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1. Introduction

Testing the significance of covariates is common in applied regression analysis.
Sound parametric inference hinges on the correct functional specification of the
regression function, but the likelihood of misspecification in a parametric frame-
work cannot be ignored, especially as applied researchers tend to choose func-
tional forms on the basis of parsimony and tractability. Significance testing in a
nonparametric framework has therefore obvious appeal as it requires much less
restrictive assumptions. Fan (1996); Fan and Li (1996); Racine (1997); Chen and
Fan (1999); Lavergne and Vuong (2000); Ait-Sahalia, Bickel and Stoker (2001),
and Delgado and Gonzédlez Manteiga (2001) proposed tests of significance for
continuous variables in nonparametric regression models. A related issue is test-
ing for the equality of nonparametric regression functions across subsamples, see
Delgado (1993); Dette and Neumeyer (2001); Lavergne (2001); Neumeyer and
Dette (2003); Racine, Hart and Li (2006). When the division into subsamples
is governed by a discrete random variable, this is akin to testing the signif-
icance of this discrete variable, see Lavergne (2001). Volgushev et al. (2013)
considered significance testing in nonparametric quantile regression. For each
test, one needs first to estimate the model without the covariates under test,
that is under the null hypothesis. The result is then used to check the signifi-
cance of extra covariates. Two competing approaches are then possible. In the
“smoothing approach,” one regresses the residuals onto the whole set of covari-
ates nonparametrically, while in the “empirical process approach” one uses the
empirical process of residuals marked by a function of all covariates.

In this work, we adopt an hybrid approach to develop a new significance test
of a subset of covariates in a nonparametric regression. Our new test has three
specific features. First, it does not require smoothing with respect to the covari-
ates under test as in the “empirical process approach.” This allows to mitigate
the curse of dimensionality that appears with nonparametric smoothing, hence
improving the power properties of the test. Our simulation results show that
indeed our test can be more powerful than such competitors under different
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kind of alternatives. Second, the test statistic is asymptotically pivotal as in the
“smoothing approach,” while wild bootstrap can be used to obtain small sam-
ples critical values of the test. This yields a test whose level is well controlled
by bootstrapping independently of the smoothing parameter choice, as shown
in our simulations. Third, our test equally applies whether the covariates under
test are continuous or discrete, showing that there is no need of a specific tai-
lored procedure for each situation. Hence our test alos applies to comparing two
or more nonparametric regressions that are characterized by different values of
a discrete random variable.

The paper is organized as follows. In Section 2, we present our testing pro-
cedure. In Section 3, we study its asymptotic properties under a sequence of
local alternatives and we establish the validity of wild bootstrap. In Section 4,
we compare the small sample behavior of our test to some existing procedures.
Section 6 gathers our proofs.

2. Testing framework and procedure
2.1. Testing principle

We want to assess the significance of X € R? in the nonparametric regression
of Y e Ron W € RP and X. Formally, this corresponds to the null hypothesis

Hy :E[Y |W,X]=E[Y | W] as.
which is equivalent to
Hy :E[u|W,X]=0 as. (1)
where u =Y — E[Y | W]. The corresponding alternative hypothesis is
Hy :P{E[u|W,X]|=0}<1.

The following result is the cornerstone of our approach. It characterizes the null
hypothesis Hy using a suitable unconditional moment equation.

Lemma 1. Let (Wq, X3, u1) and (Wa, Xo, u2) be two independent draws of
(W, X, u), v(W) a strictly positive function on the support of W such that
E[u?v?(W)] < oo, and K(-) and ¥(-) even functions with (almost everywhere)
positive Fourier integrable transforms. Define

I(h) = E [uyugv (W) v (Wa) h™PK (W1 — Wa) /h) ¢ (X1 — X2)].
Then for any h >0, I(h) > 0 and

Eu|W,X]|=0 as. < I(h)=0<« lim I(h) =0.
h—0

Proof. Let (-,-) denote the standard inner product. Using Fourier Inversion The-
orem, change of variables, and elementary properties of conditional expectation,

I(h)=E UIUQV(Wl)V(W2)/ 2t Wi=Wa) F IR (th) dt
RpP
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X / e2mils, XI_X2>]-'[¢] (s) ds}
R4
o | W, X () 2701

-
x F K] (th) F[¢] (s) dtds.

Since the Fourier transforms F[K| and F[¢| are strictly positive, I(h) > 0.
Moreover I(h) = 0 iff

E [E [w | W, X]v (W) e2ﬂ{<th>+<5xx>}} —0 Vs

This is equivalent to E[u | W, X]|v(W) = 0 a.s., which by our assumption on
v(+) is equivalent to Hy.

When h — 0, F[K](th) — F[K](0), so that by Lebesgue dominated con-
vergence limy_0I(h) > 0, and = 0 iff Hy holds, by the same reasoning as
above. O

2.2. The test

Lemma 1 holds whether the covariates W and X are continuous or discrete.
For now, we assume W is continuously distributed, and we later comment on
how to modify our procedure in the case where some of its components are
discrete. We however do not restrict X to be continuous. Since it is sufficient to
test whether I(h) = 0 for any arbitrary h, we can choose h to obtain desirable
properties. So we consider a sequence of h decreasing to zero when the sample
size increases, which is one of the ingredient that allows to obtain a tractable
asymptotic distribution for the test statistic.

Assume we have at hand a random sample (V;, W;, X;), 1 < i < n, from
(Y, W, X). In what follows, f(-) denotes the density of W, () = E[Y | W = -],
u=Y —r(W), and f;, r;, u; respectively denote f(W;), r(W;), and Y; — r(W;).
Since nonparametric estimation should be entertained to approximate wu,;, we
consider usual kernel estimators based on kernel L(-) and bandwidth g. With
Lnik = 25 L(F=HE), et

f 7’),—1 Z Lnlka

k;ﬁlk 1
f k;é k=1
n
sothat @, =Y; — 7 = Z (Y = Yi) L.
fi k;ﬁzk 1

Denote by n(™) the number of arrangements of m distinct elements among 7,
and by [1/n™]3" | the average over these arrangements. In order to avoid
random denominators, we choose v(W) = f(W), which fulfills the assumption
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of Lemma 1. Then we can estimate I(h) by the U-statistic

1 oA a
I, = @ Zuifiujijmﬂ/Jij

1
= B (1P SN (Vi = Vi) (Y = V) Lk Lnjt Konij i,
e a ki £
with K5 = hl—pK(%) and 9;; = ¥(X; — X;). We also consider the alter-
native statistic

= 1
In = =5 D (Vi = Ya) (V) = Y1) it Lt K-

a

It is clear that I, is obtained from I, by removing asymptotically negligible
“diagonal” terms. Under the null hypothesis, both statistics will have the same
asymptotic normal distribution, but removing diagonal terms reduces the bias
of the statistic under Hy. Our statistics fn and [I,, are respectively similar to the
ones of Fan and Li (1996) and Lavergne and Vuong (2000), with the fundamen-
tal difference that there is no smoothing relative to the covariates X. Indeed
these authors used a multidimensional smoothing kernel over (W, X), that is
h=(+ ) K(W; — W;)/h, (X; — X;)/h), while we use K,;;1;j. For I,, being ei-
ther fn or fn, we will show that nh?/21, converges to N(O,w2) in distribution
under Hy and nhP/QIni> oo under H;. By contrast, the statistics of Fan and Li
(1996) and Lavergne and Vuong (2000) exhibit a nh(P*+9)/2 rate of convergence.
The alternative test of Delgado and Gonzilez Manteiga (2001) uses the kernel
residuals 4; and the empirical process approach of Stute (1997). This avoids ex-
tra smoothing, but at the cost of a test statistic with a non pivotal asymptotic
law under Hy. Hence, our proposal is an hybrid approach that combines the
advantages of existing procedures, namely smoothing only for the variables W
appearing under the null hypothesis but with an asymptotic normal distribution
for the statistic. Given a consistent estimator w? of w?, as provided in the next
section, we obtain an asymptotic a-level test of Hy as

Reject Hy if nhP/?I, Jwn > 21_a,

where z1_, is the (1 — a)-th quantile of the standard normal distribution. In
small samples, we will show the validity of a wild bootstrap scheme to obtain
critical values.

The test applies whether X is continuous or has some discrete components.
When X is discrete, the null hypothesis under test is that the regression func-
tions E[Y | W, X] are equal across possible values of X. The procedure is also
easily adapted to some discrete components of . In that case, one would re-
place kernel smoothing by cells’ indicators for the discrete components, so that
for W composed of continuous W, of dimension p. and discrete Wy, one would
use h*pCK(%)H(Wid = Wjq) instead of K,;;. It would also be possible to
smooth on the discrete components, as proposed by Racine and Li (2004). To
obtain scale invariance, we recommend that observations on covariates should
be scaled, say by their sample standard deviation as is customary in nonpara-
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metric estimation. It is equally important to scale the X; before they are used
as arguments of () to preserve such invariance.

The outcome of the test may depend on the choice of the kernels K(-) and
L(-), while this influence is expected to be limited as usual in nonparametric
estimation. The choice of the function () might be more important, but our
simulations reveal that it is not so. From our theoretical study, this function, as
well as K () should possess an almost everywhere positive and integrable Fourier
transform. This is true for (products of) the triangular, normal, Laplace, and
logistic densities, see Johnson, Kotz and Balakrishnan (1995), and for a Student
density, see Hurst (1995). Alternatively, one can choose ¥ (z) as a univariate
density applied to some transformation of z, such as its norm. This yields ¥ (x) =
g(||z||) where g(-) is any of the above univariate densities. This is the form we
will consider in our simulations to study the influence of ¢(-).

3. Theoretical properties

We here give the asymptotic properties of our test statistics under Hy and
some local alternatives. To do so in a compact way, we consider the sequence of
hypotheses

Hy, E[Y |W,X]=r(W)+6,d(W,X), n>1,

where d(-) is a fixed integrable function. Since r(W) = E[Y" | W], our setup im-
poses E[d(W, X) | W] = 0. The null hypothesis corresponds to the case §,, = 0,
while considering a sequence 6, — 0 yields local Pitman-like alternatives.

3.1. Assumptions

We begin by some useful definitions.

Definition 1. (i) U” is the class of integrable uniformly continuous functions
from R? to R;

(ii) D? is the class of m-times differentiable functions from R? to R, with deriva-
tives of order |s| that are uniformly Lipschitz continuous of order s — |s],
where |s| denotes the integer such that |s]| < s < [s]+ 1.

Note that a function belonging to UP is necessarily bounded.

Definition 2. K, m > 2, is the class of even integrable functions K : RP — R
with compact support satisfying [ K(t)dt =1 and, if t = (t1,...,1p),

P
/ t oty K (t)dt =0 for O<Zai§m—1, a; €N Vi

Ry i=1
This definition of higher-order kernels is standard in nonparametric estima-
tion. The compact support assumption is made for simplicity and could be
relaxed at the expense of technical conditions on the rate of decrease of the
kernels at infinity, see e.g. Definition 1 in Fan and Li (1996). In particular, the
gaussian kernel could be allowed for. We are now ready to list our assumptions.
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Assumption 1. (i) For any x € RY in the support of X, the vector W admits
a conditional density given X = x with respect to the Lebesque measure in RP,
denoted by (- | ©). Moreover, E[Y®] < oco. (ii) The observations (W;, X;,Y;),
i=1,...,n are independent and identically distributed as (W, X,Y).

The existence of the conditional density given X = z for all x € R? in the
support of X implies that W admits a density with respect to the Lebesgue
measure on RP. As noted above, our results easily generalizes to some discrete
components of W, but for the sake of simplicity we do not formally consider
this in our theoretical analysis.

Assumption 2. (i) f(-) and r(-)f(-) belong to UP NDE, s > 2;

(if) E[u? [ W = ]f(), E[u® [ W = ]f1() belong to U?;

(iii) the function ¢(-) is bounded and has an almost everywhere positive and
integrable Fourier transform;

(iv) K(-) € K% and has an almost everywhere positive and integrable Fourier
transform, while L(-) € ICZ[S | and is of bounded variation;

(v) let o?(w,x) = E[u? | W = w, X = x|, then o?(-,x) f2(:)n(- | ) belongs to
UP for any x in the support of X, has integrable Fourier transform, and
E[o*(W, X) fAW)x(W | X)] < oo;

(vi) E[d*(W, X) | W = ]f2(-) belongs toUP, d(-,x) f(-)n(- | z) is integrable and
squared integrable for any x in the support of X, and
E[d?* (W, X) f*(W)m(W | X)] < oo.

Standard regularity conditions are assumed for various functions. A higher-
order kernel L(-) is used in conjunction with the differentiability conditions in
(i) to ensure that the bias in nonparametric estimation is small enough.

3.2. Asymptotic analysis

The following result characterizes the behavior of our statistics under the null
hypothesis and a sequence of local alternatives.

Theorem 1. Let I, be any of the statistics fn or I,. Under Assumptions 1
and 2, and if asm — 00 (i) g,h—0, (i) ng*/3/Inn, nh? — oo, (iii) nh?/2¢* — 0,
and () h/g—0 if I, = I, or h/g*>—0 if I,, = I,,, then

() If 2nhP/% = C with 0 < C < 0o, nh?/2I,~% N'(Cp,w?) where
p =B | fa(0,30)d 0. X2) £ (07 (0| X007 (0| X) 0 (X Xa) ] >0
and  w? = 2/K2(s) ds
B | [0 0,X0) 02 (0, X) £ (1) 0| X0) (0| Xa) 02 (X - ) .

(ii) If 02nh?/? — oo, nh?/?1, -2 co.
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The rate of convergence of the test statistic depends only on the dimension
of W, the covariates present under the null hypothesis, but not on the dimen-
sion of X, the covariates under test. Similarly, the rate of local alternatives that
are detected by the test depends only on the dimension of W. As shown in our
simulations, this yields some gain in power compared to competing tests based
on the smoothing approach that smooth over th whole set of covariates and
whose rate of convergence depends on the dimension of W and X. Conditions
(i) to (iv) together require that s > p/2 for I, = I,, and s > p/4 for I,, = I,,, s0
removing diagonal terms in :fn allows to weaken the restrictions on the band-
widths. Condition (ii) could be slightly weakened to ngP — oo at the price of
handling high order U-statistics in the proofs, but allows for a shorter argument
based on empirical processes, see Lemma 3 in the proofs section.

To estimate w?, we can either mimic Lavergne and Vuong (2000) to consider

@2—2—hPZ(Y»—Y)(Y»—Y,)(Y—Y)(Y»—Y/)L it Lt L ji L K202
n n(6) K k ¢ k J l J nikbmik’ LinglLmgl! Do 5W5 55

or generalize the variance estimator of Fan and Li (1996) as

o 2hP

090242 22752 2
wn_m uifiujij
a

nij rij
The first one is consistent for w? under both the null and alternative hypothesis,
but the latter is faster to compute.

Corollary 1. Let I,, be any of the statistics I, or I, and let w, denote any of
©n or Wy. Under the assumptions of Theorem 1, the test that rejects Hy when
nhp/2ln/wn > z1_q s of asymptotic level o under Hy and is consistent under
the sequence of local alternatives Hy, provided 5%nhp/2 — Q.

3.3. Bootstrap critical values

It is known that asymptotic theory may be inaccurate for small and moder-
ate samples when using smoothing methods. Hence, as in Hardle and Mammen
(1993) or Delgado and Gonzalez Manteiga (2001), we consider a wild boot-
strap procedure to approximate the quantiles of our test statistic. Resamples
are obtained from Y;* = #; + u}, where u; = 7;4; and 7; are i.i.d. variables
independent of the initial sample with En; = 0 and En? = End = 1,1 <i < n.
The 7; could for instance follow the two-point law of Mammen (1993). With at
hand a bootstrap sample (Y;*,W;, X;), 1 < i < n, we obtain a bootstrapped
statistic nhP/2I* /w’ with bootstrapped observations Y;* in place of original ob-
servations Y;. When the scheme is repeated many times, the bootstrap critical
value 27, , at level a is the empirical (1 — a)-th quantile of the bootstrapped
test statistics. The asymptotic validity of this bootstrap procedure is guaranteed
by the following result.

Theorem 2. Suppose Assumptions 1, 2, and Conditions (i) to (iii) of Theo-
rem 1 hold. Moreover, assume infyes,, f(w) > 0 and h/g?> — 0. Then for I}
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equal to any of IA;; and I*,

p

sup |P [nhP/QI;;/w;; <z Yl,Wl,Xl,...,Yn,Wn,Xn] o ()| o,

z€R

where ®(-) is the standard normal distribution function.

4. Monte Carlo study

We investigated the small sample behavior of our test and studied its perfor-
mances relative to alternative tests. We generated data through

Y = (W0 -~W'6+6d(X)+e

where W follows a two-dimensional standard normal, X independently follows
a g-variate standard normal, & ~ N(0,4), and we set § = (1, —1)’/+/2. The null
hypothesis corresponds to § = 0, and we considered various forms for d(-) to
investigate power. We only considered the test based on I, /&n, labelled LMP,
as preliminary simulation results showed that the tests based on I, had similar
or better performances than the test based on I, and @, is computationally
less demanding than @,. We compared it to the test of Lavergne and Vuong
(2000) (hereafter LV) and the test of Delgado and Gonzélez Manteiga (2001)
(hereafter DGM). The latter is based on the Cramer-von-Mises statistic

2
n

S a1 W, < Wiy 1{X, < X.)

i=1 |j=1

As its distribution under Hj is not asymptotically pivotal, critical values must
be obtained by wild bootstrapping. To compute bootstrap critical values, we
used 199 bootstrap replications and the two-point distribution

< 1—\/5> 5+/5 ( 1+\/5> 5-5

2 10 10

We also applied this method to obtain small sample critical values for LV test
as well as our test. For all tests, each time a kernel appears, we used the normal
density. The bandwidth parameters are set to g = Cyn~ /% and h = Cy n=21/6,
and we let C7 and Cy vary to investigate the sensitivity of our results to the
smoothing parameters choice. To study the influence of ¥(-) on our test, we
considered 9 (x) = I(||z||), where I(-) is a triangular or normal density, each with
a second moment equal to one.

Figures 1 and 2 reports the empirical level of the various tests for n = 100
based on 5000 replications when we let C'y, Cs, and g vary. For our test, boot-
strapping yields more accurate rejection levels than the asymptotic normal crit-
ical values for any bandwidth factors C'; and C5 and dimension g. The choice
of ¥(-) does not influence the results. The empirical level of LV test is much
more sensitive to the bandwidth and the dimension. The empirical level of the
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Fia 3. Empirical power curves for a quadratic alternative, n = 100.

DGM test is close to the nominal one for a low dimension ¢ and large enough
bandwidth g, but decreases with increasing ¢ and increases with decreasing
bandwidth g.

We also investigated how power varies with different alternatives as specified
by d(-). We first focus on a quadratic alternative, where d(X) = (X' —1)?/+/2,
with 3 = (1, ,1,,...)"//q. Figure 3 reports power curves of the different tests
for the quadratic alternative, n = 100, and a nominal level of 10% based on
2500 replications. We also report the power of a Fisher test based on a linear
specification in the components of X. The power of our test, as well as the
one of LV test, increases when the bandwidth factor C5 increases, in line with
theoretical findings. Our test always perform as well or better than LV test, but
for ¢ = 1 and C5 = 1. These tests, as well as DGM test, perform better than
the Fisher test. For a low dimension, i.e. ¢ = 1, there is no clear ranking of the
DGM and our test depending on the bandwidth. For larger dimensions, ¢ = 3
or 5, our test dominates DGM test. In Figure 4, we let n vary for a dimension
q = 5. The power of all tests improve, but our main qualitative findings are not
affected. It is noteworthy that the power advantage of our test compared to LV
test become more pronounced as n increases. In Figure 5, we considered a sine

alternative defined as d(X) = ;1-:1 sin(y X;) for v = 1.5 or 3. The ranking
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Fic 4. Empirical power curves for a quadratic alternative, ¢ = 5.

of the different tests heavily depends on the frequency and the dimension of
X. For a low frequency alternative, i.e. v = 1.5, our main findings remain
unchanged. While DGM test is best for a low dimension, its power decreases a
lot when increasing the dimension of variables under test and/or the frequency
of the alternative. The power of our test is affected when increasing ¢, but to
a lesser extent. For a high frequency alternative, i.e. v = 3, the LV test always
dominates, as smoothing on the variables under test allows to adapt better to
such alternatives.
We also considered the case of a discrete X. We generated data following

Y=W3-W+3dd(W)1{X =1} +¢

where W follows a univariate standard normal, e ~ N(0,4), and X is Bernoulli
with probability of success 0.6. In this setup, testing the significance of X is
equivalent to testing the equality of the regression curves on Y on W when X
equals 0 or 1. We considered two competitors to our test: the test proposed
by Lavergne (2001), which is similar to our test with the main difference that
(-) is the indicator function, i.e. ¥(X; — X;) = 1{X; = X,}; and the test of
Neumeyer and Dette (2003) (hereafter ND), which is similar in spirit to the
DGM test. Other details of the simulations are similar to above. Figure 6 show
that bootstrap yield accurate rejection levels.

Figure 7 report power of the tests against the quadratic alternative d(W) =
W2 — 1 and the sine alternative d(W) = sin(1.5W). Our test and Lavergne’s
one have basically the same power in both cases. Under a quadratic alternative,
ND test is more powerful, while under a sine alternative, our test outperforms
ND test for a moderate (Cy = 2) or large (Cy = 4) bandwidth.

5. Conclusion

We have developed a testing procedure for the significance of covariates in a
nonparametric regression. Smoothing is entertained only for the covariates under
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Fic 5. Empirical power curves for sine alternative, n = 100.

the null hypothesis. The resulting test statistic is asymptotically pivotal, and
wild bootstrap can be used to obtain critical values in small and moderate
samples. The test is versatile, as it applies whether the covariates under test
are continuous and/or discrete. Simulations reveal that our test outperforms its
competitors in many situations, and especially when the dimension of covariates
is large.
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Fia 7. Empirical power curves, X Bernoulli and n = 100.

6. Proofs

We here provide the proofs of the main results. Technical lemmas are relegated to
the Appendix. We let Fx [§](u) = E[e~ 274X W §(X)], u € R, for any integrable
function §(X). Moreover, for any index set I not containing ¢ with cardinality |I],
let

~T _
fi=m—=1-10"" 3" Lo
ki kg T

This is consistent with the notation ﬁ, in which case I is the empty set.
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6.1. Proof of Theorem 1

We first consider the case I, = I,,. Next, we e study the difference between I,
and I and hence deduce the result for I,, = I

Case I, = I,. Consider the decomposition

1
I, = e} Z (u; — ug) (w; — W) Lyik L ji Knij i

2
+ o) Z (ui —ug) (15 — 11) Lnik Lnji Knijij

1
+ o) Z (ri =) (15 = 10) Lnir Lt K nijtbij
- Il + 2]2 + Ig,
where
n- 202 1 .
B = v uf Kot + 2 s ST R Kot

n-2 1 = . 2
+—— Zui(f? — £3)ui (F} = f3) Knigs = 5 D wi i L Ko

n —3n
1
- 3) Z f]7 - fl UanJleﬂ/)zg (4) ZukuanikLnlenijwij

- W Z Witk Lipik L K i

n—2
= 3[IOn +2L 1+ Lo —2L3—2L1 4+ L5 — L,

and

12 = 3)Zuzfz - n]lKﬂZ]1/}ZJ (3)2 le —fz —’I”Z)Lnlenijl/}ij
- 7’L(4) Zuk nszn]lan]wz] - IQ 1+ I2 2 — IQ 3.

In Proposition 1 we prove that, under Hy, Iy, is asymptotically centered
Gaussian with variance w?, while in Proposition 2 we prove that, under Hy,,
Ion is asymptotically Gaussian with mean g and variance w? provided §2nh?/?
converges to some positive real number. In Propositions 3 and 4 we show that
all remaining terms in the decomposition of I,, are asymptotically negligible.

Proposition 1. Under the conditions of Theorem 1, nhp/QIOn—dH\/'(O,wQ) un-
der Hy.

Proof. Let us define the martingale array {Sp m,Fnm, 1 < m < n,n > 1}
where S, 1 =0, and
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i—1

- 2hP/2
uzfzzu]f] nz]"/]z_]u 2§z,m§n,

Spm =Y Gni with Gy, =

i=1

and F, , is the o-field generated by {W1, ..., W, X1, ..., Xpn, Y1, ..., Y, }.
Thus nh?/?Io, = Sy.n. Also define

AhP n 1—1
' o i=2 j=1

where 07 = 0?(W;, X;). We can decompose V,? as

n i—1i—1
4hP
V2= m ZafffZzujfjukkaninnik¢ij¢ik
i—2 J=1 k=1
i—1

iZUQ 2 2 2K12;U1/1

TL =2 j=1
i—

2
1 1
+ )2 ZZZU?JCZ ujfjukkanlenlkwljd}zk - A + B

J—
(” i=3 j=2 k=1

The result follows from the Central Limit Theorem for martingale arrays, see
Corollary 3.1 of Hall and Heyde (1980). The conditions required for Corollary

3.1 of Hall and Heyde (1980), among which V2—> w?, are checked in Lemma 2
below. Its proof is provided in the Appendix.

Lemma 2. Under the conditions of Proposition 1,
1. A, 2502,
2. B,-250,
3. the martingale difference array {Gn i, Fni, 1 < i < n} satisfies the Lin-
deberg condition

Ve >0, Z]E I(|Gpil > €) | Fnio1] 0. O

Proposition 2. Under the conditions of Theorem 1 and Hy,, if $2nh?/? — C
with 0 < C < 00, nh?/2 Iy, —% N (Cpi, w?).
Proof. Let e; =Y; — E[Y; | W;, X;] and let us decompose

pe/2 2
nhp/2.[0n = Z Z ’U,Zfzu] f] nz_]wz]

n —
i=1 j#i

p/2 2
= ZZ 5 d +El)f1 (6 d +€J)f] nzywz]

i=1 j#i
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he/2
= Z Zaififjijnij1/}ij

i=1 j#i

+

5, hPI2 &
1 Z Z di fi (6nd;j + 2¢5) fi Knijti;

" i=1 i
By Proposition 1, C()nih/\/((),wz). As for C,,, we have
E [Cn] = (5,21nhp/2IE [dlfzdjf]KnU’t/JU] = 57217’th/2un.

659

By repeated application of Fubini’s Theorem, Fourier Inverse formula, Domi-

nated Convergence Theorem, and Parseval’s identity, we obtain

tn = E[d1 fadi fo K 129n12]

_E ://Q(wl,Xl)f(wl)Q(wz,Xz)f(wz)

wp — w2

x h PK < ) dwld’LUQl/)(Xl—XQ):|

=E /g (w, X1) 0 (w, X2) £% (w) (X1 —X>) dw}

- / [ / Fx lo(w, )] (w)Fx [o (w, )] (—u) F[y] <u>du} £2 (w) dw

- //I}'X [ (w, ) 7 (w | )] ()2 F[] () £ (w) dudw = g,
where o(w, r) = d(w, z)7(w|z). Moreover,

464 P
Var [C),] < -
(n—1)
262 hP
b 28 S e )

Z E [d 7 dydy fro fi K nie K nirtintbin

(n
452 hP
(n—1)°

A SR (228 2]
(n—1) -
= O (84nh?) + 0 (62) + 0 (82nh?) + O (52) .

K _/]:[Q (- X1) fOIE) Flo (-, X2) f()](—t) F [K](ht) dt ¢(X1_X2)]

- H/ Flo (X0 F Ot Flo(, X2) F()(~1) ‘“} ‘”(XI‘X”}

Z E [d; fid; fier fr Knik Knjrintji]

Therefore C,, = Cun+0p(5nn1/2hp/2)i> Ci, and the desired result follows. [
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Proposition 3. Under the conditions of Theorem 1,

(i) nhP/21} 3 = 6,+/nhP/20,(1) + 0,(1),

(if) nh?/21; 5 = 0,(1),

(iii) nh?/2I, 6 = 62nh?/%0,(1) + 0,(1),

(iv) nhp/21271 = 5n\/ﬁhp/20p(1) + 6n\/ﬁhp/2g50p(1) +0,(1),
(v) nhp/212,3 =o0,(1),

(vi) nhp/ng = nhp/QOp(gQS) +o0p(1).

Proposition 4. Under the conditions of Theorem 1,

(i) nhP/21, 1 = 62nhP/20,(1) + 6, /nh?/%0,(1) + 0,(1),

(ii) nhP/21; 5 = 62nhP/20,(1) 4 6,/nhP/%0,(1) + 0,(1),

(iii) nh?/21; 4 = 52nhP/20,(1) + 5,/ 20,(1) + (ng?) = 20,(1) + 0,(1),
(iv) nhP/%Iy5 = 62nh?/%0,(1) + 6,/nh?/20,(1) + 0,(1).

The proofs of the above propositions follow the ones in Lavergne and Vuong
(2000)). For illustration, we provide in the Appendix the proofs of the first
statements of each proposition.

Case I, = fn We have the following decomposition
nWI, =n (n— 1)3 fn — 0¥, — 2B, + nPVs, (2)
1
where  Vip =~ 3 (Vi = Ye) (¥ = i) It Lonjie Koni i
1
Van = —5 > (i = ¥5) (¥ = Vi) L Lnjie Koni b
1 2
and Vi3, = @ Z (Y; = Y;) Lfng‘Knij‘/’ij-

Hence, to show that IAn has the same asymptotic distribution as I,,, it is sufficient
to investigate the behavior of Vi,, to Vs,,. Using Y; = r; +u;, it is straightforward
to see that the dominating terms in Vi, Vo, and V3, are

1

Vis = — E (ri = k) (rj — 7%) Lnik Lnji Knijtbij,
1

Vos = 3 E (ri —75) (rj — ) Lnij Lnje K nijij,
1 2

Vis = 5 E (ri —75) Liinm'jwija

respectively. Now

E[[Vis|] = E[| (ri — %) (15 = 71) Lk Lnji Knij ]
=0 (g P)E[|ri — ri| LuakE [|rj — 7| Knij | Zis Zk]] = O (g77),
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E[|Vas|] = E| (r; — ;) (rj — 7%) Lnij Lnje Knijl]
=E[E(lrj — 7| Lnjk | Z5] |ri — 75 Lini; Knij)

=0 (1) E HTZ — ’I”j| LnlJK"ZJ] =0 (gip)
E([Vasl] = B [(r: = 75)° L2 Knis|
=0 (g—2p) E {(T‘i — T‘j)2 an} =0 (9—21)) .

It then follows that nh?/2(I,,—1,,) = O, (h?/?2g~P) which is negligible if h/g? — 0.
The asymptotic irrelevance of the above diagonal terms thus require more re-
strictive relationships between the bandwidths i and g. For the sake of compar-
ison, recall that Fan and Li (1996) impose h(P+9) g=2P 5 () while Lavergne and
Vuong (2000) require only h?*t9g~P — 0. Since we do not smooth the covariates
X, we are able to further relax the restriction between the two bandwidths.

6.2. Proof of Corollary 1

It suffices to prove w? — w? = 0, (1) with w? any of &2 or &2. First we consider

the case w2 = 2. A direct approach Would consist in replacmg the definition
of uzfZ and 4 fJ, writing @2 as a U-statistic of order 6, and studying its mean
and variance. A shorter approach is based on empirical process tools. The price
to pay is the stronger condition n7/sgp/ Inn — oo instead of ng? — oo. Let

Af'L f’L f’L7 A""’LJ("L — T'sz ,rsz“ arnd Write

Wi fi = uif; + ViAf; — A fr. (3)
Lemma 3. Under Assumption 1, if v(-)f(-) € UP, L(-) is a function of bounded
variation, g — 0, and n7/sgp/ Inn — oo, then

sup {|AT1fl| + |Af1|} = op(1).

1<i<n

The proof relies on the uniform convergence of empirical processes and is
provided in the Appendix. Now proceed as follows: square Equation (3), replace
@2 f? in the definition of &2, and use Lemma 3 to deduce that

2 - Zu2f12 2f] nij + 010(1)

a(2)

Elementary calculations of mean and variance yield

2hP
7’L Z 2f2 2f2 nij w2 = 010(1)5
a(2)

and thus &2 — w? = 0,(1).

To deal with @2, note that @2 — @2 consists of “diagonal” terms plus a term
which is O(n~ '@ ) By tedious but rather stralghtforward calculations, one can
check that such diagonal terms are each of the form n~'¢~P times a U-statistic

which is bounded in probability. Hence @2 — @2 = 0,(1).

2
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6.3. Proof of Theorem 2

Let Z denote the sample (Y;, W;, X;), 1 <4 < n. Since the limit distribution is
continuous, it suffices to prove the result pointwise by Polya’s theorem. Hence
we show that Vt € R, P[nhP/2I} Jwi <t | Z] — ®(t) = o,(1).

First, we consider the case I* = I,,. Consider

* 1 ~ ~ ~ ~
Liv = n@® Z (it — nitig) (0t — i) Lk Lji Knigig
2 N NP
tow > (it — mein) (75 — 1) Lnik Lo jt Konijthis

1 e
+ o) Z (7i = 7)) (7 — 11) Lnin Lnji K nijthij
— 21 I

where we can further decompose
* 1 ~ ~
I = @ ZniuinjujLnikLnszmjwij
a
2 ..
e Z NNk Lt L1 K nij 30
a
1 S
+ o) Z e UMy Lnik L ji Kni i
a
= Iil + Ii2 + Iis

with

2
I, = % X % ;niainjﬂjfifjl{nijwij
2
T n—4
1
T n—4

1 L
e ZmumjuijkLmijﬂ/fij

1 A
e Z Wi U Lik L i K nij i

1 1 o
T =3 (n—4) n® D ity L Ko

*

SR Ay S Y S ——
Oon n—4 1,1,1 n—4 1,1,2 (n—3) (TL—4) 1,1,3

« .
— I, and write

T
n

hP/2]* — hP/2 (1% + D* —
w.

~yk
Wnp,

Now let D} =

n
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P (nhp/ngn nh?/2D?

hP/2 (1% + D*) (& —

It thus suffices to prove that

nh?/2]
P<7O"<t|2> D) B0 VteER,
Wn,FL

- =0,(1 and -
Wn,FL ;D( )7 Wn, FL

o

nh?/2D* nh?/2 (I3, + D},) ( @nrr )
n LV

The first result is stated below.

Proposition 5. Under the conditions of Theorem 2, conditionally on the ob-
served sample, the statistic nhP/2I5, /@, rr converges in law to a standard nor-
mal distribution.

Proof. We proceed as in the proof of Proposition 1 and check the conditions for
a CLT for martingale arrays, see Corollary 3.1 of Hall and Heyde (1980). Define
the martingale array {S; 1 <m <n,n>1} where F; . is the o-field

generated by {Z, 1, n,?;;} nSTl,l =0,and Sy, =>", Gy, with
= hp/zmufimujfzf] it
Then
I, = #@?2—4) X % za:mﬁmj@jfifjffmﬂ% ~ En?))_(?ll)z_ D o

Now consider

V= ZE (G2 | Friq]

n i—11i—1
=7 2 Z ufnjnkujukfl fjkanZJank1/}1J1/}zk
(n - 1 =2 j=1k=1
ARP n i—1 K
= 2 ulznf ?f fQKfzuj
(n=1)" ==

i—1 j—1
Winmtiyn f2f5 foe K nig Knirij i

i=3 j=2 k=1
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Note that E[A? | Z] = [n/(n — 1)]E[@2] and that

Var [A;|7} S%Zi Z ﬁ/ ’(AI, A4f1 ’f4K72n_]K12n] i2’j

2p 41 n oi—14 A
y PITEIV) NSNS g pugce gz, gz g2,

= an + Q2n-
On the other hand,
E[B;? | Z]

n n N’ —1j—1

64h2p 59 29 12
- 422 Z ’ f f]i}K'n«'bjK’n.’LjKnlenl/k1/}ZJ1/}ZJ1/}zk1/}z/k

1=34'=3 j=2 k=1
n i—1j—1

- ff‘_hl’}zzz% a2 F2 FR R K2l

1=3j=2k=1
n i—14¢—15—1

128h ’ ZZZZ ﬁlﬂ ﬂ f f fkangKnlJankan/kwlj1/}”1/)1]61/}1%

i=44'=3j=2k=1
:Q3n+Q4n'

Finally the Lindeberg condition involves

Z G2* ‘>E)| n,i— 1]

1 n
—42 E Gy | Foia]

16h2p]E 774 n 1—11—1 "
S 84 (n—[l) ZZ u u f f ka?n]K?uszzngzk

k=1
16h2pE[ } - (4.474 fAgo4 g4
< mz U5 i [ K

32h2PTR, 774 noz do
R0 SN S gz p p e KRR

= Qsn + Qén-

It thus suffices to show that Qj, = 0,(1), j = 1,...6. Now, there exist positive
random variables 71, and s, such that 31, + J2n, = 0p(1) and V1 <4 < n and

| A
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Vk=1,2¢ {1,2},
~2k 2k 2k—1 2k 2k 2k 2k ~2k

Indeed, ; f; = uz‘fi+Yz‘fifi_l(fi — fi)+ [Pifi —rifi] = wifi+ Yifivii — y2i, where
SUp;<;<p [V5i] <75 and 7; = 0,(1) by Lemma 3. Hence
a7 <3 (ul f2+ V2L, +93,) -

The inequality for k = 2 is obtained similarly. Using these inequalities, one can
bound the expectations of |Q1,| to |Qsn| and thus show that |Q1,|+- - -+ |Qen| =
O

op(1).

Next we show (4). First we need the following.

Proposition 6. Under the conditions of Theorem 2, “=F2 251 and g’;"“ 51
'n.,FL n,LV

The proof uses the following result, which is proved in the Appendix.

Lemma 4. Under the conditions of Theorem 2, sup;<;<,, [k fi —utfi] = 0p(1),
where u} = n;u; and
s % Ek;ﬁi Yk*Lnik
Zk;ﬁz nik
Proof. Using Lemma 4, we have

WZ,QFL =wy?+op (1)

where w’? = 2?;; > u*2u*2f2f2 205 Notice that Elw;? | Z] = &2 p, and
that

Var (w:‘f - ‘:’721,FL) = Var (IE [wzz — ‘:}721,FL | 7]) +E [Var (w:‘f | 7)}

where the first term is zero and

v = 8h2PVar (n? R
Var (an | Z) _ (2 ) Z 4.5 4 4f4 i
{n(2)} -
Then,
n, Wn, P, — Wy, 1
“f*” :1+H:1+#:1+%(1).
Wi, FL Wi, FL w? [1+ 0, (1)]

Since @, 1 — W, gy contains only diagonal terms, we deduce that @, rr/

. P

wy Ly = L O
We next have to bound D}, = I} ;\, — Ij,,. For this, let us decompose

Py =k = (Fi —13) = (P, — i) + (i —7%)
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and replace all such differences appearing in the definition of D). First, let us
look at I3 which does not contain any bootstrap variable 7. We obtain

I = — > (i = ) (7 = 1) ik Lnji Knij i
— % Z (ri = 1) (15 = 11) Lnire Lnji K i ti
+ ﬁ Z (73 — i) (75 = 15) Lite Ly ji K nijtij
+ % Z (P = 71) (F1 = 71) Lk Lnji Knijibij

2 R
m Z (" — %) (5 — 11) Lnik Lyji Knijtij

4) Z i —75) Lnik LnjiKniji;
- I371 + I372 + I373 + 2]374 - 2[5):5 - 2‘[5’:,6'

Next, use the fact that

T — 1T = n—l 12 Y’_Tz nii’
il i
TL — 1 —1 Z i Tz nu (n - 1 f ZU‘Z/L”” (5)
il i Vi

and further replace terms like #; — r;. Among the terms I3, to I3, the term
I3 | could be easily handled with existing results in Lavergne and Vuong (2000).
Namely nh?/2I5, = nh?/20,(g*) + 0,(1) by Proposition 7 of Lavergne and
Vuong (2000). For the other five terms we have to control the density estimates
appearing in the denominators. For this purpose, let us introduce the notation

A(fH™ = (le)il - fl-_l and write

_ ) I - -
%‘f‘ x fit= <7(?n_|‘§|))£1 —1) () "+ ()
_ > ket Lmik

At AR 0

Then we obtain for instance
* 1 ~
I35 = e Z (Pk = 7%) (15 = 711) Lnik Linji Knijtbig

a
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Z Z fot (rir —r1) (1 = 1) Loukokr Lt L ji Km0

a(4) k' £k
1
5) Z Z A ( Lk ) (rir = 71) (5 — 11) Lnkkr Lt L ji K i i
a(4 ) k'
+ n—1)n® Z Z (f fert ¥ ) (Lnik + Lnjk + Ltk + Lnii)
a(4) k' #k

X (rer — i) (15 — 71) Lok Lyt L ji Knij i

5) Z Z Fo tunr (15 = 11) Lk Lk Lnji K nij i

a(d) k' 7k
5) SN Af e (1 = 1) Loki Luis Lot K ijthis
a(4 ) Kk
1
(n—1)n®) Z > (f fitr ) (Lnik + Lyjk + Lk + Lokk)

a(4) k' £k
X Ups (1§ — 71) Lkt Lnik Lnji K nij i
7 * * * * *
=351+ 1350+ 353+ I35+ 555+ 1356

Next, if we consider for instance I3 ; ; that contains only terms like f{l appear-
ing from the decomposition 6, we obtain

* 1 —
I351= "G Z fit (ri = 1i) (5 = 70) Lok Lt Lt Ko 5

5) Z fk i —11) (rj — 1) L2 Lji K i i
a(4)

5) ka 7 — 1) (1 — 11) Lyjik Lnik Lnji Knij Vi
a(4)

5) Z fot (ro = 1) (7 = 71) Lot Lk Lnji K ni i
a(4)

_ *
=511+t Bs12t 3513+ 5514

where the terms I35, 5 to I35, 4 are called “diagonal terms”. Such terms re-
quire more restrictions on the bandwidths. Next, the terms containing terms like
A(fH) =1 produced by the decomposition (6) can be treated like in the Proposi-
tions 8 to 11 of Lavergne and Vuong (2000). Finally, given that I is finite and
with fixed cardinal

(=1 f" (f;l)_l ZLnik =0, (n7'gP) = 0,(1)
kel

given that || f -1 ||00 < 00. Therefore we can be easily handle the terms containing
(n—1)"1f7H wer Lnix by taking absolute values. Now let us investigate
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the diagonal term I3 5 ; 5. We have

E (5512 =0 (") E [fi " Irj = relIrj — vl | Lnjel | Lnin| | Lnjt || Knij |]
=0 (n"'g P)E[fi " Irj — rel Irj — 7il [Lngnl| Lnji| | Knij|]
=0 (n g ")VE[f Iry — vl | Lok E (75 — 7ol | Lngi| | Zi] [ Knisl]
=o(n g ") E[fi " Iy = ril | Logi| K nij ]

=0 (n_l _p)

To prove that he term I35, = 0p(nh?/?) it suffices to prove E[|I3 5, 5] =
o(nh?/?) and this latter rate is implied by the condition h/g? = o(1). This
additional condition on the bandwidths is not surprising as the bootstrapped
statistic introduced “diagonal” terms as in Fan and Li (1996) which indeed
require the condition h/g? — 0.

Let us now consider a term in the decomposition of D}, that involve bootstrap
variables 7, namely we investigate I5. The arguments for the other terms are
similar. Consider

I = (4) Z (it — metg) (P — 71) Lig Lnji Knij i

= n(4) Zmuz i — 1) Lyt L ji Knij i
+ n(4 anuz i = 15) Lnik Lnji Knij¥ij
— n(4 anuz 71) Lik Lt Knij i

- n(4 anuk j = 11) Lik Lnji Knij i

- m Z Mtk (P5 = 15) Lnik Lt Knij i
+- Z Mtk (P11 — 11) Lk Lnji Knijtbij

T * * * * *
=L+ 1, =153 =154 — 15+ 155

Next it suffices to use the fact that

U; = u; 1Zuz'Lnu’+f Z 7 = Tir) Lniir .

i £ )

For instance, using this identity with I3, we can write

anuz j ankLn]lan]d]z]
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) n(4) ZZf Nty (1§ — 71) Lpik Lnji Knijtij
a i'#i

n(4)zzf ni (i —13) (17 — 711) Lt Lnji K nij i
a i'#iq

(3) anuzfz j ) n]le]wzg
7’L<4 anu’l Ty —T Af LnlenZJ1/}ZJ

D n® ZZf niwir (15 = 11) Lnik Lnji Knij i
a i'#i

1 : i -1
G Z A (ff’k’l’ ) niwir (15 — 71) Lit L1 Knij i

a

U |
- m Z Z (fifij’k’l’z ) nitir (15 = 71) Lite Lnji Knij i

1) n® > Z fitni (ri = 1ir) (rj = 10) Li L jt K i
[
1 -1
G Z A (ff’k’l’ ) i (ri — i) (rj = 11) Lnik Lnji Knij i

1 o kL)L
+ ) Z (fiff’k’l’ ) 0i (1i — i) (15 — 1) Lk Lngi Knijtij

% * * * * * * *
=Lt ot i3+t a+t 15+ 16t 17+ 151

Handling one problem at a time, let us notice that I3 ; ; is a zero-mean U-statistic
of order three with kernel H,(Z}, Z7, Z)) = niu; fi(rj — r1) LnjiKniji; where
Z; = (Yi, Wi, Xi,m;). Using the Hoeffding decomposition of I3, ; in degenerate
U-statistics, it is easy to check that the third and second order projections are
small. For the first order degenerate U-statistic it suffices to note that E[H,, |
Z5] = E[H, | Z[] = 0 and E[H, | Z]] = niwi fiE[(r; — 1) LnjiBnijij | Zi] so
that

E [E? [H, | Z{]] = E [ju f7E? [(rj — r1) LnjiKnijtij | Zi]]
=E [ul f7E? [(rj — 10) LnjiKnijibij | Zi))

which, given that ||1)]|s < 00, is similar to the term & bounded in the proof of
Proposition 5 of Lavergne and Vuong (2000).

Finally, let us briefly consider the case I}, = I,,. Like in the decomposition (2),
we have
n(n — 1) Lrr = n(4)I:;,LV + 0@V 4+ 2mOVy - n@Vg,

where Vj € {1,2,3}, the Vs are obtained by replacing the Y;s by the ¥;*s in
the Vj,s. All these terms could be handled by arguments similar to the ones
detailed above. The proof of Theorem 2 is now complete.
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Appendix: Additional proofs

We here provide proofs of technical lemmas and additional details for the proofs
in the manuscript. We define Z; = (Y;, W;, X;), ||[¥]loo = Sup,era |¥()],

1 W; — W;
Kuij = [Knij| = 15 | K <7h J> ;
and ) ——
9 g
Proof of Lemma 2. 1. We have
n i—1
4hP 2nh?
E[An]:mzz [2f2 2f2 nij 2}:”/ [2f222K72nj 13]
i=2 j=1

64h2p ||w|\ Saks
Var [4,] < E [0} flo? fio2 fAK 2 KD
e nijrrnij’

=3 j=2j'=1

2 n i—1i—1
32h P ||1/)|| Z Z Z E 2f2 f4K72”JK72” ]]
=3 i'=1 j=2

n 1—1

2
16h ”Ilwlloo ZZE £ 4 4K;4”]]

i=2 j=1

=0 (”7 )E [U?ffl%z Pk [ Knij Knik
+0 (0" ) E [07 fPof fiu] [ Knij K]
0 (u ) B ot

=0 (n_l) + O (n_2h_p) .

Deduce that Var[A,] — 0, and hence remains to show that E[4,] — w?. We
have

B[220 K] =B | [ex. Wpx, (<07 [K2) ()02 (X - X)
where o, (t) = F[o?(-,2) f2(-)7(- | )](t). Let us note that
| [ lox. 0 ox, (-0l (X - Xp)at] < ol | [ lox 07l
= [[¢)loo E [o* (W, X) f4(W) m(W | X)],

by Plancherel Theorem. Moreover, F[K?](ht) is bounded and converges point-
wise to [ K*( 2(s)ds as h — 0. Then by Lebesgue’s dominated convergence theo-
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rem,

WP E (o] flo5 [7 KRy ]—>E[/@Xi(t)sﬁxj(—f)W(Xi—Xj)dt}/K2(S)

:W27

by Parseval’s Theorem.
2. By elementary calculations,
E [BfJ

n i—14¢—-1j-15-1
—

TR Z DD Y Eloifion frug frug fyun i fio

i=3 /=3 j=2 j'=2 k=1 k'=1

671

ds

X Kig K jr Kt K pir i Vi Vi jo Yitbiv e

64h2P 4 n N 1ol
< &[}o 3 E [02 202 f202 f202 f2 K iy K it K i
(n—1) i=3i'=3 j=2 k=1
64h2p|\1/1|| G 404 242 2 72
:_7142 E [0 fi0] £ 07 R i K]
(n ) i=3 j=2 k=1

128h2p n i—14—-1j—-1
L 1280 ||w|\

ZZ ZZE 2f2 2fQU KHZJan JankKni/k]

1=3 =3 j=2 k=1

:O(Tf )E U?ffl o3 f70% [iKni; Knit
+ O (W) E [0} ffo] f705 fioh [ K i Knir i Knir]

[
[
=0 (n ") +0(h") =o(1).

3. We have Ve > 0,Vn > 1, and 1 <1 < n,

E[G2 (Gl > &) Fniz1] SEY?[Gh | Fuict] B2 I (|Gl > €)| Fii]

E [Gfm |]:n,i71]
g2 '
Then

Y E[G}I(|Gnil > &) | Fuia)
=2

< iz Z m- | Fri1]
i—2

4
1 16h%°

n 1—1
< = E 4 d Wi, X; iKnijij
= 22 (n—1)4; [uzfz | ] ;ua iVij
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4
116 /-;4h P&
< o7 4 Zug nzﬂ/’zg s

=2 =

where k4 is any constant that bounds E[u?f4|W, X]. The last expression that
multiplies £ 2 is positive and has expectation

1654h P Z":

i—1 i—1 7—1 i—
1=2 j1=1j2=1 jz=1

1
E u]l f]l u]z f]2 u]s]]a u]4f]4
Jja=1

X Knijy Knijy Knijs Knigy Vigy Vi Vi Vija]

n i—1j—1
96 h2p
K4 Z E 2f2u KZUKsz?/’?ﬂﬁk]
=3 j=1 k=1
16n4h2 G — -
4 Z E f nz] }
7’L 1=2 j=1

=0 (n* )]E (43 frup frKnijKnik] + O (nh7P) E [u] £} K]
=0 (n_l) + O (n_zh_p) .
The desired result follows. O

The following result, known as Bochner’s Lemma (see Theorem 1.1.1. of
Bochner (1955)) will be repeatedly use in the following. We recall it for the
sake of completeness.

Lemma 5. For any function I(-) € UP and any integrable kernel K (),

/l(y)%KCE;y) dy—l(x)/K(u) du

In the following we provide the proofs for rates for the remaining terms in
the decomposition of I,,, see Propositions 3 and 4. For this purpose, we use the
following a decomposition for U—statistics that can be found in Lavergne and
Vuong (2000): if U,, = (1/n"™) " H,(Zi,, ..., Zi,)), then

(e)

1 2 m n(?m—c)
E[U7] = (W) Do DL 1ALy

sup — 0.

zERP

c=0 ' [Ar]=c=]Az|
m (c)
=Y 0(m™c) Y I(AAy),
c=0 |Ar]=c=|Aq|

where Z(C) denotes summation over sets A; and A; of ordered positions of
length c,

I(A1;A2) = E[Hn (Zin sy sz)Hn (Zj17 CE ij)]

and the i’s position in A; coincide with the j’s position in Ay and are pairwise
distinct otherwise. Now, we will bound E[U?2] using the £, = Z(c) I(A1,As) and
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the fact that by Cauchy’s inequality,
I? (A, Do) = B2 [E[H, (Ziy, - Zi,) | ZJEB[H, (Z4,, ..., Z,) | Ze]]
<E[EHa(Z, ... 2,) | Z] E[E (Ho(Z;,. ... Z;,) | 2]
where Z. denotes the common Z;’s.

Proof of Proposition 3. After bounding the ;;’s by |||/~ the arguments are
very similar to those used in Lavergne and Vuong (2000). We prove only the
first statement.

(i) 1173 is a U-statistic with kernel Hn(Zl, Zj, Zl) = uifiuanlemjz/Jij. We need
to bound the &., c=0,1,2,3.

1. E[H,] =0, thus & = 0.
2. & = O(62). Indeed, E[H,, | Z)] = SywE[d; fiLnjiKnijbij | Zi] and
E[H, | Zi| = 0 = E[H, | Z;). Then
E [E? [H, | Z)]] < |[]12, 62 [ufE? [di fi Lnji Knij | Z1]]
=0 (62) E [ufE? [Lnjd; f7 | Zi]] = O (67) -
3. & = O(g™P). Indeed, we have
E[Hy | Zi, Zj] = wi filnijbij E lw Lngi | Z;] = 0,
E[Hy | Zi, Z1] = wi fisiE (Lo Knijtiy | Zi, Z1]
E[H, | Zj, Z1] = wiLlnjE [u; fi Knijtis | Z;]
= 0wy LnjiE [d; fi K nigibij | Z;] .
By successive applications of Lemma 5,
E [E* (Hn | Zi, Z0)] < 0|12 E [uf fPuE [Lnji Ko | Zi, Z1]
X B [Lnji Kniyr | Zi, Z1]]
=0 (97") E [u} fPuiE [LnjiKnij | Zi, Z1]
< E [Kpnijr | Zi, Z1]]
=0 (97" E [uf fiuiLnKni) = O (977),
E [E? [Hy | Z, Z0)] < 012 02K [uf L2, E? [di fiKnij | Z5]]
<0 (03) B [uf L7005 £7]
=0(0,) O (97") E [ufLnjudi f{] = O (g77).
4. & = O(g~Ph™P), as E[H?] equals
E [ujuf f2L7 3 K0%] = O (97Ph™) E [wiu] £ LinjKnij]
—0(g ).

Collecting results, E[(nh?/21; 3)?] = O(62nh?) +O(hP /gP) + O(n~"'g™P) = o(1).
(]
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Proof of Proposition 4. As in Proposition 3, we only prove the first statement.
We will use the following lemma, which is similar to Lemma 2 of Lavergne and
Vuong (2000), and whose proof is then omitted.

Lemma 6. Let Afi = fI — f, If f(-) € UP and ng? — oo,
E [A2fg | zi,zj,zi,,zj,} =0(1)
and
E [Mfy | Zi,zj,zl,zi,,zj/,zl/} —0(1)
uniformly in the indices.

(i) Let us denote Af/ = f7 — f;. We have I ; = (1/n(?) S Wi £ Konijibi
so that

1\? j
E[I},] = <m) lZ“iAﬁ“jij”“W]
x lz ui/Aff;/uj/fj/Km'j'iﬁi'j/] (7)

where the first (respectively the second) sum is taken over all arrangements
of different indices i and j (respectively different indices i’ and j'). Let W
denote the sample of W;, 1 <i < n,andlet A\, = E[A*f] | Z;, Z;, Zy, Z;/].
By Lemma 6, A, = o(1) uniformly in the indices. By Equation (7), E[I7 ]
is equal to a normalized sum over four indices. This sum could split in
three sums of the following types.

1. All indices are different, that is a sum of n(¥) terms. Each term in
the sum can be bounded as follows:

E {Uiﬁfgujijmﬂ/%jui'Aff; uj’fj’Kni’j’wi’j’}

< I O [AF FAS 5 E [didydidy Kniy Knirye | W]
< N2 0LE | fi firdidididy K i K e

x E [Angfg;' | Zi,zj,zi,,zj,ﬂ
< OWpM)E|f) firdidsdydy Kpij Knirjr | = O (63 A) -

2. One index is common to {i,j} and {i’,5'}, that is a sum of 4n(®)
terms. For each of such terms we can write

(=1 E [quffujijmjwijAff Uj’fj’Knij’wij’}
1l% 02 (A fAF £ E [u2djdy Koy Koy | TV
O((S%)\n)E ’fjfj/u?djdj/ijij/ = O (5721)\7,) 5

IAIA
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(J'=37) E [uiAfiju?szKnijwijui/Afij;Kni’ﬂ/}i/j}

[6l1% 62E | Af7 FAFIE [ditdis Knii Ko | W] |
OBENE | fdiuddi K pijKnirj| = O (62Mn)
(i'=j) E [UiAfgu?ijnijwijAf; Uj/fj/Knjj'wjj/}

1012, 2B [AF) AL f30 B [diddy KoigKongyr | W]
O((S%)\n)E ’fjfj/diu?dj/ijKnjj/ = O (5721)\71) .

IAINA

IAIA

The case j' = ¢ is similar to ¢/ = j.

3. Two indices in common to {4,5} and {i’,5'}, that is a sum of 2n(?)
terms. For each term in the sum we can write

N 2
e [t (817) 2 K2,03) = 00wn )

and
E (w23 AfI A K203 | = O(Ah 7).
Therefore, E[(nh?/?1; 1)?] = 62n2hPO(\,) + 52nhPO (M) + O (A,) = O(\,).
The result then follows from Lemma 6. O

Proof of Lemma 3. We only prove the result for A#; fl-, as the reasoning is sim-
ilar for Af;. We have

Miifo = s SR (W= Wag™) —E [V (W= W)™}
Py
+E [r(W)g™PL (Wi =W)g )] = r(W) f(Wi)
= Ay + Ay

The uniform continuity of (-) f(-) implies sup; |Az;| = 0,(1) by Lemma 5. For
sup, |Ay4|, we use empirical process tools. Let us introduce some notation. Let
G be a class of functions of the observations with envelope function G and let

5
J(6,G, L% = sup/ V1+InN(e|Gll2, G, L2(Q))de, 0<6<1,
Q Jo

denote the uniform entropy integral, where the supremum is taken over all
finitely discrete probability distributions @) on the space of the observations,
and ||G||2 denotes the norm of G in L*(Q). Let Zi,...,Z, be a sample of
independent observations and let

1 n
Gng:ﬁ;'-)/(zi)a vEG

be the empirical process indexed by G. If the covering number N(g,G, L?(Q)) is
of polynomial order in 1/e, there exists a constant ¢ > 0 such that J(4,G, L?) <
cd/In(1/5) for 0 < 6 < 1/2. Now if Ey? < % EG? for every v and some
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0 < 6§ <1, and EGH=2/(v=1) < o0 for some v > 1, under mild additional

measurability conditions, Theorem 3.1 of van der Vaart and Wellner (2011)
implies

v/(2v—1)
2—1/v
J(6Y°, G, 12) 1G4, /2)/(%1) 161120, (1)
2 )
T '
(8)

where [|G||3 = EG? and the O,(1) term is independent of n. Note that the
family G could change with n, as soon as the envelope is the same for all n. We
apply this result to the family of functions G = {YL(W —w)/g) : w € RP} for a
sequence g that converges to zero and the envelope G(Y, W) =Y sup,, cg» L(w).
Its entropy number is of polynomial order in 1/¢, independently of n, as L(+) is
of bounded variation, see for instance van der Vaart and Wellner (1996). Now
for any v € G, Ex%(Y, W) < CgPEG?(Y, W), for some constant C. Let § = g?/2,
so that Ev2(Y, W) < C'62EG?(Y, W), for some constant C’ and v = 3/2, which
corresponds to EG® < oo that is guaranteed by our assumptions. The bound in
(8) thus yields

sup |Gpy| = J(6,G, L%)| 1+
g

ln1/2(n) 1 1/9 3/4
sup 14+n~ /2g72p/3 n'/2(n O,(1),
g g”\/_ vng? ( )} p(1)

where the O, (1) term is independent of n. Since ng*?/3/Inn — oo, the expected
result follows. O

Proof of Lemma 4. We have

Ak p 1 * *
i fi = (O =Y7) Lok

n—1 /
k#i
= i nik + — Z - Tk nzk
ki k;éz
where
1 . . ) R
p— Z(Ti — 1) L, = —Z i = k) Lnir + (s —73) fi
ki k;éz
Z > (rr = &) Lok Lnin
(n—1)* k joti k' £k
1

- Z Upr L okr L -
(n_ 1) fk ki k' £k

By Lemma 3 and the fact that f(-) is bounded away from zero, deduce that
sup; |#; — 7] = 0p(1). From this and applying several times the arguments in
the proof of Lemma 3 we obtain

! > (#i — k) Lnie = 0p (1)

n—1 /
k#i
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On the other hand,

ZukLmk < manukLm‘k + T2|nk|Lnik

n—14~ / ‘
k#i k#1i k#i
=0p (1),
where we used again the arguments for Ay; in the proof of Lemma 3 (here with
nrug and |ng| in the place of Yy) to derive the last rate. O
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