now, we choose a sequgnce pm € (—=1,1) such that
pm — 1 and apply Assumption 2 to obtain A(p,,) € € for every m. We intend
to show that P« A¢p,)(W(C)) — 1/2 along a subsequence. The last state-
ment in Lemma C.1 then implies P, ;24(,,.)(W(C)) — 1/2 for every pair
po € My and 0 < 02 < oo along this subsequence. In Part 3 of Lemma
G.1 in Preinerstorfer and Pétscher (2016) it is shown that A(pp,) — eyel,,
Dy = gpane, ) - Apm) spane, )1 /$m — D, where s, is a sequence of numbers
such that s,, > 0, s,, — 0 and D is regular on span(e)*. Furthermore, it is
shown that Il pan(e, )t A(pm)l_lspm(eJr)/371,{2 — 0. We can use these relations to

derive three useful facts: (i) Observe that the matrix 87;1/2H5pan(€+)i Apm)'/?

is an m x n-dimensional nonnegative square root of the symmetric matrix D,,.
Therefore, we can find an orthogonal matrix U, such that

St Mapan(es )2 Apm) 2 Uy = D}

holds. The sequence D}T{ 2 converges to D'/2 as a consequence of D,, — D to-
gether with the continuity of taking the nonnegative definite symmetric matrix
square root of a symmetric and nonnegative definite matrix. Since U, is or-
thogonal we can choose a subsequence m’ along which U,,, converges to U, say.
Without loss of generality we henceforth assume m’ = m. Using the relation in

—1/2p0 1/2

the previous display we find that s, span(es )L A(pm)'/# converges to

D* = D'?U, (21)
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and we recall from above that D'/2 € R™*" is regular on span(e;)". (ii) We
note that A(p,,) — eye/, implies

Apm)/? = n=2e e,

(iii) We show that D*e = 0 holds: Note that g, )+ A(pm)Hspall(e+)/s717{2 —
0 can be rewritten as

(Sr_nl/QHspan(eJr)J-A(pm)l/Q) A(pm)l/QHspan(e+) — 0,

that the term in brackets converges to D* by (i) and that the other term con-
verges to n~/2e. ¢/, by (ii). Therefore,

D*n~%e e, =0,

or equivalently D*II pan(e,) = 0. But this implies D*e; = 0. Now, we are ready
to show that P a(,,.)(W(C)) = 1/2. Let G be a random n-vector defined on
some underlying probability space such that the probability measure induced by
G on (R™, B(R"™)) equals Py s, . Consequently, the random vector A(p,,)/?G +
p15 induces the distribution Py« A(,,,) on (R™, B(R™)). For notational convenience

we write G, = A(p)/2G. Consequently, we have
B Aoy W(C)) = Pr(T(G + p19) = C) (22)
= Pr (5,2 [T(Go + p15) = Tley + )] 2 0) .

where we used 5;11/ 2> 0 and T(es + pg) = C in deriving the second equality.
Note that €/, G,, # 0 and ||#(L;mﬂspan(e+)LGm” > 0 on an event of proba-

bility one. Using the expansion developed in Equation (19) we see that with
probability one s/ [T(Gp + 1) — T'(eq + pg)] can be written as

—1/2 n * n
Sm / |:€;Gm gradT(€+ + :uO)Hspan(eJr)LGm + Q <—€;G—m Hspan(e+)L Gm>:|

Sr_rzl/QHspan(e+)J~ Gm ||

n o —
= g ad T(eq + )5y Mapan(e, - Gom + ||
+ m

n
e, Gp,

n 1 n
| (mﬂspan(eﬁ—ﬂ(}m) (e (mﬂspan(eHJ- Gm> .

To derive the almost sure limit as m — oo of the expression in the previous
display we first observe that G,, converges point-wise to n =/ 2€+€/+G because
of (ii). From that it follows that e/, G,,, converges point-wise to \/ne/, G and that
Hgpan(e, )+ Gm converges point-wise to zero. An application of the continuous
mapping theorem hence shows that

n

eg_TmHSpan(e*’)L Gm — 0
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almost surely as m — oo, which immediately implies

n 1 n
l (mnspan(m—)i Gm) 7@ (mﬂspan(6+)LGm) -0

almost surely as m — oo as a consequence of Equation (20) together with
Q(0) = 0. We also observe that (i) above implies

Hspan(eJr)i S;LI/QGm — D*G
point-wise and thus, using the continuous mapping theorem again, we see that

n

vn D*G

—1/2
Sm/Gm—>e,G
+

7 (~« ‘ispan(et)t
eg_Gm pan(e4)
almost surely as m — oo (where the limiting random vector is well defined
almost-surely). This finally shows that

vn
e G

52 [T(Go + 1) — Tles + 1)) — e grad T(e + ) D" G,

almost surely. We already know from Equation (21) that D* = D'/2U’, where
U is an orthogonal matrix. Furthermore D'/? maps R” onto span(ey)*, and
grad T'(e4 + p) does not vanish everywhere on span(ey)t. Hence, we see that
the probability that the limiting random variable in the previous display takes
on the value 0 vanishes because grad T'(ey + pg)D*G is a Gaussian random
variable with mean zero and positive variance. Hence, Equation (22) together
with Portmanteau theorem shows that

NG

PMS,A(pm) (W(C)) — Pr(e
+

grad T'(e4 + 1) D*G > 0). (23)

The covariance between the Gaussian mean-zero random variables grad T'(e +
1) D*G and €, G is given by

gradT'(e4 + pg)D*eq =0,

where the equality follows from (iii). Therefore, e/, G and grad T'(e4 + u5)D*G
are independent. Since the probability to the right in Equation (23) equals the
probability that the random variables €/, G and grad T'(e4 + pf) D* G have the
same sign it is now obvious that the limit equals 1/2. O

Lemma C.2. Assume that the triple r, M, p satisfies Assumption 1 and let T
be as in Equation (5) with Q@ = Qu prp. Let po € Mo. Then the following holds.

1. If M € Mgv and gy, ., (y, X, R) # 0, then grad T'(uuo +y) ewists.

2. Suppose that M ¢ My, that k is continuously differentiable on the non-
void complement of a closed set A(k) C R, and that g7, \ ,(y, X, R) # 0.
Assume further that one of the following conditions is satisfied:
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(a) M(y)#0 andm ¢ A(k) fori|=1,...,n—p—1.
(b) M(y) =0 and k has compact support.

Then grad T (ug + y) exists.
3. If M ¢ Mgy, then for every § > 0 we have

{y € R™: g% a1y (y, X, R) # 0 and M(y) = 0}
—{yeR" gLy, (0. X B) # 0 and o), (s, X) = 0},

where gff}wp : R® x R™F — R is a multivariate polynomial (explicitly

constructed in the proof) that does not depend on the hypothesis (R,T).

Proof. We first verify Parts 1 and 2. Let us start by deriving a convenient ex-
pression for T'(ug + y) under the assumption gy 5, (v, X, R) # 0. By Lemma
3.10 the assumption g 5, (y, X, R) # 0 is equivalent to y ¢ N*(Qp.arp)- An
application of Lemma C.1 shows that Q, s, satisfies Assumption 5 in Prein-
erstorfer and Pétscher (2016). An application of Part (i) of this Assumption
shows that po+y ¢ N*(Qu ar,p). We can therefore use Equation (5) together with
RA(y + po) —r = RB(y) and Qp a1p(o +y) = Qemp(y) (both following from
Assumption 5 in Preinerstorfer and Pétscher (2016)) to see that y ¢ N*(Q ar,p)
implies

T(no +y) =By) R'Y N, (W) RB(Y)

=By)' R <

n
n—p

Bp<y>wn_p<y>B;<y>)_ RA(y),

where in deriving the second equality we made use of the representation of
Q. mp(y) developed in Equation (13). The function §(.) is linear and hence
totally differentiable on R™. Furthermore, in the proof of Lemma 3.10 it is
shown that the coordinates of the matrix B,(.) are multivariate rational func-
tions (without singularities) on R™\N*(Q, as,,). In particular the coordinates
of B,(.) are continuously partially differentiable on R™\N* (2 ar,). To show
that grad T'(juo + y) exists at a given point y € R™\N*(Qar,) it is there-
fore sufficient to show that each off-diagonal element (recall that the diago-
nal is constant) of W,,_,(.) is continuously partially differentiable on an open
neighborhood of y in R™\ N* (QH m,p)- Recall that the i-th off-diagonal element
(i€ {1,...,n—p—1}) of W,_,(.) evaluated at some y € R™\N*(Qy as,,) is
given by
f) = {W-/M@,)) if M(y) # 0

0 else.

If M € My the sufficient condition above is obviously satisfied, because in this
case M > 0 is constant and therefore f;(.) is constant on R™\N*(Q, as,,). This
proves Part 1 of the lemma. Consider now Part 2. By considering separately the
cases M € My and M € My, we observe that M (.) is continuously partially
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differentiable in an open neighborhood of any element y of R"\N*(Q, as,) sat-
isfying M(y) # 0. We start with Condition (a). Let y satisfy y ¢ N*(Qu.2rp)
and M(y) #0. Fixan i € {1,...,n — p— 1}. By assumption x is continuously
differentiable on an open neighborhood of i/M (y) ¢ A(k). Hence there exists an
open neighborhood U of y in R"\N*(Q, s,) on which M(.) is strictly greater
than zero and such that x(i/M(.)) is continuously partially differentiable on U.
It hence follows that f;(.) is continuously partially differentiable on U because it
coincides with (/M (.)) on this set. To establish existence of the gradient under
Condition (b) let y satisfy y ¢ N*(Qy.as,») and M (y) = 0. Let i be as before and
recall that the support of k is compact by assumption. Since M is continuous
on R™\N*(Q, ar,p), there exists an open neighborhood of y in R™\N* (. ar.)
such that for every point y* in this neighborhood we either have M (y*) = 0
or that ¢/M (y*) is not contained in the support of x. It follows that the func-
tion f; is constant equal to 0, and thus is in particular continuously partially
differentiable, on this neighborhood.

To prove the third part of the lemma consider first the case M = Manr1,0 €
M 4ps, where we dropped the index ¢ because the argument and the resulting
polynomial do not depend on it. Suppose y satisfies QZ,MAM,l,w,p(y’ X,R) # 0.
Then M 1,.(y) is well defined and by definition Mans1,.(y) = ¢ if and only
if a1(y) = n~'(c;'6) /2 =: §* holds, where ¢; and ¢y are positive constants.
This can equivalently be written as

4p2 Vol e, 0Mw)
2 R+ e 2 T

which, after multiplying both sides of the equation by H§=1(1 — pi(y)s(1 +
pj(y))? (which is nonzero), is seen to be equivalent to

k k
D owi 407 ()at W) [T = 25 w)° (1 + pi(y))*
i=1 i
k
- & sz 67 () (L + piy)* (1 = paw)? TT(1 = 25))° (1 + pi()* | = 0.
J#i

By multiplying both sides of this equation by a suitably large power of the
products of the denominators of p;(y) (which are nonzero), we can write the
preceding equation equivalently as

k
> winy” (Z(y) =0

where each p( ) RFX(=P) R for i = 1,...,k is a multivariate polynomial. In
a final step we multiply both sides of the equation by a suitably large power of
the non-vanishing factor in Equation (10) to obtain an equivalent equation of
the form
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k
) )
92,3\4AM'1,WP(ZJ7X) = ZWJJE )(an) = Oa
i=1

where each p((s)

;0 R™ X R™** — R is a multivariate polynomial. Therefore, the
condition

G Marsa.op(¥X) # 0 and Man1,0(y) =6

can be equivalently stated as

* )
gn,MAk1,17w,p(ya X7 R) 7& 0 and 92’3\4Ak1’17w7p(y3 X) =0.

(s

R7

s p REXRF SR
does not depend on the hypothesis (R, r). This proves the last part of the lemma
in case M = Map,1,0 € Man. The proof of the case M = Manr 2.0 € Mans is
almost identical and therefore we omit it. We finally note that similar arguments
can be used to prove the statement in case M € My, but we omit details. O

Finally, we note that the multivariate polynomial g

Proof of Proposition 4.5. We first prove that the sets Xs(eq ), Xa(e_), Xa(ey)
and Xa(e_) do not depend on the specific choice of 1o, x € Mo, x. This follows
from an invariance argument. Consider for example the set X2(ey ), which is
by definition a subset of Xo\X;(ey). Every element X of this superset satisfies
gr,Mp(, X, R) # 0. Hence, for every such X the corresponding test statistic
Tx is invariant w.r.t. G(9My x) by Lemma C.1. It now immediately follows
that X;(e) does not depend on the specific choice of p x € Mo, x. The same
argument shows that the statement in Part 2 Condition (d) is independent of
the specific choice of N;) (4 )" We shall now prove the three main parts of the

proposition and start with the first:

1) We begin with the statement concerning X; (e4). Under the maintained
assumptions we know from Part 5 of Lemma 3.10 that gy »/,.(.,.,.) @ R™ X
R™** x R** — R is a multivariate polynomial. This immediately implies that
9 v p(ets R) R™** — R is a multivariate polynomial, showing that

{X e Rk . gempler, X, R) = O}

is an algebraic superset of X1 (e4). It hence suffices to show that the set in the
previous display is a Agnxx- null set, or equivalently that g ,, (e+,., R) # 0. To
this end we shall use Lemma B.1 (with ¢ = k) to construct a matrix X € X, such
that g:’M’p(e+7 X, R) #0. Let H € RF+1D>k be an auxiliary matrix the column
vectors of which span span(é; )*, where e, = (1,...,1)" € RF¥*! is the vector
obtained from e by selecting the coordinates with indices j; = 1+ (i—1)(p+1)
for : = 1,...,k + 1 (we shall need a similar construction for e_ later on).
Note that this selection is feasible because jr4+1 = 1+ k(p + 1) < n holds as
a consequence of the assumption n — [k(p + 1) + p] — 1m,,, (M) > 0 together
with p > 1. We also note that H does not contain a row consisting of zeros
only. If the construction of M involves a weights vector w (which is assumed to
be functionally independent of the design) we choose the columns of H in such
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a way that Hw = (—1,1,0,...,0) which is possible because this vector is an
element of span(ey )t and w # 0 holds. We now let X € R™** be the matrix
the non-zero rows of which are precisely X;,. = H;. fori=1,...,k+1, ie,

!
X = (H, Ok, Hyy O Hyy Oy By Ok iy 1) € RV, (24)

where Oy, 1m, denotes the m; x mo-dimensional zero matrix (here Ok n—k(p+1)—1
vanishes if n—k(p+1)—1 = 0). Obviously rank(X) = rank(H) = k holds, which
implies X € X;. Furthermore, ey 1 span(X) holds, which follows immediately
from ey | span(H), because the non-zero columns of X have column indices j;
fori=1,...,k+1 by construction. Therefore, we see that ix (e;) = e; showing
that

Vx(ey) = X' diag(iix (e1)) = X' diag(ey).

Now we apply Lemma B.1 with t = k to (e4,X) € R™ x Xg. That the tuple
(e4, X) satisfies (A1) of that lemma is obvious from the preceding display and
Equation (24). We also see that (A2) is satisfied because jit1 —j; = p+ 1
for i = 1,...k and k(p+ 1) + p + 1m,,, (M) < n implies n — jp11 = n —
kE(p+1) —1 > p— 1. That (A3) is satisfied follows from the preceding display
together with rank(X) = rank(H) = k. To infer gy ), (e4, X, R) # 0 from
Part 2 of Lemma B.1, we consider three cases: First, if M € Mgy (CKV) is
obviously satisfied and we are done. Secondly, assume that M € M 4p,. In this
case we have by assumption k(p + 1) + p + 1 < n which implies n — ji11 =
n—k(p+1)—1>p—1. This shows that (CAM) is satisfied. Thirdly suppose
that M € My . Since Agf)(e+) = 0 follows from Part 1 of Lemma B.1, we see
that Zx(ey) = Vp.x(ey) and hence that the nonzero columns of Zx (e ) are
precisely H] fori = 2,...,k+1. By construction we have Ho.w # 0 and H;w = 0
for i = 3,...,k+1. This shows that exactly one coordinate of w'Zx (e, ) is non-
zero which implies that (CNW) holds. To show that Xj(e—) is a Agnx+—null
set, we can use a similar construction: we replace ey by e_ throughout. If
p is even we then have e_ = (—1,1,—1,... (=11 If p is odd we then
have e_ = (=1,-1,...,—1)". Furthermore, if the construction of M involves a
weights vector we choose H such that Hw = (1,1,0,...,0)" if p is even, and
Hw=(-1,1,0,...,0) if p is odd. The remaining arguments are identical.

Now consider X3(e4). Using Part 1 of Lemma C.2 we see that in case M €
Mgy the set Xp(es) is empty, because (gradTx(.))|e;+py  exists whenever
X € Xp\X1(e4). Next consider the cases where M ¢ Mgy and where k satisfies
Assumption 3. From Part 2a of Lemma C.2 we know that for X € Xy\%¥;(e4) the
non-existence of (grad Tx (.))|e;+p; , implies either M(ey) = 0 or i/M(e;) €
A(k) for some |i]| = 1,...,n — p — 1. The latter two cases can clearly be sum-
marized as M(ey) € A, where A = {3y, 61,...,0,} is a set consisting of finitely
many elements. Therefore,

Xa(ey) € {X € Xo\X1(ey) : (grad Tx (.))]e, 4z does not exist }
C{X eXo\Xi(et): M(ey) € A}
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= U {X € Xo\Xi(ey) : M(eq) = 0;}.
i=0

We use Part 3 of Lemma C.2 to rewrite the latter set as

m

* d;
U {X € %0 : gn,]%,p(eJraXu R) 7é 0 and g[({/’]\zj’p(e‘i»’X) = 0}
=0
= {X € xO : g,:7M,p(6+ﬂXﬂ R) 7é 0 and Hg;g?\Z[,p(e—i-aX) = O} )
i=0

which is clearly a subset of

{X e RF T ol4 (e, X) = 0} .

=0

Part 3 of Lemma C.2 shows that [} gg}\)/[)p(e+7 ) : R™¥F — R is a multivariate

polynomial. We consider two cases: First assume that [];" gg’}&_’p(e% ) # 0.
Consequently, the set in the previous display is a Agaxr-null set. It hence
follows that Xa(ey) is a Agnxs-null set and we are done. Next, assume that
| gé‘?;)/[)p(e+, .) = 0. It follows that there must exist a single index ¢ such that
g,(;?§\)4’p(6+7 .) = 0 holds [this is easily shown by contradiction]. Part 3 of Lemma
C.2 hence shows that X € Xo and g; 5 ,(e4, X, R) # 0, i.e., X € Xo\X1(e4),

implies M (e4) = §;. Clearly,
Xa(eq) C{X € Xo\X1(ey) : Tx(es +p5) = C}.

If X € Xp\X1(ey), then (cf. the argument in the beginning of the proof of
Lemma C.2 applied to y = e)

Tx (et + po x)

~ n -1 ~ 25
= e B (G Bt Wl Byallen)) Rix(er).

Furthermore, since X € Xo\X;(e4) implies M(ey) = d;, the matrix W, (e )
is constant W,,_,, say, on Xo\X1(e4). Hence, for X € X(\X1(e4), the statement
Tx (et + pg x) = C is equivalent to

ey, X) [det(X X)Bx(es)| B

% adj(Byx (e4)Wa—p B} x ((e4))) R [det (X' X)Bx(e-)

n , _ - _
= det(XX)? det(By, x (e )Wy By x ((e4)))C

where B, x(ey+) and F, (e, X) have been defined in the proof of Lemma 3.10,
where it is shown that g. arp(ey, X) # 0 and X € X (which is weaker than
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X € Xo\X1(e4+)) implies F,(es, X) # 0. Furthermore, it is shown in the proof
of Lemma 3.10 that [B, (e4)];j : R™* 5 R (for 1 <i<gand1<j<n-—p)
is a multivariate polynomial, and that F,(e4,.) : R®** — R is a multivariate
polynomial as well. It is easily seen that the coordinates of det(X'X)Bx (e<)
as a function of X are multivariate polynomials. Putting this together we have
shown that

Xoler) C{X e RVF i pyarples, X,C) =0},

where p.arp(es,.,C) : R™* — R is a multivariate polynomial. Therefore,
if we can show that p. v p(es,.,C) £ 0 we obtain that Xo(ey) is a Agnxr-
null set. In the proof of the part concerning X;(es) above we have already
constructed an X € Xo\X; that satisfies e, | span(X) which implies x (e;) =
0. Together with Equation (25) this shows that T'x (e4 + g x) = 0 < C holds
for this specific X. But this immediately shows that p. ap(e4, X, C) # 0 and
we are done. Clearly, we can use an almost identical argument to prove the
statement concerning X3(e_). Under Assumption 2 the set of matrices X € X,
for which the first three cases of Theorem 4.2 do not apply is obviously a subset
of (X1(eq4)UXa(eq))N(X1(e~)UX2(e_)). Hence the first part of the proposition
follows.

2) We start with the statement concerning X (e_). Under the maintained
assumptions we know from Part 5 of Lemma 3.10 that g7 5/ ,(.,.,.) @ R™ x
R™¥F x R9** — R is a multivariate polynomial. This immediately implies that
grple—s(et,.), R): R™*(k=1) 5 R is a multivariate polynomial, which shows
that

{f( e RMx(k=1) g ple—, (e4,X),R) = O}

is an algebraic superset of X1 (e_). It hence suffices to show that the set in the
previous display is a Agnx -1~ null set, or equivalently to show that g M)p(e_,
(e4,.),R) # 0. Again, we shall use Lemma B.1 with ¢ = k to construct a
matrix X € ¥ such that 9 v ple—s (e, X), R) # 0. The situation here is more
complicated than in the first part, because the first column of the design matrix
we seek has to be the intercept. For our construction we need some additional
ingredients: By definition p* = p + 1 if p is odd, and p* = p if p is even. If
pis odd set v = e* = (—1,—-1,...,—1,1) € RFt1 where &* is the vector
obtained from e_ by selecting the coordinates j = j; for ¢ = 1,...,k and
Jig1 = Jp +p"+ 1, where j; = 1+ (i—1)(p+1) fori =1,...,k + 1 was
defined in Part 1 above. This selection is feasible, because by assumption we
have k(p+1) +p* < n, which, since p is odd, gives k(p+1)+p+1 < n, implying
that jz , = (k—=1)(p+1)+p*+2=Fk(p+1)+2 < n, because of p > 1. If p is
even set v = é_ = (—1,1,—1,...,(=1)**1)" € RF*+1 the vector obtained from
e_ by selecting the coordinates j; = j; for i = 1,...,k + 1. Next, define

z=(=1,k71 ... k1) e RFL

We claim that v and z satisfy u := Ugpan(z)v # 0, © = Hpapnyrv = v —u is
linearly independent of e := (1,...,1)" € R*¥*! and z is orthogonal to e. The
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latter property is clearly always satisfied, regardless of whether p is even or odd.
We thus only have to verify the first two conditions. We start with the case p
odd. Here we have z'v = 2k~! # 0 and therefore Hgpan(z)v # 0. Furthermore
Hgpan(z)rv = v — |z]|722"vz can not equal ce for some ¢ € R, because the last
and the last but one coordinate of v are unequal. For p even 2'v = (1 + k™ 1s),
where s equals either 0 (if & is even) or 1 (if k is odd), therefore z'v # 0 holds
and thus Il,an(z)v # 0. Furthermore Iy ., .y0v = v — ||z 722’vz can not equal
ce for some ¢ € R, because the second and third coordinate of v are unequal.
This proves the claim. Using these properties, we see that u € span(z)\ {0} and

U=V—T=7V— Hspan(e,w) (U - Hspan(z)v) =v—= Hspan(e,w)v = Hspan(e,w)iva
where we have used that z is orthogonal to both e and = to derive the third
equality. We shall now define an auxiliary matrix. Let L denote a (k + 1) x k-
dimensional matrix such that L.y, = e, L., = z and such that the remaining
k —2 columns L.; for j = 3,...,k are linearly independent and orthogonal to

span(e, z,v). Since e and z are linearly independent, we have rank(L) = k. For
later use we observe that

HSpan(L),U - HSpan((eax))v =v- Hspan(e,z)iv =V—-—Uu=ux,

where the first equality follows immediately from L.; for j = 3,...,k being
linearly independent and orthogonal to span(e, z,v). This immediately shows

Br(v) = (0,1,0,...,0) € R*
Define the two k-vectors r— = (1,—1,0,...,0) and r; = (1,1,0,...,0)". Let
X € R™* be such that Xjs. = Ly for i =1,...,k + 1, and if the index j ¢
{t,.. -, jis1} thenlet X;. = ryif[e_]; = 1, and let X;. = r_if [e_]; = —1. By
construction the matrix X is of the form X = (e, X). We claim that fx(e_) =
BL(v). To see this denote the set of indices j € {1,...,n}\ {j%,...,j}.1} such
that [e_]; = —1 by Z_, and the set of indices j € {1,....n}\ {4i, ..., jj 1}

such that [e_]; = 1 by Z;. The sum of squares S(8) = |le— — X3||* can be
written as

k+1

SB) =Y (le-ljs = X;: 87+ D (~1=r_ B+ > (1—r )
i=1 jeT. ez
k+1
= Z('Uz —Li.8)* + Z (=1 —7"pB)* + Z (1—7r.B)?
=1 JET- JET
= o — LB+ Y (182 + Y (1, 5)?
JET_ jez,

If we now plug in 3 = 1 (v) and note that rﬁrﬁAL(v) =1and r B.(v) = —1 we

see that
k+1

S(BLw) =Y (vi — LiBr(v))* = éfégi lv — LB|1*.

i=1
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This immediately proves the claim fx (e_) = A1 (v). Hence, the residual vector
satisfies

u;, ifj=jfforsomei=1,...,k+1

[ix (e-)]; = {

0 else.
This immediately entails that Vy (e_) = X' diag(ix (e)) equals

(ulL/l_,Ok7p,u2L’2_,0k7p,. .. (26)
R ukL;m Ok,p* s uk+1L/(k+1)Aa Ok,n—[k(P+1)+p* —p-‘rl])v

where the indices of the nonzero columns of this matrix are precisely j; for
i=1,...,k+1, because the first column of L ise and u; # 0 fori=1,...,k+1,
the latter following since u € span(z)\ {0} and z; # 0 for i = 1,...,k+ 1 by
definition. In deriving the dimension of Oy ,, [k (p41)4p* —p+1)] We used

. . k(p+1)+2 ifpodd
Jrwr =k+1) +1+p p{k(p+1)+1 if p even.
Now we apply Lemma B.1 (with ¢ = k). Clearly, rank(X) = rank(L) = k. From
Equation (26), and the discussion following it, we see that the tuple (e_, X) €
R™ x X, satisfies Assumption (A1). Assumption (A2) is satisfied, because j; | —
ji>p+1fori=1,...,k and because we see from the previous display that
n—jiy = n—[k(p+ 1)+ 14 p* — p|, which together with the assumption
k(p+ 1) + p* + 1ymyu,, (M) < n implies n — j;,, > p — 1. Assumption (A3)
is satisfied because rank(Vy (e_)) = rank(L) = k. If M € Mgy we are done.
Consider the case M € M aps. We show that Condition (CAM) is satisfied. But
this is obvious, because the assumption k(p+1)+p*+1 < n immediately implies
n—Jjry1 > p— 1. Suppose M € My . We apply Part 4 of Lemma B.1. For this
we claim that either [Vx(e_)]lj; >0fori=2,...,k+1or [VX(e_)]lj; < 0 for
1=2,...,k 4+ 1. Assuming that this claim is true, the lemma shows that there
exists a regular matrix Q € R¥** such that XQ € X, the first column of XQ
is ey and g:’N[’p(e+,XQ,R) # 0, and we are done. To prove the claim recall
that by construction u € span(z)\ {0} holds, which shows that either u; < 0 for
1=2,....,k+1orwu; >0fori=2,...,k+ 1. Furthermore, the first column of
L is the vector e = (1,...,1). Equation (26) now shows that [Vx (e)]jr = wi
for i =2,...,k+ 1. This proves the claim.

The part of the statement concerning X, (e—) is established by exploiting an
argument similar to the one given in Part 1 of the proof. Firstly, if M € Mgy,

then we know from Part 1 of Lemma C.2 that g;; (e, (e4, X), R) # 0 implies

existence of grad(T{,, %)(.)) ‘e*ﬂ‘é,(q,x

(a). It remains to prove the remaining three cases, in all of which Assumption 3
holds. Clearly we can also assume that M ¢ Mgy . We start with the following
observation: Combining Assumption 3 with Part 2a of Lemma C.2 as in Part
1 of the proof, we see that there exists an integer m > 0 and real numbers

- Therefore, Xy(e_) is empty in Case
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60, - --,0m, such that

Xa(e-) € {X e R0 T g% (e (64, X)) = o} : (27)

=0

It follows with the same argument as in Part 1 that either Xo(e_) is a Agnx—1)-
null set, or there exists an index 7 such that gSj&I’p(e_, (e4,.)) = 0. In the former
case we are done. In the latter case one can show, with a similar argument as
in Part 1 of the proof, that

x2(67) Q {X c Rnx(k_l) :pn,M,p(efv (6+,X), C) = 0} ) (28)

where p, arp(e—, (e4,.),C) : R~ 5 R is a multivariate polynomial. Either
we have that p. arp(e_, (er,.),C) # 0 and Xy(e_) is a Agnx-n-null set, or
Pe,mple—, (ey,.),C) = 0 and the superset in the previous display coincides with
%0\X1(e_). Consider Condition (d). If the function X — T(e+,?2)(“3,(e+,)2) +e_)

is not constant C on io\il(e_), then py arp(e—, (e4,.),C) # 0, and hence the
superset in Equation (28) is a Agnx(—n-null set. This shows that Xs(e_) is a
null set under Condition (d).

For Condition (b) we consider again the inclusion in Equation (27). Either
the superset is a null set and we are done, or there must exist a real number J;
such that gfj?g[’p(e_, (e4,.)) = 0. Assume the latter. We exploit a property of

the matrix X = (e;, X) with X € Xo\X1(e_) constructed above. In the proof
of Part 2 (CAM) of Lemma B.1 it is shown that for this specific X we have

M(e_) = 0. Therefore, gff}w’p(e_, (e4,.)) = 0, or equivalently M(e_) = 0 for
every design matrix X = (ey, X) with X € X¢\¥;(e_). But since the kernel

satisfies Assumption 4, the existence of (grad T(e+,)~()('))|u;,(e+,5()+ef for every

X € Xo\X1(e_) then follows from Part 2b of Lemma C.2. Hence, Xs(e_) = 0.

Consider Condition (c). We use a similar argument as under Condition (b):
We establish the existence of a sequence of matrices (ey, X,,) with X,, even-
tually in Xo\X1(e_), such that M(e_) — 0 as m — co. From an argument as
in the proof under Condition (b) this then implies that either X5(e_) is a null
set, or that M(e_) = 0 on ¥¢\X;(e_). But since  satisfies Assumption 4, it
then follows from Part 2b of Lemma C.2 that in the latter case X5(e_) is empty.
This then proves the claim. It remains to construct a sequence X,, as claimed.
By assumption w; > 0 for some i > 1. Assume without loss of generality that
i = 2 (otherwise we have to interchange the columns of the X,, sequence to
be constructed accordingly). Let X = (e4,X) be as constructed above. Let
Ym > 0 be a sequence diverging to co. Recall that by construction X jz1 = x; for
i1=1,...,k+ 1. Since p is odd, a simple calculation shows that = = Hspan(z)J.’U
equals

2 2k—1 2k~1 2k—1\’
S e R e A e
v < T k1 k+1 k+1)
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Let c=1+ 2 k?+1 and note that

ETl+1

x+ce =2( ,0,...,0,1).

Define the k x k dimensional regular matrix

1 ¢ ... ... ... 0
o1 o0 ... ... 0

Qm=QD,,=|0 0 1 0 ... 0 diag(1,vm,1,...,1).
0 0 O o ... 1

Clearly, post-multiplying a matrix with k& columns by @,, has the same effect
as adding c¢ times the first column to the second column, then multiplying the
column so obtained by v,, and leaving all other columns unchanged. Since L.; =
e and L.o = x, the expression for x + ce above shows that the second column of
L@, has precisely two nonzero elements with indices 1 and k + 1, respectively.
Since X = (eq,X) € X and (e_, X) satisfies (A1)-(A3) as established above,
Part 3 of Lemma B.1 shows that

X = (€+,X)Qm = (e+7)~(m) € Xo,

and that the tuple (e_,X,,) € R™ x X, satisfies (Al), (A2) and (A3). An
application of Lemma B.1 to that tuple then shows that rank(ZXm)( )) =k,
which together with w # 0 immediately implies & x,, (e_) # 0. Since Zx(e_)
is obtained from Vy (e—) by deleting its first p columns, we observe, using the
remark concerning the second column of LQ above together with Equation (26),
that the second row of Q'Zx (e—) has exactly one non-zero coordinate, namely
2uj+1. Consider

Gixo(en) Lot @' 1Zx, W) Zx, W)
coxne-) YTl wl(Zx, )] Zx, )] w
Z;L] H_lw Q' ZX( )] ‘[Q/ZAX(y)y(j_m)fDm
Z] 1 @ [Q/ZX( )]j[Q/ZX(y)]{j‘Dm

for [i| = 1,...,n—p—1, where &,, = Dpw/||Dpmwl]|. Clearly &, — (0,1,0,...,0).
Since the second row of Q’ Z (e4,%) contains by construction precisely one nonzero
entry, it follows that the limit of (29) must be 0 for i = 1,...,n — p — 1.
Furthermore we have &y x,, (e—) — oo. It immediately follows from w(0) = 1
and the definition of M that M(e_) is well defined for m large and that it
converges to 0 as m — co. The remaining part of the proposition is obvious.

3) Let X € Xy and assume that X = (e,, X) satisfies 9rmp(- X, R) £ 0.

Obviously, e; € span(X). Note that Sx(ey) = e;(k). The first column of R
is non-zero. Therefore RBx(ey) # 0. Thus we can (since Assumption 2 holds)
apply Part 4 of Theorem 4.2. O

(29)

)
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Appendix D: Proofs of results in Section 5

Proof of Theorem 5.2. We verify the assumptions of Theorem 5.21 in Preiner-
storfer and Pétscher (2016) with €, a7, = Q and § = . Because 9rarp( X, R)
# 0 by assumption, and since the triple x, M, p satisfies Assumption 1, we
can use Lemma C.1 to conclude that 4 and Q. s, satisfy Assumptions 5, 6
and 7 in Preinerstorfer and Pétscher (2016), that Q,{, M,p is almost everywhere
positive definite and that T is invariant w.r.t. G(9y). Assumption 5, Remark
5.1 (Part (iii)) together with Remark 5.14 (ii) in Preinerstorfer and P&tscher
(2016) now shows that J(€) = span(e;) U span(e_) and that all assumptions
on € appearing in Theorem 5.21 in Preinerstorfer and Pétscher (2016) are sat-
isfied. Because e;,e_ € M is assumed we have J(€) C M. The assumption
RB(ey) = RB(e~) = 0 even implies J(€) C My — po (for some arbitrary
o € Mp). Invariance of T w.r.t. G(My) then shows that Equation (34) in
Theorem 5.21 of Preinerstorfer and Pétscher (2016) is satisfied. The assump-
tions on  appearing in Parts 2 and 3 of that theorem are satisfied, because
Q,.a1,p is positive definite almost everywhere. The theorem now follows from
Theorem 5.21 in Preinerstorfer and Potscher (2016), using a standard subse-
quence argument, positive definiteness of every element of € and compactness
of €*, to obtain the second statement in Part 3 from the corresponding Part of
Theorem 5.21 in Preinerstorfer and Potscher (2016). The claim in parenthesis
in Part 3 follows from the corresponding claim in parenthesis in Theorem 5.21
of Preinerstorfer and Pétscher (2016), together with the observation that the
conditions on e; and e_ have only been used to verify the condition in Equa-
tion (34) of Theorem 5.21 of Preinerstorfer and Pétscher (2016) (cf. the proof
of Theorem 3.7 in Preinerstorfer and Potscher (2016)). |

Proof of Theorem 5.4. We apply Theorem 5.21 of Preinerstorfer and Pé&tscher
(2016) with the estimators Q,@Myp’;( = Q and (I,0)85 = B. Obviously, the test
statistic defined in Equation (28) of Preinerstorfer and Potscher (2016) based on
these estimators coincides with the test statistic T as defined in the statement of
the present theorem. Since the assumptions concerning € in the present theorem
are the same as in Proposition 5.2, we see from the proof of this proposition that
it suffices to verify that Q/{,M,p,)_( and (I, O)BX satisfy Assumption 5 in Preiner-

storfer and Pétscher (2016), that Q,ﬁ i1,p, % 1 almost everywhere positive definite
(implying that Assumptions 6 and 7 in Preinerstorfer and Potscher (2016) are
satisfied), and that the invariance condition in Equation (34) of Preinerstorfer
and Pétscher (2016) is satisfied by T. By definition, QK,M%;( is the estimator
one would obtain following Steps 1-3 of the construction in Section 3 based on
x, M and p, if X was the underlying design matrix (observe that X is of full
column rank) and (R,r) was the hypothesis to be tested. By assumption, the
triple k, M, p satisfies Assumption 1 w.r.t. the (dimensions k& and n of the)
design matrix X and additionally 1 < p < n/(k+3) holds. From 1 < k —k < 2,
and the definition of M it follows that the triple «, M, p satisfies Assump-
tion 1 w.r.t. (the dimensions k and n of) X. Furthermore, it is assumed that

9" i p(., X, R) # 0. Therefore, we can apply Lemma C.1, acting as if X was the
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underlying design matrix, to conclude that B < and QH’ i1,p,x satisfy Assumption
5 in Preinerstorfer and Potscher (2016) with N = N(QN,M,Z),X) and k replaced
by k, X replaced by X and 9 replaced by 9 = span(X). Furthermore, Lemma
C.1 shows that QN) i1,p,x 18 almost everywhere positive definite. We now apply
Part 1 of Proposition 5.23 in Preinerstorfer and P6tscher (2016) to obtain that
QK,M,[),X and (I, 0)3x satisfy (the original) Assumption 5 in Preinerstorfer and
Pétscher (2016), and that the invariance condition is satisfied. To this end, it
suffices to verify that in each of the four cases we have span(J(€))NM C M — po
(for some arbitrary uo € 9My). This is obvious in the first three cases. For Case
4 we can use exactly the same argument as in the proof of Part 4 in Theorem
3.8 in Preinerstorfer and Potscher (2016). O

Proof of Proposition 5.5. We begin with the proof of the first statement. We
note that for Agnxr- almost every X € Xy Case 3 of Theorem 5.4 applies:
Since by assumption (k + 3)(p* +2) +p — 1 < n and by definition p* > 1,
we have k + 2 < n. Therefore, the set of matrices X in R™** such that
det((X,eq,e-)(X,eq,e_)") =0 holds is a Agnxi- null set. Hence, e4,e_ ¢ My
and rank((X,ey,e_)) = k + 2 holds for Agnxs- almost every X € Xg. It re-
mains to verify that g:,MW(.,X,R) # 0 for almost every X € Xy, where

X = X(X) = (X,eq,e_), R = (R,0,0) and M is constructed as outlined in
Theorem 5.4. For that it suffices to find a matrix X € R™** and a vector y € R"
such that g* - p(y,X,R) # 0. To see this note that the triple x, M, p satis-

fies Assumption 1 w.r.t. (the dimensions of) X (cf. the proof of Theorem 5.4).
Therefore, Lemma 3.10 shows that (y, X) — g:’M’p(y,X,R) is a multivariate
polynomial. If we can find a matrix X and a vector y as above, this implies that
the multivariate polynomial (y, X) — 9. M’p(y, X, R) is not the zero polynomial,
and therefore the zero set of this multivariate polynomial is a Agn ygnxx- null

set. It follows that for Agnxx- almost every X we must have g7 o (., X,R)#0

[Assuming the opposite, there exists a set A € B(R™**) of positive Agnxk-
measure such that g~ Mp('7X7R) = 0 for every X € A, which implies that

R™ x A C R™ x R™*¥ is a subset of the zero set of (y, X) — g¢%,(y, X, R). But
clearly R™ x A has positive Lebesgue measure, a contradiction.]. In the following
we shall construct such a pair (y, X) as above:

Let § # 0 and define wy,wz,v(8) € R¥* as wy = (1,1,...,1), wy =
(-1,-1,1,...,1) and v(8) = (=4,6,—(k+1),1,...,1,1). By construction v(4)
is orthogonal to w; and ws. Noting that [w1]; = [we]; for i > 3 a dimension-
ality argument implies existence of k normalized vectors ws, ..., w0 € RF4
that are functionally independent of ¢, linearly independent and orthogonal to
e1(k +4), ea(k +4), wi, wy and v(d) (for every ¢ # 0). Recall that e;(k + 4)
and ey(k + 4) are the first two elements of the canonical basis of R*+*. Hence,
the first two coordinates of w; for i = 3,..., k4 2 are zero. These orthogonality
properties readily imply

Hspan(wg,...,warg,wl,wg)iv(é) = Hspan(w3+w1,4..,wk+2+w1,w1,w2)iv(5) = ’U(a) (30)

and rank(W) = k + 2 for W = (w3 + w1, . .., k2 + w1, wy, ws). Inserting zero
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coordinates and rows, respectively, we shall now suitably embed v(§) € RF+4
and W = (w3 + w1, ..., wpso +wp) € RFHF into R™ and R™*¥, Define y(§) as

(v1(), 01,p*+1, v2(6), 01,p+, v3(6), 01,p*+1, vy (9), O1,p41,---
e Upga(6), 01,51, 01 g )/

and X as

/ / / / / /
(Wld Ok,P*—H, W2~’ Okvp* ) W3~7 0k,p*+17 W4-7 Okyp*+17 sy W(k+4)~7 Olyp—h 017"—71*) )

where n* = (k+3)(p*+2)+p—1, a number that does not exceed n by assumption.
We emphasize that by construction X does not depend on §. Furthermore, if we
delete from e and e_ those coordinates that correspond to the zero coordinates
that have been inserted to obtain y(d) from v(J), we obtain the vectors wy
and ws. Therefore, it follows from Equation (30) that y(J) is orthogonal to

span(X) = span((X,e4,e_)), that rank(X,ey,e_) = rank(W) = k + 2 and
that for every ¢ # 0 we have

i (y(9)) = y(0).
As an immediate consequence we obtain
% (y(0)) = X' diag(y(d))

= (vL(O)W1., Ok g p 41, 02(6) W, g, v3(8) W3, O pe 11, - - - (31)
s Uk a (O Wi g, O, p—15 Oz m—n ),

where we recall that all coordinates of v() are nonzero and therefore Vi (y(6))
has precisely k + 4 nonzero columns. We now intend to apply Lemma B.1 with
t =k + 3, acting as if X € R™*(*+2) was the underlying design, (R, r) was the
hypothesis to be tested and with the triple x, M, p which obviously satisfies
Assumption 1 with respect to X (a matrix with £-+2 columns), since by assump-
tion we have 1 < p < 75 (Note that due to interpreting X as the underlying
design, k+ 2 corresponds to the ‘k’ in Lemma B.1). We note first that removing
the first or last row of W does not reduce its rank, because v(d) (a vector all
coordinates of which are nonzero) is orthogonal to every column of this matrix
(cf. the argument in the beginning of the proof of Lemma B.1). Using p* > p
we hence see that Assumptions (A1)-(A3) in Lemma B.1 are satisfied by con-
struction. Now consider the case M € My . By definition M is an element of
Mgy (acting as if X was the underlying design matrix). Therefore, Condition
(CKV) is satisfied for § # 0 arbitrary, and g;M’p(y@), X, R) # 0 follows. Con-
sider the case where M € M. Since n — n* > 1ym,,, (M) = 1 and because of
Jr+a = n*—p+1 it follows that n—jg44 > p—1. Therefore, Condition (CAM) in
Lemma B.1 is satisfied and therefore g:7M7p(y(5), X, R) # 0 for § # 0 arbitrary.
It remains to consider the case where M € My . It suffices to find a §* # 0
such that M (y(6*)) is well defined (see the proof of Part 2 of Lemma B.1). The
latter statement is equivalent to the denominator in the fraction appearing in
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the definition of M (y(5*)) being nonzero, i.e.,

n—p—1
Y. w(@aiy(d)) #0,
i=—(n—p—1)
where for |i| =0,...,n—p—1
Gi(y(6) = (n—p)"" D FZgO N[ Zx W) i@
j=lil+1

By definition @ = (', 0,0)" and we recall that Zg = f/pvg(y(é)) which implies
via Equation (31) that (w’,0,0)Z (y(8)) equals

(Ok,p* —p+25 V2 (5)w’W2’,, Ok,p* , U3 (5)w’W§,, 0k7p*+1, e

ey Uk+4(6)w/Wk/:+4.7 Ok,p—la Ok,n—n" )

The only coordinate of this vector that depends on § is va(d)w'W§. = § Zle wi,
the latter equation following from wvy(d) = 6 and Wo. = (1,...,1). Since
Z§=1 w; > 0, the denominator appearing in the definition of M (y(J)) inter-
preted as a function of ¢ is now seen to be a polynomial of degree 2 in §. Hence,
there must exist a §* # 0 such that the denominator does not vanish. It follows
that g7 o (y(6%), X, R) # 0.

Concerning the second statement we observe that (k+2)(p* +2)+p—1<n
implies k + 1 < n, and therefore we have rank(X, eqr,e—) =k+1for Agnxx-1)-
almost every X € X,. By assumption the first column of R is zero. Therefore, for
Agnx(—n-almost every X = (ey, X) € R"™* we have ey € Mx, RBx(es) =0
and e_ ¢ My, ie., for Agnx—n-almost every (e,, X) € R™ ¥ Scenario (1)
in Theorem 5.4 applies. As above, it suffices to construct a pair y € R™ and
X € R =1 (recall that k > 2), such that g:7M7p(y,X7R) # 0, where X =
(e+,X,e_) € R+ and R = (R,0). Here, the matrix X is n x (k—-1)
dimensional. By assumption k¥ = k — 1 obviously satisfies (k% + 3)(p* + 2) +
p—1+ Iy, (M) < n. To construct the matrix X we can thus use the same
argument as was used to construct X in the proof of the first statement (K
replacing k). The matrix X so obtained has (after a permutation of its columns)
the same structure as has the matrix X constructed in the proof of the first
statement. We can therefore use almost the same arguments to conclude that

* _ (y(0%), X, R) # 0 for some 6* # 0 and y(§) as constructed in the first part

i, p
of the proof. O

Appendix E: Tables

In Tables 1, 2, and 3 rows correspond to p and columns correspond to [,
whereas in Tables 4, 5, 6, 7, 8, 9, rows correspond to p and columns correspond

to 52.
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TABLE 1
Rejection probabilities for test (i) in Example 1

0 01 02 03 04 05 06 07 08 09 1 1.5 2
-0.9999 0.18 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.999 0.16 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.99 0.13 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.95 0.08 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.9 0.07 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.8 0.06 085 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.7 0.06 066 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.6 0.05 0.53 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.5 005 043 093 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.4 0.05 033 086 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 006 0.29 0.79 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.06 0.25 0.69 095 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.1 0.06 0.22 060 0.92 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0 0.06 0.19 054 085 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 0.06 0.16 0.45 0.79 095 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.2 0.06 0.15 040 0.69 091 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.3 0.06 0.13 0.32 0.60 0.83 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00
0.4 0.07 0.12 0.28 0.52 0.74 0.90 0.97 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.07 0.12 0.25 044 065 0.82 093 098 099 1.00 1.00 1.00 1.00
0.6 0.07 0.11 0.21 0.37 0.54 0.72 0.86 0.93 0.98 0.99 1.00 1.00 1.00
0.7 0.09 0.10 0.18 0.30 041 0.59 0.72 0.85 091 0.96 0.98 1.00 1.00
0.8 0.09 0.13 0.18 0.23 0.34 0.46 0.58 0.68 0.78 0.85 0.91 1.00 1.00
0.9 0.15 0.16 0.18 0.23 0.29 0.37 043 0.53 0.59 0.67 0.72 0.92 0.98
0.95 0.23 0.22 0.25 0.29 0.32 0.37 0.40 045 049 0.54 0.61 0.81 0.93
0.99 048 047 0.48 0.50 049 0.52 0.55 0.58 0.59 0.60 0.65 0.77 0.84
0.999 0.75 0.76 0.76 0.78 0.76 0.78 0.78 0.78 0.80 0.81 0.83 0.87 0.92
0.9999 0.89 089 090 089 0.89 091 091 091 091 093 0.92 0.95 0.97

TABLE 2
Rejection probabilities for test (ii) in Example 1

0 01 02 03 04 05 06 07 08 09 1 1.5 2
-0.9999 0.19 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.999 0.17 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.99 0.14 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.95 0.09 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.9 009 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.8 0.07 0.86 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.7 0.08 068 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.6 0.07 0.55 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.5 007 046 094 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.4 0.07 037 088 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 0.08 032 080 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.09 0.28 0.71 096 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.1 0.08 0.24 063 093 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0 0.07 0.21 0.56 0.86 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 0.08 0.17 0.47 0.80 095 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.2 0.07 0.16 042 0.70 0.92 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.3 0.06 0.15 0.34 0.63 084 095 099 1.00 1.00 1.00 1.00 1.00 1.00
0.4 0.07 0.13 0.29 0.54 0.75 091 0.98 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.07 0.13 0.25 045 066 0.83 094 098 099 1.00 1.00 1.00 1.00
0.6 0.07 0.11 0.22 0.38 0.55 0.73 0.87 0.94 0.98 0.99 1.00 1.00 1.00
0.7 0.10 0.11 0.19 0.30 041 0.59 0.72 0.85 091 0.96 0.99 1.00 1.00
0.8 0.09 0.13 0.18 0.24 0.34 0.46 0.59 0.69 0.78 0.85 0.91 1.00 1.00
0.9 0.15 0.16 0.18 0.23 0.29 0.38 0.43 0.53 0.59 0.67 0.72 0.92 0.98
0.95 0.23 0.22 0.25 0.29 0.32 0.36 0.40 0.46 0.49 0.54 0.61 0.81 0.93
0.99 0.47 047 0.48 0.50 049 0.51 0.55 0.58 0.59 0.60 0.64 0.77 0.84
0.999 0.75 0.76 0.76 0.78 0.76 0.78 0.78 0.78 0.80 0.81 0.83 0.87 0.92
0.9999 0.89 089 090 089 0.89 091 091 091 091 0.93 0.92 0.95 0.97
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TABLE 3
Rejection probabilities for test (iii) in Example 1

0 01 02 03 04 05 06 07 08 09 1 1.5 2
-0.9999 0.02 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.999 0.02 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.99 0.02 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.95 0.03 097 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.9 0.04 0.8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.8 0.04 0.62 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.7 0.05 044 092 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.6 0.04 0.34 0.84 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.5 0.04 029 0.75 096 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.4 0.04 0.23 0.67 090 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 0.05 0.20 0.57 085 097 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.05 0.17 048 0.79 094 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.1 0.04 0.15 042 0.73 090 096 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0 0.04 0.13 0.36 0.65 0.85 0.95 0.98 0.99 1.00 1.00 1.00 1.00 1.00
0.1 0.05 0.11 0.30 056 0.78 090 0.97 0.99 1.00 1.00 1.00 1.00 1.00
0.2 0.05 0.10 0.25 0.49 0.70 0.84 0.93 0.98 0.99 1.00 1.00 1.00 1.00
0.3 0.04 0.10 0.22 042 062 079 091 095 0.98 0.99 1.00 1.00 1.00
0.4 0.05 0.09 0.18 0.35 0.53 0.70 0.84 0.92 096 0.98 0.99 1.00 1.00
0.5 0.04 0.07 0.16 0.28 044 0.62 0.75 0.86 0.92 0.96 0.97 1.00 1.00
0.6 0.05 0.07 0.14 0.24 0.35 0.51 0.64 0.76 0.84 091 094 1.00 1.00
0.7 0.05 0.05 0.10 0.18 0.26 0.37 050 0.63 0.73 0.81 0.87 0.99 1.00
0.8 0.05 0.07 0.10 0.14 0.20 0.27 0.36 0.46 0.57 0.64 0.71 0.95 0.99
0.9 0.08 0.08 0.09 0.11 0.15 0.20 0.24 0.32 0.36 0.42 0.48 0.74 0.88
0.95 0.11 0.11 0.13 0.14 0.17 0.20 0.22 0.26 0.27 0.32 0.36 0.58 0.74
0.99 0.27 0.25 0.28 0.30 0.29 0.31 0.33 0.36 0.38 0.39 0.43 0.56 0.64
0.999 0.56 0.56 0.58 0.58 0.56 0.59 0.61 0.60 0.62 0.63 0.66 0.74 0.81
09999 0.78 0.77 0.77 0.77 0.78 0.80 0.81 0.81 0.82 0.83 0.83 0.89 0.92

TABLE 4
Rejection probabilities for test (i) in Example 2

0 01 02 03 04 05 06 07 08 09 1 1.5 2
-0.9999 0.88 0.88 0.88 0.88 0.88 0.88 0.88 0.87 0.88 0.88 0.88 0.88 0.89
-0.999 0.68 0.68 0.69 0.69 0.69 0.70 0.71 0.71 0.72 0.73 0.74 0.77 0.81
-0.99 0.50 0.51 0.51 0.53 0.55 0.58 0.61 0.63 0.66 0.69 0.71 0.83 0.89
-0.95 0.24 0.25 0.29 0.34 0.41 0.47 0.54 0.61 0.68 0.73 0.78 0.93 0.98
-0.9 0.17 0.19 0.25 0.33 042 053 0.64 0.73 0.80 0.86 0.90 0.99 1.00
-0.8 0.12 0.15 0.25 0.39 0.55 0.70 0.82 0.90 0.95 097 0.99 1.00 1.00
-0.7 0.10 0.15 0.30 0.50 0.70 0.84 0.93 098 099 1.00 1.00 1.00 1.00
-0.6 0.09 0.16 0.35 0.59 0.79 0.92 0.98 0.99 1.00 1.00 1.00 1.00 1.00
-0.5 0.08 0.16 0.39 0.67 087 096 099 1.00 1.00 1.00 1.00 1.00 1.00
-0.4 0.07 0.17 044 0.75 0.92 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 0.07 0.18 046 0.77 094 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.07 0.19 0.50 0.80 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.1 0.07 0.20 0.54 085 097 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0 0.07 0.19 0.53 0.84 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 0.07 0.20 0.52 0.83 097 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.2 0.07 0.19 0.51 0.82 0.96 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.3 0.07 0.18 046 0.76 093 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.4 0.08 0.18 045 0.74 0.92 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.08 0.16 0.39 0.67 087 096 099 1.00 1.00 1.00 1.00 1.00 1.00
0.6 0.09 0.16 0.35 0.60 0.80 0.93 0.98 0.99 1.00 1.00 1.00 1.00 1.00
0.7 0.10 0.15 0.29 050 070 0.84 0.93 097 0.99 1.00 1.00 1.00 1.00
0.8 0.12 0.15 0.25 0.40 0.56 0.71 0.83 0.91 0.95 098 0.99 1.00 1.00
0.9 0.16 0.19 0.24 0.33 043 054 0.64 0.73 0.80 0.86 0.91 0.98 1.00
0.95 0.22 0.24 0.26 0.32 0.38 0.45 0.53 0.60 0.67 0.73 0.78 0.93 0.98
0.99 0.28 0.28 0.31 0.34 038 043 048 0.53 0.58 0.63 0.68 0.84 0.91
0.999 0.35 0.35 0.37 0.39 0.42 0.46 0.50 0.54 0.58 0.62 0.65 0.79 0.87
0.9999 0.37 0.37 039 041 0.44 0.48 0.52 0.56 0.60 0.63 0.67 0.80 0.88
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TABLE 5
Rejection probabilities for the adjusted version of test (i) in Example 2

0 01 02 03 04 05 06 07 08 09 1 15 2
-0.9999 0.06 0.06 0.07 0.09 0.12 0.15 0.18 0.22 0.26 0.30 0.34 0.52 0.65
-0.999 0.06 0.06 0.08 0.09 0.12 0.16 0.19 0.23 0.27 031 0.35 0.53 0.66
-0.99 0.05 0.05 0.07 0.09 0.12 0.15 0.20 0.24 0.28 0.33 0.38 0.59 0.73
-0.95 0.04 0.04 0.06 0.09 0.13 0.18 0.24 0.30 0.37 0.43 049 0.74 0.87
-0.9 0.03 0.04 0.06 0.10 0.16 0.22 0.30 0.38 0.47 0.55 0.62 0.85 0.94
-0.8 0.03 0.05 0.10 0.18 0.30 0.43 0.57 0.69 0.78 0.85 0.90 0.99 1.00
-0.7 0.04 0.06 0.15 0.30 0.49 0.67 0.81 0.90 0.95 0.97 0.99 1.00 1.00
-0.6 0.04 0.07 020 041 0.63 0.81 091 0.97 099 1.00 1.00 1.00 1.00
-0.5 0.04 0.09 0.25 052 0.76 0.91 0.97 0.99 1.00 1.00 1.00 1.00 1.00
-0.4 0.04 0.10 0.31 0.61 0.84 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 0.03 0.10 0.32 0.63 0.86 0.96 0.99 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.04 0.12 0.38 0.71 091 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.1 0.03 0.12 041 0.75 094 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0 0.04 0.12 0.40 0.74 0.93 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 0.04 0.12 039 0.73 093 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.2 0.03 0.11 0.36 0.69 0.91 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.3 0.03 0.10 0.31 0.61 0.84 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00
0.4 0.03 0.10 0.30 0.60 0.84 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.03 0.09 0.25 0.50 0.74 0.89 0.96 0.99 1.00 1.00 1.00 1.00 1.00
0.6 0.03 0.06 0.18 0.37 0.58 0.77 0.88 0.95 0.98 0.99 1.00 1.00 1.00
0.7 0.03 0.06 0.15 0.30 049 0.67 0.81 090 0.95 0.98 0.99 1.00 1.00
0.8 0.03 0.05 0.10 0.20 0.32 0.46 0.60 0.72 0.81 0.88 0.93 0.99 1.00
0.9 0.03 0.05 0.07 0.12 0.18 0.25 0.3¢ 0.42 0.51 0.59 0.67 0.89 0.97
0.95 0.04 0.04 0.06 0.09 0.12 0.17 0.22 0.28 0.34 0.40 0.46 0.70 0.85
0.99 0.05 0.05 0.06 0.09 0.11 0.14 0.18 0.22 0.26 0.31 0.35 0.56 0.70
0.999 0.06 0.06 0.07 0.09 0.11 0.14 0.17 0.20 0.24 0.27 0.31 0.48 0.62
0.9999 0.06 0.06 0.07 0.09 0.11 0.14 0.17 0.21 0.24 0.28 0.32 0.49 0.62

TABLE 6
Rejection probabilities for test (ii) in Example 2

0 01 02 03 04 05 06 07 08 09 1 15 2
-0.9999 0.87 0.88 0.88 0.87 0.88 0.87 0.87 0.87 0.87 0.88 0.88 0.88 0.89
-0.999 0.68 0.68 0.68 0.68 0.69 0.70 0.70 0.71 0.72 0.73 0.73 0.77 0.80
-0.99 0.50 0.50 0.51 0.53 0.55 0.58 0.60 0.63 0.66 0.69 0.71 0.82 0.89
-0.95 0.25 0.26 0.29 0.34 041 047 0.55 0.62 0.68 0.73 0.79 0.93 0.98
-0.9 0.17 0.20 0.25 0.33 0.43 054 0.64 0.73 0.80 0.86 0.90 0.99 1.00
-0.8 0.13 0.16 0.26 040 0.56 0.71 0.82 0.90 095 0.98 0.99 1.00 1.00
-0.7 0.10 0.16 0.31 0.51 0.71 0.85 0.94 0.98 0.99 1.00 1.00 1.00 1.00
-0.6 0.10 0.17 0.37 0.61 0.81 0.93 098 1.00 1.00 1.00 1.00 1.00 1.00
-0.5 0.09 0.18 0.41 0.69 0.88 0.97 0.99 1.00 1.00 1.00 1.00 1.00 1.00
-0.4 0.09 0.19 046 0.76 0.93 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 0.08 0.20 0.49 0.78 094 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.08 0.21 0.52 0.82 0.96 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.1 0.08 0.22 0.56 0.86 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0 0.08 0.21 0.55 0.85 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 0.08 0.21 0.54 0.85 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.2 0.08 0.21 0.53 0.83 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.3 0.08 0.19 048 0.78 094 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.4 0.09 0.20 0.47 0.76 0.93 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.09 0.18 0.42 0.69 0.88 0.97 0.99 1.00 1.00 1.00 1.00 1.00 1.00
0.6 0.10 0.17 0.37 0.62 0.82 0.93 0.98 0.99 1.00 1.00 1.00 1.00 1.00
0.7 0.11 0.16 0.31 0.52 0.71 0.85 0.94 0.98 0.99 1.00 1.00 1.00 1.00
0.8 0.12 0.16 0.26 0.41 0.57 0.72 0.84 0.91 095 0.98 0.99 1.00 1.00
0.9 0.16 0.19 0.24 0.33 043 0.54 0.65 0.73 0.81 0.86 0.91 0.98 1.00
0.95 0.22 0.24 026 0.32 038 045 0.53 0.60 0.67 0.73 0.78 0.93 0.97
0.99 0.27 0.28 0.30 0.34 0.38 043 0.48 0.53 0.58 0.63 0.67 0.84 0.91
0.999 0.35 0.35 0.37 0.39 042 046 0.50 0.54 0.58 0.62 0.65 0.79 0.87
0.9999 0.37 0.37 0.39 041 0.44 048 0.52 0.55 0.60 0.63 0.67 0.80 0.87
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TABLE 7
Rejection probabilities for the adjusted version of test (i) in Example 2

0 01 02 03 04 05 06 07 08 09 1 15 2
-0.9999 0.06 0.06 0.08 0.09 0.12 0.15 0.18 0.22 0.26 0.29 0.34 0.52 0.64
-0.999 0.05 0.06 0.07 0.09 0.11 0.15 0.18 0.22 0.26 0.30 0.34 0.51 0.65
-0.99 0.05 0.05 0.07 0.09 0.12 0.15 0.19 0.24 0.28 0.33 0.37 0.58 0.73
-0.95 0.04 0.04 0.06 0.09 0.13 0.18 0.24 0.30 0.36 0.42 0.49 0.73 0.87
-0.9 0.03 0.04 0.06 0.10 0.16 0.22 0.30 0.38 0.46 0.54 0.61 0.85 0.94
-0.8 0.03 0.05 0.10 0.18 0.30 044 0.57 0.69 0.79 0.85 0.90 0.99 1.00
-0.7 0.03 0.06 0.15 0.29 047 0.66 0.80 0.89 0.95 097 0.99 1.00 1.00
-0.6 0.04 0.07 0.20 0.40 0.62 0.80 0.91 0.97 099 1.00 1.00 1.00 1.00
-0.5 0.03 0.08 0.24 0.49 0.74 090 097 0.99 1.00 1.00 1.00 1.00 1.00
-0.4 0.04 0.10 0.30 0.59 0.83 095 0.99 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 0.04 0.10 0.32 0.62 0.85 096 099 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.04 0.11 0.35 0.67 0.89 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00
-0.1 0.03 0.11 0.37 0.71 092 099 100 1.00 1.00 1.00 1.00 1.00 1.00
0 0.04 0.11 0.38 0.72 092 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.1 0.04 0.12 0.37 0.70 092 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.2 0.03 0.10 0.33 0.66 0.89 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.3 0.03 0.09 0.28 0.57 081 094 099 1.00 1.00 1.00 1.00 1.00 1.00
0.4 0.04 0.10 0.30 0.59 0.83 095 0.99 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.03 0.08 0.24 0.49 0.73 088 096 0.99 1.00 1.00 1.00 1.00 1.00
0.6 0.03 0.06 0.17 0.36 0.57 0.76 0.88 0.94 097 0.99 0.99 1.00 1.00
0.7 0.04 0.06 0.15 0.30 0.49 0.67 0.81 0.90 095 098 0.99 1.00 1.00
0.8 0.03 0.05 0.10 0.19 0.31 045 0.59 0.71 0.81 0.88 0.92 0.99 1.00
0.9 0.03 0.05 0.07 0.12 0.18 0.25 0.34 042 0.51 0.59 0.67 0.89 0.97
0.95 0.04 0.04 0.06 0.09 0.12 0.17 0.22 0.28 0.34 040 0.45 0.70 0.85
0.99 0.05 0.05 0.06 0.09 0.11 0.14 0.18 0.22 0.26 0.31 0.35 0.56 0.70
0.999 0.06 0.06 0.07 0.09 0.11 0.14 0.17 0.20 0.24 0.27 0.31 0.48 0.62
0.9999 0.06 0.06 0.07 0.09 0.11 0.13 0.16 0.20 0.24 0.27 0.31 0.48 0.61

TABLE 8
Rejection probabilities for test (i) in Example 2

0 01 02 03 04 05 06 07 08 09 1 15 2
-0.9999 0.65 0.64 0.65 0.65 0.66 0.66 0.66 0.67 0.68 0.68 0.69 0.72 0.75
-0.999 047 047 047 048 049 050 0.51 0.52 0.53 0.55 0.56 0.62 0.67
-0.99 0.32 0.32 0.33 0.35 0.37 040 0.42 046 048 0.51 0.54 0.67 0.76
-0.95 0.14 0.15 0.18 0.22 0.27 0.33 0.40 0.46 0.52 0.58 0.63 0.83 0.92
-0.9 0.09 0.10 0.14 0.21 0.28 0.37 046 0.54 0.62 070 0.75 0.92 0.97
-0.8 0.07 0.09 0.17 0.27 0.40 0.53 0.65 0.75 0.83 0.89 0.93 0.99 1.00
-0.7 0.07 0.10 0.20 0.35 0.53 0.68 0.80 0.88 0.93 096 0.98 1.00 1.00
-0.6 0.06 0.10 0.24 0.42 0.61 0.77 0.87 0.93 097 098 0.99 1.00 1.00
-0.5 0.06 0.11 0.27 0.49 0.70 0.84 0.93 0.97 099 099 1.00 1.00 1.00
-0.4 0.06 0.12 0.31 0.55 0.76 0.89 0.95 0.98 0.99 1.00 1.00 1.00 1.00
-0.3 0.05 0.12 0.32 0.58 0.78 090 096 0.99 1.00 1.00 1.00 1.00 1.00
-0.2 0.05 0.13 0.34 0.60 0.80 0.92 097 0.99 1.00 1.00 1.00 1.00 1.00
-0.1 0.05 0.14 0.38 0.66 0.85 094 098 1.00 1.00 1.00 1.00 1.00 1.00
0 0.05 0.13 0.37 0.64 0.84 094 098 0.99 1.00 1.00 1.00 1.00 1.00
0.1 0.05 0.14 0.36 0.64 0.83 093 098 0.99 1.00 1.00 1.00 1.00 1.00
0.2 0.05 0.13 0.35 0.62 0.82 093 098 0.99 1.00 1.00 1.00 1.00 1.00
0.3 0.05 0.12 0.31 0.56 0.77 090 096 0.98 099 1.00 1.00 1.00 1.00
0.4 0.06 0.12 0.32 0.56 0.76 0.89 0.95 0.98 0.99 1.00 1.00 1.00 1.00
0.5 0.06 0.12 0.28 0.50 0.70 0.84 0.92 0.96 098 0.99 1.00 1.00 1.00
0.6 0.06 0.11 0.24 0.44 0.63 0.78 0.88 0.94 097 098 0.99 1.00 1.00
0.7 0.07 0.10 0.21 0.36 0.53 0.68 0.80 0.88 0.93 096 0.98 1.00 1.00
0.8 0.08 0.10 0.17 0.28 0.42 0.55 0.67 0.77 0.85 090 0.94 0.99 1.00
0.9 0.11 0.12 0.17 0.23 0.32 041 0.51 0.59 0.67 0.73 0.79 0.93 0.98
0.95 0.13 0.14 0.16 0.20 0.26 0.31 0.38 0.45 0.51 0.57 0.63 0.82 0.91
0.99 0.16 0.17 0.18 0.21 0.24 0.28 0.32 0.37 041 045 0.50 0.68 0.77
0.999 0.22 0.22 0.24 0.25 0.28 0.32 0.35 0.39 042 046 0.49 0.64 0.73
0.9999 0.23 0.23 0.25 0.27 0.30 0.33 0.36 0.40 0.44 0.46 0.50 0.64 0.74
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TABLE 9
Rejection probabilities for the adjusted version of test (i) in Example 2

0 01 02 03 04 05 06 07 08 09 1 15 2

-0.9999 0.06 0.06 0.07 0.09 0.11 0.15 0.17 0.21 0.25 0.28 0.32 0.50 0.62
-0.999 0.05 0.06 0.07 0.09 0.11 0.14 0.17 021 0.25 0.29 0.32 0.50 0.63
-0.99 0.05 0.05 0.07 0.09 0.12 0.15 0.19 0.24 0.28 0.32 0.37 0.57 0.71
-0.95 0.04 0.04 0.06 0.09 0.13 0.18 0.24 0.30 0.36 0.43 049 0.73 0.87
-0.9 0.03 0.04 0.07 0.11 0.16 0.23 0.31 0.39 047 0.54 0.61 0.85 0.94
-0.8 0.03 0.05 0.10 0.19 0.31 0.44 0.58 0.70 0.79 0.86 0.90 0.99 1.00
-0.7 0.04 0.06 0.15 0.30 0.49 0.67 0.81 0.90 0.95 0.98 0.99 1.00 1.00
-0.6 0.04 0.07 0.20 0.39 061 0.80 091 097 099 1.00 1.00 1.00 1.00
-0.5 0.04 0.09 0.25 0.50 0.75 0.90 0.97 0.99 1.00 1.00 1.00 1.00 1.00
-0.4 0.04 0.10 0.30 0.60 0.83 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00
-0.3 0.04 0.10 0.32 0.61 085 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00
-0.2 0.04 0.12 0.35 0.67 089 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.04 0.12 0.39 0.72 092 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.04 0.12 0.38 0.71 092 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.04 0.12 0.37 0.70 091 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.03 0.10 0.34 0.66 088 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.03 0.10 0.29 0.58 0.82 0.95 0.99 1.00 1.00 1.00 1.00 1.00 1.00
0.04 0.10 0.29 0.57 081 0.94 099 1.00 1.00 1.00 1.00 1.00 1.00
0.04 0.09 024 048 0.72 0.88 096 0.99 1.00 1.00 1.00 1.00 1.00
0.03 0.07 0.19 0.38 0.59 0.77 0.89 0.95 0.98 0.99 0.99 1.00 1.00
0.04 0.07 0.15 0.31 049 0.67 0.81 0.89 095 0.97 0.99 1.00 1.00
0.03 0.05 0.10 0.20 0.32 0.46 0.60 0.72 0.82 0.88 0.93 0.99 1.00
0.04 0.05 0.07 0.12 0.18 0.25 0.34 0.42 0.50 0.58 0.66 0.88 0.96
0.04 0.05 0.06 0.09 0.13 0.17 0.22 0.28 0.34 0.40 0.45 0.70 0.84
0.05 0.05 0.06 0.08 0.11 0.14 0.17 0.21 0.25 0.30 0.34 0.54 0.68
. 0.06 0.06 0.07 0.09 0.11 0.14 0.17 0.20 0.24 0.27 0.30 0.47 0.60
0.9999 0.06 0.06 0.07 0.09 0.11 0.14 0.17 0.20 0.23 0.26 0.31 0.47 0.60

.
<
=

coocococoooo
OO Ut W~

cooo
© O © O
© O Ot
o

Acknowledgements

Financial support by the Austrian Science Fund (FWF) P27398 and by the Dan-
ish National Research Foundation (Grant DNRF 78, CREATES) is gratefully
acknowledged. I am grateful to Benedikt M. Pétscher for many helpful discus-
sions and for feedback on an earlier version of this manuscript. Furthermore I
would like to thank a referee for helpful comments.

References

ANDREWS, D. W. K. (1991). Heteroskedasticity and Autocorrelation Con-
sistent Covariance Matrix Estimation. Fconometrica 59 pp. 817-858.
MR1106513

ANDREWS, D. W. K. and MoONAHAN, J. C. (1992). An Improved Heteroskedas-
ticity and Autocorrelation Consistent Covariance Matrix Estimator. Econo-
metrica 60 pp. 953-966. MR1168742

BARTLETT, M. S. (1950). Periodogram Analysis and Continuous Spectra.
Biometrika 37 1-16. MR0035934

DEN Haan, W. J. and LEvIN, A. T. (1997). A practitioner’s guide to ro-
bust covariance matrix estimation. In Robust Inference, (G. S. Maddala and
C. R. Rao, eds.). Handbook of Statistics 15 299-342. Elsevier. MR1492717


http://www.ams.org/mathscinet-getitem?mr=1106513
http://www.ams.org/mathscinet-getitem?mr=1168742
http://www.ams.org/mathscinet-getitem?mr=0035934
http://www.ams.org/mathscinet-getitem?mr=1492717

2166 D. Preinerstorfer

GRENANDER, U. and ROSENBLATT, M. (1957). Statistical analysis of stationary
time series. John Wiley & Sons, New York. MR0084975 (18,959b)

HANNAN, E. J. (1957). The Variance of the Mean of a Stationary Pro-
cess. Journal of the Royal Statistical Society. Series B 19 282-285.
MR0092333

HANSEN, B. E. (1992). Consistent Covariance Matrix Estimation for Dependent
Heterogeneous Processes. Econometrica 60 pp. 967-972. MR1168743

JANssoN, M. (2002). Consistent covariance matrix estimation for linear pro-
cesses. Econometric Theory 18 1449-1459. MR1945420

JANsSON, M. (2004). The Error in Rejection Probability of Simple Autocorre-
lation Robust Tests. Fconometrica 72 937-946. MR2051441

JOwETT, G. H. (1955). The Comparison of Means of Sets of Observations from
Sections of Independent Stochastic Series. Journal of the Royal Statistical
Society. Series B 17 208-227. MR0076248

KIErer, N. M., VoGeLsang, T. J. and BunzeL, H. (2000). Simple robust
testing of regression hypotheses. Fconometrica 68 695-714. MR1769382

Kierer, N. M. and VOGELSANG, T. J. (2002). Heteroskedasticity-
autocorrelation robust testing using bandwidth equal to sample size. Econo-
metric Theory 18 1350-1366. MR1945416 (2003k:62230)

KIEFER, N. M. and VOGELSANG, T. J. (2005). A new asymptotic theory for
heteroskedasticity-autocorrelation robust tests. Econometric Theory 21 1130—
1164. MR2200988

NEwey, W. K. and WEsT, K. D. (1987). A simple, positive semidefinite,
heteroskedasticity and autocorrelation consistent covariance matrix. Econo-
metrica 55 703-708. MR890864 (88g:62111)

NEwEY, W. K. and WEsT, K. D. (1994). Automatic Lag Selection in Covari-
ance Matrix Estimation. The Review of Economic Studies 61 pp. 631-653.
MR1299308

OkAMOTO, M. (1973). Distinctness of the eigenvalues of a quadratic form in a
multivariate sample. The Annals of Statistics 763-765. MR0331643

PREINERSTORFER, D. and POTSCHER, B. M. (2016). On Size and Power of
Heteroskedasticity and Autocorrelation Robust Tests. Econometric Theory
32 261-358. MR3471120

PREINERSTORFER, D. and POTSCHER, B. M. (2017). On the power of invariant
tests for hypotheses on a covariance matrix. Econometric Theory 33 1-68.
MR3574860

RHO, Y. and SHAO, X. (2013). Improving the bandwidth-free inference methods
by prewhitening. Journal of Statistical Planning and Inference 143 1912—
1922. MR3095081

ROBINSON, G. (1979). Conditional properties of statistical procedures. The An-
nals of Statistics 742-755. MR0532239

SCHWERT, G. (2009). EViews 7 User’s Guide II. Quantitative Micro Software,
LLC, Irvine, California.

SuN, Y., PHiLLIPS, P. C. B. and JIN, S. (2008). Optimal Bandwidth Selection
in Heteroskedasticity-Autocorrelation Robust Testing. Econometrica 76 175—
194. MR2374985


http://www.ams.org/mathscinet-getitem?mr=0084975
http://www.ams.org/mathscinet-getitem?mr=0092333
http://www.ams.org/mathscinet-getitem?mr=1168743
http://www.ams.org/mathscinet-getitem?mr=1945420
http://www.ams.org/mathscinet-getitem?mr=2051441
http://www.ams.org/mathscinet-getitem?mr=0076248
http://www.ams.org/mathscinet-getitem?mr=1769382
http://www.ams.org/mathscinet-getitem?mr=1945416
http://www.ams.org/mathscinet-getitem?mr=2200988
http://www.ams.org/mathscinet-getitem?mr=890864
http://www.ams.org/mathscinet-getitem?mr=1299308
http://www.ams.org/mathscinet-getitem?mr=0331643
http://www.ams.org/mathscinet-getitem?mr=3471120
http://www.ams.org/mathscinet-getitem?mr=3574860
http://www.ams.org/mathscinet-getitem?mr=3095081
http://www.ams.org/mathscinet-getitem?mr=0532239
http://www.ams.org/mathscinet-getitem?mr=2374985

Finite sample properties of prewhitened F-type tests 2167

SuN, Y., PaiLLips, P. C. B. and JiN, S. (2011). Power maximization and size
control in heteroskedasticity and autocorrelation robust tests with exponen-
tiated kernels. Econometric Theory 27 1320-1368. MR2868841

R Core TEAM (2016). R: A Language and Environment for Statistical Com-
puting R Foundation for Statistical Computing, Vienna, Austria.

VELASCO, C. and ROBINSON, P. M. (2001). Edgeworth Expansions for Spectral
Density Estimates and Studentized Sample Mean. Econometric Theory 17
497-539. MR1841819

ZEILEIS, A. (2004). Econometric Computing with HC and HAC Covariance
Matrix Estimators. Journal of Statistical Software 11 1-17.

ZEILEIS, A. and HOTHORN, T. (2002). Diagnostic Checking in Regression Re-
lationships. R News 2 7-10.

ZHANG, X. and SHAO, X. (2013). Fixed-smoothing asymptotics for time series.
The Annals of Statistics 41 1329-1349. MR3113813


http://www.ams.org/mathscinet-getitem?mr=2868841
http://www.ams.org/mathscinet-getitem?mr=1841819
http://www.ams.org/mathscinet-getitem?mr=3113813

	Introduction
	The framework
	Tests based on prewhitened covariance estimators
	Bandwidth parameters
	The parametric approach of A92
	The non-parametric approach of NW94
	Data-independent bandwidth parameters

	Assumptions on , M and p
	Structural properties of prewhitened covariance estimators

	A negative result and its generic applicability
	A positive result, an adjustment procedure and its generic applicability
	Numerical results
	Example 1
	Example 2

	Conclusion
	Appendices
	Proofs of results in Section 3.3
	Proofs of results in Section 4
	Proofs of results in Section 5
	Tables
	Acknowledgements
	References

