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Abstract. In many practical situations, it is desired to compare several pop-
ulations, find the best one and estimate some parametric functions associated
with the selected population. This has been recognized as an important prob-
lem that arises in various applications in agricultural, industrial and medi-
cal studies. This paper concerns unbiased estimation of a general parametric
function, say y (@), of selected populations under the squared error loss (SEL)
function. Examples of y () include reliability function, odds ratio and vari-
ance, among others. Also, we obtain the uniformly minimum risk unbiased
estimators of the parameters of selected populations under some general class
of loss functions other than the commonly used SEL function. Furthermore,
we characterize some loss functions for which the risk unbiased estimators of
parameters of selected populations do not exist. Theoretical results are aug-
mented with various illustrations and examples.

1 Introduction

In many practical situations, the goal of the study is to compare several populations
in order to make a decision in the form of ranking these populations, finding the
best population and estimating the parameters of the selected population. Since
the ranking and selection are done first, the preceding estimation problem is called
estimation after selection. Estimation of a characteristic of the selected population
has been recognized as an important problem that arises in various applications in

agricultural, industrial and medical studies. For example,

(1) In industrial studies, researchers not only want to know which type of compo-
nent system will last longest, but also want an estimate of the expected lifetime
of the chosen system (Sackrowitz and Samuel-Cahn, 1986).
In agricultural studies, researchers wish to select the best of k fertilizers and
estimate the mean yield produced by the selected fertilizer (Misra and Meulen,
2001).
In microarray experiments, researchers are often interested in making infer-
ence for the parameters corresponding to the most extreme population (Qiu
and Hwang, 2007).
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In many cases, the characteristic of interest is the population mean. For example, in
clinical trial studies, one is interested in tracking the most promising compounds in
drug development by choosing the best treatment out of k which results in the max-
imum treatment mean and hence estimating the expected effect of selected treat-
ment (Bowden and Glimm, 2008, Sill and Sampson, 2009).The common practice
is to take independent samples from each population, compute respective sample
means and select the population which results in the largest sample mean. Having
selected the best population, one usually wants to estimate its mean. A natural es-
timator is the mean of the selected sample from the best population. Although the
sample mean is a good estimator of the population mean in a regular setting, most
of its optimal properties are no longer hold when the population is selected on the
basis of the sample rather than being specified in advance. For example, the mean
of the sample obtained from the selected population is a positively biased estimator
of the selected population mean (see (1.3) below). For the clinical trial example,
Bowden and Glimm (2008) showed that the naive estimator of a treatment’s effect
after selection can be severely hindered because selection mechanisms usually in-
troduce bias.

Let I1y, 15, ..., ITx be k(> 2) independent populations with associated prob-
ability density functions (p.d.f.) f(x|6;),i =1,2,...,k, respectively, where 6;
is the unknown parameter. Suppose X;i, ..., Xis;, n; > 2, are independent and
identically distributed (i.i.d.) samples from the ith population I1;,i =1,...,k.
Define X; = g;(Xi1,..., Xin;), where X; is a suitable estimator of 6;, and let
X1 =< X@) <--- < X denote the order statistics of X1, X2, ..., Xr. Suppose
we employ the natural selection following ranking rule, to select the best popula-
tion, according to which the population corresponding to X (1) or X, is selected.
Let 6; and 67 be the parameters associated with selected populations, respectively.
Note that 6; and ), are random variables which can be formally defined as

k k
%:}:@“TO—IQ@XQ) md9M=§:@“TMX”&4,Uﬂ
i=1 j#i i=1 j#i
where
1 ifa>b,

[a.b=14  ifa=p

(1.2)

For the case where E(X;) = 6;, since E(X)) > E(X;) = 6;, one can easily show
that

E(X@) = max E(X;) = E(max6;) = E(0y). (1.3)

In other word, X ), as the naive estimator of 6y, by ignoring the fact that a prior
selection has been made, is a positively biased estimator of 6. In the past few
years, many studies have been done to construct good estimators of 87 and 8y un-
der the squared error loss (SEL) function. Most of these results are obtained based
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on the U.V. method of Robbins (1988) or some of its generalizations. For example,
in estimation of the scale parameter 6 after selection from a Gamma(e, 9) distri-
bution, Vellaisamy and Sharma (1989) derived the uniformly minimum variance
unbiased (UMVU) estimator of 6,7. Tappin (1992) derived the UMVU estimator
of the parameter of selected binomial population. Vellaisamy (1993) considered
the UMVU estimation of the parameter of one parameter continuous exponential
family of distributions. Mishra and Singh (1994) considered the UMVU estima-
tion of the location parameter of the selected exponential distribution. Misra and
Meulen (2001) derived the UMVU estimator of 63 and 6; in non-regular family
of distributions. Kumar and Gangopadhyay (2005) derived the UMVU estimator
of the parameter of a selected Pareto distribution.

There are several situations where one is interested in estimating some para-
metric functions of selected populations other than the population mean. For ex-
ample, in reliability testing one might be interested in estimating the reliability
function associated with the variable of interest in the selected population (Kumar
et al., 2009). In genomic studies, estimating the odds ratio is very important. In
this application, samples are usually obtained from selected populations which are
identified by using genome scans (Bowden and Dudbridge, 2009). Other exam-
ples include estimating quantiles (Kumar and Kar, 2001), variance and survival
function based on the variable of interest for the selected population.

On the other hand, one can easily argue that for some parametric functions, over-
estimation (under-estimation) could be more serious than under-estimation (over-
estimation). The most prevalent loss function for the evaluation of estimators is the
symmetric SEL function which assigns the same penalty to the over-estimation and
under-estimation of the same magnitude. This functional form is assumed because
mathematically is very tractable but from a practical point of view, it is not very
realistic. The choice of the loss function is fundamental to the construction of
an unbiased estimation of parametric functions of selected populations. There are
only a few works regarding the problem of estimation after selection under loss
functions other than SEL. For example, Nematollahi and Motamed-Shariati (2012,
2009) derived the risk unbiased and uniformly minimum risk unbiased (UMRU)
estimators of 8; and 8y under the entropy and Stein loss functions. So, it is also
important to consider the problem of estimation after selection under more general
class of loss functions.

In this paper, we first consider the problem of unbiased estimation of some para-
metric functions, say y (9), of selected populations under the SEL function. In par-
ticular, we construct the UMVU estimators of general parametric functions y ()
for some selected non-regular family of distributions under SEL function. Exam-
ples of y(-) include reliability function, odds ratio and variance, among others.
Then we obtain the UMRU estimators of 9y, and 8; under some general classes
of loss functions other than the commonly used SEL function. Furthermore, we
characterize some loss functions for which the risk unbiased estimators of 6; or
6y do not exist.
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The outline of the paper is as follows. In Section 2, we give some preliminary
results and obtain a useful relationship between the unbiasedness under SEL func-
tion and risk-unbiasedness under a general class of loss functions. In Section 3,
for some non-regular family of distributions, we obtain the UMVU estimators of
y(8y) and y (0)) under the SEL function and construct UMRU estimators of 6;
and 67 under some general classes of loss functions which satisfy an easy to verify
condition. In Section 4, we characterize some classes of loss functions for which
the risk unbiased estimators of 67 or 637 do not exist. Finally, in Section 5 we give
some concluding remarks.

2 Preliminary results

Consider the problem of estimating a real valued function, say h(f), of 6 =

(61, ..., 0r). Dealing with unbiasedness, and following Lehmann (1951) an es-
timator § of /(@) is said to be risk unbiased if it satisfies
Eg[L(h(8),8(X))] < Eg[L(h(0'), 5(X))] Vo' +£0, (2.1)

where X = (X1, ..., Xz). Under the SEL function L(8, §) = (§(X) — h(6))2, (2.1)
reduces to the usual unbiasedness condition Eg[5(X)] = h(0). Also, if h(0) is
a random parameter such as h(f) = 0y, or 6; in (1.1), then the risk unbiasedness
condition under the SEL function reduces to Eg[5(X)] = Eg[h(#)]. Hereafter, sup-
pose that /(8) is the random parameter 6 or 6;7. We are concern with

(A) Unbiased estimation of ¥ (h(#)) under the SEL function

L1(8.8) = (5X) — y (h(8)))*, (2.2)
(B) Risk unbiased estimation of /(#) under the y-loss function
Ly(8.8) = (y (5X)) — v (h(6)))’, (2.3)

where y(-) is a monotone differentiable function. As we show in Proposition 1,
and it was previously mentioned in Jafari Jozani and Marchand (2007), loss func-
tions L and L, are mathematically equivalent, but stem from separate practical
problems. Loss L, produces a very large class of loss functions such as SEL with
y (x) = x, squared log error loss (SLEL) with y (x) = In(x) and exponential loss
(EL) function with y (x) = exp(x). Using (2.1), §*(X) is an unbiased estimator of
the random parameter y (h(#)) under SEL function L if

Eg[8*(X)] = Eg[y (h(8))]. 2.4)
Also, §(X) is a risk unbiased estimator of /(@) under the y -loss function L, if
Eo[y (8(X))] = Eg[y (h(8))]. (2.5)

Comparing (2.4) and (2.5), we have the following proposition.
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Table 1 Some classes of loss functions with risk-unbiasedness condition as in (2.5)

Loss function L(0,5(X)) y ()
Stein’s Loss (SL) %((—)g)) —1In % -1 yx)=x
Entropy Loss (EL) o % - lnha.(;—x)) - y(x) = %
General Entropy Loss (GEL) (ﬁ)q —qln % —1,g#0 y(x) = qu
LINEX loss edGX)=h®) _ 4(5(X) —h(@)) —1,a R y(x) = e
Intrinsic Loss (IL) In gg’((fg))) +(6X) —hO) . y(x) =x

Proposition 1. The estimator §*(X) = y(8(X)) is an unbiased estimator of
the random parameter y (h(0)) under SEL function Ly if and only if §(X) =
y ~1(8*(X)) is a risk unbiased estimator of h() under y-loss function L.

In Sections 3 and 4, we show that the unbiasedness condition (2.4) is useful
for deriving unbiased estimators of parametric functions y (@), such as the survival
function y () = Py(X > x), odds ratio y (0) = % or the variance v (0) =
Varg (X) of selected population, among others. Also, as the risk unbiased condition
(2.5) holds for some famous loss functions, finding an unbiased estimator §*(X)
of y(h(0)) which satisfy (2.4), leads to yfl (6*(X)) as a risk unbiased estimator
of h(#) under general classes of loss functions as in Table 1.

The intrinsic loss function in Table 1 is the Kullback-Leibler divergence be-
tween the true model f(x|h(#)) and the model f(x|§(x)) when the distribution of
X belongs to the one-parameter exponential family of distributions with p.d.f.

f(x16) = B©O)t (x)e "), (2.6)

where r(x) > 0, 8(0)t(x) > 0 and 0 is the unknown real-valued natural parameter
of the model (Jafari Jozani and Jafari Tabrizi, 2013).

Before pursuing, we make a note about the relationship between the selection
after ranking rules for the parameter 6 and parametric function y () with mono-
tone y (-). Since for any function y(-), 6; € R, and Z; € {0, 1} with }7_, Z; =1
we have

y(Zeiz,) => y6)Z.
i=1

i=1
one can easily verify that
k
y On) = Zy(e,-){r[ 1(x;. X,~>} and
’? 7 2.7)
y(6)) = Zy(@»{]‘[(l 1, Xj))}.

i=1 i
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So, for estimating y (8) after selection with monotone y (-) one can either perform
ranking and selection rule based on X; or y(X;),i =1,...,n.

3 UMVU and UMRU estimation in non-regular family of distributions

In this section, we study the UMVU estimation of y(6;) and y (6j) under SEL
function (2.2) for two non-regular family of distributions studied in Misra and
Meulen (2001). Then we show how these results can be used to construct UMRU
estimators of 6; and 0y under y-loss function (2.3) or more generally any
loss function which has a risk unbiasedness condition given by (2.5). Suppose
Xi1, ..., Xin; is a random sample of size n from a distribution with p.d.f. f(:6;)
which belongs to one of the following non-regular family of densities:

(i) Right Truncation Parameter Family (RTPF):

r@;,a)s(x, ), ifa<x<6;,

S w6 = {O, otherwise, G.D

where §; € ®1 = {u:a < u < 1}, a,a and 7 are constants, and »(-,-) and
s(-, -) are some non-negative functions.
(i1) Left Truncation Parameter Family (LTPF):

RO, a)S(x,a), if6; <x <b,

S x10i) = {O, otherwise, 32)

where 6; € ® ={u: B < u < b}, b,a and B are constants, and R(-,-) and
S(-, -) are some non-negative functions.

We assume s(x, @) and S(x, o) are continuous functions of x. Let X = (X, ...,
X) denote the maximum likelihood estimator (MLE) of @ = (61, ..., 6;). One
can easily show that under the RTPF model X; = max(X;y, ..., X;,,) and for the
LTPF model X; = min(X;y, ..., X;y;), i =1, ..., k, are distributed as

L a4, 0)plxi, @), ifa<x; <6;,
86, (xi) = {0, otherwise, (3-3)
and
L 06i, )P(xi, ), if6; <x; <b,
ho (xi) = {0, otherwise, 3.4

respectively, where g (6;, @) = {r(6;, 0)}* and Q(6;, @) = {R(6;,x)}" are nor-
malizing constants,

nis(xi,of) and  P(xj. )= niS(xi,a? .
{r(x;, a)}ni—1 {R(x;, 0)}ri~!
Note that X = (X1, ..., Xx) or equivalently U = (X(1), ..., X)) is a complete
sufficient statistic for § = (01, ..., 6x). We pursue with the following main result.

p(xi, o) =
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Theorem 3.1. Suppose X1, ..., Xy are k independent random variables from a
distribution with a p.d.f. given by (3.3). Let U{(X), ..., Ux(X) be k real-valued
functions and vy (-) be differentiable, such that:

(@) Eplly (XpUiX)|] <00,¥0 € ©1,i=1,....k,
®) [ y)Ui(xt, ..o Xi—1, Yo Xig1, -, X)) p(y, ) dy < 00,Va < x; < 1,i =
1,...,k,

(©) limy,q[y (i) [ Ui(xt, ..o, Xi—1, Y, Xit1s - -, X)) p(y, ) dy] = 0, Va <
xj<t,jFEii=1,... k.

Then, the functions Vi(X), ..., Vi(X), defined by

ViX) =y (X)U;(X) (3.5)

"(Xi)
y ‘/ U(Xl’ l lsy7Xl+1’an)p(y’a)dy7
(Xl’a)

satisfy
k k
Eg [Z V; (X)] = Eg [Z ALY (X)] (3.6)
i=1 i=1
Proof. First, we show that for a given U(X;) = U;(X), the function V(X;) =

y(XDUX) + L [X UG p(y,a)dy satisfies Eg[V(X)] = y(6) x

E¢[U (X;)]. Using the integration by part, from (a)—(c) we have
Eg[V (X))]

=g [ Y OUOpta)di + [ " y/(r)[ [vwro. a)dy} ar)
— 40, a)(/ji yOU@) (. @) dt
+ro [ ’ U(y)p(w)dy}j - " P OU©P( )

=@y @) [ VPG ady
= Eg[y (6)U (X)].
Similarly, it can be shown that V;(X) in (3.5) satisfies
Eg[ViX)IX1, ..., Xi—1, Xit1, ..., Xk
=yO)Ep[UiX) X1, ..., Xi 1, Xit1, ..., X¢].
Therefore, Eg[V; (X)] = y(0;) Eg[U;(X)], and the result follows immediately.
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Theorem 3.1 helps to obtain UMVU estimators of ¢ (6;) and y (637) under the
SEL function (2.2) and then use them to construct UMRU estimators of 67 and 6y
for a general class of loss functions with a risk unbiasedness condition given by
(2.5) such as the y-loss function (2.3) or loss functions in Table 1. U

Theorem 3.2. Under the assumptions of Theorem 3.1, let

Y Xw) (KXo

) T X=yX ,o)d 3.7
D) 0 X)=p( (k))‘f‘p(X(k)’o{) X(k_l)p(y a)dy (3.7)
and
CORTCRETINY i N I LR PRER
i) 7, X)=yXqu)+ 2 (X, _/;l p(y,a)dy. (3.8)

Then ST’I(X) and 8]"72(X) are, respectively, the UMVU estimators of y (Oy) and
v (0y) under the SEL function (2.2). Also, 51,1(X) = y_l(éil(X)) and &1 2(X) =
y~! (‘ST,Z(X)) are the UMRU estimators of 0y and 65 under any loss function with
a risk unbiasedness condition given by (2.5).

Proof. To show (i) let U;(X) = I(X;, maxjx; X;) and note that Z;‘:l y(6;) %X
U;i(X) =y(@py). Let ST’I(X) = Zf-‘zl V; (X) where V;(X) is defined in (3.5). Then

k C e
X = ZV(Xiﬂ(Xi,r?ilij) +> RACON
i=I .

I(y,max X ; | p(y,a)dy
S pXi ) Ja (v j#i i)po

k / .
y'(Xi) X
= (X;)+ ——— (y,a)dy )I(X;, max X ;

;(V l p(Xz,C() max ij Y Y ( ! j;ﬁl ‘I)
YV Xw) (KXo

=y Xw) +
p(X(k), Ol) X (k-1

p(y,a)dy.

Therefore from Theorem 3.1, ST,I(X) is an unbiased estimator of y (6s). Since
8’1“’1(X) is a function of the complete and sufficient statistics X (1), ..., X (), itis the
UMVU estimator of y (6)7). See Mishra and Singh (1994) as well as Misra (1994)
for more details. Now, from Proposition 1 it follows that §; 1(X) = yfl (5T,1(X))
is the UMRU estimator of 63, under any loss functions with a risk unbiasedness
condition given by (2.5). Note that part (ii) follows similarly by taking U;(X) =
I(minj4; X, X;) and the same calculations as in (i) which we do not present
here. O

Remark 1. Similar results as in Theorems 3.1 and 3.2 can be obtained for LTPF
model which we present here without proof. Under suitable conditions, one can
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construct functions V;(X),i =1, ..., k, as follow
ViX) =y (X)U;i(X)
Y (Xi)

b
e Ui(X1,....Xi—1, v, Xix1, .. .. Xp) P(y, ) dy,
P(X,-,oz) . i (X4 i1, Y, Xiy1 WPy, a)dy

which satisfy Egl 1 ViX)] = Egl Zk 1Y (@) U; (X)]. Now,

k /
Y (X)) b
851X =yXw) — ( — P(y,a)dy (3.9
! © ; P(Xi), ) ) JXu
and
Y (X)) @
5, X)=yXu) — ———— P(y,a)dy, (3.10)
22 M P(X 1y, ) Jxq,

are the UMVU estimators of y(6y7) and y(0;) under the SEL function (2.2),
respectively. Also, 8,1(X) =y ~1(8% ;(X)) and 822(X) = y (83 ,(X)) are the
UMRU estimators of 8)y and 6;, respectively, for the LTPF model and under any
loss function having the risk unbiasedness condition as in (2.5).

Remark 2. Taking y(x) = x in (3.9) and (3.10) one can easily obtain the results
of Misra and Meulen (2001) for unbiased estimation of 8y, and 6; under the SEL
function. However, their results neither hold for estimating y (6)7) and y () under
SEL function nor for estimating 8; and 6, under general class of loss functions
such as the y-loss function (2.3) or the loss functions in Table 1.

Example 1. Let X;1,..., X; , n be a random sample from a Pareto(c, 6;) distribu-
tion with p.d.f. f(x;|6; ) = a+1,x, >0;,i=1,...,k.Let X; = min(X;1, ..., Xin),

and note that X; is dlstrlbuted according to a Pareto(na 6;) distribution which is a
member of the LTPF model with P(y,a) = S —er . Therefore, for suitable choices

of y(-),

X' no
52.1(X) = y (y(X<k>>——Zy (XWX(”(X(;)) )

i=1

X no
won=r e (- (22)")
@

are UMRU estimators of 8y, and 8, respectively, under any loss function with a
risk unbiasedness condition as in (2.5). In particular, under the entropy loss func-
tion we have y (1) = %, and hence

and

no X ()
na + Y5 (Xay/ X @)

5,1(X) =
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and

na X
no+1—(Xay/ X))’

82(X) =

are UMRU estimators of 6); and 0;, respectively, which are obtained by
Nematollahi and Motamed-Shariati (2009). Also for estimating the reliability
function of selected population, by taking y(6;) = P(X;; > x) = (%)“, and us-
ing Remark 1, we obtain

Xk) o 1 k X(i) (n+1a
- (2 1B
2.1 X I’l; X (k)

X o 1 X no
2:00=(32) (1-30-(55) )
’ X n X(z)
as the UMVU estimators of y (6y) = (GTM)“ and y(0y) = (%’)"‘, respectively, un-
der SEL function (2.2).

and

Example 2. Let X;q,..., X;, be a random sample from a Uniform(0, 6;) distri-
bution with unknown 9 > 0,i=1,...,k. Let X; = max(X;q, ..., X;;;) which has

the p.df. fx,(y) = 9,1 ,O < y < 6; that is a member of the RTPF model with
p(y, @) = ny"~!. Therefore, for suitable choices of y (),

"X X 1 \"

X X n
§12X) =y (y(X<1)>+Zy( ) <><xil>)))

are UMRU estimators of 637 and 6;, respectively under any loss function having
a risk unbiasedness condition as in (2.5). In particular, under the squared log error
loss function we have y (t) = In (¢), and hence

81,1(X) = Xk exp {l(l . (X(k—l))n>}
n X (k)

512(X) = X 1 Xk:(xa))"
1,2 nexpli=> (== ¢
(n) " Xo)

and

and
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are UMRU estimators of 63, and 9, respectively. Also, for estimating the variance

2
of the selected population, one can take y (6;) = Var(X;;) = %, to obtain, using

Theorem 3.2,
X3 2 X—n\"
05420 (52
? 12 n X(k)

X2 2k sy \n2
Xy 0|, 2 ( <1>> ’
12X) 12 + n E X ()
2 2
as UMRU estimators of y(6y7) = 91—"5 and y(0y) = %, respectively, under SEL

function (2.2).

and

Example 3. Let X;i,..., Xj, be a random sample from an Exp(6;, «) distribu-
tion with known « and unknown parameter 6; and p.d.f. f(x;|6;) = ée_("" —O/e
xi>0;,i=1,...,k. Let X; =min(X;y, ..., X;;,) which has an Exp(6;, %) distri-
bution that is a member of the LTPF model with P(y, «) = ge_”y/ “. Therefore,
for suitable choices of y (-),

k
— o L
62’1(X) =y 1 <)/(X(k)) — ; E y/(X(i))en/ot(X(,) X(k)))

i=l

and
N a _
5H2X)=y 1()/(X(l)) - ;V/(X(l)){l — "X X(2>)}>,

are UMRU estimators of 63, and 8, respectively, under any loss function with a
risk unbiasedness condition as in (2.5). In particular, under the LINEX loss func-
tion we have y (1) = e%', and hence

nz

k
$2.1(X) = Xy + n (1= 9% 37 o/ @)y -Xoo)
' a

and

1 o
822X) =Xy + —1In (1 . e”/“(x<1>‘x<2>)}>,
a n
are UMRU estimators of 63 and 6, respectively. Also, for estimating the re-
liability function for selected population one can take y(6;) = P(X;; > x) =
e~ 1/ex=%) and use Remark 1 to obtain
k
8; 1(X) — e—l/a(x—X(k)) _ lZe—l/a(x—(n+1)X(,~)+nX(k))

i
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and
1 k
8** (X) — eX(k) _ e(VH‘l)X(,*)an(k)
'y

i=1

as UMVU estimators of y(6y) = e~ Velr=0m) and y*Op) = e respectively,
under the SEL function (2.2). Note that the estimator 8;?"1 (X) is obtained by
Kumar et al. (2009). Similarly, to estimate the odds ratio, under SEL function
(2.2), associated with the selected population given by y (8y) = e!/*0=) _ 1 and

y(0y) = e'/26=01) _ 1 respectively, one can simply take y (6;) = % =
ol /ex—b; -

) — 1 and use Remark 1 to get

n

k
8,1X) = el /i) {1 + ! Ze(”_l)/“(x(i>—X<k>)} -1
i=1

and

83,(X) = el/a(x_x(])){l + % - %6”/“(’((')—)((2))} -1

4 Non-existence of unbiased estimator in exponential family

In this section, we first characterize random parametric functions y (637) and y (6y)
for a selected population distributed according to the one-parameter exponential
family of distributions that are not unbiasedly estimable (NUBE) under the SEL
function (2.2). Then, we expand our results to characterize y-loss functions of
the form (2.3) as well as loss functions having the risk unbiasedness condition as
in (2.5) for which, under these loss functions, 8; and 6j; are not risk unbiasedly
estimable (NRUBE).

Suppose X is distributed according to the one-parameter exponential family of
distributions with p.d.f.

£ (x]0) = BO)t(x)e ), x€(a,b),de®CHNR, 4.1)

where B(0)t(x) > 0 and a and b do not depend on 6. In the following re-
sult, similar to Vellaisagy (2009), we first determine some conditions for which
y(@)Po(X > c) =y (0)Fy(c) is NRUBE under the SEL function (2.2).

Lemma 1. Suppose X is distributed according to a distribution with a p.d.f.
f(x|0) given by (4.1), where f(x|0) satisfies the following conditions
; _ _ BO
9) A(c,0) = SO Fo@ < 00, V0 € O,
(i) A'(c,0) — A(c,0)r(x) =810, c)g2(x, ¢),

for some g1 # 0 and go # 0 for almost all x. Then y (0) Py(X > ¢) is NUBE.
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Proof. Suppose there exists a k(-) such that
B©)
A(c, )

Then [0 k(x)A(c, 0)t(x)e™ ™) dx = 1, V6 € O. Differentiating with respect to
0, and using (ii) we get, for all 6 € O,

Eg[k(X)]=y (@) Po(X > c) =

b
/ k(x)(A'(c,0) — A(c, O)r(x))t(x)e "™ dx =0 & Eg[k(X)g2(X, c)] =0.

Since X is complete, this results in k(x) = 0 for almost all x € R which is a con-

tradiction. Therefore y (68) Py(X > ¢) is NUBE and this completes the proof.

Using Lemma 1, one can easily verify that condition (ii) is satisfied if ’:‘4/((5”3)) =

m(c) and

Ate, oy 2D SNG
@ >[A(c,9) —r(x)]—gl( L) (x, 0).
Or equivalently,
BB(O —m(c)0
y(o) = BPOe 7 4.2)

Fy(c)

for some constants m(c) and B. Therefore, any parametric function y*(0) =
BB(0)e™"()? is NUBE for a selected one-parameter exponential family of dis-
tributions under SEL function. O

Example 4. Suppose X ~ Weibull(p,0) with known p > 0 and the p.d.f.
f(x16) = poxP~1e=" x > 0. Here B(0) =0, Py(X > c) =e 7" and

y(0) = Boe™M@—c"0
So, y*(0) = BOe™(9)? js NUBE for estimating after selection under SEL function
(2.2). Note that y*(0) does not depend on p.

Now, we consider the estimation of the parameter of a selected population when
k =2.Let X1 and X, be independent random variables, where X; has p.d.f. (4.1)
with parameter 6;. Similar to (2.7), for k = 2, we have

y (61, X1 > X, {y(@z), X1 > X,
Oy) = d 0:) =
v Om) {J/(Qz), X <X, v v (61), X < Xs.

The NUBE results in this case are given in the following theorem.
Theorem 4.1. Let X| and X, be independent random variables, where X; has

p.d.f. (4.1) with parameter 6;, and @ = (61, 62). Assume the conditions of Lemma 1
hold. Then
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(1) y(01)Pg(X1 > X») is NUBE if and only if y (61) Py, (X > ¢) is NUBE for all
ceR.
(i) Egly Om)] =y (01)Po(X1 > X2) + y(62) Pg(X2 > X1) is NUBE.

Proof. The proof is similar to the proof of Lemma 2.4 and Theorem 2.2 of
Vellaisamy (2009). Il

Remark 3. From part (ii) of Theorem 4.1 we conclude that, there does not exist
an estimator §*(X) such that

Eg[8*(X)] = Eo[y (0m)], (4.3)

where X = (X1, X2). Therefore y (6j) in the form of (4.2) is NUBE under SEL
function (2.2). If we define § (X) = y‘l (6*(X)), then (4.3) implies that, there does
not exist an estimator §(X) = y‘1(8*(X)) such that Eg[y (6(X)] = Ealy (Om)].
In other word 6, is NRUBE for selected population under y-loss function (2.3)
where y (-) is in the form of (4.2). Also, 8); is NRUBE under any loss function
having a risk unbiasedness condition (2.5) as long as y(-) is in the form of (4.2).
For example, for the case of the exponential distribution given in Example 3, if
B =1 and m(c) = c, then y(¢) = t. Therefore 8); is NUBE under SEL function,
which is shown by Vellaisamy (2009). Also 63, is NRUBE under the Stein and
Intrinsic loss functions defined in Table 1 which satisfy the risk unbiasedness con-
dition (2.5) with y(#) = t. Note that by taking y (¢) = % (which does not satisfy

(4.2)), the estimator §(X) = m
lected population under the entropy loss function. This can be verified as
E0|:—] :Eg[X(z) —X(])]: 91 —+ 02
§(X) 02(01 +62)  61(61 +62)

is a risk unbiased estimator of 0, for se-

and

1 1 1 6 01
Eo[—]:—Pg(X > Xo)+ —Pp(X2 > X)) = + .
ol o O T Y g T AT g 01+ 6,) T 6,0, + 6)

Therefore E(’[WIX)] = Ea[#], that is, §(X) is a risk unbiased estimator of 6y,
under the entropy loss function given in Table 1.

Similar results can be obtained for estimating 8; which we present here without
a proof.

Theorem 4.2. Let X| and X, be independent random variables, where X; are
distributed according to a distribution with a p.d.f. given by (4.1) with parameter
0;, and 0 = (01, 62). Assume f(x|0) satisfies the following conditions

~ 10
(i) Alc.0)=-pP <0, V0 €0,

(i) A'(c,0) — A(c,0)r(x) = g1(0, c)g2(x, ¢),



Estimation after selection 105

for some g1 # 0 and go # 0 for almost all x. Then
Egly(0))] =y (01)Po(X1 < X2) + v(02) Po(X2 < X1),
is NUBE under SEL for selected population.

5 Concluding remarks

The problem of estimation after selection arises in many applications. There are
many situations where one is interested in estimating some parametric functions of
selected populations. For example, in genomic studies, samples are obtained after
populations that are selected using genome scans and then they are used to estimate
the odds ratio. Intuitive estimators of parametric functions of selected populations
constructed as if there were no prior selection are usually biased. In this paper, we
have considered the problem of unbiased estimation of a general parametric func-
tion, say y (0), of selected populations under the SEL function as well as some
general class of loss functions. To this end, we first obtained the UMVU estima-
tors of y (6) for some non-regular family of distributions under SEL function. Ex-
amples of y (-) include reliability function, odds ratio and variance, among others.
Then, we obtained the UMRU estimators of 8); and 8; under some general classes
of loss functions other than the commonly used SEL function. Furthermore, we
characterized some loss functions for which the risk unbiased estimators of 6 or
Oy do not exist. It would naturally be of interest to extend the results of this pa-
per to the minimax and admissible estimation of parametric functions of selected
population under the SEL as well as the general class of loss functions in (2.3).

Acknowledgments

Part of this work was done during the first author’s visit to the University of Mani-
toba, Department of Statistics. Authors would like to thank a referee for construc-
tive comments on an earlier version of the paper. The research of Nader Nematol-
lahi is supported by the Research Council of the Allameh Tabataba’i University.
Mohammad Jafari Jozani gratefully acknowledges the research support of the Nat-
ural Sciences and Engineering Research Council of Canada.

References

Bowden, J. and Dudbridge, F. (2009). Unbiased estimation of odds ratios: Combining genomewide
association scans with replication studies. Genetic Epidemiology 33, 406—418.

Bowden, J. and Glimm, E. (2008). Unbiased estimation of selected treatment means in two-stage
trials. Biom. J. 50, 515-527. MR2526516

Jafari Jozani, M. and Jafari Tabrizi, N. (2013). Intrinsic posterior regret gamma-minimax estimation
for the exponential family of distributions. Electron. J. Stat. 7, 1856-1874. MR3084674


http://www.ams.org/mathscinet-getitem?mr=2526516
http://www.ams.org/mathscinet-getitem?mr=3084674

106 N. Nematollahi and M. Jafari Jozani

Jafari Jozani, M. and Marchand, E. (2007). Minimax estimation of constrained parametric functions
for discrete families of distributions. Metrika 66, 151-160. MR2329030

Kumar, S. and Gangopadhyay, A. K. (2005). Estimating parameters of a selected Pareto population.
Stat. Methodol. 2, 121-130. MR2161393

Kumar, S. and Kar, A. (2001). Estimating quantiles of a selected exponential population. Statist.
Probab. Lett. 52,9-19. MR1820045

Kumar, S., Mahapatra, A. K. and Vellaisamy, P. (2009). Reliability estimation of the selected expo-
nential populations. Statist. Probab. Lett. 79, 1372-1377. MR2537512

Lehmann, E. L. (1951). A general concept of unbiasedness. Ann. Math. Statist. 22, 587-592.
MR0047296

Mishra, N. and Singh, G. N. (1994). Erratum: “On the UMVUE for estimating the parameter of
the selected exponential population.” [J. Indian Statist. Assoc. 31 (1993), 61-69. MR1240855].
J. Indian Statist. Assoc. 32, 69. MR1304840

Misra, N. (1994). Estimation of the average worth of the selected subset of gamma populations.
Sankhya Ser. B 56, 344-355. MR1732312

Misra, N. and Meulen, E. (2001). On estimation following selection from non-regular distributions.
Comm. Statist. Theory Methods 30, 2543-2561. MR 1877355

Nematollahi, N. and Motamed-Shariati, F. (2009). Estimation of the scale parameter of the selected
gamma population under the entropy loss function. Comm. Statist. Theory Methods 38, 208-221.
MR2489680

Nematollahi, N. and Motamed-Shariati, F. (2012). Estimation of the parameter of the selected uni-
form population under the entropy loss function. J. Statist. Plann. Inference 142, 2190-2202.
MR2903422

Qiu, J. and Hwang, J. T. G. (2007). Sharp simultaneous confidence intervals for the means of selected
populations with application to microarray data analysis. Biometrics 63, 767-776. MR2395714

Robbins, H. (1988). The U, V method of estimation. In Statistical Decision Theory and Related
Topics 1V, Vol. 1 (West Lafayette, Ind., 1986) 265-270. New York: Springer. MR0927106

Sackrowitz, H. and Samuel-Cahn, E. (1986). Evaluating the chosen population: A Bayes and mini-
max approach. In Adaptive Statistical Procedures and Related Topics (Upton, N.Y., 1985). IMS
Lecture Notes Monogr. Ser. Inst. Math. 8, 386-399. Hayward, CA: IMS. MR0898261

Sill, M. W. and Sampson, A. R. (2009). Drop-the-losers design: Binomial case. Comput. Statist. Data
Anal. 53, 586-595. MR2654594

Tappin, L. (1992). Unbiased estimation of the parameter of a selected binomial population. Comm.
Statist. Theory Methods 21, 1067-1083. MR1173306

Vellaisamy, P. (1993). On UMVU estimation following selection. Comm. Statist. Theory Methods
22, 1031-1043. MR1225234

Vellaisamy, P. (2009). A note on unbiased estimation following selection. Stat. Methodol. 6, 389—
396. MR2751081

Vellaisamy, P. and Sharma, D. (1989). A note on the estimation of the mean of the selected gamma
population. Comm. Statist. Theory Methods 18, 555-560. MR(0992542

Department of Statistics Department of Statistics
Allameh Tabataba’i University University of Manitoba
Tehran Winnipeg, MB

Iran Canada R3T 2N2

E-mail: nematollahi@atu.ac.ir E-mail: m_jafari_jozani @umanitoba.ca


http://www.ams.org/mathscinet-getitem?mr=2329030
http://www.ams.org/mathscinet-getitem?mr=2161393
http://www.ams.org/mathscinet-getitem?mr=1820045
http://www.ams.org/mathscinet-getitem?mr=2537512
http://www.ams.org/mathscinet-getitem?mr=0047296
http://www.ams.org/mathscinet-getitem?mr=1304840
http://www.ams.org/mathscinet-getitem?mr=1732312
http://www.ams.org/mathscinet-getitem?mr=1877355
http://www.ams.org/mathscinet-getitem?mr=2489680
http://www.ams.org/mathscinet-getitem?mr=2903422
http://www.ams.org/mathscinet-getitem?mr=2395714
http://www.ams.org/mathscinet-getitem?mr=0927106
http://www.ams.org/mathscinet-getitem?mr=0898261
http://www.ams.org/mathscinet-getitem?mr=2654594
http://www.ams.org/mathscinet-getitem?mr=1173306
http://www.ams.org/mathscinet-getitem?mr=1225234
http://www.ams.org/mathscinet-getitem?mr=2751081
http://www.ams.org/mathscinet-getitem?mr=0992542
mailto:nematollahi@atu.ac.ir
mailto:m_jafari_jozani@umanitoba.ca

	Introduction
	Preliminary results
	UMVU and UMRU estimation in non-regular family of distributions
	Non-existence of unbiased estimator in exponential family
	Concluding remarks
	Acknowledgments
	References
	Author's Addresses

