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Abstract: We study the problem of detection of a p-dimensional sparse
vector of parameters in the linear regression model with Gaussian noise.
We establish the detection boundary, i.e., the necessary and sufficient con-
ditions for the possibility of successful detection as both the sample size n
and the dimension p tend to infinity. Testing procedures that achieve this
boundary are also exhibited. Our results encompass the high-dimensional
setting (p > n). The main message is that, under some conditions, the
detection boundary phenomenon that has been previously established for
the Gaussian sequence model, extends to high-dimensional linear regres-
sion. Finally, we establish the detection boundaries when the variance of
the noise is unknown. Interestingly, the rate of the detection boundary in
high-dimensional setting with unknown variance can be different from the
rate for the case of known variance.
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1. Introduction

We consider the linear regression model with random design:

p
Y;:ZQJ'XU-F&,’L.:L...,TL, (11)

j=1

where 6; € R are unknown coefficients, &; are i.i.d. N'(0,0?) random variables
and the n random vectors (X;;,1 < j <p),i=1,...,n are i.i.d. The covariates
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Xij are assumed to have zero mean and variance 1: E(X;;) = 0, BE(X?) =1
for 1 <j <p, 1 <i<n. We also assume that X;;, 1 <j <p, 1 <i<n, are
independent of &;,1 < i < n.

We study separately the models with known o > 0 (then assuming that o = 1
without loss of generality) and with unknown o > 0.

Based on the observations Z = (X,Y) where X = (X;;,1<j<p, 1<i<
n), and Y = (Y;,1 < i < n), we consider the problem of detecting whether the
signal 0 = (64, ...,0,) is zero (i.e., we observe the pure noise) or 4 is some sparse
signal, which is sufficiently well separated from 0. Specifically, we state this as
a problem of testing the hypothesis Hy : § = 0 against the alternative

Hyr 0 €Ok(r) = {0 €RE : 0] > 1},

where R} denotes the £y ball in R? of radius &, || - || is the Euclidean norm, and
r > ( is a separation constant.

The smaller is r, the harder is to detect the signal. The question that we
study here is: What is the detection boundary, i.e., what is the smallest separa-
tion constant r such that successful detection is still possible? The problem is
formalized in an asymptotic minimax sense, cf. Section 2 below. This question
is closely related to the previous work by several authors on detection and clas-
sification boundaries for the Gaussian sequence model [4, 7-9, 11-13, 15-24].
These papers considered model (1.1) with p = n and X;; = J;;, where d;; is the
Kronecker delta, or replications of such a model (in classification setting). The
main message of the present work is that, under some conditions, the detection
boundary phenomenon similar to the one discussed in those papers, extends to
linear regression. Our results cover the high-dimensional p > n setting.

We now give a brief summary of our findings under the simplifying assump-
tion that all the regressors X;; are i.i.d. standard Gaussian. We consider the
asymptotic setting where p — 0o, n — oo and k = p'~# for some 8 € (0,1).
The results are different for moderately sparse alternatives (0 < § < 1/2) and
highly sparse alternatives (1/2 < 8 < 1). We show that for moderately sparse
alternatives the detection boundary is of the order of magnitude

p1/4 1

vk (1.2)

whereas for highly sparse alternatives (1/2 < 8 < 1) it is of the order

_ [klogp 1
r = " A\ i (1.3)

This solves the problem of optimal rate in detection boundary for all the range
of values (p,n). Furthermore, for highly sparse alternatives under the additional
assumption

p'~log(p) = o(v/n) (1.4)
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we obtain the sharp detection boundary, i.e., not only the rate but also the exact
constant. This sharp boundary has the form

r = p(B)y] B2 (1.5)

n

where
(p(ﬁ):{\/%—l, 1/2 < B < 3/4, 16)

V21 —-V1=P5), 3/4<p<1.

The function ¢(-) here is the same as in the above mentioned detection and
classification problems for the Gaussian sequence model, as first introduced
in [15]. We also provide optimal testing procedures. In particular, the sharp
boundary (1.5)—(1.6) is attained on the Higher Criticism statistic.

One of the applications of this result is related to transmission of signals
with compressed sensing, cf. [5, 10]. Assume that a sparse high-dimensional
signal ¢ is coded using compressed sensing with i.i.d. Gaussian X;; and then
transmitted through a noisy channel. Observing the noisy outputs Y;, we would
like to detect whether the signal was indeed transmitted. For example, this is of
interest if several signals appear in consecutive time slots but some slots contain
no signal. Then the aim is to detect informative slots. Our detection boundary
(1.5) specifies the minimal energy of the signal sufficient for detectability. We
note that o(-) < v/2, so that successful detection is possible for rather weak
signals whose energy is under the threshold \/2k log(p)/n. This can be compared
with the asymptotically optimal recovery of sparsity pattern (RSP) by the Lasso
in the same Gaussian regression model as ours [29, 30]. Observe that the RSP
property is stronger than detection (i.e., it implies correct detection) but [30]
defines the alternative by {0 € R} : |0;] > ¢\/log(p)/n,Vj} for some constant
¢ > 2, which is better separated from the null than our alternative ©y(r).
Thresholds that are even larger in order of magnitude would be required if one
would like to perform detection based on estimation of the values of coefficients
in the ¢ norm [3, 5].

In many applications, the variance of the noise £ is unknown. Does the prob-
lem of detection become more difficult in this case? In order to answer this
question, we investigate the detection boundaries in the unknown variance set-
ting. Related work [27, 28] develop minimax bounds for detection in model (1.1)
under assumptions different from ours and under unknown variance. However,
[28] does not provide a sharp boundary. Here, we prove that for § € (1/2,1)
and klog(p) < /n, the detection boundaries are the same for known and un-
known variance. In contrast, when klog(p) > +/n, the detection boundary is
much larger in the case of unknown variance than for known variance. We also
provide an optimal testing procedure when the variance is unknown.

After we have obtained our results, we became aware of the interesting par-
allel unpublished work of Arias-Castro et al. [2]. There the authors derive the
detection boundary in model (1.1) with known variance of the noise for both
fixed and random design. Their approach based on the analysis of the Higher
Criticism shares some similarities with our work. When the variables X;; are
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i.i.d. standard normal and the variance is known, we can directly compare our re-
sults with [2]. In [2] the detection boundaries analogous to (1.2) and (1.3) do not
contain the minimum with the n~/4 term, because they are proved in a smaller
range of values (p,n) where this term disappears. In particular, the conditions
in [2] for the model with Gaussian X;; exclude the high-dimensional case p > n.
We also note that, due to the constraints on the classes of matrices X, [2] ob-
tains the sharp boundary (1.5)-(1.6) under the condition p'~”(log(p))? = o(v/n)
which is more restrictive than our condition (1.4). The other difference is that [2]
does not treat the case of unknown variance of the noise.

Below we will use the following notation. We write Z = (X,Y) where
X =(X;;,1<j<p 1<i<n)andy = (¥;,1 <i < n) are the ob-
servations satisfying (1.1). Let Py and Px be the probability measures that
correspond to observations Z and X respectively. We denote by PéX the condi-
tional distribution of Y given X. The corresponding expectations are denoted
by Ey, EFx and E(;X , while the variances are denoted by Varg, Varx and Varg<
respectively. Clearly,

Py(dZ) = P;*(dY)Px (dX). (1.7)

For a random variable or vector ¢, we denote by E¢ the expectation operator
with respect to its distribution. We denote by X; € R” the jth column of matrix
X = (X)), and set

(X5, X)) = X Xa,  1X511° = (X5, X;).

i=1

For two sequences (anp) and (byp), we write anp > bpp if anp/bnp — 00 as
n — oo and p — oo. Finally, P and E are used as the generic probability and
expectation signs, and ®(-) is the standard Gaussian pdf.

2. Detection problem

For 6 € R?, we denote by M(0) = ?:1 19,20 the number of non-zero compo-
nents of §, where 14 is the indicator function. As above, let R}, 1 < k < p,
denote the ¢y ball in R? of radius k, i.e., the subset of RP that consists of vectors
0 with M () < k, or equivalently, # € R} contains no more than k nonzero co-
ordinates. In particular R? = RP. As above, we set O (1) = {0 € R} : [|0]| > r}.

We consider the problem of testing the hypothesis Hy : § = 0 against the
alternative Hy, : 6 € Oy(r). In this paper we study the asymptotic setting
assuming that p — 0o, n — oo, and k = p'~#. Accordingly, all the limits, as
well as the o(1) and O(1) symbols, are considered under this asymptotics. The
coefficient 8 € [0, 1] is called the sparsity index. We assume in this section that
o? is known. Modifications for the case of unknown variance are discussed in
Section 4.2.

We call a test any measurable function ¢ (Z) with values in [0, 1]. For a test

¥, let a(y) = Ep(1p) be the type I error probability and 3(v,0) = Ep(1 —1) be
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the type II error probability for the simple alternative 6 € ©(r) C R?. We set
B, Ok(r)) = sup B(¥,0), ~(¥,0k(r)) = a(h) + B(1), Ok(r)) .

0€O,(r)

We denote by B(a) = B pi(e,r) the minimax type II error probability for a
given level « € (0,1),
o) = inf ,0r(r)), 0<B(a)<l—-a.
Blo) =, inf_ B(.€u(r). 0<B(@)

Accordingly, we denote by 7, x(7) the minimax total error probability in the
hypothesis testing problem:

")/n7p7k(7") = lﬁfv(q/}a Gk(r))v
where the infimum is taken over all tests 1. Clearly,

Tnpk(r) = inf (a+pB(a)), 0<mpr(r) <1.
ae(0,1)

The aim of this paper is to establish the asymptotic detection boundary,
i.e., the conditions on the separation constant r, which delimit the zone where
Ynp,k(r) — 1 (indistinguishability) from the zone where v, , x(r) — 0 (distin-
guishability). The distinguishability is equivalent to () — 0, ¥V « € (0,1). We
are interested in tests ¥ = v, , or o = ¥y, p. such that either v(1), Ok (r)) — 0
or a(y) < a+o(l), and B(¢Ya, Ok(r)) — 0. Here and later the limits are taken
as p — 00, n — oo unless otherwise stated.

3. Assumptions on X
We will use at different instances some of the following conditions on the random
variables X;.

A1l. The random variables X;; are uncorrelated, i.e., E(X;;X;) = 0 for all
1<j<i<p.

A2. The random variables X;j, 1 <

J
A3. The random variables X;5, 1 < j < p, 1
Gaussian: X;; ~ N(0,1).

<p, 1 <i<n, are independent.

IN

i < n, are i.i.d. standard

We will need the following technical assumptions.

B1.
max E((leXll)4) = 0(1) . (31)

1<j<i<p
B2. There exists hg > 0 such that maxi<j<i<p E(exp(hX1;X1)) = O(1) for
|| < ho, and
log}(p) = o(n). (32)
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B3. There exists m € N such that maxi<j<i<p E(|X1;X1u|™) = O(1), and
log? (p)p*/™ = o(n). (3:3)
Assumption B1 implies that
max E(]Xq1,;Xu™) = 0O(1), m=2,3,4. (3.4)

1<j<i<p

In particular, Assumption B1 holds true under A2 if

4y _
1I£Ja§XpE(X1j) =0(1). (3.5)
Since (X;;Xu,t = 1,...,n) are independent zero-mean random variables, we

have (cf. [25], p. 79):

E(/(X;, X)|™) < Clmn™*71 Y " B( X Xal™), m>2.

=1

This and (3.4) yield

S B((X X)) = Om™?p?), m=2,3.4. (3.6)
1<5<I<p

Finally, Assumptions B1 and B2 hold true under A3 and (3.2).

4. Main results

4.1. Detection boundary under known variance

2

In this section we assume that the variance o© is known and we set ¢ = 1

without loss of generality.

4.1.1. Lower bounds

We first present the lower bounds on the detection error, i.e., the indistinguisha-
bility conditions. We assume that k = p' =%, 3 € (0,1). Indistinguishability con-
ditions consist of two joint conditions on the radius r = ;. The first one is

r2, =o(n='?). (4.1)
The second condition differs according to whether § < 1/2 or § > 1/2. If
B <1/2 (ie., p = O(k?)), which corresponds to moderate sparsity, we require
that

2, = o(V/B/n) (12)
The case 3 > 1/2 (i.e., k* = o(p)) corresponds to high sparsity. In this case we
define x,, ,, by rnp = Tnp/klog(p)/n and require that

lim sup(z,,,, — ¢(B)) <0, (4.3)

where ¢(3) is defined in (1.6). Clearly, condition (4.3) implies 72, =
O(klog(p)/n), which is stronger than (4.2) when 8 > 1/2.
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Theorem 4.1. Assume A1, B1, and either B2 or B3. We also require that 1y,
satisfies (4.1) and either (4.2) (for 8 € (0,1/2]) or (4.3) (for B € (1/2,1)).

Then v pk(rnp) — 1, so that asymptotic distinguishability is impossible.

Remark 4.1. This theorem can be extended to non-random design matrix X.
In the proof, instead of B1, we only need the assumption: For some B, ;, tending
to oo slowly enough,

> (X, X)I™ < Bupn™?p?, m=2,3,4. (4.4)
1<<i<p

Indeed, B1 is used in the proofs only to assure that (4.4) holds true with Px-
probability tending to 1 (this is deduced from assumption B1 and (3.6)).

Also instead of B2 and B3, we can assume that there exists 7, , — 0 such
that

max |(X;, X1)| < apk,  max [[|X]1° —n| <napn. (45)

T2
P 1<i<i<p 1<j<p

Under B2, B3, relations (4.5) hold with Px-probability tending to 1, see Corol-
lary 7.1. The result of the theorem remains valid for non-random matrices X
satisfying (4.4) and (4.5).

4.1.2. Upper bounds

In order to construct a test procedure that achieves the detection boundary,
we combine several approaches based on y2-statistics, U-statistics and Higher
Criticism statistics.

First, we study the widest non-sparse case k = p, i.e., we consider O,(r) =
{6 € R? : ||0]| > r}. Consider the statistic

n

to=(2n)"23 (17 1), (4.6)

i=1

which is the Hy-centered and normalized version of the classical y2-statistic
>, Y2 The corresponding tests ¢ and ¢° are of the form:

0 0
wa = ﬂt0>ua7 w = ﬂt0>Tnp

where a € (0,1), uq is the (1 —a)-quantile of the standard Gaussian distribution
and T, is any sequence satisfying 7},, — oo.
Theorem 4.2. For all o € (0,1) we have:

(i) Type I errors satisfy a(v0) = a + o(1) and a(¢°) = o(1).

(i1) Type II errors. Assume A2 and Bl1, and consider a radius ryp such that
nry, = 0o. Then B(YY, 0p(rnp)) — 0. If the threshold Ty, is chosen such that

lim sup Tn,,n—l/?r;,? <1, then B(4°,©p(rnp)) — 0.



Y.I. Ingster et al./Detection boundary in regression 1483

Note that under A2 we can replace B1 by (3.5). If nrj,, — oo, then one can
take T, such that v(¥°,©,(r,,)) — 0 under A2 and B1. This justifies the
“minimal” character of condition (4.1) in the lower bound.

We now introduce a test 1} that achieves the part (4.2) of the lower bound.
Consider the following kernel

p
K(Zi, Z) = p~ YV Y Xij X

j=1
The U-statistic ¢; based on the kernel K is defined by

ty=N"'2 N"' K(Z,Z), N=n(n-1)/2.

1<i<k<n

Note that the U-statistic ¢; can be ViewedA as the Hp-centered and norAmal-
ized version of the statistic x3 = n)_7_ 67 based on the estimators ¢; =

L n Jj=1"J
n Zi:1YiXij:

n

X§:2n*12p: > }QYkXinkj+n’1zp:Z}Q2ij.

j=11<i<k<n j=1i=1

Indeed, up to a normalization, the first sum is the U-statistic ¢;, and moving
off the second sum corresponds to centering.
Given a € (0,1), we consider the test ¥} = 14, 5., .

Theorem 4.3. Assume A2 and Bl1. For all a € (0,1) we have:
(i) Type I error satisfies: a(l) = a + o(1).

[e3
(ii) Type II error. Assume that p = o(n?) and consider a radius ry, such that

nr?lp/\/]? — 00. Then B(¥L,0,(rny)) — 0.
Remark 4.2. Combining the tests 1/)3/2 and 1/)3/2 we obtain the test 1} =
max(wg /29 1/1; /2) with asymptotic level not more than a. Moreover, it achieves
Bk, 0,(rnp)) — 0 for any radius ry,, satisfying

VP

9 1
Top > —— N —= .

n " Vn

We can omit the condition p = o(n?) since the test ¢? ., achieves the optimal
rate for p > n. Combining this bound with Theorem 4.1, we conclude that %
simultaneously achieves the optimal detection rate for all g € (0,1/2].

We now turn to testing in the highly sparse case, 8 € (1/2,1). Here we use a
version of Higher Criticism tests (HC-tests, cf. [7]). Set

yi = Y X5)/IIY], 1<i<p.

Let ¢; = P(JN(0,1)| > |y;]) be the p-value of the j-th component and let ¢(;
denote these quantities sorted in increasing order. We define the HC-statistic
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by
VPP — a))

tge = max max ————-=t= (4.7)

1Si<p a)<1/2 \/qo (1 — q(j)

Given a constant a > 0, the HC-test z/JHC rejects Hy when the statistic ty¢ is

greater than (1 + a)y/2loglogp:

wHC -1
— Htuc>(14a)y/2loglogp *

Theorem 4.4. Assume A3, i.e., that X;; are i.i.d. standard Gaussian. Then
we have:

(i) Type I error satisfies a(p#¢) = o(1).

(it) Type II error. Assume that 5 € (1/2,1) and klog(p) = o(n). Consider
the radius Ty = xnp\/klog(p)/n such that liminf(x, , — ¢(8)) > 0. Then
B, Ok(rnp)) — 0.

Remark 4.3. Theorem 4.4 remains valid if the cutoff 1/2 in the definition (4.7)
of tyc is replaced by any c € (0,1).

Remark 4.4. If klog(p) = o(n), the HC-test asymptotically detects any k-
sparse signal whose rescaled intensity 7,,+/n/(klog(p)) is above the detection
boundary ¢(3).

Remark 4.5. Assume A3. Combining the tests ¢? and ¢, we obtain the
test Y = max (12,97 of asymptotic level not more than . Moreover, it
achieves B(HY Oy (rpy)) — 0 for any radius 7, satisfying

k1
Top = Tnp og(p)7 liminfx,, > ¢(8) or Tfm > — .

n vn

We can omit the condition klog(p) = o(n) since the test 10 achieves the op-
timal rate for klog(p) > +/n. Combining this bound with Theorem 4.1, we
conclude that ¢* "¢ simultaneously achieves the optimal detection rate for all

B e (1/2,1).
In conclusion, under Assumption A3, the test max(wg/wwi/?w’qc) simul-

taneously achieves the optimal detection rate for all 8 € (0,1). The detection
boundary is of the order of magnitude

_ [klogp 1

Furthermore, we establish the sharp detection boundary (i.e., with exact asymp-
totic constant) of the form

r = () B

n

for 3 > 1/2 and klog(p) = p*~?log(p) = o(\/n).
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4.2. Detection boundary under unknown variance
4.2.1. Detection problem with unknown variance

In this section, we write Ep , instead of Ey in order to indicate explicitly the
dependence on ¢. The variance of the noise 02 is now assumed to be unknown
and we will consider tests 1 that do not require the knowledge of o2. The type I
error probability is now taken uniformly over o > 0:

(1) = sup Eo o (¢) .
a>0

Accordingly, we define the type II error probability for an alternative © C R?
as follows:

B (¢,0)= sup B,00,0) = sup Epso(1—1). (4.9)

0€©,0>0 0€©,0>0

Similarly to the setting with known variance, we consider the sum of the two
errors:

7" (¥, 0) = a"(¥) + 8™ (¢, ©).

Finally, the minimax total error probability in the hypothesis testing problem
with unknown variance is

V(1) = inf Y (4, Ok (1))

4.2.2. Lower bounds

Set, as above, 7, = Xnp\/klog(p)/n. As in the case of known variance, we
consider the condition

limsup(z,,, — ¢(8)) <0 . (4.10)

Theorem 4.5. Fix some > 1/2 and assume A3. If Condition (4.10) holds and
if klog(p) = o(n), then distinguishability is impossible, i.e., 7", ; (rnp) — 1 . If
klog(p)/n — oo, then for any radius r > 0, distinguishability is impossible, i.e.
Yn R(r) — 1.

The detection boundary stated in Theorem 4.5 does not depend on the un-

known o2. This is due to the definition (4.9) of the type II error probability
BY" (1, Ok (r)) that considers alternatives of the form o6 with 6 € O(r).

4.2.3. Upper bounds

The HC-test ¢ defined in (4.7) still achieves the optimal detection rate when
the variance is unknown as shown in the next proposition.
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Proposition 4.6. Assume A3, i.e., that X;; are i.i.d. standard Gaussian. Then
we have:

(i) Type I error satisfies "™ (Y) = o(1).

(it) Type II error. Assume that 5 € (1/2,1) and klog(p) = o(n). Consider
the radius 1y = Ty py/klog(p)/n such that liminf(z, , — ¢(B)) > 0. Then
B (1, O (1)) 5 0.

In conclusion, in the setting with unknown variance we prove that the sharp
detection boundary (i.e., with exact asymptotic constant) of the form

©(B) klogp

n

holds for 3 > 1/2 and klog(p) = p'~?log(p) = o(n), i.e., for a larger zone
of values (p,n) than for the case of known variance. However, this extension
corresponds to (p,n) for which the rate itself is strictly slower than under the
known variance. Indeed, if the variance o2 is known, as shown in Section 4.1, the
detection boundary is of the order (4.8). Thus, there is an asymptotic difference
in the order of magnitude of the two detection boundaries for klog(p) > \/n.

5. Proofs of the lower bounds
5.1. The prior

by/n. Note that the

Take ¢ € (0,1), and define h = ck/p, b = rnp/cx/E, a =
= o(1). Consider a random

condition 772, = o(1/y/n) is equivalent to b*k*n

vector 0 = (01,...,0,) with coordinates
Hj = bEj,
where ¢; are i.i.d. random variables taking values in {0,+1, —1} with probabil-
ities
Ple;=0)=1—h, P(g;=+1)=P(e; = —1) = h/2.

This introduces a prior probability measure 7; on ¢; and the product prior mea-
sure T = Hé’:l m; on 0. The corresponding expectation and variance operators
will be denoted by E, and Var,.

Lemma 5.1. Let k — oo. Then
W(@k(f‘np)) — 1.

Proof. Observe that

p p
161> = 6% eF, M(9) =) lejl.
j=1 j=1

‘We have
E([0]%) = b*ph =12,/c, Er(M(0)) = ph = ck,
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and
Var, (6]2) < phb® = 18, /(ke®), Var,(M(6)) < ph = ck.

Applying the Chebyshev inequality, we get with C' = ¢! > 1,

Varr([|0]*)

2 2\ 2 2 2

(017 < rhp) = 7 ER([0]17) = [10[]7 > 77, (C = 1)) < C—17 -0,
and similarly, 7(M(0) > k) — 0. Since 7(Or(rnp)) = (|0 = ronp, M(0) < k),
the lemma follows. O

We will use the scheme of proving minimax lower bounds based on a reduction
to the Bayes risk with the prior 7, see for instance [21], Proposition 2.9. Define
the mixture distribution P, by

P.(dZ) £ B Py(dZ) = / Py(dZ)m(dB)
RPr
and consider the likelihood ratio
_ dP,
~ dP,

which is well-defined since P, is absolutely continuous with respect to Fy. In
order to prove the lower bounds it is enough to check that

L (Z) (2),

L.(Z)—=1 in Py — probability. (5.1)

Indeed, since the maximal risk is greater than the Bayes risk, we get that, for
any test v,

YW, 0k(r) = /Eg(l — ) (d) + Eo(vp) — 7
= /(1—1/))dP,,+/1/1dP0—7‘r
= /((1_¢)L,,+w)dpo_ﬁ
> / (U= )L+ pER )Py — 7

where 7 =1 — w(@k(rnp)) and YP® = 1 _- is the likelihood ratio test. Com-
bining the last display with (5.1), Lemma 5.1, and the Fatou lemma, we find
that lim inf{inf,, v(¢, ©x(r))} > 1, which implies infy, (¢, Ox(r)) — 1.

Consider x = limsupz, . If 3 < 1/2, then z = 0 since nb?> = O(1). For
B8 > 1/2, we take ¢ € (0,1) such that x. = /¢ < ¢(8), which is possible as
x < ¢(f). We will use the short notation = and a for z. and a. = by/n = a/c.
For j=1,...,p we set

aj =bl|X;ll, zj = a;/\/log(p), (5.2)
vi = (X, /XG0, Ty = aj/2 +log(h™")/ay

. 10T
which corresponds to he 2% T%7Ti =1,
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5.2. Study of the likelithood ratio L

First observe that, by (1.7),

X
P,(42) = Px(dX)E, (B (dY)), L.(Z)=E, (%(Y)) .

Note that the conditional measure PQX corresponds to observation of a random
vector with the n-dimensional Gaussian distribution N, (v, I,,) with mean v =
Zle 0;X; and the n x n identity covariance matrix I,,. Thus, the likelihood
ratio under the expectation is

dpPg* 2 “A(X,0)/2
EE (V) = exp(—[[0]2/2 + (0,Y)) = go(Z)e2XO12,
0

where

P
90(Z) = [ [ exp(=071X;17/2+ 0;(X;,Y)), AX,0)=2 > 0;6,(X;,X)).
j=1 1<j<i<p
(5.3)
Set

A(Z) =Eq (90(2)) = f[(l — h+ he P INIP/2 cosh(b( X5, V)
j=1

and define 7; = eV IXi1/2 cosh(b(X;,Y)) — 1. Take now ¢ > 0 and introduce
the set
Yx ={0 e RP: |A(X,0)| < }.

We can write
L.(Z) = / 96(2)e 2 XN 1 (dh) > e / 96(Z)7(dO) = e °A(Z)mz(Zx),
RP Yx

where 77 = H§:1 7z, is the random probability measure on R? with the density

dry d7TZ]
dm i) H dﬂ'J
drz e*G?HXjH /2+9j(Xj7Y)
= () = , 0; €{0,£b},
dm; ) 1+ hi; J { }
i.e., the measure 7z ; is supported at the points {0,b, —b} and
1—-h h hedi™
(0) = ———, mz,(xb) = —=2L, hz . =
7"'ZJ( ) 1+ hﬁj, ﬂ-Z,J( ) 2 Z,j 1+ hﬁj,
where N
d d;
_ e e
d]i:—a?/Q:I:ajy; . 1= + —1
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Proposition 5.1. In Py-probability,
Fz(Ex) — 1. (54)
Proof of Proposition 5.1 is given in Section 5.3.

Proposition 5.2. In Py-probability,
ANZ)— 1. (5.5)

Proof of Proposition 5.2 is given in Section 5.4.

Propositions 5.1 and 5.2 imply that, for any 6 > 0,
Py (Z:L.(Z)>1-6)—1.
Since EgLr(Z) = 1 and L,(Z) > 0, this yields Lr(Z) — 1 in Py-probability.
Thus, the indistinguishability follows.

5.3. Proof of Proposition 5.1
5.3.1. Replacing the measure wz by 7z

Consider the random measure 77 = sz’:l Tz, where 7z ; is supported at the
points {0,b, —b} and

+ — +
- dz ; dz; . dz ;
Rz (0) =1 = 5% = 55 Fay () = 5%

where
o+ S+
Gz = (h/2)e" Lz, AT ={he” <1} = {dy; <Tj}.

Observe that the event .Aj[ implies qu[j < 1/2, i.e., the measures 7z ; are cor-
rectly defined. Consider the random event

A=A, 2P ((ATNA) ={Z=(X)Y): lyj| <Tj,j=1,....p}.
Lemma 5.2.
P()(.An_’p) — 1.

Proof. Denote by A® the complement of the event A. Since y’ ~ N(0, 1) under
Py, we have

p p
P ((Anp) Z )+ B ( A7) Z

By Corollary 7.1 we get a; = b||Xj|| ~ by/n uniformly in 1 § j < pin
Px-probability. By definition of b, we have limsup a;/+/log(p) < ¢(5) for

any 3 € (1/2,1) and a;/+/log(p) = op, (1) if B < 1/2. By (7. 1) this implies

L 0(-Ty) = ( ) in Px-probability. O
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Observe now that we can replace the measure 7z by 7z in (5.4). This follows
from the next lemma.

Lemma 5.3. In Py-probability,
E;,—Z|dﬂ'z/dﬁ'z—1| — 0. (56)

Proof. Using that Ez, (dnz/d7z) = 1 and applying the inequality 1 4+ = < e,
we get

(E,;Z|d7rz/d7~rz—1|)2 S (d?‘rz/dﬂz—l) = ﬁz(dﬁz/dﬁz)2—1

P
- H iy (drg )iz ;) — 1
p
H 1+Ez, ,(dnz;/diz; — 1)) -1

—1)?| -1

IA
¢}
"

T
&=
Bl

N
U
3
N

<

~
U
3

N

<

Consequently, we only have to prove that in Py-probability,
P

= Es,,(drz;/diz; — 1) = 0.

j=1
Since H(Z) > 0, the last relation follows from

EX(H) =0, in Px-probability
by Markov’s inequality. Observe that
(hJZr,j - qJZr,j)Q (hg,j - qg,j)z
247, 29z,
(hyy +hzy =45, =4z,
22-qz; —4z,)

Eﬁ’z,j (dﬂ'z_’j/dfrzyj — 1)2 =

By Lemma 5.2, it is sufficient to study these terms under the event A which
corresponds to maxi<j<, qu < 1/2. Under this event, we have h%_j =

qu[)j/)\j, Aj =1+ qzj +qz; — h, and direct calculation gives

(hJZr,j - qJZr,j)z (hg,j - qg,j)2 (hJZr,j + h},j - qJZr,j - qg,j)2
2q£j 2q§7j 2(2 - qJZr,j - qg,j)
+ —
_ (az; +9z,)47
= - .
N(@2-az;—az;)
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where . 3
Aj = qJZr,j +q§,j — h = h(edj ]lA_+ -+ edJ' ﬂAf — 2)/2

Since maxi<j<p quEJ < 1/2, we only have to control the sum Y% _, A%.

h2
Eg(]lAA? < ?( a?@(Tj — 2(Lj) =+ eiai — 4(I)(T] — aj) + 2) .

CASE 1: nb? = O(1). By corollary 7.1, (a;/(v/nb)—1) = op, (1). Consequently,
T; — 2a; < log(p) so that ®(T; — 2a;) =1 — op, (p~2).

IN

p 2
h
EX |14 A2 stinhQ(an(l +0py (1))/2) + 0py (1)
=1
ph2nb?

= 9 + OPX(l) = Opx (1) )

since 7., = o(,/p/n).

CASE 2: limsupnb? = oo. This implies that k? = o(p) and therefore ph? =

o(1).
P ph2 b2 2

Ef |1a) A3 < et tors (D) 4 o(1) = p= 2Pt ors (1) 4 o(1)
=1

Since z < ¢(B) < /2B —1 for 8 > 1/2, this yields the result. O

5.3.2. Study of Ez,(A%(X,0))

By Lemma 5.3, the relation (5.4) follows from 7z(Xx) — 1, in Py-probability.
By Chebyshev’s inequality, to prove this convergence, it is enough to show that,
in Py-probability, Ez, (A%) — 0 for A = A(X,6) defined by (5.3). In turn, by
Markov’s inequality, Ez, (A%) — 0 in Py-probability follows from

EyEz,(A%) — 0, in Px-probability.

Thus, it suffices to prove the last relation. This will be our aim for the rest of
the proof of Proposition 5.1. For 0 < v < 1, we introduce the random events

X7 ={||1X;]? —=n <wn}, X" = {log(p)|(X;, X;)| <vn},

and . .
Xn,p - ﬂ (X] n X‘]l) .
1<5,I<p, j#1
It follows from Corollary 7.1 that under assumptions B2 or B3 there exists
v = vy, — 0 such that Px (X, ;) — 1. This v will be considered in the sequel,
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so that it will be sufficient to control the random variable EfEz, (A?) on the
event X, ,. We have

p
Ez, (Az) = b4E7~rz Z Ly 52 Vjaja€51€52€53E s (X ij)(stvij;)
J1,J2,73,Ja=1

4A2 + 8A3 + 8A4,

where
Ay = bt Y Ea, (ee,) (X5, X5,)% (5.7)
1<j1<j2<p
A3 = vt Y Ea, (ehene) (X5, X5 (X, XG,)
1<j1<j2<gs<p
+]Eﬁ'Z (Ejl 5?2 Ejs) (le ’ X]z)(ij ’ st)
+]Eﬁ'Z (Ejl €j2€?3) (Xh ) X]s)(ij ) st) ) (5'8)
Ay = b* Z Ex, (5j1€j25j35j4) (X 1> X )(XJ’HX ) +
1<j1<g2<ys<ja<p

(XJUX )(ijvX ) (XJUX )(ijvX )] (59)

Here and in what follows the random variables ¢; = 6,/b are i.i.d. in j with
respect to 7z and they are distributed on {—1,0, 1} with probabilities

fig(e; = %1) = qij, Tz(e;=0)=1- q%L,j — 4z

Below we write for brevity
95 = 4zj-

5.3.8. Structure of the expectations Ef Ez,(-)

For notational convenience, we introduce the auxiliary variables 7, taking values
in {1, —1}, which are considered as non-random in this subsection. With this
notation, the expectations over 7z can be written in the form

(¢}, + 4;,)(q5, + 4,
~ 2 2 _ J J J J2/) k)
Er, (5,65,) = ——0 2 ) 42quk, (5.10)
N1,M2 k=1
oVt — o=Vt — a—
e (heney) = (ol tl G
3
- 3 % g\ (5.11)
71,M2,M3 k=1
1 4
E#, (€1€52€j5€js) 6 (4}, —45,)
k=1
1
T 16 Z 7717727737741_[%%)7 (5.12)

71,72,7M3,74 k=1
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(k) _ (k) _

where ¢, Tif g =1, and ;. = q;, if g = —1, and the sums are taken
over all p0s51b1e Values of blnary Variables N1, M2, M35 N4

We now take the expectation E° over Y given X of each of these expressions.
Noting V =b%";" , n X, , we have

(1)

W™ o [ —r s 1, 1P b S X)) T
— = J k) = J
- 2mEO e 2=t F k=t F H]l(YkaijTijXij
k=1

R 2 1 2 m
_ By coam 1o (X5 X5 X [ = LIVIPH(Y,V)
= e’ Fasr<es mEy (e [[ Lvimex, )<y, 1%, 1

2m
k=1
" 2
= gmep|b Do (X5 X5 | P (1),
1<r<s<m
where
m
X
Pir,..., Jm(n) - EO <H ]]'(Y+V7nkxjk)<Tjk|Xjk”>
k=1
m
X
= Eq <H ]1(Y7nkak)<Tjk||Xjk||—(V7chjk)>
k=1
m
_ X
= L <H ﬂnky;k<Tjk(V,nkak)/|Xjk|> :
k=1
Define
m
/
mi ) =m > ns(X, X)Xz = meyf, -
s=1, s#k

jm (1) 0 the form

.....

Pivroin (1) = B (21 < Ty, — ag, —bmy, (n),..., 2m < Ty, — a,, —bmy, (1))
‘We have
2 B2
EE)X <H qJ(':k)> = I eXp (771772b2(Xj1 ) ij)) Pji,j2 (77)7 (5'13)
k=1

By (H@Z”)Z exp | b8 D" nene (X, X5) | Pivags (), (5.14)

1<s<r<3

<H%nk)> 16 &P b? Z N5 (Xjos X5,) | Pirgarisia(m)- - (5.15)

1<s<r<4
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5.3.4. Evaluation of probabilities pj, . ;.. (n)

By definition of (z1, ..., zm,) we have

Nk (XJk » X )

A _
Eé(zk =0, Eéng =1, Eéxzkzs :rks(n) = ||X

Define T}, = Tj, — aj,. Observe that

Pj,..., = Z (- = bmy, (1))

k=1

+ o X e (“T — b ),—Ts, by () | (5.16)

1<k<s<m

where, for the Gaussian random vector (21,22) with Ez, = 0,Ezf = 1,k =
1,2, Ez129 = p, we set

‘I)p(tl,tQ) = P(Zl <t1,29 < t2) = P(Zl > —t1, 29 > —tg).

The control of p;,, ;.. (1) then depends on the sequence x, p.

.....

CASE 1: z = 0. Under the event A, ,, we have max;a; = o(y/log(p)),

Tjk/\/log(p) — 00, and
blmj, ()] < b 1(X,, X)l/ 11X, ]| < o(bv/n/ log(p)) = o(1/1/log(p

s#k

It follows that

max ®(~Tj, — bmy, () = o(p~®), V> 0.
J

We conclude that
Pjr i (M) =10 <Z (T, — bmgk(n))> =1-o(p™), Va>0. (517)

CASE 2: x > 0. Then, under the event X, ,, we have bm, (n)] =
o(by/n/log(p)) = o(1), and Tj,b = O(log(p)/v/n). Hence, T;, blm;, (n)| = o(1).

Applying Lemma 7.2, we write the first term in (5.16) as

S O(=Ty, —bmy, () = > (=T5)—b> my (no(-Tj,)
k=1

k=1 k=1
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We have

Hl>

m= Y B(=Tj,) = o((ph) ™), (5.18)

k=1

by (7.1) and (7.2) since z < ¢(8) < v2(1 — /T — B). Applying again (7.1) and
(7.2), we get

b(X,, X ) (=L)Xl = O [T5 (X, X)) @(=T5)n ™|
= O[T, 0(=T5) sl | = ollsl /(oh)
VX X ) T 0Ty )n ™ = O(T)@(=T5,)7%, = ol / (ph)).

It follows that

STy, by () = B~ 3 o(ml/Gh)+ X o (/b))

k=1 1<k<s<m 1<k<s<m

Z o ((1 + |fks| =+ ’Fl%s)/(ph)) :

1<k<s<m

Let us turn to the second term in (5.16). If Tj, > log(p), then
Py (m) (_Tjk = bmy, (), =T}, — bmy, (77)) < (=T, — bmy, (n)) = o((ph)~?) .

If T;, < log(p), we have T}, 7xs = o(1) under the event X, ,. By Lemma 7.3 and
the above relations, we get

Pr. () (—Ta‘k = b, (n), =T, — b, (77))
= (=T}, — by, (1) (=T}, — bmy, (M)O (1+ 7 + 7wsl) = 0 (1) %) .
Finally, we obtain

Pitim() = 1= Rumto| > |rl/ph | +o((ph)?) (5.19)

1<k<s<m

= 1+o((ph)™h). (5.20)

5.8.5. Fvaluation of As

We have b?maxi<j,<jo<p |(Xj1,Xj,)] = o(1) under the event X, ,. Since
P12 (M) = O(1), we get from (5.13)

(i)
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By Assumption B1, we have

sup EX((levij)Q) = O(?’I,)
J1#j2

Then, it follows from (5.7) and (5.10) that A5 is of the order
bRy (X, Xp)? = PRt < kbt — 0,
1<j1<j2<p

in Px-probability.

5.3.6. FEvaluation of Az

Let us evaluate A3. By symmetry, it is enough to control the term

Aé = Z Ez, (Eisjzah) (leaXJé)(levst) : (521)

1<j1<j2<js<p

Consider independent random variables 1y, 72,73 taking values in {—1, 1} with
probabilities 1/2. By (5.11) and (5.14), we can write

h3
5 En | m2ns exp B> (X5, X5 | Pisgas (1)
1<s<r<3

Bz, (€3,6585) =

Under the event X, , it follows from (5.17), (5.20), and the definition of X, ,
that

Pivgngs (M) = 1+ 0((ph) ™) and b* > nae(X;,, X;,) = o(1).

1<s<r<3
It follows that
2 h? 2 2 1
Ez, (5j15j25j3) = §En nenzexp | b Z N (X5, X,) +o0 (h P~ )
1<s<r<3

Set csr = b*(X,,, X;,). By Taylor expansion of the exponential function, the
above expectation over 7 is of the form:

E, [772773 (1 + mimac12 + mnzciz + nanzces + O (0%2 + i3 + 033))]

- b2(Xj2’Xj3) +0 (b Z (stvXjr)Q
1<s<r<3

Under the event &, ,, we derive from (5.21) that

Al < 1P (O(Hy) 4+ b50(Hs)) + bo(Hsh*p ™),
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where
H, = Z |(Xj1’Xj2)||(Xj17Xj3)||(Xj2aXj3)|7
1<51<52<43<p
Hy, = Z Z |(Xj17Xj2)||(Xj17Xj3>|(staXjr)27
1<751<j2<j3<p 1<s<r<3
Hs = S X X)X, Xyl
1<j1<j2<gs<p
Since
|(Xj17Xj2)||(Xj1aXj3)||(Xjrast) < |(Xj17Xj2)|3 + |(Xj1an3)|3
+ |(XJT7X.73)|37
(X5 X (X X)X Xig)? < (Xiys X))+ (X, X ) 4 (X, X5 ),
|(Xj17Xj2)||(Xj1an3)| < (levXj2)2 + (levXj3)27

we derive from (3.6) that
ExH, =0(p*n*?), ExH,=0(n?), ExH, =O0(p%n).
Applying Markov’s inequality yields
Hy = Op, (p°n®?),  Hy = Opc(p’n®), Hi = Op, (p*n).
Combining these bounds and using the symmetry, we obtain
Az = Op, (b9h3p*n®'?) + Op, (B3h3p>n?) + brop, (b h*p?n).

Since b*k%n = o(1), hp <k, b= o(1), we get A3 = op, (1).

5.3.7. Evaluation of Ay
Finally, we evaluate the term A4. By symmetry, it suffices to consider the term

Ay =t > Bz, (€11€j2655€5) (X510 Xja) (Xjy, X)) - (5.22)

1<j1<j2<j3<ja<p

Acting as in the evaluation of Az in Subsection 5.3.6, we can write
Er, [€51652852€54)
=W'Ey [ mmansnaexp [0° Y nene (X5, X5,) | Pjrorsis(m) | - (5:23)
1<s<r<4

Under the event &, ,, we have

b? Z nsne(Xj., Xj,) = o(1).

1<s<r<4
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CASE 1: z > 0. By (5.19), we have

Pjrjasga(M) =1 —Ra+o Z [ks|/hp | + 0((ph)72).
1<k<s<d

The Taylor expansion of the exponential term in (5.23) yields

E, [ mnonsnaexp | 02 Y 0 (X5, X5,) | i oo s (0)
1<s<r<4

E, (mmensna [ 140° > non(X5,, X5,) | (1= Ra)
1<s<r<4

+ O(]61]) + O(|02])
O(|61]) + O(|é21),

where

o= ot Y (XX,

1<s<r<4

5 D Arwsl/ph | +ol(ph)?) .

1<k<s<4

Il
S

CASE 2: z = 0. By (5.17), pj1.ja.js.ja(n) = 1 — o(p™2). Arguing as in Case 1,
we get

E, [mmensnaexp [ 67 > nane (X, X5 | Pirois.a (1)
1<s<r<4

= O(v" Y (X,.X;)7 | +olp?).
1<s<r<4
Combining the above arguments we obtain that under the event &, ,,
Hob*ht /p? =0
Ay < WO, + | LY =0,
o(Hsb*h?® /np + Hab*h?/p?), x>0,

where

H = >

(X X (X, Xl DY (X5, X507,

1<51<g2<g3<ja<p 1<s<r<4
Hy = Z |(Xj17Xj2)||(Xj3an4)|v
1<j1<g2<ys<ja<p
Hs = > (G X (X, X)L D0 1K, X))

1<j1<j2<ys<ja<p 1<s<r<4
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From (3.6) and the trivial bounds

(X0 X)X, X)X, X507 <0 (X0, X)) + (X5, X))+ (X5, X500
|(Xj17Xj2)||(Xj3an4)| < (levXj2)2+(Xj37Xj4)2a
(X0 X ) (X, X)X, X501 <X, X5 1P+ 1(XGs, X))

+ (X, X5
we obtain
Ex(H) = O(p*n®), Ex(Hs) =O(p'n), Ex(Hs)=O0(p'n®?).
Applying Markov’s inequality yields
Hy = Opy (p*n®), Hy = Opy (p*n), Hs = Opy (p*n*/?).
Since b*k%n = o(1), hp < k, we get
R H, = O(h*p*b®n?) = opy, (1), Hab*h?/p* = Op, (b*h*p*n) = opy (1).

If 2 > 0, we also have to bound from above the term Hj. Since 7, = o(1/y/n)

(cf. (4.1)) and since = > 0, we derive that k = o(y/n). Then, we get

Hsb*h? /np = Op, (b0p°R®n®/% /nb?) = op (1) .
Thus, we obtain A} = op, (1) and A4 = op, (1) by symmetry. The proposition
follows. O

5.4. Proof of Proposition 5.2

Consider the random events
Znp = {Z=(XY): |y;| <Tj,1<j<p XE€ Xn,p} = An,pﬁXn,pa

where A, , and &), , are defined in Sections 5.3.1 and 5.3.2 respectively. It
follows from Lemma 5.2 and from the property Py(X,, ) — 1 (cf. Section 5.3.2)
that Py(Z, ) — 1. Therefore, to prove Proposition 5.2 it suffices to show that
for any 6 > 0 the Py-probability of the event {|log(A(Z))| > 6} N Z,,, tends to
0. We have

log(A(2)) = Y log (1+ (h/2)(e¥ +e% _2)).

j=1

Under the event A, , we can replace the quantities (h/2)edji by qjj-[ =
(h/2)edji]1iyj/_<T].. Then log(A(Z)) is replaced by

p
L=3"log(1+4,), A;=(qf +q; —h).

j=1
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Recall that he=%/2t% T = 1. Thus, uniformly in 1 < j < p,
q;-r +q; < he=93/2 cosh(ajyg»)ll‘yj/_KTj < he=%/2 cosh(a;Tj)
= (1+e2Ti)/2 < (14 h%)/2.

Consequently, for A > 0 small enough,

P P
L=A4;+0(4y), =Y "A; =Y A%
= =

It is shown in the proof of Lemma 5.3 (cf. Cases 1 and 2) that E@X(JlAn’pflg) =
opy (1). Markov’s inequality then implies that for any § > 0 the Py-probability
of the event {|As| > §}NZ,,, tends to 0. To finish the proof of the proposition, it
remains to show that the same property holds if we replace here Ay by A;. This

will be done by proving that Eg(A4;) — 0 in Px-probability and 1z, |4; —
EX(Ay)| — 0 in Py-probability. Observe that

P P
EO Al :hz '—CLJ :—hZ‘I)(—Tj—l—aj).
j=1

j=1

By (7.1) and (7.2) we have

Thus, to finish the proof it remains to show that 1zn,p|/~11 — EX(A)] = 0
in Py-probability. Note first that |A; — EX(A1)]> < B + Ay, where B =

di<j<i<p AjA; and A; = Aj — EXA;. Since the convergence of Ay is already
proved, it is enough to check now that, in Px-probability,

Iy, By (B)=1x,, > Ef(AA)—
1<5<i<p

Note that o
Eg (AjA) = By — Cyi,

where
Bji=Eg ((¢f +4; ) +4)),
Cji = W®(Tj — a;)®(Ti — aw) = h*P}).
Here we set
P =®(T)0(T)) =1 - (-T}) — ®(-T)) + ®(-T)®(-T}), T1 =T, — .

Consider independent random variables 71, 72 taking values —1 and 1 with prob-
abilities 1/2. Using (5.13) we can write

Bj = B’E, [exp (mn2b*(X;,X1)) pja(n)] -
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Therefore,
Bji — Cj = W*(Uj + Vi) (5.24)

where
U = Ey [(exp (mn2b* (X5, X1)) = 1) pju(m)], Vi = Ey (pju(n) — F}y)
Set
mna2(Xj, Xq)
mji(n) = W )
and, as in Section 5.3.4,

_ _ _ (X;,X1)
le(n) =mn2ri,  Tri= HXJHW .
J

Moreover, let z; and z; be the standard Gaussian random variables with
Cov(z;, z1) = 71(n). Then, p;;(n) can be written as

pia(n) = Pz <Tj —bmy(n), 2 < Ti — bm(n))
= 1—=O(=Tj 4+ bmy(n)) — (=17 + bmy;(n))
+P (2 < =Tj + bmju(n), 2 < =11 + bmy;(n)) .

Let us first evaluate the terms Vj;.

CASE 1: z = 0. The control of the terms Vj; in (5.24) is similar to that in
Section 5.3.4. We get

Ph=1-0(p?), pjum)=1-0p?), |pjln)—Pl=o0(p?),

which implies that 7> Y7, . o, Vji = o(h?).

CASE 2: 2 > 0. We have (compare with (5.18) and (5.20))
o(~1))®(~T1) = ol(ph)~>),
Bg* (25 < =Tj+bmji(n), z < =Ty + bmyj(n)) = o((ph)~?),

O(=T; +bmj(n)) = S(=T5) +mnabiji + o(F3/ (ph)),
Taking the expectation over 7, we get
E, (pja(n)) — Py = o5,/ (hp)) + o((ph) ).
in Px-probability. Therefore
Ry Vi=OHhp ) +o(l), H= > 7.
1<5<I<p 1<j<i<p

Under X, , we have 7%, = n~*(X;, X;)*(1 4 o(1)). Since Ex[(X;, X;)?] = O(n)
for j # 1 (Assumption B1), we get

H = Op, (n_1p2) )
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This leads to h*3 o, 1<, Vit = Opyx(ph/n) + o(1). Since 7, = o(1/y/n)
by (4.1) and since z > 0, we derive that k& = o(y/n). Consequently, ph/n =
O(k/n) = o(1).

Finally, we evaluate the terms Uj;. They are handled as in Section 5.3.2. Since
b%(X;, X;)] = O(1) on the event X, ,, and E; (n1m2) = 0, we find that, on X, ;.

U = By [{mm? (X5, X0) + 0 (14X, X))} (1 + o((ph) )]
= O (b"(X;,X1)?) + O (*|(X;, X0)|/ (ph) ,
where the term o((ph)~!) under the expectation is uniform in 7. Hence, we get
h2 E:[@:om%mg+o@&%my
1<j<i<p
where
H= Y (X;X)% Hi= Y [(X;,X)<pH”
1<j<i<p 1<j<i<p
Arguing as for H, we get
Hl = OPX (an), H2 = OPX (p2n1/2).
It follows that
RS Usi = Opyg (0*h76'0) + Opy (pht*n'/?) = opy (1),
1<j<i<p

since p?h2b*n < k2b*n — 0 by (4.1). This proves the proposition. O

5.5. Proof of Theorem 4.5

As in the proof of Theorem 4.1, we consider x = limsupz,, and we take
¢ € (0,1) such that x. = x/c < ¢(5). We also define b = z./log(p)/n.

CASE 1: klog(p)/n — 0. We use a different prior 7 than in the proof of
Theorem 4.1. Denote by M(k,p) the collection of all subsets of {1,...,p} of
size k. We consider a random vector 6 = (6;) with coordinates 6; = be; where

€ (0,1). The set of non-zero coefficients of € is drawn uniformly in M(k, p).
This introduces a prior probability @ on 6. Notice that the support of 7 is
included in O (x.\/klog(p)). Define the mixture distribution P, by

Pw(dZ)éEwPe,\/m(dZ)Z/R Py i (dZ)m(d0),

where Py , denotes the distribution of Z when the noise variance is o2. Consider
the likelihood ratio

APy . . dP;
L(Z) = z)ex
(2) dPy Py

(Z) .
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We will write for brevity Py = Py,1 and Ey = Ej ;. As in the proof of Theorem
4.1, it is enough to show that L,(Z) converges to 1 in Py-probability, cf. remarks
after (5.1). By definition of 7, this implies that

Hdljf Eo)l(’l/l) + sup E‘g’m(l — w) — 1.
0cOy, (zm/klog(p))
Hence, by definition of v7 () and B*"(-,-), cf. (4.9), we get

otk (2e/Flog(p)/ V1 = kb2 ) — 1.

Since kb? converges to 0, this completes the proof.

The likelihood ratio has the form Lr(Z) = 3=, c m(x.p) IM(k,p)| "' Ln(Z) and

- R Y2 (Y 2 iem Xi)

— 2\—n/2 ) iEm

Ln(2) = (1=k0)7" exp (_2(1—kb2) 1— kb? )
b2

Definition 5.1. Consider § € (0,1), a positive integer s and a n x p matrix
A. We say that A satisfies a J-restricted isometry property of order s if for all
0 € RL,

(L =0)ll0l < [lA8]] < (1 +d)0] -

Let us define the events €2 and s by

Q1 : “X/\/n satisfies a 6{") restricted isometry of order 2&”

Qo “Forany 1 <i<p, (V,X;/||X:]]) < /2log(p)(1+ (553%)" ,

where 57(1171)0 = 16/klog(p)/n and (57(12,2) = log_1/4(p). Applying a deviation in-
equality due to Davidson and Szarek (Theorem 2.13 in [6]), we derive that
Px(25) = o(1). By the standard concentration inequality for the maximum
of Gaussian variables, we have Py(25) = o(1). Consider the random event
Q=01 N0.

Lemma 5.4. We have Ey [L2(Z)1g] <1+ o(1).
Lemma 5.5. We have Eo[Lr(Z)1qe] = o(1).

Since Eo [Lr(Z)] = 1, we get the desired result by combining these two lemmas.

CASE 2: klog(p)/n — co. We consider b > 0 defined by

kb2 klog(p)
T—m - D
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Lemma 5.6. We have
Ey [L2(Z)] =1+ 0(1) .

This lemma implies that for r = /(28 —1)klog(p)/n — oo, we have
’yg?;_’k(r)ﬁl. O

In the proof of the following lemmas, o(1) stands for a positive quantity which
depends only on (k,p,n) and tends to 0 as (n,p) tend to infinity.

5.5.1. Proof of Lemma 5.4

In order to bound Ey[L%(Z)lg| from above, we first control
Eo[Ly,(Z)Li,(Z2)1q] for any mq,me € M(k,p). Consider the random
variables W1 = ElEml\mz Xi; WQ = Ei€m2\m1 Xi; and W3 = Zi€m1ﬂm2 Xz
We denote by S = |m1 N'ma| the cardinality of the set mj N mso. Then

_kb2HYH2 n b(Y, 2Ws + Wy + Wa)
1 — kb2 1 — kb2

L, (Z)Lpm,(Z) = (1 —kb*)™exp (
b2
e {_2(1 )

We now take the expectation of Ly, (Z)Lm,(Z) with respect to (W7, W3). We
have

(W + Wall? + W + W3|2>} .

EO[Lm1 (Z)Lmz (Z)|(§7 W 3)]
H} H2Sb2 2b(}7”3) b2H[ 3||2:|
i + —

1— 502 1—-5v? 1— 52

When S = 0, we have Eo[Lyp, (Z)Lm,(Z)|(Y, Ws3)] = 1. Let us now consider the
case S > 0. On the event 2, we get

W-
(v, WZH) < /2log(p)(1 +62)

=(1-58Sp*)™ exp[

2 iemy rim 1Kl
S < v2Slog(p)(1+0(1)) ,
|| EzEmlﬁmg XZ”

since X//n satisfies a 57(114)7-restricted isometry of order 2k. Then, we can bound
the expectation with respect to Y:

N L L
Bo[aLuny (Z)Liny(2)Ws] < (1= S25%) "2 exp

1+ 562
x @ [/2STog(p)(1 + o(1)) — 26 W5/ (1 = (1))
Moreover on €2, we have 1/ 1 — 5,(117])0 < |[Wsl/vnS < 4/1+ 57(117])0. Since klog(p)/n
goes to 0, we get
Eo[1qLm, (Z)Lim,(Z)] < exp [22Slog(p)(1 + o(1))]
x P { S'log(p) (\/5 — 2z, + 0(1))} .
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2
e z° /2

For any z < 0, we have ®(z) < e~*"/2. Hence, we get ®(z) < for any

x € R. It follows that

Ey []]‘QLml (Z)Lmz (Z)] < exp

—

Slog(p) {xi —(1—V2z.)% + O(l)H . (5.26)
Hence, we get

EollaL2(Z)] < Es [pS{mi—(l—\/imc)i-i-o(l)}} 7
where the random variable S has a hypergeometric distribution with parameters
p, k and k/p. By Aldous [1], p.173, S has the same distribution as the random

variable E(U|B,) where U is binomial random variable with parameters k, k/p
and B, some suitable o-algebra. By a convexity argument, we then obtain

k k
{1 41 (pzzfufﬂzcmo(l) B 1)]

Ey[lal2(2)] <
2
< exp {k_pmiuﬂmuo(l)}
p
< exp |:p172ﬁ+z§7(17\/§zc)27+0(1):| '

Since x. < (), one can check that 1 — 23 + 2 — (1 — v/22.)% is negative and
we conclude that Fy[1oL2(Z)] < 1+ o(1). O

5.5.2. Proof of Lemma 5.5

By symmetry, it is sufficient to prove that Eg(L,,(Z)lge) = o(1). Let
us decompose Eo(Ly(Z)lge) = Eo(Lm(Z)las) + Eo(Lm(Z)lagna,). Since
Eg(Lm(Z)) = 1, Px almost surely, we have Ey(Ly(Z)lag) = Px(Q5) = o(1).
Let us turn to Eo(Lm(Z)lagne, ). For any 1 < i < p, we define the event Q)
by (Y, Xi/|[Xill) > \/2Tog(p)(1 + 61)). Then,

Eo(Lm(2)1agna,) )l 1owm] -

H'M»s

The value of these expectations depends on ¢ through the property “i € m” or
“i ¢ m”. Let us assume for instance that 1 € m and 2 ¢ m. Then, we get

Eo(Lm(Z)Lagna,) < kEo [Lin(Z)1a,1gw] + pEo [Lim(Z)10,1gx] - (5.27)

First, we bound from above the term Fy[L,,(Z)1q,1q@ ]. Taking the expecta-
tion of L,,(Z) with respect to (X;)icm leads to Eo(L,,(Z)|Y, X2) = 1. Hence,
we get

EO[LW(Z)]]‘QIII‘Q(Q)] < PO(Q(2)) < p_le_ log(p) = O(P_l) . (5-28)
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Let us now evaluate Fo[L,,(Z)1q, Lga ]. We first take the expectation of L, (Z)
conditionally on X; and Y:

b2|| Y| b2[| X1 | Y, X1)b
EO(Lm(Z)|K Xl) _ (1 _ b2)7’n,/2 exp |:_ || || _ H 1” ( ) 1) :|

2(1—02) 2(1—0%) 1-12

Then we take the expectation with respect to Y:

21og(p) 2 RSt
Eo(Lin(Z)lom|X1) <1-@ [ T2 U +60)) - Nk

Moreover, on ©; we have || X1]| < v/n(1+ o(1)), so that

Eo(Ln(Z)lamue,1X1) < @ [\iogp)(ze — V3 +o(1))]
< Coxp |~ log(p) (V2 — zc — 0(1))*/2]
for (n, p) large enough, since z. < ¢(f) < v/2.
kEo(Lm(Z)Low e, | X1) < pm (V27 /241=0400) — (1) (5.29)

since v, < V2(1 — /T — ) < ¢(B). Combining (5.27), (5.28), and (5.29) com-
pletes the proof. O

5.5.3. Proof of Lemma 5.6

Arguing as in the proof of Lemma 5.4, we get

Eo[Luny (Z) Ly (Z)[W5] = (1= S22 exp {W}

1+ S5v2
Taking the expectation with respect to W3 leads to

EolLiny (Z)Lans(2)] = <1—Sb2>"/2geXp[ nSY? }

2(1 — kb?)

As in the proof of Lemma 5.4, bound from above the term Ey[L2(Z)] by Jensen’s
inequality.

EoL2(2)] < [1 + g {exp < e > 1” {_ P (2(171—7()1172))]

< exp [p' " exp{(8 —1/2)log(p)}] = 1+ o(1) ,

since b satisfies kb?/(1 — kb?) = (28 — 1)k log(p) /n. U
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6. Proofs of the upper bounds
6.1. Proof of Theorem 4.2. Tests based on the x? statistic

We consider the statistic

to = (2n)" /2 (V7 -
i=1

Under Hy, the random variables Y; = & ~ N(0,1) are i.i.d. This implies
Eo(to) = 1, Varp(tg) = 1. By the Central Limit Theorem, ¢, converges in
Py-distribution to N(0,1) as n — oo. This yields Theorem 4.2 (i).

Consider now the type II errors. We need to show that, if nr* — oo, then

SUPgeo, (r) Py(to < ua) — 0. We will prove that, uniformly over 6 € ©,(r),
FEpto — 00, Vargty = o((Egto)?). (6.1)

Indeed, if (6.1) is true, we derive that for n,p large enough,

Po(to <ua) = Po(Epto —to > Egto — ua) < Po(|Eeto — to| > Eato — ua)
\/&I‘g(to)
. — o1 6.2
(Eeto _ ua)2 0( ) ? ( )

by Chebychev’s inequality. In order to check (6.1), we use the identities
Egto = Ex(Eto), Vargty = Varx (E;ty) + Ex(Vary to).
Under P;*, 6 € ©4(r), we have Y ~ N, (v, I,,), where

P
v=1uv(0,X) Z X;, vl = Ze2||X||2+2 > 0;00(X;, X)),

1<j<i<p

It follows that

Ef(to) = (20) "2 |J0))?, Varg (to) = 1+ 207" |lu]>.
Since Ex (|| X;]1?) = n, Ex((X;,X;)) =0, j # 1, we get the first convergence
in (6.1):

Eato = (2n) " 2Ex (o]?) = (n/2) 1/2292 (n/2)?0]1> = (n/2)/* = oc.

Let us turn to the variance term

Ex(Varyty) = 142n 'Ex(|v]|?) =1+ 2]6]|> = o(Egto),
Varx (Ej (to)) = (2n)"'Varx(||v]?).
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By A2, the random variables X;; are independent in (4,5), ¢ = 1,...,n, j =
1,...,p. Consequently, the random variables (X,,,X;,) with {j1,01} # {j2,l2}
are uncorrelated. Moreover, ||X;,[|? and (X, X;) are uncorrelated as long as

(4,1) # (j1,71). We have
Varx | X;|* = Varx (X2)n. Ex((X;,X0)*) =n, j #1,

where max; Varx (X7) < max; Ex (X/;) = O(1) by B1. Then, we get

p
nWarx|vl> = 07t 0jVark || X;)? + 407t Y 0207 Ex((X;, X1)%)
j=1 1<j<I<p
P
< m;wx[Ex(Xi*ﬂ] > 07+ 4]0 < (0(1) +4)]0)*
j=1
< 0(n||9|\4):0((E9t0)2), as n||9|\42m“4—>oo.

Therefore we get the second relation (6.1).

Note that if nr* — oo, then in the inequality (6.2), we can replace u, by a
sequence T, — 0o such that limsup T,,,r~2n~"'/2 < 1, for instance by Tp,, =
n'/2r2 /2. Then the corresponding test 1/° satisfies v(¢°,©,(r)) — 0. Theorem
4.2 follows. O

6.2. Proof of Theorem 4.3. Tests based on the U -statistic

First observe that under Hy, the statistic ¢; is a degenerate U-statistic of the
second order, i.e., for Zy = (X®)Y,), s = 1,2,3 one has Ez, K(Z,,2,) = 0,
which yields Fyt; = 0. By Assumption Al,

Eot} = Eo(K*(Z1,22)) =p "Eo(Y?Y5) D> Y Ex (X1;X2; X1 X2)
J=11=1
p
= p ') Ex (X}X3) =1
J=1
Set

G(Z1, Zg) =Ez, (K(Z, Z3)K(Zg, Z3)),
Go = Ey(G*(Z1, Z9)),
Gy = Eo(K*(Z1, Z2)),

where Ez, denotes the expectation over Z3 under Fy. In order to establish the
asymptotic normality of ¢; we only need to check the two following conditions,
see [14] Lemma 3.4,

Gy =0(1), G4q=o(n?). (6.3)
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We have by Assumption Al,

P
G(Z1,%s) = p 'Eg, Y1Y2Y9,QZZXUX3J'X21X31
=1 1=1
p

p
= p iy, Z Z X1 X1 Ex (X3;X31)
j=11=1

p
= p Y2 Y Xi;Xo; =p 'PK(Z1,Z,).

j=1
Since Eo(K?%(Z1,Z2)) = 1, we get the first relation in (6.3). Next by A2,
Eo(K*(Z1, Z2))

P

p P
=p ?Ey(Y}'Ysh) Z Z Z Z Ex (X1, X0 X1 X0 X1, X0, X15X2s)
j=11=1r=1s=1
p p P D
=2 >3 ) Hine,
since Eo(Y1Y3!) = E3(Y}) = 9, where we set

Ex(X{,), j=l=r=s,

j=l#r=s
Hipre 2 Ex (X1, X1 X1, X1,) = { 1, orj=r#l=s
orj=s#r=I,
0, otherwise.

As a consequence, we get
Eo(K*(Z1,Z5)) < 9p~'b3 + 27 ,

where by 2 max; Ex(X{;). By B1, the second relation in (6.3) holds true. Thus,
Theorem 4.3 (i) follows.

Let us now evaluate the type II errors under Py. Recall that by (1.1),
p
}/i:vi+€i7 ’Ui:ZGinj,
j=1
where §; are i.i.d. N(0, 1) random variables. Observe that EyY; X;; = 0; and set

p
Ko(Z1,25) =p~/* ) (Vi Xy, — 0;)(YaXo; — 6;).

j=1
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Consider the representation
K(Zl, Zg) = Kg(Zl, Zg) + 5(Z1) + 5(Z2) + h(@)
where .
_1/22 X , h(@) :p—l/QZHJQ_ )
j=1
Note that the kernel K@(Zl, Z5) is symmetric and degenerate under Py, i.e.,
Eo(Kyg(Z1,Z2)|Z1) = Eg(Ko(Z1,2Z2)|Z2) = 0.

The random variables Ky(Z1, Z2), 6(Z1), and §(Z3) are centered and uncorre-
lated under Py. As a consequence, we obtain that

Ey(K(Z1,Z2)) = p '*|0)1%, (6.4)
Varg(K(Zl,Zg)) = Varg(Kg(Zl,Zg))+Var9((5(Zl))+Var9(5(Z2)).(6.5)

We now bound the variances. Let d;; be the Kronecker delta. Using the repre-
sentation

P P
Ko(Zy,Z2) = p Y2 Z <§1X1j + Z9T(X1TX13' - 5rj)>

=1 r=1
p
X <§2X2j + Z9S(X25X2j - 5sj)> ,
s=1
we find that
p p p
Ef(Kg(Z1,22)) = p /2 ZZ Z 0,05( X1, X1j — 0rj)(X2s Xoj — 0s5),

1r=1s=1

<.
Il

Denoting Hys; = (X1, X1, — 0rj)(X2sX2; — 0s;) observe that

p pr P
SN 000.0,0,Ex (Hysj Huw).-

M=

p p
VaI'XEg (KG(Z17Z2 =p 122

J=1r=1s=1 (=1 u=1v=1
Note that
Ex(HysjHuvt) = DrujiDevjis
where
Dyyji = Ex ((X1p X1 — 6rj)(X1uX1u — 6uw1))
Doji = Ex ((X2sX2j — d5j)(Xa2vXor — 0u1)) -

Observe that
1, r=Il#u=j or r=u#j=I,
Drujlg by — 1, r=u=j=l,

0, otherwise.
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‘We obtain

Vaer9 (Kg(Zl, ZQ))
p p P

P P P
:p_l ZZ ZzzereseuevDruﬂstﬂ

j=1r=1s5=11=1u=1v=1

(by — 1) - 4, 2641 202 , 1 202
gizeﬁ—p > 020+ > 076

r=1 1<r,s<p, r#s 1<j,r,5<p, j#r,j#s
P
4
o[>0
j=1

)]

We now bound Ex [Vary (Ky(Z1, Z2))]. We have

+0 o(llel*).

Vary (Ko(Z1, Z5))
Z X1 X0; X1 X

1<j,l1<p
p p P P
+p! Z Z Z Z X1 X110,05(X2p Xoj — 0 ) (X2 X0y — 1)
7j=11=1r=1s=1
P p P P
+p! Z Z Z Z X0j X010,05(X 1, X1 — 05 ) (X1s X1 — 1) -

1

<
Il
-
Il
-
5
Il
-

S
Taking the expectation with respect to X and using Assumption A2 we find

Ex[Vary (Ko(Z1, Z5))]

=1+2p7" Z Z Z 0,0, Ex[(Xor Xoj — 0y )(X2s X5 — 0s5)]

j=1lr=1s=1

P
S 1423 b7 =14 0(]6]*) = 01 + |16]1)
r=1

Since
Varg(Ko(Z1, Z2)) = ExVary (Ko(Z1, Z2)) + Varx By (Ko(Z1, Z2)),
we get
Varg(Kg(Z1, Z2)) = O(1 +||0]|*). (6.6)
Similarly, we bound the variance of 6(Z;), i = 1,2. Since

P P
8(Zi) =p'/? Z 0; (&Xz‘j + Z 01 (X X — 5jz)> :

j=1 =1
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we obtain

P P
EF(6(Z) = p71/2zzoj9l(xinil_5jl)v

j=11=1

Vary (8(Z:)) = p 0;0:Xi; Xu, ExVary (6(Z:)) =p'[|6]”,

.Mﬁ
M‘@

j=11=1

P P P P
Varx B (6(Z:)) = p ' D> D 3" 0,010,0.Djps.

j=11=1 r=1s=1

This and the above bounds for D, yield

Varx By (8(2)) <p™* | (ba = 1) Y65 +200]" | = 0(16]*/p)- (6.7)

j=1

Combining (6.4), (6.5), (6.6), and (6.7) we obtain, for r?np~1/2 — oo and p =
o(n?),

Eo(t) = VNE(K(Z1,22) = VNKO) ~ n(2p) 0] 2 Zr® = oc,

Varg(t1) = Varg(Ko(Z1,22)) + %BVare(ts(Zl)) =0 +l6]") + O(n|0]*/p)
= o((Es(t))?) -

Applying Chebyshev’s inequality as in the proof of Theorem 4.2 yields the result.

O

6.3. Proof of Theorem 4.4. Higher Criticism Tests
0.3.1. Type I error

The random vectors Xy, ..., X,,Y are independent under Py and (X;,a)/| a| ~
N(0,1) for any a € RP, a # 0, in view of A3. Thus, for any (¢1,...,t,) € R we
have
Polyr <tr,... yp <tp) = Ey[R (X0, Y)/IY]| <tr,...,(XpY)/|Y] <tp]
Ey (®(t1)...2(tp))

= (I)(tl) . (I)(tp) = PO(yl < tl) .. .Po(yp < tp).
It follows that y; = (X;,Y)/||Y| ~ N(0,1) and y1, ..., y, are L.i.d. under Py. As

a consequence, the random variables ¢; are independent uniformly distributed
on (0,1) under Py. We denote by F,(t) the empirical cdf of (g;)1<;<p:

1 p
== 1g<, teR
P
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Consider the normalized uniform empirical process defined by

Fp(t) —t

Tk te(0,1).

Wp(t) - \/5

Arguing as in Donoho and Jin [7], we observe that tiyc = supg,<q/o Wp(t). It
remains to use the convergence in probability

SUPo<t<1/2 Wy (t)

—pl —
v2loglogp Pl e
cf., e.g., [26], Chapter 16. This proves Theorem 4.4 (i). O

6.3.2. Type II error

We define H,,, = (1 + a)v/2loglogp. Consider some 3 € (1/2,1) and assume
that klog(p)/n — 0. It is sufficient to prove that for an arbitrarily small dg > 0
the radius

Tnp = (p(B) + d0)v/ k log(p)/n (6.8)

is such that
ﬁ(d’Hcagk(rnp)) —0. (6'9)

For any 6 € R}, we set 0] 2 max; |0;]. In order to prove the convergence
(6.9), we consider a partition of O (7,,):

~ 4klo
6 () 2 Oulrm)n {0 € R 0] > HED

a A A c 4log(p
91(62)(7“,”7) = O(rpp) N [@l(cl)(rnp)] N {9 eRY 0], > A}

n

O (rp) 2 Olrup) N[O ()l N 1O ()¢ -

The sets (:),(Cl)(rnp) and éf)(rnp) contain the parameters 6 whose ls or [, norms
are large, while the set (:),(Cs) (rnp) contains the remaining parameters.
Proposition 6.1. Consider the set of parameters

~ 0])2 3log(p)
k % TOeET  n

Let the statistic tmax and the corresponding test 1™ be defined by
A _ A
tmax = (A1) "% = (pa)? < twe , V2L, w0, -

Then By, 0Y) - 0.
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It follows that B(yH¢, (:),g4)) — 0. Observe that

161> _4klog(p)/n }
1+ 10|12 — 1+ 4klog(p)/n )

W (ryy) C {9 ERY,

Since k[|0||2, > ||0||> and since klog(p)/n converges to 0, it follows that
(:),(cl)(rnp) C (:),(64) for n large enough. Thus, we get B(y7¢, (:),(cl)(rnp)) — 0.

Let us turn to é;f)(rnp). For any 6 € éf)(rnp), we have

62, . 4log(p)/n
T+ 0|12 = 1+ 4klog(p)/n

This quantity is larger than 3log(p)/n for n large enough. We get
BUHC, 67 (rny)) = 0.
Proposition 6.2. Set T, = \/log(p) and define

s J20(8), Be(1/2,3/4],
o {\/5 Be(3/4,1) . (6.10)

Let the statistic L(u) and the corresponding test 1" be defined by
P
A ]]-\u,-|>uT — 2(1)(—qu) I
L(u) = = L , =11 .
OEDY 2B T Y L(u)>Hap

Jj=1

Then B(yT, (:),(:’)(rnp)) — 0. Moreover, we have L(u) < tyc for p large enough.

It follows from Proposition 6.2 that B(y "¢, égj)(rnp)) — 0, which completes
the proof. O

0.3.3. Proof of Proposition 6.1

It follows directly from the definition (4.7) that tmax < tge. Consider the test
¥ max defined by

Y= 11||y||o<32\/2~5log(p) (6-11)

If '™ = 1, it follows that gy < 2®(—+/25log(p)) < 2p~%/*. Hence,
tmax > pY/8/V/2 — V/2p~1/8. For p large enough, this implies that ™ = 1.
Consequently, it suffices to prove that ﬁ(w/ max (:),(64)) — 0.

Consider § € é,(f). By symmetry, we may assume that ||6]|.c = |01]. We use
the following decomposition

1Y llyr = 02| Xall* + (¥ — 61.X7, X3) -
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The random variables ||Y']|?/(1+ [0]|?) and || X1||? have a x? distribution with n
degrees of freedom. Since Y — #; X, is independent of X7, the random variable
(Y — 61.X1, X1 /]| X1]|) is normal with mean 0 and variance 1+ 37, 6?. With

probability greater than 1 — O(n~! Vlog™*(p)), we obtain
IY|1?/n (1+ 01T +o(n /)],
(1—o(n™ /%) < || X1]*/n (1+o(n=t"),

(Y =X, X)X < (1+ ) 67)2/21og(log(p)) -

i#£1

<
<

Thus, we get

il > =l - oln™ /9] - O TogTo()

with probability greater than 1 — O(n~' v log™!(p)). Since 6§ € (:),(64), we have
n|01|2/(1+1|0]|?) > 3log(p) and the test ¢/ . rejects with probability going to

max

one. It follows that B(wlmax, é;(:l)) — 0. O

6.3.4. Proof of Proposition 6.2

Connection between tyc and L(u). Set §, = >t Ljy,|>ur,- Observe that
4(s,) < P(IN(0,1)| > uT,) < 1/2 for p large enough. If follows that

\/ﬁ[éu/p - 2(1)(_U‘TP)] < \/ﬁ[éu/p - Q(éu)]

20(—uT),) - 4(5.)
Power of L. Under Py, ||Y||?/(1+ ||0]|?) has a x? distribution with n degrees
of freedom. For any 6 € é;ﬂg)(rnp), we have [|0]|? < 4klog(p)/n = o(1). As a
consequence, we have |||Y||? — n| < 4klog(p) + 4/nlog(n) = o(n) with prob-
ability greater than 1 — O(1/n) uniformly over all § € é,(f)(rnp). Consider the
event Z,,1 = {||Y|? — n| < H,}, where H,, = 4klog(p) + 4+/nlog(n) = o(n).
It is sufficient to prove that

sup  Pp(Zup1 N{L(u) < Hpy}) — 0. (6.12)
06@;3) (T‘np)

L(u) = S tHC .

Fix 6 € é;f)(rnp). We denote by ¢ the vector (&,1 <14 < n). Assume without
loss of generality that 041 = --- = 6, = 0. Then Y = Z?:l 0;X; + ¢ does
not depend on Xj41,...,X,. Arguing as for the type I error, we derive that
Yk+1s - - -, Yp are independent standard Gaussian variables and do not depend
on (y1,...,yx). We can write L(u) = L1 (u) + La(u), where

Li(u) = Z?zl (g, 5uz, — 2B(—uT}))
1 N 2p®(—uT)p) ’

21 Ly sur, — 2@(—uTy))
2p®(—uT))

L2 (’U,) =
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We find
2p®(—uTy) (1 — 2®(—uTp))
= = <
Ep(La(u)) =0, Varg(La(u)) 2p®(—uT}) <1,
which yields,
Py(|L2(u)| > Hyp) — 0. (6.13)

In order to study the term L;(u), we will find a statistic Li(u) such that

Py[L1(u) < Li(u)] = 1 — o(1) uniformly over 91(3)(7””17)' For such a Li(u), we
will have

Py[L(w) < Hyp) < PplL1(u) < 2Hnp) +0(1) < Po[L1(u) < 2H,p] +o(1). (6.14)

Construction of L;(u). Observe that under Pp,

Y; (G111l +nb; + A5) /1Y

k
A= Y 6X, X0+ (1% —n) 6, j=1,....k
I#]

where
95 = (X5, /1§l

We only need to consider Z € 2,2 = {||¢]|? — n| < n?/3} since Py(Z,,2) — 1.
Set Znp3 = Znp,1 N Znp,2. Thus, for a positive sequence 6 = 6, — 0 one has

{lyjl > uTp} N Znp s
O {In V2508l + TP A + 01 260;)| > uT,(1+6)} N Znps
D {sgn(6;)i;(1 = 6) > uT,(1 + 8) — n'/?|6;] + S;))} N Znps , (6.15)

where S‘j = n‘l/zAJ—.

Lemma 6.1. For any T > 0 going to infinity and such that T = o(y/n), we
have

~ 1
log(Px (185 > T6ll)) < =7 T*(1 + (1)) ,
uniformly over 0 € égj)(rnp).
Taking T' = /4 log(p), we obtain
Px(|S;] > Tl6l)) = o(p™").

We recall that ||0]|? < 4klog(p)/n = o(1) since 6 € é;f)(rnp). Hence, we get

Px max 1S;] > o(y/Tog(p))| = o(1), uniformly over § € é,(f)(rnp).
<j<
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Combining this bound with (6.15), we obtain that there exists an event Z,,, 4
of probability tending to one and a positive sequence § = d,;, — 0 such that

{ly;| > uTp}NZnpa D {sgn(0;)9; > uTp(148)—(1=86)n'/?|0;|}NZnp4 . (6.16)
Observe that the random variables sgn(6;)y; are independent standard normal.
Setting @ = u(1+9), p; = (1 — §)n'/2|0;| we define
k

f)l(u) _ Zj:l (ﬂsgn(Gj)@j>ﬁTp*ﬁj - 2¢(_UTP))
2p®(—uT)p) .

By (6.16), Ly (u) satisfies Py[L1(u) < Ly ()] = 1—o(1) uniformly over ©*) (r,,,).
In view of (6.14), in order to complete the proof it suffices to show that

Py[Li(u) < 2H,p) = o(1) uniformly over é;f)(rnp). (6.17)

Control of Py[L;(u) < 2H,,]. In order to evaluate this probability, recall that
sgn(0;)35; ~ N(0,1) i.i.d. under Py. Thus,

. S (®(=aTy + pj) — 2®(—uT}))

_ j=1
Bothatw) = () |
= Z?:l (I)(_ﬁTp + [’J)
Varg(Lq(u)) 2P (T,
By Chebyshev’s inequality, we get
Py(Ly(u) < 2H,p) = Po(Bo(Li(w)) = Li(w) > Eo(Ls () — 2H,,)
Varg (L, (u))

(Eo(L1(u)) — 2Hnp)?

Lemma 6.2. There exists n > 0 such that, for n,p large enough,

B . _
C L D(—al, + p; 7
‘o ijl ( vt 7i) ~ inf Eg(L1(u)) > p". (6.18)
06 () 2p®(—uTy) 0€0(” (rnp)

In the sequel, we denote by A, a log-sequence, i.e., a sequence such that A, =
(log(p))°», |ep| = O(1) as p — oo. Since u € [0,v/2], we have p®(—uT},) > A,.
Combining this bound with Lemma 6.2 yields

Varg(L1 (1)) = O (A,,Eg(il(u))) .

Since H,, = o(p"), this implies (6.17) and then (6.12). O
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6.3.5. Proof of Lemma 6.1

We use the Chernoff type argument. First, we bound the exponential moments
of A;. For any h such that h?||6||* < 1/4, we have

Ex(exp(hA;)) = Ex,; Ex (exp(hAj)|X;)

= Bx, | exp (h6; (| X;]* = n) Bx|exp| b 6:(X;, X0) | | X;
l#j

= Ey.

J

h2
exp | h0;(11X; 2 = m) + 117 Y 67
I#7

n
= exp | —nhb; — 5 log | 1 —2hd; - hQZof :
l#j
since 2h0; + h? )", oy 6? < 1. Using the Taylor expansion of the logarithm:
1 1
—ha — - log(1 — 2hx — h?y?) = 5;12(2332 + 9y (1 +0(1)), h2(22% +4?) = o(1),
we get that, for h?[|0]|? = o(1),

Ex(exp(hd;)) = Ex(exp(vaih§y)) = exp | $h*(26% + Y~ 67)(1 +o(1)
I#]

exp [nh?||0]*(1 + o(1))] . (6.19)

IN

Applying the exponential transformation and Markov’s inequality we find
TS, T2
exp | = — —
26 2
TS; N T?
exp | — —
201~ 2

log(Px (15, > T)16])) < —izﬂ(l +o(1)) if T?=o(n) and T = oo,

Px(5; >T|0]) < Ex

)

Px(=S;>T|6) < Ex

These inequalities and (6.19) yield

6.3.6. Proof of Lemma 6.2

Recall that we consider ., = (¢(8) + do)+/klog(p)/n with arbitrarily small

dp > 0 (see (6.8)). Recalling that T,, = y/log(p), we apply the results of Section
7.5 for 6 = 0pp > 0, 0np = 0(1), and

T=ul, a=1+d0u, v=1-0)(eB)+d)<a, to=vL, R=2T,
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since for t; = p; = (1 — §)n'/2|6;| one has

k
o= nz 0?2 > = kt?.
j=1

Since v < u < 2 for p large enough, we derive from Remark 7.1 that the relations
(7.4) hold true. Applying Lemmas 7.4 and 7.5, we get

k

inf Zfb —uly, + p;) = k®(—uT), + to).
€0, (rnp) =1

We recall that A, denotes any log-sequence. Since ®(—tT},) = App_tz/ 2 for
t > 0, we have

f Eg(il(u)) _ k(®(—aTp, + to) — 28(—ul))) N k®(—uT, + to)
06 (rnp) 2p®(—uT)) 2p®(—uly)
_ k®(—(a —v)T}) —A pl/z—ﬂ—(a—v)i/2+u2/4_
2p®(—uT)p) P

In order to obtain (6.18), we have to check that there exists n > 0 such that,
for n, p large enough,

Hl>
| =

_[-}_7

Let 8 € (1/2,3/4]. Recalling that ¢*(3) =28 —1 > 0 and (6.10) we see, that
for § = 6, = 0(1) and dp € (0,¢(8)), one can find n = n(8,dy) > 0 such that
©*(8) _ (o(B) — do)?

¢ = £ B2 4 28) + o)

i
= ¢~ 2 +o(1) 2+ o))

Let us now consider 8 € (3/4,1]. Recalling that ¢(3) = v2(1 — /T —B)
and (6.10), we see that for § = d,, = 0(1) and § € (0,+/2 —203), one can find
=n(B,d0) > 0 such that

(VE-VEQ- VIR -80) 1

1
G = 3-8~ :

2
= 18- (VITB—a/V2) +o()
- \/2_2550—%%0(1)2“0(1).

The relation (6.18) follows. O
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6.4. Proof of Proposition 4.6

Under Hy, the distributions of the variables (y;)i=1,.., do not depend on o2.

As a consequence, Eg , () = Ey 1 (7). This last quantity has been shown
to converge to 0 in Theorem 4.4. Hence, we get a®™(ypH¢) = o(1).

Let us turn to the type II error probability. We consider the model Y; =
Zle 0,;X;; + & where Var(¢;) = 0. Dividing this equation by o, we obtain the

model:
p

Y =Y (0;/0)Xi + 6,

j=1

where & = /o, Var(¢]) = 1. The statistic tgc is exactly the same for the
data Z = (V,X) and Z' = (Y, X), where Y/ = (Y{,...,Y]). Consequently,
we obtain Ep, ,(1 — %) = Ey1(1 — ). Tt remains to use the bound on
Ep1(1 — ¢H) from Theorem 4.4. O

7. Appendix: Technical results

7.1. Thresholds

For j =1,...,p, consider a; = x;/log(p), h = p~#, 7, = 2;/2 + B/x;, and the
threshold
a log(h™1)

T; =
J 2 aj

If for some g > 0, we have x; + 6y < 2(8) 2 V2(1 — VT=P) < ¢(B) , then
there exists d; > 0 such that 7; > v/2 + &;. For such a x;, we derive that

pTj®(=T;) =o(1), Vr>0. (7.1)
In particular, if z; = o(1), then 7; — oo and (7.1) holds.
If there exists § > 0 such that 7; > x; + 0, then
O(—Tj) < h®(-T; + a;) (7.2)

This result holds in particular if z; < p2(8) < V2.

7.2. Norms || X;|| and scalar products (X;, X;)

Clearly,
Ex(|X,1?) =n, Ex(X;,X))=0, Varx(X;,X;)=n.

By Assumption B1, there exists w > 0 such that max; Varx (X, X)) < nw
and max; Varx (|| X;[|?) < nw.
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Lemma 7.1. (1) Assume that there exists hg > 0 such that sup;<;<;<, Ex X
(eMX1iXu)y = O(1) for any |h| < hg. Then, for any sequence t = t,, such that

t = o(y/n) and ty/n — oo,
Px(|X;]1* =n| > tv/n) < exp[~t?/(2w)(1 + o(1))],
and

Px(|(X;, X))l > tvn) < exp[—t?/(2w)(1 + o(1))],

(2) Assume that maxi<;<i<p Ex (| X1;Xu|™) = O(1), for some m > 2. Then
there exists C,, < oo such that

Px([1X;]1? = n| > tv/n) < Crut ™™, Px(|(X;, X)) > tv/n) < Cput™™.

Proof follows from the standard arguments based on the moment inequalities
and exponential inequalities. If EZ = 0, Var(Z) = 1, E(e"?) < oo, then
log(Eeh?) = h?/2(1 + o(1)) as h — 0. Therefore, we take h = t/\/n = o(1) for
the study of the exponential moments of S, = > | Z;. O

Corollary 7.1. (1) Let log(p) = o(n) and the assumptions of Lemma 7.1 (1)
hold true. Then for any v > 2 we have
Px(max ||| X;]* = n| > v/2vwnlog(p) ) = o(1),
1<j<p
Pae(ma |0, X0)| > /2uonTog(p)) = o(1).

(2) Let p = o(n™/*) and the assumptions of Lemma 7.1 (2) hold true. Then for
any sequence v, going to infinity we have

Px (max [[|X;]]* = n| > vnp*™v,) = o(1),
1<j<p

. 2/m _
P mase (X5, X0l > Vip?/ ) = o(1).

(3) Under the assumptions of (1) or (2) of Lemma 7.1 for any § > 0 we have

Px(max |(aj/by/n) —1] >§8) =0, Px(max |(zj/z)—1] >§) =0,
1<j<p 1<j<p
where a; and z; are introduced in (5.2).

7.3. Expansion of ®(t)

Let ®(t) be the standard Gaussian cdf and ¢(t) be the standard Gaussian pdf.
Lemma 7.2. Let § — 0, t6 = O(1). Then

B(t+6) = ®(t) + 5¢(t) + O (6*(|t| + 1)o(t)) -
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Proof follows from the Taylor expansion and the properties of ¢(t). O

Observe that for any b € R there exists C' = C(b) > 0 such that (|¢t| +
1)p(—t) < C(b)P(—t) as t < b. It follows from Lemma 7.2 that as 6 — 0, t6 =
O(1), t < B for some B € R, then

B(—t +6) = O(—t)(1+ O(6?)) + do(t).

7.4. Tails of correlated vectors

Lemma 7.3. Let (X,Y) be a two-dimensional Gaussian random vector with
E(X)=E(Y)=0, Var(X) = Var(Y) =1, Cov(X,Y) =p, |p| < 1.
Let t1 <ty — 00, pt1 = o(1). Then
P(X > t1,Y > ta) = ®(=t1)®(~12) (1 + O(p?)) + po(t1)(12).
Proof. Observe that the conditional distribution £(Y|X = z) is Gaussian

N(m(z),0?(x)) with m(x) = px, o?(x) =1 — p*. Therefore

P(X >1t,Y > tg) = /00 P(Y > tng :x)d@(:v) = /OO(I) (M) d(I)(LL')

t V1= p?

Setting h = |p| =1, observe that

/hoo ® (%) dD(z) < D(—h) = 0 (p*B(—t1)B(—1))

It is sufficient to study the integral over the interval A = [t1, h]. For x € A, we
have

—to + px
V1—p?

Applying Lemma 7.2, we have
—t2 + px
/A o <ﬁ> dd(z)
= B(—t2) (P(—t1) — ®(—h)) (1 + O(p*)) +r¢(t2)/ xd®(z)

A
= B(—t1)P(—t2) (1+ O(p?)) + po(t1)o(t2),

since [, zd®(x) = (1) — ¢(h) = ¢(t1) + o(p*®(—t1)). O

— —ta+8(2), 6(x) = pr + O(p*ta + |ox]) = O(L).
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7.5. A minimization problem
Let f(-) be a function defined on the interval [0, R]. Fix to € [0, R] and define
F(to) as the value of the minimization problem

k k
inf Y " f(t;) subjectto Y t2>kt§, t; €[0,R], j=1,....k.  (T.3)
j=1

j=1
Lemma 7.4. Assume that there exists A\ > 0 such that

Jnf (1) = M%) = f(to) = M3,
Then Fk(to) = kf(to)

Proof. Clearly, Fy(to) < kf(to) since (t1,...,t5) = (to,...,to) is in the feasible
set of the problem (7.3). On the other hand, for any (¢1,...,t;) such that ¢; €
[0,R], S8 12 > k2,

j=1% =
k k k k
SR = ST F) A D2 =k | =30 (F(t) — M) + kA
j=1 j=1 j=1 j=1
> k(f(to) = Mtg) + kg = kf(to).

O

We apply Lemma 7.4 to the function f(z) = ®(—T + ). Let ¢(x) = &' (x)
stand for the standard Gaussian pdf.

Lemma 7.5. Let f(t) = ®(—T +t), and

9 to 1/2
to>0, T>to+—, T<R<|[—2 ) . 7.4
0 " (¢(—T + to)) (74)

Set A = ¢(—T + to)/2to. Then the assumptions of Lemma 7.4 are fulfilled, i.e.,

ogi?éR(f(t) — At?) = f(to) — Atg.

Proof. Define g(t) = ®(—T +t) — At2. By the choice of A we have ¢'(ty) = 0.
The second derivative of g has the form

g"(t) = (T = t)p(=T +1t) = 2X = (T — t)p(=T +t) — ¢(=T + to) /to.

Observe that the function —z¢(z) is positive for x < 0, increases for = €
(—o0, —1) and decreases for = € (—1,1); lim,—,_ o ¢(z) = 0,

g”(fo) = (T — 1y — t61)¢(—T + to) > 0.
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Furthermore, there exist two points ¢1,ts such that ¢; < tg < te < T,
g"(t1) =¢"(t2) =0, ¢"(t)<0 as t<t; and ¢>to.

The function g(¢) is therefore convex on [t1,t2], concave on (—oo,t;] and on
[t2,0), and there is a local minimum of g at t;. By the concavity of g outside
[0, R], the global minimum of g(¢) for t € [0, R] is achieved either at ¢t = ¢y or at
the border of the interval [0, R]. Therefore it suffices to show that ¢g(0) > g(to)
and g(R) > g(to).

In order to verify the first inequality, observe that g(0) > 0. Recalling the
well known inequality:

O(—y) < ésb(—y), Yy >0,

we get

9(to) = (=T +to) = lo¢(=T +10)/2 < (=T + to) (T%to - %O) =0

because T > tg + 2t !, The second inequality follows from the constrains (7.4)
on IR

R2¢(=T + o) - to — R2¢p(=T + to)

9(R) = @(~T + R) - =25 i

>0.

Remark 7.1. If we take 0 < v < u < b and
T =uT,, to=vT,, R=0bT,,

with T}, large enough, then the assumptions (7.4) hold.
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