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Improving Brownian approximations for
boundary crossing problems

ROBERT KEENER
Department of Statistics, University of Michigan, Ann Arbor, MI 48103, USA. E-mail: keener @umich.edu

Donsker’s theorem shows that random walks behave like Brownian motion in an asymptotic sense. This
result can be used to approximate expectations associated with the time and location of a random walk when
it first crosses a nonlinear boundary. In this paper, correction terms are derived to improve the accuracy of
these approximations.
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1. Introduction and main results

Let X, X;, X5, ... be i.i.d. with mean zero and unit variance; take Sy = X| + --- + Xy, k> 1,
with So = 0; and let W(¢), ¢ > 0, be standard Brownian motion. By Donsker’s theorem, if W, is
continuous and piecewise linear with

W, (k/n) = S¢/v/n,  k=0,1,...,

then W,, = W in C[0, 00) as n — 00. Let b be a smooth function on [0, co) with »(0) > 0, such
that

o =inf{tr > 0: W(t) > b(1)}
is finite almost surely, and define
7, =inflk/n > 0: W, (k/n) > b(k/n)}.

Defining boundary levels
b = bin = N/nb(k/n), ey
this stopping time can be written as
7, = inf{k > 0: Sy > br}/n.

As the form suggests, t, = 1o as n — oo. This can be established by introducing 7, = inf{r >
0: W(t) > b(t)}, arguing that t, — T, L4 0, and using the continuous mapping theorem, Theo-
rem 5.1 of Billingsley [2], to show that T, = tp. Note that the Brownian path W(-) will be a
continuity point for the transformation W(-) ~» 79 whenever tp = inf{t > 0: W(¢) > b(¢)}, and
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this holds with probability one by the strong Markov property. We also have W,,(t,) — b(ty) LS 0,
and so

(T, Wi () = (10, W(70))

as n — oo. Thus if f is a bounded continuous function,

Ef (tn, Wa(ta)) = Ef (10, W(10))- 2

For large n, the limit here provides a natural approximation for the expectation on the left-hand
side. The main result of this paper provides correction terms of order 1/./n, improving this
approximation. The excess over the boundary,

R, = nt, — ﬁb(frl) = \/;l[Wn(Tn) - b(fn)]:

plays an important role in this analysis. The excess over the boundary also plays a central role
in nonlinear renewal theory, where the law of large numbers drives the leading order approx-
imation. See Woodroofe [20] or Siegmund [16] for a discussion and applications to sequential
analysis. With the Brownian motion scaling considered in this paper, results on improved approx-
imations and the excess over the boundary are given by Siegmund [15], Siegmund and Yuh [17],
Yuh [21] and Hogan [6-9]. Siegmund [16] suggests various applications of this theory to sequen-
tial analysis; Broadie et al. [3], Broadie et al. [4] and Kou [12] use it to study options pricing;
and Glasserman and Liu [5] consider its use for inventory control. With the exception of Hogan
[6,7], stopping boundaries in these papers are linear.

To appreciate the role of the excess R, in improving (2), note that if f (¢, x) = h(t)[x — b(2)],
then Ef (t,, Wy (1n)) = Eh(t,) R, /+/n. Hogan [6] derives the limiting joint distribution for R),
and 1,,; they are asymptotically independent, and the limiting distribution for R, has mean

ES},
p= 2E ST, ’

3)

where Ty is the ladder time
To = inf{k > 0: S > 0}.

Hogan’s argument is quite delicate. It is based on conditioning on a stopping time with a bound-
ary just slightly less than the boundary for 7,. By contrast, the approach pursued here is more
global and analytic in character, but relies on smoothness of f and b to a greater extent. Formulas
to calculate p numerically are given by Siegmund [16] and Keener [11].

An important special case of (2) would be first passage probabilities, P(t, < t). The regu-
larity conditions here require differentiable f, so this case is formally excluded (although our
result would suggest an approximation). Refined approximations for these probabilities are also
suggested by Hogan [6], but his derivation is heuristic and assumes E X3 =0.

The limit in (2) can be found by solving the heat equation. To describe its relevance, let ¥ =
Y (¢, x) be a process starting at time ¢ and position x given by

Yo=Y, x)=x+W(s —1), R 2
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let T = 7(¢, x) be stopping times given by
T=1(t,x) =inf{s > ¢: Y, > b(s)};

and define
u(t,x)=Ef(t,Y;), t>0,x <b(t).
Noting that 79 = 7(0, 0) and W (79) = Y7(0,0), the limit Ef (tp, W (7p)) in (2) is u(0, 0). By the

Feynman—Kac formula (Kac [10]), u satisfies the heat equation

1
U; + El/lxx =0

in the region {(¢, x): t > 0, x < b(¢)}, with boundary condition u(¢, b(¢)) = f(¢, b(¢)). Further-
more, u is the unique solution in a suitable class of functions; see Krylov [13] or Bass [1]. In
practice, u(0,0) can be computed by numerical solution of the heat equation. In the sequel,
continuity and differentiability of u# will play an important role.

Boundary effects associated with the excess R, only arise (to order o(1/4/n)) when f, and u
disagree along the boundary. Let A(#) denote the difference

A(t) = fr(t, b(1) —ux(t, b(1)—), 1>0,
and decompose f as the sum fy + f; with
fo(t,x) = f(t,x) = A@) (x — b(1))
and

fi@t,x) =A@ (x — b@®)).

Since u and u, agree with fj and dfp/9x along the boundary, it seems appropriate to view u (0, 0)
as an approximation for E fo(t,, W, (t,)). It is then natural and convenient to extend u above the
boundary, defining

u(t, x), x < b(0);
So(t, x), x> b(t).

With this convention, i and i, are both continuous at the boundary. Note also that

u(t,x) = {

1
Efi(th, Wp(tp)) = EERnA(Tn)~

Theorem 1.1. Assume:

1. The distribution of X is strongly non-lattice (or satisfies Cramer’s condition C),

limsup |Ee"X| < 1,
|t]—o00

and EX =0, EX?>=1 and EX* < cc.
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2. The stopping times t,, n > 1, are uniformly integrable.

The boundary function b has a bounded first derivative and b(0) > 0.

4. The function f and its first and second order partial derivatives are bounded and continu-
ous.

5. The functions u, Uy, Uxx, Uxxx, Uxxxx> Ut and uz; are bounded and continuous.

»

Then
Ef (. Wa(ta)) = Ef (t0, W(z0)) + —E f U (1, W(0)) 1
+ %EA(ro) +o(1/+/n)
as n — oQ.

The second assumption will hold if b(¢) 4+ € — —oo for some € > 0. If b and f are suffi-
ciently smooth, then the final assumption follows from standard Holder estimates for solutions
of parabolic differential equations; see, for instance, Problem 4.5 of Lieberman [14].

The heat equation for u can be derived, at least informally, by conditioning a short time interval
into the future. There is an analogous equation in discrete time. Define

T, (t, x) = inf{t + k/n: x + Si//n = b(t +k/n),k=0,1,.. )

and

up(t,x) = EfO(Tn(ta x),x+ Snr,,(t,x)/\/ﬁ)-

Conditioning on X1,

Jo(t, x), x = b(1);

Eu,,(t—}—l/n,x—i—X/\/ﬁ), x <b(1). “)

u,(t,x)= {

Unfortunately, with integration against the distribution of X, this convolution-type equation is
usually less tractable numerically than the heat equation.

Theorem 1.1 evolved from my attempts to improve i as an approximation for u, by imitating
the matched asymptotic expansions used to study boundary effects in partial differential equa-
tions. The method might also be viewed as martingale approximation, with bounds for potential
or renewal measures playing a central role in the proofs.

To study the error of u(0, 0) = u(0, 0) as an approximation for E fo(t,, W, (t,)), define func-
tions

Eu(t+1/n,x+ X//n) —u(t,x), x <b(®);

5
0, x >b(1). ®)

e,(t,x) = {
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Writing

EfO(Tnv Wy (Tn)) = Eﬁ((fn: Wn(fn))
nt,—1

=i(0,0)+ E Y [a(tk+1)/n, Scrr/v/n) —i(k/n, Si/v/n)]  (6)

k=0

nt,—1

=i(0,.0)+E Y en(k/n, Si/v/n).

k=0

a correction term for the approximation u(0, 0) will be sought by approximating the expected
sum in this equation. Details for this calculation are given in Section 2. The approximation for
Efi1(tn, W, (1)) is derived in Section 3.

2. An approximation for E fo(t,, W,(t,))

Lemma 2.1. Under the assumptions of Theorem 1.1,

Uy (t,x) EX3’/_‘xxx(tax)

2n 6n/n

+0(1/n? +o(1/—")
/n 1+ n[b(r) — x?

Eu(t,x + X/y/n) =u(t,x) +

(N

as n — oo, uniformly fort > 0, x < b(t). From this,
EX3itcex(t,x) ) ( 1/n )
e,t,x)=——4+0(1/n)+0| —————
n(t,%) 6n/n (4/n7) 1 +n[b(r) — x]?

as n — oo, uniformly fort > 0, x < b(t).
Proof. By Taylor expansion of u, on {x + X//n < b(t)} we have

Xty (1,%) | XPita (1, %)
+
Jn 2n
X3 Uyxy(t, %)
6n./n
Lagrange’s formula for the remainder will involve iy, at an intermediate value x* between x

and x + X/+/n, and from this it is clear that this equation holds uniformly for ¢ > 0, x < b(¢).
Since ity (t, x) exists unless x = b(¢) and is bounded, on {x + X//n > b(1)},

ﬁ(t,x + X/\/ﬁ) =u(t,x)+
3
+0(X*/n?).

Xii, (t, x)

2
NG +O(X*/n), €))

w(r,x + X//n)=u(t, x)+
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as n — 0o. Again, this will hold uniformly for # > 0, x < b(t). Noting that

IX|3 - x* x*
nyn~ n  n?’

we can combine (8) and (9) to obtain

Xuy(t, x) N X2y (t,%) XUy (t, %)
Jn 2n 6n./n
+O(X*/n%) + O(X?/mI{X > /n(b(t) —x)}.

u(t,x + X/\/ﬁ) =u(t,x)+

The first assertion (7) follows by integrating against the distribution of X, noting that

n[b(t) — x]?’ EX

- 1+ EX*
~ 1+n[b@) —x]*

E[X% X > Ja(b(t) —x)] §min{ EX* 2}

Here and in the sequel, E[Y; Bl E(Y1p).

If x <b(t) and x < b(¢t + 1/n), then, by (5) and (7),

ee(t 4 1/n,x) N EX3itcec(t+1/n,x)
2n 6n/n

+0q/ 2)+o( l/n )
" L nlb(+1/n)—xI2)°

ey(t,x)=u(+1/n,x)—u(t,x)+

In this case, the second assertion follows by the Taylor expansion
_ _ 1_ )
ut+1/n,x)=u(,x)+ —u,,x)+0(/n%)
n

i) — %ﬁmu,x) +o(1/n?),

and because
1 +n[b(t) — x]?
1 +n[b(t+1/n) —x]?
is uniformly bounded as %’ is bounded. If, instead, x > b(¢ + 1/n), but x < b(¢), then n[b(t) —

x]> = 0and n[b(t + 1/n) — x]> — 0, and the asymptotic bound holds because u(t + 1/n, x) —
u(t,x) =0(/n). O

Define
Ng=Nig(n) =#k <nt,: S > b, —d},



Improving Brownian approximations 143
the number of times the walk is within distance d of the boundary before stopping. The follow-

ing result is essentially due to Hogan [6]. It slightly improves a bound given in the proof for
Lemma 1.1 in his paper.

Lemma 2.2. With the assumptions of Theorem 1.1, there exists a finite constant K > 0 such that
ENg=K(1+d?),
foralln > 1andd > 0. Also, if
Mp(a) =#{k < ant,: by — S¢ € B},
then there exists a finite constant K > 0 such that
EMp(@) < K P(Mp(a) = 1)(1+ (sup B)?),

foralln>1,all @ >0 and all B C R.
Proof. Without loss of generality, let d be a positive integer. By the central limit theorem,

P{S,2 > (1 +[16"lcc)n} > y >0, (10)

for all n sufficiently large, say n > ng. Since the 7, are uniformly integrable (by the second
assumption of Theorem 1.1) and Ny < nt,, we can assume that nod2 < n. Define

Npm.a =#k <m: k <nt,, Sy > by —d},

and let
vja=inf{m: Ny 4 = j},

so the jth time the walk is within d of the boundary happens on step v; 4. Note that Ny >
j + nod? implies the walk is below the boundary at time v j.d + nod?, that is,

Sv]-,d—i-nodz < bvj,d—l-nodz ’

which, in turn, implies
S Sy, <b b +d <d+noa? PN o psac 41
vjatnod? ~ Ovja < Oy; j4ngd? — Dv; +d=d+ng 7 < vnod(1 +16']lo0)-
But S, 1nga2 = Sv; 4 1s independent of {Ng > k}. So using this bound and (10),

P(Ng > j+nod*) < P(Ng> j)(1 —y).
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Iterating this,

P(Ng =1+ jnod®)
= P(Na= 1+ (j — Dnod® +nod?)
<P(Ng=1+ (G —Dnod®)(1—y)<---<P(Ng=D(1—y),  j=0,1,....

Hence
o0
ENdZ/ P(Ng > x)dx
0
*© 2
<P(Na> 1)[1 +/ (1 — )LD/ nod?)] dx}
1
n0d2
=PWNg=D|1+ .
The proof of the bound for EMp () is the same. O

Corollary 2.3. Let ¢ = ¢k, k >0, n > 1 be constants. Define

A = sup(bg — c),
k,n

and let g be a non-negative function on (—oo, Al. If A < 00, ||gllecoc < 00, and g(x) — 0 as
X — —00,

nt,—1

1
L E Y f(Sk—a)—0,

k=0

as n — oo. If, in addition, g is non-decreasing,

nt,—1

0
EY g(Sk—ck)sK[g(AHz/ |x|g<x+A)dx},

k=0 -

where K is the constant in Lemma 2.2.

When this corollary is used later, ¢ will be either by or byy1. When ¢ = by, A is zero, and
when ¢x = b1, A < |0 ]l0o-

Proof of Corollary 2.3. For the first assertion, for any d > 0,

gk —cr) = llgloo{Sk > bk —d}+  sup  g(x).
xe(—o0,A—d]
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Summing over k and bounding the expectation using Lemma 2.2,
nt,—1
1 2
—E Y gSki—c) < -lgleK(+d)+  sup  g(x)ET,,
oD n x&(—00,A—d]

and the result follows because d can be arbitrarily large.
In the second assertion, we can assume without loss of generality that g is right continuous
and write

gy =f1{x <y}dg(x).

By Fubini’s theorem and Lemma 2.2,

nt,—1 nt,—1
EY gSi—c)<E Y g(Sk—bi+A)
k=0 k=0

§/EZI{x<Sk—bk+A,k<ntn}dg(x)
k>0

_ f ENa_xdg(x)

A
EK/ [1+ (A —x)*1dg(x)

—00

0
=K|:g(A)+2f |x|g(x+A)dxi|. 0

—00

The second assertion in Corollary 2.3 is useless when the integral in the bound diverges, but,
in certain cases, it gives sharper results than the first assertion. The next corollary considers a
specific function of interest later.

Corollary 2.4. With the assumptions of Theorem 1.1,

nt,—1

1
E —— = =0(ogn
;0 ENTA AR
as n — Q.
Proof. If 0 < by — S; < /n,
1 1 I{b, — S 2
_ +/ {bk k<x<ﬁ}xdx,
L+[br—S? 14n (1+x2)2
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and so
%f 1 - +fﬁ 2xN,
P ——— T, 5 dx.
S-S5 T Sy U +a??
Using Lemma 2.2,
E%f———i——— E +mn/ﬁ{2x<n O(logn)
o T = ogn).
TSP 0 1+x? s 0

The final corollary gives uniform integrability for moments of R),.

Corollary 2.5. With the assumptions of Theorem 1.1, if E|X|PT? < 0o, R, n > 1, are uniformly
integrable.

Proof. Conditioning on 7y =0 (X7y,..., Xy),if ¢ >0,

E[R];R,>c]= ZE[(Sk + Xit+1 — bry )P k <nty, Sk + X1 — br1 > ]
k=0

=E ) g(Sk—be),

k<nty
where
g)=E[x+X)’;x+X>cl].
This function is increasing and right continuous. Taking A = supy , (bx — bg+1) < || b'|loo, by

Fubini’s theorem,

0
/ |x|g(x—|—A)dx=—E/x(x+A+X)pI{c—X—A§x<0}dx
o0

B FX+AW”—M“ cPHIX+A—0)

§X+AZci|.
(p+D(p+2) p+1

This expectation tends to zero as ¢ — oo by dominated convergence, as does g(A), and uniform
integrability follows from the bound in Corollary 2.3. (]

Theorem 2.6. Under the assumptions of Theorem 1.1,

_ EX3 % _
Efien, W) =0.0)+ < [ e W ar o1/ )
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Proof. Because

1 n(T Anty)—1 T ATy
SN ek S/ ) = /0 it (L), W) /) i,
k=0
1 n(T Aty)—1 T Aty
-E > ﬁxxx(k/n,Sk/\/ﬁ)—Ef iy (1, Wy (1)) dt — 0
0
k=0

by dominated convergence, since maxy <7 | Xx|/+/7 — 0 almost surely. So, by Donsker’s theo-
rem,

T Aty T AT
E / s (1, W (1)) di — E / i (1, W(0)) d1.
0 0

Then, since uyyy is uniformly bounded and t,,, n > 1 are uniformly integrable,

1 nt,—1

70
-E > itrr (/. S/ /n) > E/ ixx (£, W(2)) dt.
L 0

=0

The theorem now follows from (6) using the formula for e, in Lemma 2.1 and the asymptotic
bound in Corollary 2.4. O

3. An approximation for ER, A, (t,)

Theorem 3.1. Under the assumptions of Theorem 1.1,
ER,; A(ty) — pEA(70),
where p is the limiting mean excess defined in (3).

The proof of this result, like that for Theorem 2.6, is based on a telescoping sum argument, but
now the summands involve functions related to fluctuation theory for random walks. For x <0,
define stopping times

T, = inf{k > 1: x + S > 0},

and define

Hx) = X—p, x>0
V= E[S7, +x]—p; x <0.

Conditioning on X1, for x <0
H(x)=EH(x + X). (11)

In particular, on {Sy < by},

E[H (Sk+1 — bi)| Fl = H(Sk — br). (12)
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Now

Ry A(ty) = pA(Tn) + A(Tn)H[Snr,, - \/Eb(l’n)]v

and by a telescoping sum argument,

EA(T) H(Syr, — Vb(t)] = AQ)H[~v/nb(0)]

nt,—1
= k+1 k
—E Z[ ( = )H(Skﬂ bkm—A(;)H(sk—bk)]

nt, k
—EZ[( )H(Sk+1 bk+1)—A(;)H(Sk+l—bk):|,

with the last equality from (12), since {k < nt,} € Fr. The magnitude of the final expectation
here is bounded by the sum of

nt,—1

k-+1 k
E Z ( ) <;>‘|H(Sk+1—bk+1)| (13)
and
nt,—1 k
EY A<;)‘|H(Sk+1—bk+1)_H(Sk+1_bk)|' (14)
k=0

Using Corollaries 2.3 and 2.5, it is easy to show that (13) tends to zero as n — oo. To show
that (14) also tends to zero, we need a few results from renewal theory and the fluctuation theory
for random walk.

LetY, Yy, Ys,... beiid. with Y ~ S7;, the first ascending ladder height for Sx, k > 1, and let

Vi=Y1+---+ Y with V) dof 0. Then EY3 < 0o and the characteristic function for Y satisfies
Cramer’s condition. Define

wB)=) P(VieB),

k=0

so u is the renewal measure for the random walk Vi, k > 0. By Wald’s identity, for x < O,
u((—00, —x)) = ESy, /EY.
So, fore > 0 and x < —€/2,
Hx+e€/2)—Hx —€/2)=€ —EYp([—x —€/2, —x +€/2)). 15)

The following lemma follows immediately from these equations and Theorem 3 of Stone [19].
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Lemma 3.2. As x —> —o0,

H(x)=-—

E(Y 2 1
( +X)+ +o 0g|x| '
2(EY)? x2

Also,

HG+e/2)— Hix— 2y = — £ T+ +0<log|x|>’

EY Ix[?

as x — —oo, uniformly for € > 0 in any bounded set.

To show that (14) is small we will need the following lemma, similar to Lemma 2.2, but
bounding the expected number of visits to smaller sets.

Lemma 3.3. Let I}, = I;.(n) = (ck, di) be intervals with

supdy <K,
n,k

and

K
sup(dy — cx) < —=

n,k \/E’
for some K € (0, 00). If
W =W, =#k<nrt,: b — S € I},

then EW — 0 as n — o0.
Proof. For o > 0, let
Wo =#{k < min{3an, nt,}: by — Sy € Ik},

the contribution to the count in W from indices k < 3an. Then Wy < M(_o, k1(3ct). By
Donsker’s theorem,

lim sup P(M(,OO,K](Sa) > 1) < limsup P(Wn ) =b(t) — K/ﬁ, for some ¢ < 3a)
n— o0

n—oo

= P(W() = b(t), for some t <3a),

which tends to 0 as « | 0. So by Lemma 2.2, lim sup E Wy will be arbitrarily small if « is chosen
suitably small. Thus this lemma will hold if

EW — EWy= Z P(by — Sk € Iy, k <nty) — 0,

k>3an

as n — oo for any fixed o > 0.
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Let n* = |an]. By the local limit theorem of Stone [18] (or Edgeworth expansion), for
some Ky,

P(x — Spx € Iy) < Ko/n, (16)
forallxeR,n>1andk>1.If j <k, k — j < /n, k <nt, and by — Si € I, then
by — Sy <K and Sq,'<bj.

Together, these imply

k—j
Sk—Sjzbr—bj—K= —Wllb/lloo—K > —K — [0l

Thus, if n is large enough that an > /n and if k > 3an,

P(by — Sk € I,k <nt,)
(I7)
< P(bk— Sk € Iy, nty = k/3, Sk — Sj > =K — ||/ [l00, 0 <k — j < +/n).

To use this bound, let
G=0(X1,.... X(k/3)> Xik/3)4n 415 - Xk).
Writing
b — Sk = b — Sixs3) — (Sk — Siks3j4n) — (Stk/3)+n* — Siks3))
since by — S|k/3) — (Sk — S|k/3)+n*) is G measurable and
Stk/3)4n* — Sik3) | G ~ Sue,
by (16),
P (b — Sk € Ik|G) < Ko/n.
Since events {nt, > k/3} and {Sx — S; > —K — [|b'||0c, 0 < k — j < \/n} are independent and

both lie in G, using (17) and conditioning on G,

K
P(be — Sk € It k <nty) < —2P(n1, = k/3)P(Sk — Sj > =K — I [l0, 0 < k — j < /)
n

K
=22 P (1, = k/3)P(S; > —K — [V ]l 0 < j < /7).

n
The second probability in this bound tends to zero, and so
1
EW —EWo=o0(l)~ »_ P(nt,>k/3)=0(1)Et, — 0,
n
k>3an

proving the lemma. (]
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Proof of Theorem 3.1. From the discussion and bounds above, the desired result will hold if (14)
tends to zero, or if

nt,—1
E Y H(Sk1 = bes1) = H(Skp1 — bi)| — 0.
k=0
The expectation of the final term in the sum tends to zero, for if Sz, — bur,—1 > 0, the summand
1S |byr, — by, —11 < 16" |0/ /7; and if Snt, — bnr,—1 <0, Syz, — buz, 1s within some multiple of
1/4/n of zero and the expectation will tend to zero by Lemma 3.3. So if ¢ = (by + bx—1)/2 and
€k = |bx — br—1] < ||b']lco/+/1, We need to show that

nt,—1
E Y [H(Sk—c+e/2) — H(Sk — cx — €/2)| — 0.
k=1

Using Lemma 3.2, for some constant Ky,

|H(x +€/2) — H(x—€/2)|<€g(x)+| |5/2’

for all x < 0 and all € € [0, ||J|l0o], Wwhere g(x) = E(Y +x)+/EY. Using this,

nt,—1
E Y [H(Sk—ck+e/2) — H(Sk — cx — e /) {bx — Sk = K1)
k=1

Hb,”oo nt,—1 nt,—1

_ 5/2 5/2
< Ekz; g(Sk ck>+KoE;mm{K (b — Sp) ).

By Corollary 2.3,

nt,—1
. EY +A) 2
E /; g(Sk —cx) < K[T+ + ﬁE/ XI(Y 4 x + A) I {x <O}dx]

E(Y +A E(Y +A)3
K (+)++(+)7
EY 3EY

which is finite since EY3 < co. And by the same corollary,

0
E Y min{K, ", (b — S)_S/z}SK[K15/2+2f x| min{K[ "2, |x] 5/2}dxi|

—1/2

4 _
K[K +3K1 4k, 5/2}
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Since this bound tends to zero as K| — 00, the theorem will hold if

nt,—1

E Y [H(Sk—ck+e/2) — H(Sk — ek — e /) (b — Sk < K1)
k=1

converges to zero for any fixed K. Also, using Lemma 3.3, we can include the restriction by —
Sk > || loo/+/n in the indicator. Using (15), it will then be sufficient to show

nt,—1
E Y el{bi—Sc<Ki})—>0
k=1
and
e 1)
E Y ullck — Sk — /2. ck — Sk +ek/2])l{ ﬁc"’ <bp— Sk < Kl} —0.

k=1

The first of these follows immediately from Lemma 2.2. Using Fubini’s theorem, the second
expression equals

nt,—1
n b/
/E Z 1{” [ES <bk—Sk<K1,|Sk—ck+x|fek/2}d,u(x).
k=1

N
By Lemma 3.3, the integrand here tends to zero, uniformly in x. Since the range of integration
remains bounded, the integral must tend to zero, proving the theorem. (]
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