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Abstract. This paper studies the problem of testing the null assumption of
no-change in the mean of chronologically ordered independent observations
on arandom variable X versus the at most one change in the mean alternative
hypothesis. The approach taken is via a Darling—Erd6s type self-normalized
maximal deviation between sample means before and sample means after
possible times of a change in the expected values of the observations of a
random sample. Asymptotically, the thus formulated maximal deviations are
shown to have a standard Gumbel distribution under the null assumption of
no change in the mean. A first such result is proved under the condition that
EX? loglog(|X| + 1) < oo, while in the case of a second one, X is assumed
to be in a specific class of the domain of attraction of the normal law, possibly
with infinite variance.

1 Introduction and main results

Let X, X1, X2, ... be nondegenerate independent identically distributed (i.i.d.)
real-valued random variables (r.v.’s) with a finite mean E X = p. We are interested
in testing the null assumption

Hy: Xy, Xo, ..., X, is arandom sample on X with a finite mean EX = u
versus the “at most one change in the mean” (AMOC) alternative hypothesis

Hy : there is an integer k*, 1 < k* < n such that
EX1= =EXx#EXjxy1=---=EX,.

The hypothesized time k* of at most one change in the mean is usually un-
known. Hence, given chronologically ordered independent observables X, X»,
..., X,,n>1,in order to test Hy versus H4, from a nonparametric point of view
it appears to be reasonable to compare the sample mean (X + --- + Xi)/k =:
Sk/k at any time 1 < k < n to the sample mean (Xyy1 +---+ X;)/(n — k) =:
(Sy — Sk)/(n — k) after time 1 < k < n via functionals in k of the family of the
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standardized statistics

k KN\'2/Sc S, — S

o= 4(1-1) (2 58)
n n k n—=k
B 1 ( Sk k S, )

For instance, one would want to reject Hy in favor of H4 for large observed values
of

(1.1)

1<k<n.

[y := max |, (k). (1.2)
1<k<n

On the other hand, when assuming for example that the independent observ-
ables X1,...,X,,n>1, are N(u, o2) random variables, then we find ourselves
modeling and testing for a parametric shift in the mean AMOC problem. It is,
however, easy to check that, when the variance o2 is known, then

1
~2log Ay = — (M (k). (1.3)

where Ay is the likelihood ratio statistic if the change in the mean occurs at k* = k.
Hence, the maximally selected likelihood ratio statistic maxi<k<n(—2log Ay) will
be large if and only if I';, of (1.2) is large. A similar conclusion holds true if
the variance o2 is an unknown but constant nuisance parameter (cf. Gombay and
Horvath (1994, 1996a, 1996b), and Csorgd and Horvath (1997, Section 1.4), and
references therein). Namely in this case the maximally selected likelihood ratio
statistic maxj <<, (—2log Ax) will be large if and only if

It ;= max A—|F k)| (1.4)
I<k<n Ok n
is large, where

52, ;:l{ )3 (x __’<> LY <x - _2") } (15)

n 1<i<k k<i<n

These conclusions, and further examples as well in Csorg6 and Horvath (1988,
Section 2), and in Csorgd and Horvath (1997, Section 1.4) that are based on Gom-
bay and Horvath (1994, 1996a, 1996b), show that under the null hypothesis Hy
a large number of parametric and nonparametric modeling of AMOC problems
result in the same test statistic, namely that of (1.2), or its variant in (1.4). Conse-
quently, if the underlying distribution is not known, the just mentioned test statis-
tics should continue to work just as well when testing for Hy versus H4 as above.
Furthermore, Brodsky and Darkhovsky (1993) argue quite convincingly in their
Section 1.2 that detecting changes in the mean (mathematical expectation) of a
random sequence constitutes one basic situation to which other changes in distri-
bution can be conveniently reduced. Thus I';, and f‘n gain a somewhat focal role
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in change-point analysis in general as well. Studying the asymptotic behavior of
these statistics is clearly of interest.

Let So =0, and for n > 1 define the sequence of tied-down partial sums pro-
cesses

_ 172
zn(z):z{éS“"“)’] [ DrJSafm /% 0=t <1 g )

In view of (1.1), we are interested in exploring the asymptotic behavior of the
standardized sequence of stochastic processes

|
{Wzn(f)ﬂsml},

We first note that

1
sup —|Za()]/(t(1 = 1))/

0<t<10

and, naturally, also the standardized statistics I, and I (cf. (1.2) and (1.4)) con-
verge in distribution to co as n — oo even if the null assumption of no change in
the mean is true. Hence, in order to secure nondegenerate limiting behavior under
Hy, we seek appropriate renormalizations.

For example, it is proved in Csorgd, Szyszkowicz and Wang (2004) (cf. Corol-
lary 5.2 in there) that, on assuming X to be in the domain of attraction of the
normal law (DAN), possibly with infinite variance, then, as n — 00,

1 d

sup = | Z2(0)]/q(t) = sup |B(1)|/q(0), (1.7)
O<t<1O[nt+1],n O<t<1

where {B(t),0 <t < 1} is a Brownian bridge, 6k, 1 <k <n — 1 is as in (1.5),

&r%,n = %Zlfifn(xi - %)25

(tloglog(t~1))"/?, te0,1/2],
(1—tloglog((1 =~ N2, tef1/2,1),
( ( )

and log x :=log(max{e, x}).

Large values of the statistics in (1.7) indicate evidence against Hy. The weight
function ¢ () is to emphasize changes that may have recurred near 0 and n. We note
in passing that the result in (1.7) cannot be deduced via first proving a “correspond-
ing” weak invariance principle on D[O, 1] (cf. Csorgd et al. (2004, Remark 5.2),
as well as Corollaries 2 and 4 of Csorgd et al. (2008a) and their extension (46) in
Theorem 4 of Csorg6 et al. (2008b)). The applicability of (1.7) is much enhanced
by Orasch and Pouliot (2004), tabulating functionals in weighted sup-norm.

An alternative way of studying change in the mean is via Darling—Erdds type
theorems. For example (cf. Theorems 2.1.2, A.4.2 and Corollary 2.1.2 in Csorgd

q() :={
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and Horvith (1997)), under Hy with E X? loglog(|X| 4+ 1) < oo, we have

1 n2 1/2 k
i P _ — Z, | — b
Jim Pan max o= () () s b))
(1.8)
=exp(—e™), teR,

where

a(n) = 2loglogn)'/?,

1.9
1 1
b(n) =2loglogn + 3 logloglogn — > logm.

In view of (1.7), the aim of this paper is to explore the possibility of extending
the result of (1.8) to versions of Z,,(nk?) under Hy with X € DAN, for the sake of
having an alternative approach to the sup-norm procedure of (1.7) for studying the
problem of a change in the mean in DAN, possibly with E X2 = oo.

Define the family of statistics

Sk Sn—Sk)
Ten=(2%—
kn (k n—k

/ \/ S = Si/0 | i1 (i — (S, = S0/tn — k)2
k(k—1) mn—kmn—-k—1) ’
2<k<n-—-2.

(1.10)

We note in passing that, on writing

5P, i= _Z <X,~—%>2/(k(k—l))

»> (Xi - :Jfk)z/((” —k(n—k-1), (1.11)

k<i<n h
2<k<n—2.
we get
1 " 1/2 2 1/2 k
fen=2, (k(n —k)) <k<n —k)) Z”(n+ 1)’
" (1.12)
d<k<n-—2.

We note also that (k(n — k)/n)&kzn is an unbiased estimator of o2 when
EX? < oo.
Our first result is to say that, under the same moment condition for X,

the self-normalized statistics maxo<x<p—2 Tk, behaves like max1<k<n% X
<k< < cn
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( k(ﬁk})l/zzn(#) does asymptotically (cf. our Theorem 1.1 and (1.8)). Our
main result, Theorem 1.2, however concludes the same asymptotic behavior for
maxo<k<n—2 Tk n for X € DAN with possibly infinite variance.

Theorem 1.1. Assume that Hy holds and
EX?*loglog(|1X| + 1) < oco. (1.13)
Then

hm P(a(n)2 r]?ax Tin <t —|—b(n)) =exp(—e™’), teR.

Write [(x) := E(X — u)?1(|X — p| < x). Assume that X belongs to the domain
of attraction of the normal law. Then /(x) is a slowly varying function as x — oco.
Consequently, there exists some a > 1 such that for any x > a (see, e.g., Galambos

and Seneta (1973)),

£(x) —exp{c(x) +/ i)alt} (1.14)
where c¢(x) — ¢(Jc|] < 00) as x — oo and ¢(¢) — 0 as t — oo.

Theorem 1.2. Assume that Hoy holds and [(x) is a slowly varying function at
o0 that, in terms of the representation (1.14), satisfies the additional conditions
c(x)=cand e(t) < Co/logt for some Cy > 0, that is, X € DAN, possibly with
infinite variance, under the latter specific conditions on [(x). Then, for all t € R,

hm P(a(n)2 1111ax Tin <t —|—b(n)) =exp(—e™).

Remark 1. The additional conditions in Theorem 1.2 are satisfied by a large class
of slowly varying functions, such as /(x) = (loglogx)® and /(x) = (logx)%, for
example, for some 0 < o < co.

Remark 2. Csorgd, Szyszkowicz and Wang (2003) obtained the following
Darling—Erd6s theorem for self-normalized sums: suppose that Hy holds with
EX =0and l(x) is a slowly varying function at oo, satisfying

[(x?) <Cl(x)  forsome C > 0. (1.15)
Then, for every t € R,
. _ _,t
lim_P(a(n) max S/ Vi <1 +b(n)) =exp(—e ™).

If I(x) has the representation (1.14) with c(x) = c and &(¢t) < Cp/logt for some
Co > 0, then

2

1(x2) 2 e(1) S| _c
100 _exp{/x Tdt} Sexp{CO/x tlogtdt}_z 0.
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So, (1.15) holds under the additional smoothness conditions for /(x) that are
needed for results like Lemma 2.1, for example. On the other hand, if e(x) =
(logx)™* for some 0 < & < 1, then limx_mol(xz)/l(x) = 00, that is, (1.15) fails.
Thus, the additional conditions on /(x) in Theorem 1.2 that are sufficient for hav-
ing (1.15), are seen to be not far from being also necessary.

Before proving Theorems 1.1 and 1.2, we pose the following question.

Question 1. In view of Theorems 1.1 and 1.2, one may like to know if the result of
(1.8) could also hold true when replacing condition (1.13) by X € DAN, possibly
with EX? = oo.

Question 2. In view of having Theorems 1.1 and 1.2, one would hope to have

(1.7) in terms of T} ,, that is, when replacing (A%]H] - by é[mll]ﬁ ([erl](”ni[m]))l/2

on the left-hand side of (1.7), with 6% ,,1 <k <n — 1 defined as in (1.11) and

~ . 1 Sn\2
Opn = nZ Zlgign(Xi - 7") .

As to these questions, it is clear from the respective proofs of (1.8) (cf. Corol-
lary 2.1.2 in Csorg6 and Horvéth (1997)) and Theorem 1.1 that, under the condi-
tion (1.13), the two estimators 6,3 , and (k(n —k)/ n)&,i , of o2 are asymptotically
equivalent. When Var(X) = oo, this does not appear to be true any more, that is,
when these “estimators” in hand are being used as self-normalizers. However, we
could not resolve this problem as posed in the context of these two questions.

Thus, what we can say in conclusion is that, under Hy and the condition (1.13),
the respective statements of Theorem 1.1 and (1.8) are asymptotically equivalent.
Since under the null hypothesis Hp a large number of parametric and nonparamet-
ric modeling of AMOC problems result in the same test statistic, namely that of
(1.2), or its variant as in (1.4), it appears to be more natural to study these prob-
lems via the Darling—Erd&s type self-normalized statistics in hand than via that of
(1.7), say. Moreover, our main result, Theorem 1.2, concludes the same asymptotic
behavior for the same self-normalized statistics when X is in DAN with possibly
infinite variance. Consequently, it provides an alternative way to that of (1.7) for
studying the problem of change in the mean of X in DAN with possibly infinite
variance. Naturally, the two procedures will have to be further studied in the latter
context for the sake of comparing their performance. As of now, we can only say
that a practical advantage of having Theorem 1.2 is its immediate use as a result
of the closed analytic form of its conclusion as compared to the lack of that for the
conclusion of (1.7), whose desired p-values have to be simulated and tabulated for
its possible use. On the other hand, we have so far not succeeded in establishing
conditions for the consistency of testing for Hy versus H4 via using our Theorems
1.1 and 1.2. This has turned out to be a more challenging problem than we have
first thought, and hence continue working on it.
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2 Proofs of Theorems 1.1 and 1.2

Without loss of generality, in this section, we assume that 1 = 0.

Proof of Theorem 1.1. Write K, = exp{log'/* n}. With 52, as in (1.11), in view
of (1.12), at first, we prove that, as n — oo,
k(n —k) _, )

—~ 52 —o? = logl -, 2.1
Ky X [T Ok 07| = op((loglogm ™) @1

Write l;n =n/loglogn. Then IS,,/n J and 15,% >, bl_2 O (n). Noting that, for
sufficiently large n, we have

P(|X? —o?| > b,) < P(|X? — o?|loglog(|X*> — a%| + 1) > b, loglog b,)
< P(|X? —o?|loglog(|X* — %[ + 1) > (1/2)n),

and E|X? — 02| loglog(|X2 —o?|+1) <0 (by the assumption EX? loglog(| X |+
1) < 00), we conclude

o0
ZP<|X2—02|> " ><oo
—_ loglogn

By Theorem 3 in Chow and Teicher (1978, p. 126), we get

k
Z(X?—02)=0(k(10g10gk)_1) a.s. as k — oo.
i=1

Hence, by the classical Hartman—Wintner LIL, as k — oo, we have
k

k
Y (Xi — S/ k) —ko? = (X7 —ko?) — Si/k

i=1 i=1
= o(k(loglogk)™1) a.s.

Consequently,

max = o0p((loglogn)™),

K, <k<n

1 k
£ 2 Xi— Sk/k)* —o?
i=1

and

n

1
P > (Xi— (S — S0/ (n — k)’ — o?

i=k+1

1
| max =op((loglogn)™").

Hence (2.1) holds.
By Theorem 2.1.2 in Csorgd and Horvéth (1997), we have

1/2 k p
) ‘Sk——Sn -0
n

2logl 172 (
(2loglogn) % max \ 20—



Change in the mean via Darling-Erds theorems 545

This, together with (2.1), implies

1 n 1/2
Ten— — R — )
a(n) K,,<rl?<ar)t(—Kn k,n o Kn<k<n K,,(k(n — k)) < n)
1/2 k( _ k)
n n
< _— Sk — —S”
<al) max o (k(n - k)) KT < )
12 X
—op()(loglogn)™ /2 max <L> Si— =S| 5o
1<k<n n

k(n — k)

Then from the proof of Theorem A.4.2 in Csorgd and Horvath (1997), forall t € R,
it follows that

1im P(a(n) =~ max o T <14 b)) =exp(—e~). (2.2)

K,<k<n—K,

Similarly to the proof of (2.26) and (2.27) below, we get

a(n) max T, — b(n) 5 —o0, (2.3)
2<k<K,
and
a() max  Ti,—b(n) > —oo. (2.4)
n—K,<k<n-2
Now Theorem 1.1 follows from (2.2)—(2.4). ]

We continue with establishing three auxiliary lemmas for the proof of Theo-
rem 1.2.
As in Csorg6 et al. (2003), we start with putting » = inf{x > 1; /(x) > 0} and

1 loglogn)*
n

Zj=X1(X;1>nj). Y =X;1(X;l <)),
n n n
Yi=Y;—EY;, Si=) Y’  Bi=) EY?? = Vi=) X
j=1 j=l1 j=1

Then, as n — oo, n,, — oo, nl(n,) = n%(log logn)4 for every large enough n and
B,% ~nl(n,). As in Csorgd et al. (2003), we may assume without loss of generality
that

B2 =nl(n,) =n>(loglogn)*  foralln> 1.

Let {X, X1, X2,...) be a sequence of i.i.d. random variables with x4 X, in-

dependently of {X, X1, X»,...}. We define S Z Y Y/ , Sj{ and \7,, similarly to
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Sn.Zj, Y, Y]*.‘, Sy and V,. Define

Sk,n -

Sk Sn—n/21 + Stny21 — Sk

if 1 <k<n/2;
k . n—k_ N
S, S -5, _ Sy_
(/21 + On—[n/2] = Sn—k _ Sn k. iftn/2 <k <n,
k n—k
- . «
S_,;k B Sn—tny2) + Siny2 — Sk , if 1 <k <n/2;
k - n—k_ o
St + St = Sie S
(/2] T Tninj2l  Tnmk | Pnck o pp0 <k <,
k n—k
2 2 2 — B?
Bt Bi_pnya t Binp — Bi if1<k<n/2;
k2 (n _ k)2 b f— f— ’
2 2 _ 2 2
B[n/z] + Bn—[n/2] B« By ifn/2<k<n
2 n—k)?’ ’
~0 2 2
V_k2 B S_,f Vot + Vi — Vi
23 (n —k)?
= o2
_ Gro2 S =07 ey .
(n —k)3
2 72 2 S S
Vi T Vi = Vack  (Stwy21 + Sn—y21 — Sn—1)?
K2 - K
Vnsz Sr%fk
— , iftn/2 <k <n,
" Rty n/ <n
~9 2 2
V2 S? Va2 + Vingz = Vi

kk—1) k-1 G—-kmn—k—1
 (Su—fn21+ Spny21 — Si)?
n—K2*n—k—-1) °
V[%l/Z] + Vnz—[n/Z] -V (S + Su—tn/21 = Sn—k)?
k(k — 1) k2(k — 1)
R T
m—kn—k—-1 wm—-k*n—-k—-1)"
ifn/2<k<n-—2.

if2<k<n/2

Clearly, with {T; ,,2 <k <n — 2} asin (1.10), we have

Skn

{Tk,n,2§k§n—2}${_’ ,2§k§n—2} for each n > 4,

Vk,n

where, and throughout, 2 Stands for equality in distribution.
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Lemma 2.1. As n — 0o, we have

() — l(nn/(loglogn)5)
[(nn)

=o0(1/loglogn). (2.5

Proof. Since

> l(ﬂn/(loglogn)S)
L(Mn)

> exp{ —Cy fIn },
77n/(log logn)> log nn/(log logn)>

Mn 1
> exp { —Co du }
nn/(loglogn)s u IOg u

and 7, is a regularly varying function with index 1/2, for any ¢ > 0, we have
M/ M (loglognys < (loglog n)3/2%¢ for sufficiently large n, and log M/ (oglogn)’ ™
(1/2)logn as n — oo. Hence,

() — l(nn/(loglogn)S)
[(nn)

=o0(1/loglogn). ]

Lemma 2.2. As n — 00, we have
(ZjI+ EIZj]) p
B, //loglogn

Proof. Let 7; = nj(loglogj)3 and ij = X;I(nj <|X,| < ;). From the proof
of Lemma 2 in Csorgd et al. (2003), we have P(Z; # Z;'-‘, i.0.) = 0. Hence, by
Chebyshev’s inequality, in order to prove Lemma 2.2, we only need to prove that,
as n — 0o,

n
Y E|Zj| = 0(Ba/y/loglogn), (2.6)
j=1
n
> EZ}Fz = o(B2/loglogn), (2.7
=1
ZE|Xj|I(|Xj| > 7j) = o(B,/,/loglogn). (2.8)

j=1

We only prove (2.6) and (2.8), for the proof of (2.7) is similar to that of (2.6). Since
N, 1s a regularly varying function with index 1/2, we have that for sufficiently
large n,

3
M /(oglogn)!16 10810871)” < 1,/ 10g10g )0 -
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Also, similarly, by the fact that /7 (loglog j)?/./l(n ;) is aregularly varying func-
tion with index 1/2, we have that for sufficiently large n,

j Vi(oglog j)* _ v

max = max

1<j<n/oglogn)® 11j  1=j<n/loglogn®  fi(n;)  ~ ~/I1Gm)(loglogn)®’

Hence, by using the same method as that in the proof of Lemma 2.1, we have

n/(loglogn)'6

n
Z E‘Zﬂ < Z E|X1|I(77i <[Xil < 77n/(10g10gn)9)
j=1 Jj=1

+ nE[ X1 (0, oglogms < 1X1] < nmn(loglogn)?)

n/(loglogn)®

< > JEIXilI(nj<|Xil <njs1)
iml

N n(l(na(loglogn)®) — 1(1, /(toglogm)16))

nn/(loglogn)m

= o(By/(loglogn)), n— 0o.

Thus, (2.6) is proved.
Next, we prove (2.8). By the fact that E|X |1 (| X| > x) = o(1)I(x)/x as x — 00,

n " (T T 1
ZE|xj|1(|xj|>f,<):o(1>2¥so(1>l(rn>2;.

j=1 =t j=t

Since 1/1, is a regularly varying function with index —1/2, by Tauberian theorem
(see, for instance, Theorem 5 in Feller (1971, p. 447), we have Z;?ZI % ~2n/ty,
as n — 00. Hence, as n — oo,

Xn: EXG (X1 > 77) = o)™ ™) _ (1) B, /(oglogn).
j=1 "
Thus, (2.8) is proved and the proof of Lemma 2.2 is complete. 0
Lemma 2.3. Forallt € R, we have
Tim P(a(n) max St /B <1+ b(n)) =exp(—e "), (2.9)

and

Tim P(a(n) lréll?i(nw;” |/Bin <1+ b(n)) = exp(—2e 7). (2.10)
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Proof. We only prove (2.9), since the proof of (2.10) is similar. Since / (x?) <
2C0](x), by (42) in Csorg6 et al. (2003), there exist two independent Wiener pro-
cesses W and W@ such that, as n — 00,

¥ —w(B2) =0o(B,/,/loglogn)  as. (2.11)
and
S* — WP (B2) = o(B,/,/loglogn)  as. (2.12)

1/311} and

Define K, = exp{log
n ' 2(WO @) — (WD n/2) + WP @wn/2),  0<r<1/2,

Wn,0)={n"12(-WO @ —nt) + 1 =) (WD (n/2) + WP (n/2))),
1/2<t<1.

Computing its covariance function, one concludes that W (n,t) is a Brownian
bridge in 0 <t <1 for each n > 1. Now, as n — oo, we have
2 2 p2/p2
S;ck,n _ BnW(Bn’ Bk/Bn)

J/loglogn max
Kn<k<n/2| Bi /Blg(Br% _ B,?)

To prove (2.13), we notice that for k <n/2,

£o. (2.13)

n k, ~
Skn= m(&f - ;(S:—[n/z] + kan/z]))-
Hence, for k <n/2,
‘S;i‘,n _ B;W(B;, B}/By)

Ben—\/BY(BZ - BY)

<|W(B,., B{/B,)|

nB, '
k(l’l—k)Bk’n Blg(Br%_Bl%)

nB, k(n — k) @.14)

+ k(n —k)Br,| nB,
:=Li(k,n)+ Ly(k,n).

St~ W(B3. BY/B)

First, we estimate L (k, n). We have

Co—kB, BB B

2B2 4
n-B; B;

2/p2 2 2
_ (B_I% _ 5)2 _ KBy — Biyyo) — Bi_uya)
B2 n n’B? ‘
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Note that (k/n)>/® < By/B, < (k/n)3/8 holds for all K, <k < n and sufficiently
large n by the fact that B, is a regularly varying function with index 1/2. Then

B3 /B2 k\? By B
max -] = 2 max - 1t =3
K, <k<n/(loglogn)’ Bk B; n Kn<k<n/(loglogn)’ \ By Bkn2

<4(log logn)_s/g.

Also, by Lemma 2.1,

B} (B,% k)2
max —2 —_ —
n/(loglogn)® <k<n/2 Bk By n

2p3 — 2
- max k°B, ((nn) l(nn/(lé)glogn)S))
n/(oglogn)’ <k=<n/2 n2B} [(1n)

=o(1/,/loglogn), n— oo.

Hence, as n — oo,
B (B} k\?
oeloen B B (B_,% - E) — 0 (2.15)
Again by Lemma 2.1, as n — o0,
2(Rp2 2 2
loglogn max B_3k (B — Bjy o) — By_ny2)
Ky,<k<n/2 B3 I’lng

L(Mn) — (M y2)) =0
L(nn) .

loglogn

Thus, as n — oo,
J/loglogn max B—3
£108 Kn<k<n/2 B3

This implies that for large n and all K, <k <n/2,
‘kz(n —k)?B, BX(B2- B _1B _1BXBI-B} B, B,,/z]

k*(n —k)*B},  B2(B:— B2
o kn _ Bi i Dl 50 @16
n n

2R2 4 — 3 = 4
n*B; B, 4B, 4 B, 32 [n P
_ 15 2(B2 — BY)
2 B4 '
Hence, for large n and all K, <k <n/2,
2 2
(1/2)B; - nB, 2B; 2.17)

< .
BB —B) K =DBu ~ 5 — B)



Change in the mean via Darling-Erds theorems 551

Noting that [1//x — 1//y] < |x — y|/(x/y) for all x,y > 0, it follows from
(2.16) and (2.17) that

nB, B?
J/loglogn —
K,,<k<n/2 k(n — k)By n

B (B2 — Bf)

k*(n —k)>B%,  B2(B%— B?)
M Tk\Tn k
<,/2loglogn Knl;}(zg(n/z‘ nZB,% Bf;

2/p2 2y —3/2 (2.18)
5 (Bk(Bn — Bk))_ /
B}
B3|k*(n—k)*B},  BX(BX— BY)
<4,/loglogn X r<r}(a<xn/2 F B2 - B2 0.

By properties of Brownian motion,

B2 BZ BZ 2B—1 (1) B_l ) 32 2
1, oW B B/ B <28, swp WO+ B, W (B

£2 sup (WO @)+ [WP(172)].

0<r<1

This together with (2.18) yields
P
/loglogn Knl;lka;n/le(k, n) — 0, n— oo. (2.19)

Next, we estimate Ly (k,n). By (2.11) and (2.12),
k(n —k)
nB,

St —W(B2. BY/By)

1) p2 1) (2
=< E'W( '(By/2) — W (B, )]

k
+ E’W(Z)(Br%/z) W( )(Bn [n/Z])‘

kB IWOBY2) + WOB2)| | o1)By
n B2 B, B, /loglogk’

where og (1) — 0 as k — oo. Similarly to the proof of (2.15), we have
B,|B% k
Jlogl k
% ognKn<k<n/2 Bi|B? n
This, together with (2.17) and the fact that
(W BR/2)+ WD (BF/2)| 4
By,

— 0, n— oo.




552 M. Csorgd and Z. Hu

as n — 00, yields
kB |WD(B2/2)| + WP (B2/2)| p

nB,
/loglogn —_—
Kn<k<n/2 k(n —k)Bg.nn 82 B,

Similarly to the proof of Lemma 2.1, we have that, as n — oo,

J/loglogn

By

B;/2—B
iJloglogn(%) w1
_ 12
_ /loglogn<(”/2)l(77n) [”/2]1(77[n/2])> |W(1)(1)|—P>0.

nl(n,)

— 0.

(WO (B/2) = WO(BL, )]

Hence, by (2.17), as n — oo,

nB P
/loglogn . |W(1)(B /2) = W(l)( n/2)| — 0.

1<,,<1<<n/2 k(n —k)Br , nBy

Similarly, as n — oo,

nB P
\/loglogn . ‘W(z)(B /2) = W (B} in/2)| = 0.

K,,<k<n/2 k(n —k)Br , nBy,
Also, by (2.17), as n — oo,

lozloan nB, or(1)By P 2o
VO OB /2 k(1 — k) Brn Bav/loglogk

Hence,
J/loglogn max Ly(k,n) —P> 0, n— o0. (2.20)
K, <k<n/2
Now (2.13) follows from (2.14), (2.19) and (2.20). Now, similarly, as n — oo,

S¢,  B2W(B2, B?/B?
Jloglogn  max tn _ By WiBy, B/ By) £o.
n/2<k<n—K,| Bk n /BIE(B% _ B]%)
Hence, as n — oo,
foolonn Sk W(B;, 1) P
oglogn| max sup — 0.
Kn<k<n—Kn By n  Kk,<k<n—K, \/(Bk/Bz)(l _ Bk/Bz)
Next, we will show that, as n — o0,
Jloglog sup B0
n A e AR
8%, /B3=<1<B2 /53 VI =1)
(2.21)
W (B2, 1) P
— sup — 0.

Knsk=n—K /(B2/B2)(1 — B}/B2)
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Write

BZ — B? !
An = inf k k=1 = (nKn)
Ky +l<k=n—K, B2 B?

and recall that W(B,%, t) is a Brownian bridge in ¢ € [0, 1] for each n > 1. Hence,
to prove (2.21), we only need to show that, as n — oo,
W) —tWa) W) —swW()

P
/loglogn sup sup — — 0,
B /B2<t,s<BX , /B2lt—sI=A, Vil —1) Vsl —s)

where W () is a standard Brownian motion. This follows from results on the in-
crements of a Brownian motion (see, for instance, Csorgé and Révész (1981, The-
orem 1.2.1)) and by some basic calculations. We omit the details here. Hence, as
n— 0o,

/loglogn

By using (A.4.30) and (A.4.31) in Csorgdé and Horvath (1997), as n — oo, we
conclude

Ifn ” (an t)
Kn<k ax_K B ’ sup 11—
<K<
nSKSR=8n Dkn B, /B3<t<B} . /B} 1 1)

£o. 02

~1)2 W(Bn,t) -’
(2loglog B?) sup 5/12,
" 1/B2<1<c(B2) V(1 =
_ W(B:,t
(2loglog B2) 172 sup g B 5/12,

1—e(B)<t<1/B2 V11 —1)

where c(B,%) = exp{(log 33)5/12}/33_ Notice that B%H/B,f < c(an) and
Br%_ K,/ B? > 1 — c(B?) for sufficiently large n. Hence, as n — oo,

W (B, 1) N
a(B? sup — " _ p(B?) > —o0, (2.23)
n) I/B’%SZSBIZ(H/B% Q/t(l - f) ( n
W(B2,t
a(B2) sup B _p2) 5 o (2.24)

(
B2 /B2<t<1-1/B} Jid =1 n
By (A.4.29) and Theorem A.3.1 in Csorg6 and Horvith (1997), we arrive at

W (B, 1) .
lim P 82 — ): —e ). (2.2
0o ( ( )1/3,%;2?—1/33 1(1—1) <t+b(B;) ) =exp(=¢™). 229

Now, from (2.22)—(2.25) it follows that for all ¢ € R,

lim P(a(Bn) max S, /Bin <t+ b(B,%)) =exp(—e™).

n—00 Kn<k<n—K,
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This, together with (2.28) below, implies that for all ¢ € R,
. 2 2 —
Jim_ P(a(B]) max S{,/Ben <t+b(B})) =exp(~e™).

Since, as n — 0o, loglog B,% =loglogn + o(1), we have
* Ju—
a(n) fé‘fi‘n Si.n/Bk.n —b(n)
a(n)

= 2B (a(B7) max Si,/Bin —b(B})) +
2 <

a(n)
a(B2)

= (1+o0())(a(B}) max 87, /By~ b(BY)) +o(1),

b(B2) — b(n)

which implies (2.9). Lemma 2.3 is proved. g

Proof of Theorem 1.2. Write K,, = exp{log!/? n}, and put

k
Q= HK,, <k=<n/4:> |Zi| < Bk/loglogk},
i=1

k
Q= {Kn <k=<n/4:) 1Zi| < Bk/loglogk].
i=1
Define Q' = QU {k:n/4 <k <n/2}, Q" =lk:n —ke 0}Ulk:n/2 <k <
3n/4}and Q) ={k:2<k<n/4}—Q,Q,={k:3n/4<k<n-2}—{k:n—ke
Q1.
Notice that, as n — 00, Su1/bn —d> W(t) and Vnz/bﬁ —P> 1, where W is a Brow-
nian motion and b,, is a regularly varying function with index 1/2. Hence
minkfn/él(‘;nz_[n/z] + V[%,/z] - sz - (S‘nf[n/Z] + S[n/Z] - Sk)z/(n —k))
b,

V2 352 + 6(max Si|)?
> n_[zn/z] _ n—[n/2] ( 15k§n/2| k|) _P) 1/2’ "= o0
b (n/2)b?

Notice that by the self-normalized LIL of Griffin and Kuelbs (1989), as n — oo,
we have

S
lim sup [54] =1 a.s.
n=oc [2loglogn(V2 — 52/n)
Consequently,
1 | Sk |
2loglo nZEkli);( 2_¢2
V2loglogn 2sksKn [(v2 — §2/k)
- /2loglog K,

< W(l +o(D))=/1/3+0(l)  as.
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Similarly, by (18) in Cso6rgd et al. (2003), we conclude
; max lS—kl <./1/24+0(1) a.s.,n — oo.
v/2loglogn k>kK, and keS| /(VkZ _ S/%/k)
: a+b a 4 b
Thus, by noting that Jerd ==+ NZi holds for all a, b, c,d > 0,
1 max |Sk,n|
V2loglogn ke Vi,
1 n | Sk|
< max
v/2loglogn ke n —k /sz _ S,%/k
+ ((ISin/211 + 1S0—n/211) /(bay/ 2 loglogm))
. =~ ) 5 (Su—pnja1 + Siy21 — Sk)?
/ (thl Vit + Vi = Vi = (n—k) /b
<2v2/3+0p(1), n— .
This, as n — oo, implies
S
a(n) max l_k—"| —b(n) —P> —00, (2.26)
ke Vion
and, similarly
S
amymax 25 iy £ oo (2.27)
ke Vin

Furthermore, similarly, by using (20) in Csorgd et al. (2003), and by the facts

that, as n — 0o, S/ B, LY N(0, 1) and limsup,_, ., S/(2B2loglogn)!/? =1 as.
(by (2.11)), we infer

Ay P
a(n) max — — b(n) > —o0. (2.28)
ke, U, Bk

Now, in order to prove Theorem 1.2, we only need to show that, as n — oo,

S*
a(n)max| 2k _ Zkn | B (2.29)
ke| Vin Bi.n
and
S, St
a(n) max | X0 _ Zkn | B (2.30)
keQ”| Vi n Bi.n
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In fact, if (2.29) and (2.30) hold true, then it follows from (2.28) and Lemma 2.3
that, for all r € R,

lim P(a(n) max Sp./Via <t+bm)=exp(—e).  (231)
n— 00 keQUQ"
And also by Lemma 2.3, we obtain that
1 IS¢ .1 p
. 1, . 2.32
+/2loglogn 1?1?§n Bi.n - nee (2.32)
By noting that
_ k n—k
2 2 2
Vk,n = Vk,n Smax{k_ 1’ n—rk—1 }Vk,n’
and by applying (2.29), (2.30) and (2.32), we get that,
Sk,n Sk,n
a(n) max |=—— —
keQUQ"| Vi y Vi
a(n) | Sk.n
= VK kergzl/%sz” Vi
" o . (2.33)
< a(n) max Sk,n _ Sk,n a(n) max |Sk,n|
T VK, ke | Vi Brg V Ky keQ'UQ" By p
P
— 0, n— oo.

This, together with (2.26), (2.27) and (2.31), yields Theorem 1.2.
Now we go to prove (2.29) and (2.30). We only prove (2.29), since the proof of

(2.30) is similar. Clearly, we have

*
Sk,n Sk,n
a(n) max —
ke Vikn  Bin
Sk Sk Sk,n -5
< a(n) max L a(n) max o Thkn (2.34)
ke | Vikn Bk ke Bi.n
2 2 *
Sk,n Vk,n - Bk,n Sk’” - Sk,n
< a(n) max 3 + a(n) max| —————|.
ke| Vin B, ke Bi.n

By the self-normalized LIL of Griffin and Kuelbs (1989), we get that, as n — oo,
sz,n

sup = — a.s.
Ku<kzn/2 VE K2+ (V2 op + Vi o — Vi (n = k)2
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Hence, for sufficiently large n,

Sk n sz,n - Bl?,n
a(n) max 3
ke | Vi n Bk,n
S, V2 — B?
<2a(n) max|— k w
ke | Vi B,
~ ' ) ) (2.35)
Sp— V: —B
+ 2a(n) max | S /21| Vicn i k.n
ke V2] Bj;

n
2 2
. Stny21 — Sk Vin — B

() v
+2an = 2
1 k,n

~[n/2) ke

Since EX =0 and E|X{|" < oo for any 1 < r < 2, it follows from the
Marcinkiewicz—Zygmund strong law of large number (cf. Chow and Teicher
(1978, p. 125)) that Sn/nl/’ — 0 a.s. Hence, as n — o0,

logl 2
(loglogn)S, 0

a.s.
2
nB;

Note that forn/4 <k <n/2,

Yo (ZF+EZB/ K gzﬁ‘-:l(zﬁ +IEZ;%)

2 = 2 ’
Biyy/ (0 = k) By
and, by Lemma 2.2,
Ak << 1 1Z >2p0
B2/loglogn — n/«/loglogn ’
tEY? " EZj)? ( _1EZ]] )
= < n— oo
B2/loglogn  BZ/loglogn — n/«/loglogn

Now, by (40) of Csorgé et al. (2003), we have

V2, — B
(loglogn) max nfk”

e Bj

loglogk| Z];:l(sz - Esz)|
max
ke 32

2 2

10g10gn|2”/ (Y2 - EY?) loglognIZJ P2 — EY))

2
B, o) B w2
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loglogk YX_ (Z2+|EY; %)
+3max oo =l T (2.36)
kEQ] Bk

1Ologlogn 25”/ (Z2+|EY; )
B2

[n/2]

loglogn ¥ \"?/(Z2 + |EY;?) (loglog k) S?
+ 2 . + 12 max —
Bn ke kBk

—[n/2]

(loglogn)S?_, ) 3(1°g1°g”)5[n/21 P

By the self-normalized LIL of Griffin and Kuelbs (1989), we conclude

, n— oo.

|Stn/21 — Skl <2man5n/2|Sk|

k<f11/2 Vaa/2loglogn = V,4/2loglogn —

By the facts that V2 /b2 £ land V2 /b2 £ 1, as n — oo, we get

a.s, n — oo. 2.37)

2
Vo _Vabuwp b op (2.38)

7 12 7 2
Vi—tns21 O Vae1n21 By _jn 2

Thus, by using (2.35)—(2.38) and applying again the self-normalized LIL of Griffin
and Kuelbs (1989), as n — oo, we arrive at

g, V2 _p2
b Zen_Zkn) L, (2.39)
an Bk

a(n) max
ke

N
Similarly to the proof of (2.36), by using Lemma 2.2, we have
Vloglogk >4 _ (12,1 + |EZ;))
= /3 max
kte Bk
,Yloglogrn Sz +1EZ;)
n/2

2 ~
¢1og10gnz" "2Z1+EZ;)
Bn [r/2]

Sk n—
Bk,n

a(n) max
ke

(2.40)

P
— 0, n— 00.

Now (2.29) follows from (2.34), (2.39) and (2.40). This also completes the proof
of Theorem 1.2. O
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