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Abstract

Kang, Perkins, and Spencer [7] conjectured that the size of the largest component of
the Bohman-Frieze process at a fixed time ¢ smaller than ¢., the critical time for the
process, is L1 (t) = O(logn/(t. — t)?) with high probability. Bhamidi, Budhiraja, and
Wang [3] have shown that a bound of the form L (t,) = O((logn)*/(t. — t»)?) holds
with high probability for ¢, < t. —n~” where v € (0,1/4). In this paper, we improve
the result in [3] by showing that for any fixed A > 0, L1 (t,) = O(logn/(t. — t»)?) with
high probability for t,, < t. — An~'/%. In particular, this settles the conjecture in [7].
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1 Introduction

Initiated by a question of Dimitris Achlioptas, the study of modified Erdés-Rényi
processes (called Achlioptas processes) has grown into a large area of research in
the past decade. At each step of an Achlioptas process, two edges are sampled at
random, and one of these edges is added to the graph according to some selection
rule. The Erdés-Rényi process, for example, is an Achlioptas process where the first
edge sampled is always added to the random graph. One such Achlioptas process
called the Bohman-Frieze process has received a lot of attention and will be the main
focus of this paper. We first describe a continuous time version of the Bohman-Frieze
process. Consider the complete graph K,, = (V,,, E,,) on the vertex set V,, = {1,...,n}.
Consider independent Poisson processes P., e € E,, x E,, each having rate 2/n3. Let
Ueer, xE, Pe = {u1 < ug < ...}. Then the continuous time Bohman-Frieze process BF,(+)
evolves as follows:
e BF,(u) is the empty graph on'V,, for 0 < u < uy.
e If the Poisson process P. has a point at u;, where e = (e1,e2) € E,, x E,, and the
endpoints of e; are isolated vertices in BF,,(u;—), set BF,,(u) = BF,(u;—)Ue; foru €
[, ui+1). Otherwise, set BF,(u) = BF,(u;—)Ues foru € [u;, uit1).

The corresponding discrete time version DBF,, () evolves as follows:
e DBF, (u) is the empty graph onV,, for0 < u < 2/n.
» At time 2(k + 1)/n, two edges e; and ey are selected uniformly (with replacement)
from E,. If the endpoints of e; are isolated vertices in DBF, (2k/n), set DBF,(u) =
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DBF, (2k/n)Ue; foru € [2(k+1)/n,2(k+2)/n). Otherwise, set DBF,,(u) = DBF,,(2k/n)J
es foru € 2(k +1)/n,2(k +2)/n).

We will denote the size of the largest component of BF),(t) (resp. DBF,(t)) by LY (t)
(resp. LPBF(t)). Spencer and Wormald [8] have shown that there exists t. > 1 (which
we call the critical time for the process) such that

DBF o Op(logn), 1ft<tc,
L) = { Op(n). itt > f.. (1.1)

It is easy to see that t. is also the critical time for the continuous time Bohman-Frieze
process, and hence we will refer to it as the critical time for the Bohman-Frieze process.
In [7, Theorem 4], it was claimed that for any fixed ¢ € (0, ¢t.),

P(LPBE(t) > Klogn/(t. —t)?) — 1 (1.2)

for some constant K free of ¢t. Later the authors discovered a gap in the proof (Mihyun
Kang, personal communication). So the bound in (1.2) seems to be an open problem now.
In the same paper, Kang, Perkins, and Spencer conjectured [7, Conjecture 1] that the
bound in (1.2) is of the right order, i.e.,

P(LPBF(t) < K'logn/(t. —t)?) — 1

for any fixed ¢ € (0,t¢.) and some constant K’ free of t. Bhamidi, Budhiraja, and Wang
[3, 2] independently showed that for v € (0,1/4), there exists a constant C' = C(v) such
that

P(LEF (t,) < Cllogn)*/(te — tn)?) — 1 fort, <t.—n"" (1.3)
by connecting the dynamics of BF,(-) to an inhomogeneous random graph model. In
this work, we take the approach in [3] and go through a more careful analysis to prove
[7, Conjecture 1] (Theorem 2.1 and Corollary 2.2). Our result is true for ¢, < t, — \n~1/3
(for any fixed A > 0) and thus closes the gap between the critical window and the interval
0 <t<t.—n"7~ < 1/4 where the bound in [3] is valid.

2 Main results

The following theorem is our main result.

Theorem 2.1. Let t. be the critical time for the Bohman-Frieze process. Lett = t(n)
satisfy t < t. — An~'/3 for a fixed A\ > 0. Let LP¥(t) denote the size of the largest
component of BF,(t). Then there exists a universal positive constant C such that

P(L?F(t) > Clogn/(t. — t)2) n2ee ), 2.1)

An immediate consequence of Theorem 2.1 is an analogous result for the discrete
time Bohman-Frieze process.

Corollary 2.2. Let t. be the critical time for the Bohman-Frieze process. Lett = t(n)
satisfy t < t. — An~'/3 for a fixed A > 0. Let LPP¥(t) denote the size of the largest

component of DBF,,(t). Then there exists a universal positive constant C such that
P(LPPE () > Clogn/(t. — 1)?) "= 0.

Remark 2.3. Let LP(t) denote size of the i-th largest component of BF,(t) for i =
1,2,.... It was shown in [3] that for fixed A € R and t = t(n) = t. + An~1/3 (the so-called
critical window), the vector n=2/3(LPF (t), LB¥ (t),...) converges in distribution to the
ordered excursion lengths of a reflected Brownian motion with parabolic drift (see [1]).
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So the results of Theorem 2.1 and Corollary 2.2 are sub-optimal for this particular
choice of ¢(n). Very precise results about the size of the largest component in the barely-
subcritical regime of the Erdés-Rényi process is known; see, e.g., [6, Theorem 5.23]. We
expect the Bohman-Frieze process to exhibit similar behavior. From this consideration,
one would guess that the bounds in Theorem 2.1 and Corollary 2.2 are sub-optimal also
when t(n) is, for instance, of the form ¢(n) = t. — logn/n'/3. However, we expect our
bounds to be of the right order whenever ¢(n) < ¢t —n~" and v < 1/3. But as mentioned
before, a lower bound of the form (1.2) is currently unavailable in the literature.

3 The associated inhomogeneous random graph model

The most natural way of bounding component sizes of random graphs is by branching
process approximations. Spencer and Wormald [8] studied the Bohman-Frieze (BF)
process directly via the differential equation method. However, this method does not
associate the BF process with any branching process. In [3], an interesting connec-
tion between the BF process and an inhomogeneous random graph model (IRG) was
established which made studying the BF process simpler, as IRGs are more amenable
to analysis via branching process approximations. We will now briefly describe this
connection and introduce the necessary notation. The interested reader can find a
detailed account of general IRG models in [4].

Let X, (v) be the number of singletons (i.e., isolated vertices) in BF, (v), and set
xn(v) = X, (v)/n. An edge added in the BF process at time v can be of the following
types:

(A) Both its endpoints were isolated vertices in BF,,(v—).

(B) Only one of its endpoints was an isolated vertex in BF,,(v—).

(C) None of its endpoints were isolated in BF,,(v—).

Two singletons are added in the BF process (i.e., an edge of type A is created) if one of
the following happens:

(i) the first edge selected connects two isolated vertices or

(ii) the first edge selected does not connect two isolated vertices, but the second edge
selected joins two isolated vertices.

Hence, two singletons are added in the BF process at a rate

2[(4)E) - (()- () (4] =t

where a,(+) is a bounded function that can be directly computed from the above expres-
sion. One can similarly show that a given non-singleton vertex (i.e., a vertex that is not
isolated) in BF,,(v) gets connected to some isolated vertex (i.e., an edge of type B is

created) at a rate
% ((Z) _ (Xév))) X (0) = cp(@n(v))

for a function ¢,(+). Finally, two given non-singleton vertices are joined (i.e., an edge of
type C is created) at a rate

2 (()-()) = e,

for a function b, (-). Define the functions ag, by, ¢ : [0, 1] — R as follows:

ao(y) =y* —y*/2, bo(y) =1 —y*, and co(y) = (1 — y*)y. (3.1)

Then it is straightforward to check that

sup (lan(y) — ao()| + [bn(y) — bo(y)| + lcn(y) — co(y)]) = O(1/n).

y€[0,1]
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Further, the function «,,(-) is highly concentrated around z(-) (see [8, 3]) which satisfies
the ODE

2’ (v) = —z(v) — 2% (v) + 23(v), x(0) = 1. (3.2)

As a result, the three rate functions a, (. (v)), b, (2, (v)), and ¢, (z,(v)) lie very close to
the functions

a(v) := ap(z(v)), b(v) := bo(x(v)), and c(v) := co(z(v)) (3.3)

respectively with high probability. This motivates one to consider an IRG model (de-
fined below) associated with the deterministic rate functions a, b, ¢ given by (3.3) that
approximates the BF process with high probability.

We need a few definitions to describe the IRG model. Let T' = 2¢., where ¢, is as
in (1.1), and let W be the space D([0,T] : Z>¢) equipped with the Skorohod topology.
Suppose we are given three continuous functions a,b,¢ : [0,7] — [0,00). For each
s €[0,T], let VS(E) be a random increasing function taking values in W defined as follows:
e V9 (u) =0 foru € [0, s) and Vs(a)(s) = 2 almost surely.

« Conditioned on V,* (u), s <u<uw, ‘_/S(E)(-) increases by one in (v,v + dv] with rate
Vi (v)e(v).

Let v{” be the law of V7. Let X = [0,T] x W. Define a measure ;1 = pla,c] and a
function ¢, on X as follows:

p(d(s,w)) = a(s)ds v (dw), ¢u(s,w) =w(v) for (s,w) e X. (3.4)

Finally, define a kernel k, = k,[b] on X x X by
ko ((s1,w1), (s2,w2)) = / wy (u)wz (u)b(u) du, where (s;,w;) € X, i =1,2. (3.5)
0

Then the IRG RG,, . (a,b,¢) can be described as follows: declare the vertex set to be
points of a Poisson process P on X with intensity nu(dz), and then join any two points
x,y € P with probability 1 A k,(z,y)/n. The volume of a connected component C' is given
by
volume(C) := Z Py ().
zeC

Lemma 4.2 stated below gives a precise way of comparing the the random graph BF,, ()
with the IRG RG,, +(a, b, c), where q, b, c are as in (3.3).

Associated with the kernel k, there is an integral operator K, on L?(X, u) given by
K, f(z) :== [y ku(z,y) f(y)u(dy). We will denote by k" the i-fold convolution of k, with
itself. Hence the integral operator associated with k,l(f) is K. We will write p,[a, b, ] to
denote the norm, in L?(u[a, ¢]), of the operator K, associated with k, = k,[b].

Organization of the paper. In Section 4.1, we give the statements of some technical
results needed in the proof. In Section 4.2, we first reduce the problem of bounding
LBF to the problem of bounding the total progeny of the branching process associated
with the IRG model. Then we go through a careful analysis of this branching process
in Lemma 4.5. The proof of Theorem 2.1 is then easily completed by using a Chernoff
bound. In Section 4.3, we give the proof of a technical estimate (Lemma 4.1) used in the
proof of Theorem 2.1. Finally, in Section 4.4, we give the proof of Corollary 2.2.

We point out here that the two key ingredients that allow us to improve the result
in [3] are: (i) Lemma 4.5 which gives very precise control over exponential moments of
the total progeny of the associated branching process, and (ii) Lemma 4.1 which gives a
sharp bound on the change in the operator norm p, [a, b, ¢] when the functions a, b, c are
slightly perturbed.
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4 Proofs

Throughout this section, C, C’ will denote positive universal constants whose values
may change from line to line. Special constants will be indexed, as for example C1,
(5 etc. Throughout this section ag(-), bo(-), co(+), z(+),a(:), b(:) and ¢(-) will be as in (3.1),
(3.2), and (3.3) respectively. Recall from Section 3 that T' = 2t. where t. is the critical
time for the BF process.

Assume that t = t(n) satisfies t < t. — An~'/3. Fix v € (1/3,1/2), and define E,, :=
{supg<y<r |Tn(u)—z(u)] > n=7}. Since a(u) = ap(x(w)) is C* on [0, T] and |a,, (u)—ao(u)| =
O(1/n), it follows that on the event E¢,

C 1
n (0 () < a0 () + © < au) + O (- 4 ln(u) — 2(w)]) < afu) + 1,
and similar upper bounds hold for b, (z,(«)) and ¢, (z,(u)). Set
0 =9, = Cin~ " and define a, ;(u) = a(u) + o,

for w € [0,T]. Define b, ;(u) and ¢, s(v) similarly. Hence, a,(z,(v)) < ans(u) on ES
and similar upper bounds hold for b, (x,(u)) and ¢, (z,(u)). Note also that the following
bound is a simple consequence of (3.1):

sup max{ans(u), by s(w),cns(u)} <1 forlarge n. 4.1)
w€[0,T]

4.1 Some preliminary results

The following lemma, whose proof is deferred to Section 4.3, gives us control over
Pu [an,éa bn,zSa Cn,6]-
Lemma 4.1. There exists a positive constant 3y such that

Pul@n,s,bn.ss Cn.s] — pula, b, c]| < Bod for each u € [0, 7).

A weaker version of the above result was proven in [3, Lemma 6.9], where a bound of

the form O(|(log §)|>V/§) was established. This weaker bound allows one to perform the
analysis in the regime t(n) < t. —n~7, v € (0,1/4). The stronger result in Lemma 4.1
allows us to prove the bound in (2.1) for t(n) < t. — An~1/3.
We will collect some useful estimates from [3] in the next lemma. Write v, s for y(ﬁw)
(recall the definition from around (3.4)). Consider the IRG model RG,, ¢+(an.s,bn.5,Cn,s5)
conditioned on having a point (0, w), where w is distributed according to vy ;. Let
CJS (t) be the volume of the component containing (0, w). Further, let Cj(t) denote the
component of the first edge appearing in BF,,(t).

Lemma 4.2. The following hold.
(i) Bound on P(E,,) [3, Lemma 6.4]: P(E,,) < exp(—Cn'~%7).
(ii) Connection between BF process, and RG,, ¢(an,5,bns,¢n,5) [3, Lemma 5.1, Lemma
5.2, and Lemma 6.1]: We have
]P(L{BF(t) >m) < nTIP(Cg(t) >m).
Further,
P(CO(t) > m, ES) < P(CES (1) > m).

(iii) Properties of operator norms [3, Lemma 6.10]: The function f(u) := pyla,b, ] is
strictly increasing and satisfies f(t.) = 1. Further, there exists n > 0 such that

(1= f(uw)/(te —u) = nasutte.

(iv) Absolute continuity of measures [3, Lemma 6.19]: Write u = ula,c], and ps =
plan,s,cs]. Then pu << ps and for z = (s,w) € X,
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w(T)—2

e i= o) = 2o /STw<u><cn,a<u>c<u>>du) I (.5) e

dus =1 \cns(n)

where v; = v;(s,w) is the time of the ith jump of w after time s.

Let @ := p[l,1], i.e., the measure on [0, 7] x W associated with the functions that are
identically equal to one, and similarly let 7, = vV, Thus n(d(s,w)) = ds Us(dw). The
next lemma helps us control the cluster sizes.

Lemma 4.3. The cluster sizes follow negative binomial distribution under v, i.e.,
k-2
To(w(T) = k) = (k — 1)~ 2T~ (1 - e*<T*S>) fork>2ands€[0,T).  (4.3)

As a consequence, w(T') has exponentially decaying tail under vy. Further,

Uy > Us > vss forse(0,T],
st st

where the second inequality is true for large n. Here “>" denotes stochastic domination.
st

Proof: (4.3) is a standard fact about birth processes and can be derived from, for
example, [5, Equation (1)]. The first stochastic domination is immediate and the second
one is a consequence of (4.1). ]

4.2 Proof of Theorem 2.1

We first make note of an inequality that will be used later in the proof. An application
of Lemma 4.1 together with (4i7) of Lemma 4.2 yields

BoC1
ny

foCr Blte—t)  (4.4)

<1—-C(te —1t)+ S

pt(An.5,bn.5,cn6) < pe(a,b,c) +

for sufficiently large n and a positive universal constant 5. Here we have used the fact
that ¢ < t. — An~'/3 and v > 1/3. This shows that

Ane > Bte—1) >0 (4.5)
for sufficiently large n, where
A= A’mt =1~ Pt(an,é’ bn,éa Cn,5)~ (46)

The next few steps consist of reducing the problem to getting an upper bound on the
total progeny of a suitable branching process. From Lemma 4.2, we get

P(LPF(t) > m) < nT [P(CY(t) > m, ES) + P(E,)] 4.7)
<nT [P(Cﬁ?(t) > m) + exp(—Cn'~7)]

B nT[/W Py (C’}i?(t) > m) vo,5(dwo) + eXP(—Cnl_QW)],

where P, (-) =P (- | (0,w0) € RGy i(an.s,bn.s,cn,s)) for every fixed wy € W.

Write k; s for k;[b, 5] and recall that ps = pfan s, ¢n,s]. Consider a branching process
on X; := [0,t] x W as follows: Define 2° = (0, wy) to be generation zero of the branching
process. For k > 0, denote the total number of points in generation k£ by Ny (thus Ny = 1),

and let azgk), e ,x%jj denote the points in generation k (note that z° = x§°>). Then for

k>0and1 <i< Ng, :cgk) gives birth to its own offsprings according to a Poisson process
with intensity k‘m(a:l(.k), y) ps(dy) independent of the other points in generation k.

Let G(2°) = Y02, Zi\f:kl qﬁt(xgk)) be the total progeny. By a breadth-first search
argument (see [3, Lemma 6.12]),

P, (CFS (1) > m) < P(G(2°) > m). (4.8)

ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
Page 6/15


http://dx.doi.org/10.1214/16-ECP20
http://www.imstat.org/ecp/

The largest component in the Bohman-Frieze process

From (4.7) and (4.8), we have
P(LBE(t) > m) < nT[/ P(G ((0,wq)) > m) vo,s(dwy) + exp(—Cn'~>7)]. (4.9)
w

We will use the next two lemmas to bound ]P(G ((0,wp)) > m). Let K, s be the integral
operator on L?(X, us) associated with the kernel k; .

Lemma 4.4. Let fo, == ¢y + >, (1+A/2)' K| 5¢:. Then there exists a universal constant
C'53 such that for every (s,w) € Xy = [0,t] x W,
foo(s,w) < Csw(T)/A.

Lemma 4.5. Set fy = ¢; and define

4
for=de+ > 1+ A/2) K] s for 0 =1,2,....

i=1
Fix x = (s,w) € X;, and let y1,...,yn be the points of a Poisson process in X; having
intensity ki s(x, y)us(dy). Then there exists ny > 0 (independent of x) such that for every
n € (O, 770}/

EE exp (nA2 i f(yi)) < exp (nA2(1 + A/Q)Ktygf(x)>

for every f € {f;: ¢ > 0}.

Lemma 4.5 will be used to get a sharp tail bound on G((0, wy)). A restrictive version of
this result was obtained in [3, Lemma 6.14], where the authors used a direct truncation
argument. [3, Lemma 6.14] leads to a bound of the form O((logn)*/(t. — t)?), whereas
the stronger result in Lemma 4.5 will yield the bound O(logn/(t. — t)?).

To simplify notation, we will write p; 5 for pi(an,s, bn,s, cn,s), and as (resp. bs, cs) for
an,s (resp. by s, cy.s) throughout the rest of this section.

Proof of Lemma 4.4: First note that

D6l 22 (us) Z/X wy () s (d(s1,w1)) (4.10)

t T
:/ a(;(sl)El,SLé[wl(T)Q]dsl < Ep, [wl(T)Q]/ as(s1)ds1 < o0,
0 0
where the third step uses Lemma 4.3. Note also that

K;,é(bt(‘%w) = / kt(?g((87w)7 (Slawl))(bt(shwl) ,U/5(d(817w1)) (411)

t

< K ((s,0), 22 s) 1Dl 22 )
< OIS s ((5,0), - )ln2us) < Coist ke s((5,0), <)l z2gus)-

Now
t
ke s((s,w), (s1,w1)) = / w(uw)wy (u)bs(u)du < Cw(T)w,(T). (4.12)
0
Hence
”ktﬁ((svw)’ ')||%2(M5) = / kt,5((57w)a (Sl’wl))zué(d(slvwl)) (4.13)
Xt
¢
< C'/ a(;(sl)dsl/ w?(T)w (T)vs, s(dw)
0 w1 €W
T
< Cw?(T)Ey, [wl(T)2]/ as(s1)ds; < C'w*(T),
0
ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
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where the penultimate step again uses Lemma 4.3. From (4.10), (4.11) and (4.13), we
get

foo(s,w) = dy(s,0) + > (L4 A/2) K] 5¢4(s,w)
=1

<w(T)+CY (1+A/2)'p) 5 w(T)

i=1

< C'w(T) (1 +

1 Csw(T)
1—(1—A)(1+A/2)) <=A

which is the desired bound. |
Proof of Lemma 4.5: By properties of Poisson processes,

N
oxp (1823 700 =exp ([ stou) (expnafw) - Dusta) ). @1
Now
[ st uesp(na? Fu) - sl (4.15)

= kt 5(z, (51, w1))(exp(nA? f(s1,w1)) — Dps(d(s1,w1))

/ / / w1 (v)bs (v )dv) (exp (nA2f(s1,w1)) — 1>y5175(dw1)a6(31)d51
51=0 Jurew
/s 0/1) . (v)as(s1)E,, {un(v) (exp (nA2f(sl,w1)) — 1) }dvdsl.

Fix s; € (0,t) and v € (s1,t). Then
By, | w1 (v) (exp(nAf(s1,w1)) = 1)] (4.16)
= nA%E,,, ; [wi(v) (£ +nA%f2/20+ 3 A G+ 1)) |
=2

= nA2EVsl,a (Tl +T5 + T3)

We now have to get upper bounds on E,, ,(73) and E,_ ,(72). To this end, note that
A% < Ai*t2for j > 2 and f < f.. Hence from Lemma 4.4,

> 03w1 T))j+1
E,, ;(I3) <E,_, [wl Z m}

j=2

<E,,[u( f; M]

< o v, [ S O

< C3nA x Ey, [wl(T)S eXP(Csnwl(T))}
< C3nA % [Egy (w1 (T)%)]? [Ery (exp(2C3mw, (T)))]

Since w; has an exponentially decaying tail (Lemma 4.3), we can choose 7; > 0 small so
that

1/2
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Ez, [exp(2C3mw:(T))] < oo,
and for 0 <n <y,

A
E,, ;(I3) <A< ZEusl,s [w (v) f(s1,w1)]. (4.17)

Here the last inequality uses the fact that if v € (s1,¢) and wy is distributed as v, 5, then
wy(v) > 2and f(s1,w1) > de(s1,w1) = wi(t) > 2.

It follows from Lemma 4.4 that f(s1,w1) < foo(s1,w1) < Cswy(T)/A whenever f €
{fe:¢>0}. Hence

E C’37]A

vey s T2 = By, s [wi(0)nA?f2/2] < Eu,, s [wi(T)*f(s1,w1)] - (4.18)

Suppose f = f; = ¢y + Zle(l + A/2)'K] 5¢:. Choose an 7, > 0 so that

CsnaEp, [wi(T)?] < 2. (4.19)
Then for 0 < n < 79,
CBQT’AEW [w1 (T)2¢1(s1,w1)] < 03;7A1E;0 [w: (T)?] (4.20)
<A< TB, L @), w).
Fori>1,1letg; = Kti;;lqbt. Then
E,, s [wi(T)* K] 50¢(s1,w1)] (4.21)

vars [W1(T)2 K 59i(51,w1)]

Vey 8 [wl(T)Q /Xt </: wl(z)w(z)bé(z)d«z) 91(52711)2)#5(61(5271”2))}

=s1

- /X t K / t_ E., , (wl(T)2w1(z))wg(z)bg(z)dz> gi(SQ,wz)] pr5 (d(s2, w2))
S[;[(LiﬁEw(wﬂTf)wﬂd%@ﬁh>m@%wﬂ}udﬂ@ﬂw»,

where the second equality follows from the definition of K, s and the final step uses the
stochastic domination relation between 7y and v,, s (Lemma 4.3). Hence for 0 < n < 79,

C377A

5 Ey,, ; [wi(T)?K] 5¢¢(s1,w1)] (4.22)
< S0, @) [ ([ wn(oaterde) )| taton, )

<A . [(/Z;l U}Q(Z)bg(Z)dZ) gi(827w2)] ps(d(s2,w2))

IN

E

/Xt [(/:_51 E,, s (wi(v)w:i(2)) w2(2’)b§(z)dz> 91(32,w2):| ps(d(s2,w2))
|

wl(v)/x kt,a((slawl)a(527w2))gi(527w2)ué(d(827w2))}

Vsqy,5

E

NN NS

Vey s (w1(v) K} 5¢¢(s1,w1))
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where the second inequality follows from (4.19), and the third inequality is a consequence
of the following observation: wy(v), w1 (%) > 2 under vy, s when v, z € (s1,t). Combining
(4.18), (4.20), and (4.22), we get

A
By, To < 7By [wi(0)f(s1,w1)]- (4.23)
From (4.16), (4.17), and (4.23),
Ev,, (w1 (v)(exp(nA? f(s1,w1)) — 1)] < nA%(1+A/2) E,, ,[wi(v)f(s1,w1)]. (4.24)

From (4.24) and (4.15), we get

. ks (2, u) (exp(nA?f(u)) — 1) ps(du) (4.25)
<nA?(1+ A/Q)/ . /: w(v)bs(v)as(s1)Ey, ,; [wi(v)f(s1,wr1)] dvds

=nA%(1+A/2) / as(s1)E,, [kes(x, (s1,w1)) f(s1,w1)] ds1

S]ZO

=nA2(14+ A/2)K, 5f(x),

for 0 < n < mng :=n1 Ang. This together with (4.14) yields the result. ]

Completing the proof of Theorem 2.1. Now the proof of Theorem 2.1 becomes
routine and can be finished by a Chernoff bound argument. Let G; := E;\Ll o (my))
be the total volume of points in generation %, and let 7} be the o-field generated by
{xﬁj) i <Ny, j <k}

Lemma 4.6. For(0 <n <o,

k N )
E(exp (nA2 ZGZ) ’ }"j> < exp (nA2 ka,j(xgj))). (4.26)
i=j i=1
Proof : The assertion is immediate for j = k. Assume that it is true for £+ 1 < j < k.
Then
k
E(exp (nAQ Z Gi) ’ .7-})

i={

= exp(nA2Gg)E{E(exp (nA2 i Gi) ‘ -7:e+1) ‘ -7:4
i=+1
Net1

< exp(nAng)E{exp (nA2 Z fkfz71($§£+l))) ‘ }-é]

=1
Ng NZ
< exp(nA%G,) exp (A2 (1+ A/2) Y Kisfee1(2l)) = exp (nA2 3 fi o)),
=1 =1

where the second step follows from the induction hypothesis and the third step follows
from Lemma 4.5. This proves our claim. |
Setting j = 0 and letting % tend to infinity in (4.26), we get

E [exp(noA*G(2°))] < exp (m0A? foo ((0,w0)))
< exp (nACswo(T')) < exp(Csnowo(T)),

ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
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where the second inequality is a consequence of Lemma 4.4. Hence

/W IP(G((O, wp)) > m) vo,s(dwg) < exp(—noA%m) /W E[exp (nOAQG((Qwo)))}l/o’g(dwo)

< exp(—10A*m) /W exp (Canowo () vo(dwo)

= Cyexp(—nmpA%m) < Cyexp(—noB2(t. —t)>m), (4.27)

where the last step follows from (4.5). The constant () is finite by the choice of 79. From
(4.27) and (4.9), we see that
2logn n—soco
IP(LBF t) > 7> — 0,
! ( ) n0ﬂ2(tc - t)2

which completes the proof of Theorem 2.1.

4.3 Proof of Lemma 4.1

Recall the definitions of a(-), b(-), and ¢(-) from (3.3). As in the previous section,
we will write as(u), bs(u), and cs(u) for ay s(x(u)), by s(x(w)) and ¢, s(z(u)) respectively
throughout this section. We will write k,, for k,[b] and k, s for k,[bs]. Recall that u, us,
and @ stand for ula, c|, plas, cs], and u[l, 1] respectively. Then

|pu(aab7 C) - pu(a5ab6705)| < |pu(a" b> C) - pu(a5’b7 C5)| + |pu(a57b7 05) - pu(a5vb5ac5)‘
=Ty + T, (4.28)

We first bound the term T3, as bounding 75 is considerably simpler. Writing n(k*, u*) for
the norm, in L?(y*), of the integral operator associated with the kernel k*, note that
pula,b,c) = n(ky, 1) and py(as, b, cs) = n(ky, us). Let h = du/dus be as in (iv) of Lemma
4.2. Since n(ky(z,y), u) = n(ky(z,y) v/ h(2)h(y), 1s),

T = (4.29)

n (ka2 ) VR@Am). 15) = nlka(2,9), 15)

< (o) (VARG ~ 1)
) 1/2
< ([ [ R (G - 1) ustanstan )
where the second step uses the triangle inequality, and the third step uses the fact
n(k*, p*)? < //k(w y)*u* (da)p* (dy).

Recall the notation v;(-, ) used in the expression of i from (4.2). Writing « = (s1,w1),
y = (s2,w2) and 7; = ~;(x), § = vj(y), we have L < \/h(z)h(y) < U, where

L:= (a(sl) als) wl(ﬁ” “lr) wZ(ﬁH ;) )é and U := ex <6T(w (T)+w (T))>
: aé(sl) a5(52) pale} C(;(Ti) s Cé(gj) : b ) 1 2 .
(4.30)
ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
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From (4.12) and (4.29),

1/2
T < c(/X /X w (T)*ws(T)* [(U — 1)* + (L — 1)?] ,ug(dx),ug(dy)> (4.31)

sc( / / w1(T)2wz(T)2(U—1)2u5(d$)ua(dy)>l/2

+c(/ [ (@ Q(L—l)Qus(dx)ua(dy))l/2

T3 -+ T4)

(U—-1)?< 2<exp (‘m‘;(T)) — 1>2 exp <5Tw2(T)>
2o (DY 1) o (b7,

This together with the simple inequality e” — 1 < xe” yields

T3 < 4//w1 Jw (T (e Xp <6Tw21( )> - 1)2€Xp (6Tw2(T)) ps(da)ps(dy)  (4.32)

Note that

< Cs? [/ 1(T) exp (6Tw: (T )),u(;(dac)} [/ w3 (T) exp (6Tws(T)) ug(dy)]
< C'6°Ey, [w](T) exp (Tw:(T))] Ep, [w3(T) exp (6Tw2(T))] .

Since the tail of wy(T") decays exponentially, we conclude that for large n (so that 6 =4,
is sufficiently small),
T3 < C6. (4.33)

Next, from the definition of T} in (4.31) and the definition of L in (4.30), it follows that

T? < C//wf(T)w%(T)(Ll + Lo + Lz + L) ps(dx) us(dy), (4.34)

- (fa) (i)
A | S T (R

Note that infjy 7y a(s) =: m; > 0 and 0 < as(s) — a(s) < 6. Hence

where

/ / W3 (T)wd(T) Ly ug(der)ps(dy) (4.35)

//w1 <1— a(:sll))>2ua(d$)#5(dy)
/ [ A EA s s ) < 6 (Ezgut(1)

The integrand corresponding to Lo can be handled in the same way. Next note that
inf q(c(t)) = inflg g cp(2(t))2’(t) > 0 (see [8]) whenever € > 0 is small enough. Hence

¢s(t) > max(d, mot) for t € [0, T (4.36)

ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
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for a positive constant my. Further, ¢(¢) is increasing in an interval [0, t5] and is bounded
away from zero on [to, T']. Therefore,

¢s(1) > min(cs(m1), ms) for 1 <i < w1 (T) — 2. (4.37)

Hence, on the set wy(T') > 3,

wq (T)—2 C(T-)
L3 S w1 (T) 1-— !
= cs(7)
w1 (T)—2 2 wq (T)—2 2
c(m) 0
< T 1-— < T
sl 2 (1-50) smo 2 Em
w2 g 1 \? 1
< wy(T)6? <+) < C8%wy (T)? ,
= = \mz o)) T 1(7) cs(m)?
where the penultimate step follows from (4.37). We thus have
[ [ @3 )L s(an)nstay (4.38)
4 T)
< 082 207y (L) | dz) s (d
< //wz( )05(T1)2 {w (1) >3} 16 (d) s (dy)

w(T
< 0’62/%%;))211{1”1(T)>3}u5(dx)

<o ( [ufmnstan) " ([ stz v

1 1/q
S 0”62 (/ 05(211]1{,“}1(7“)>3},U/5(d$)> .

’7'1)

Here we choose p,q > 1 so that p~! + ¢~ =1 and 2¢ = 2 + § with 0 < § < 1. Define

T1i=11 w(T) > 3} + T - T{w (T) = 2}.

Then

! I dx) < ! d 4.39
cs(m)2 {wi (1)>3} 15 (d) < Wua( ) (4.39)

T

1
= ]E -
/s1_0 as(s1)dsy ”Sl“‘[ca(ﬂ)ﬂ"}

T T 1 u ]jsl 5 w T _ 2

= /81_0 aé(sl)dsl[/u_s1 Wexp(— 2/51 65(2)d2)205(u)du+ ’C{é(}()Qie }}

r T du 1
< .
< [ [ Gyt )

=s1

In the third step we have simply used the density of 7; to evaluate the expectation, and
the last inequality is a consequence of (4.36). Since 6 < 1, the last integral is finite. A
similar analysis can be carried out for the integrand corresponding to L4. Combining
(4.33), (4.35), (4.38) and (4.39), we get

T, < C6. (4.40)

ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
Page 13/15


http://dx.doi.org/10.1214/16-ECP20
http://www.imstat.org/ecp/

The largest component in the Bohman-Frieze process

Finally,
T <n ( — ku), Mé)

</ / b (,) — k() s(de) ()

2
< [ ([ meesteieste) — ) wstaeyuata)
xJx Vo
< 052(/w§(T)ﬁ(da:))2 = 052, (4.41)
Combining (4.28), (4.40), and (4.41) completes the proof.

4.4 Proof of Corollary 2.2
Let Y, (s) denote the number of edges in BF,,(s). Define a process BF,,(-) by

BF,,(2Y,,(s)/n) := BF,(s) for s > 0,

and extend the definition to R, by right continuity. Then BF,(-) has the same distribution
as DBF,(-). Let LPF (s) denote the size of the largest component of BF,(s). Let us
assume that t./2 < t < t, — An~'/3, since for t < t./2 the desired bound will follow
directly. We have

]P(LBF<t+ logn) >m) . IP(LJIBF(t_i_bﬂ) > m, Yn<t+ bgn) > nt)

v/~ vn Vn 2
> P(LFF (1) 2 m, Ya(t+ 13;;) > %t)

Hence
P(L?T(t) >m) < P(LPF(t+logn/v/n) > m) + P(Y,(t +logn/y/n) <nt/2). (4.42)

Let Zi,...,Z, be i.i.d. Poisson random variables with mean s, := (1 —1/n)2(t +
logn/v/n). Then Y, (t+logn/\/n) < Zy +...+ Z,. Since nt/2 —nju, = —/nlogn/2+0(1),

logn !

]P(Yn(H— \/ﬁ) < r;t) <]P(Z(Zj — n)//Tplr, < —C’logn) < @(—Clogn)-ﬁ-%,

where & is the distribution function of a standard Gaussian random variable. The last
inequality is a consequence of the classical Berry-Esseen theorem. The result follows
once we combine (4.42) and Theorem 2.1 with the last inequality.

References

[1] Aldous, D. (1997). Brownian excursions, critical random graphs and the multiplicative coales-
cent. Ann. Probab. 25 no. 2, 812-854. MR-1434128

[2] Bhamidi, S., Budhiraja, A., and Wang, X. (2014). Bounded-size rules: The barely subcritical
regime. Combinatorics, Probability and Computing. 23 no. 4, 505-538. MR-3217358

[3] Bhamidi, S., Budhiraja, A., and Wang, X. (2015). Aggregation models with limited choice and
the multiplicative coalescent. Random Struct. Alg. 46 no. 1, 55-116. MR-3291294

[4] Bollobas, B., Janson, S., and Riordan, O. (2007). The phase transition in inhomogeneous
random graphs. Random Struct. Alg. 31 no. 1, 3-122. MR-2337396

[5] de la Fortelle, A. (2006). Yule process sample path asymptotics. Elect. Comm. in Probab. 11,
193-199. MR-2266709

ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
Page 14/15


http://www.ams.org/mathscinet-getitem?mr=1434128
http://www.ams.org/mathscinet-getitem?mr=3217358
http://www.ams.org/mathscinet-getitem?mr=3291294
http://www.ams.org/mathscinet-getitem?mr=2337396
http://www.ams.org/mathscinet-getitem?mr=2266709
http://dx.doi.org/10.1214/16-ECP20
http://www.imstat.org/ecp/

The largest component in the Bohman-Frieze process

[6] Janson, S., Luczak, T., and Rucinski, A. (2000). Random Graphs. John Wiley & Sons. New York
MR-1782847

[7] Kang, M., Perkins, W.,, and Spencer, ]J. (2012). The Bohman-Frieze process near criticality.
Random Struct. Alg. 43 no. 2, 221-250. MR-3085769

[8] Spencer, J. and Wormald, N. (2007). Birth control for giants. Combinatorica. 27 no. 5, 587-628.
MR-2375718

Acknowledgments. I thank Joel Spencer for drawing the problem to my attention and
for many helpful comments and lively discussions. I also thank Shankar Bhamidi, Amarjit
Budhiraja, and Xuan Wang for carefully reading the first draft of this paper and for many
useful comments and suggestions; particularly for suggesting an improvement in an
earlier version of Lemma 4.1. Finally, I thank an anonymous referee for suggestions on
improving the presentation.

ECP 21 (2016), paper 64. http://www.imstat.org/ecp/
Page 15/15


http://www.ams.org/mathscinet-getitem?mr=1782847
http://www.ams.org/mathscinet-getitem?mr=3085769
http://www.ams.org/mathscinet-getitem?mr=2375718
http://dx.doi.org/10.1214/16-ECP20
http://www.imstat.org/ecp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Main results
	The associated inhomogeneous random graph model
	Proofs
	Some preliminary results
	Proof of Theorem 2.1
	Proof of Lemma 4.1
	Proof of Corollary 2.2

	References

