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Adaptive Bayesian Density Estimation in
LP-metrics with Pitman-Yor or Normalized
Inverse-Gaussian Process Kernel Mixtures

Catia Scricciolo *

Abstract. We consider Bayesian nonparametric density estimation using a
Pitman-Yor or a normalized inverse-Gaussian process convolution kernel mixture
as the prior distribution for a density. The procedure is studied from a frequentist
perspective. Using the stick-breaking representation of the Pitman-Yor process
and the finite-dimensional distributions of the normalized inverse-Gaussian pro-
cess, we prove that, when the data are independent replicates from a density with
analytic or Sobolev smoothness, the posterior distribution concentrates on shrink-
ing LP-norm balls around the sampling density at a minimax-optimal rate, up to
a logarithmic factor. The resulting hierarchical Bayesian procedure, with a fixed
prior, is adaptive to the unknown smoothness of the sampling density.

Keywords: adaptation, nonparametric density estimation, normalized inverse-
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1 Introduction

Consider the problem of estimating a univariate density fo from independent and iden-
tically distributed (i.i.d.) observations taking a Bayesian nonparametric approach. A
prior probability law is defined on a metric space of probability measures that possess
Lebesgue densities and a summary of the posterior distribution, typically the posterior
expected density, can be employed as a density estimator. Since the seminal articles of
Ferguson (1983) and Lo (1984), the idea of constructing priors on spaces of densities by
convoluting a fixed kernel with a random distribution has been successfully exploited
in density estimation. A convolution kernel mixture may provide an efficient approx-
imation scheme possibly resulting in a minimax-optimal, up to a logarithmic factor,
speed of concentration for the posterior mass on shrinking balls around the sampling
density. Recent literature on Bayesian density estimation has mainly focussed on poste-
rior contraction rates relative to the Hellinger or the L!-metric using Dirichlet process
mixtures of (generalized) normal densities. Ghosal and van der Vaart (2001) found a
nearly parametric rate for estimating supersmooth densities that are themselves mix-
tures of normal densities. Supersmooth cases, beyond being of interest in themselves,
help developing mathematical tools to deal with the estimation of ordinary smooth
densities, i.e., densities that are differentiable up to a certain order, but not necessar-
ily are kernel mixtures. In the article of Ghosal and van der Vaart (2007b), a twice
continuously differentiable density fj is estimated using a Dirichlet process mixture of
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Gaussian densities, the scale parameter, which plays the role of the smoothing window,
being assigned a sample-size dependent prior obtained by re-scaling a fixed distribution
with an accurately calibrated sequence converging to zero at an appropriate rate so
that the a priori smoothness assumption on fj is incorporated into the prior. When
the smoothness is unknown, rate-adaptive estimation over Holder classes can be per-
formed using finite Dirichlet location mixtures of Gaussian densities, cf. Kruijer et
al. (2010). Extending this result to infinite mixtures, Shen et al. (2013) have recently
proved that fully rate-adaptive multivariate density estimation over Holder regularity
scales can be performed using Dirichlet process mixtures of Gaussian densities without
any bandwidth shrinkage in the prior for the scale nor any knowledge of the smoothness
level.

Even if much progress has been made during the last decade in understanding frequentist
asymptotic properties of kernel mixture models for Bayesian density estimation, there
seems to be a lack of results concerning adaptive estimation of ordinary and infinitely
smooth densities with respect to more general loss functions than the Hellinger or the
L'-distance, employing other processes, beyond the Dirichlet process, as priors for the
mixing distribution. In this article, we investigate the question of how to complement
and generalize existing results on posterior contraction rates by considering adaptive
estimation over analytic or Sobolev density function spaces using the Pitman-Yor or the
normalized inverse-Gaussian process as priors for the mixing distribution of Gaussian
mixtures.

The main results describe recovery rates for smooth densities, where smoothness is
measured through a scale of integrated tail bounds on the Fourier transform of the
sampling density. For analytic densities, a nearly parametric rate stems under various
prior laws that may only affect the power of the logarithmic term, which automatically
recovers the characteristic exponent of the Fourier transform. Such a fast rate is roughly
explainable from the fact that spaces of analytic functions are slightly bigger than
finite-dimensional spaces in terms of metric entropy. Apart from the prior probability
measures considered, the novelty of this article is in the use of stronger metrics to
measure recovery rates, namely, the full scale of LP-metrics, 1 < p < co. That a large
class of Bayesian procedures is capable of such a recovery is established here for the
first time and is encouraging to the use of these methods. For densities in Sobolev
spaces, recovery rates are found to be minimax-optimal, up to a logarithmic factor,
under the Dirichlet process for LP-metrics, with 1 < p < 2, whereas they deteriorate
by a genuine power of n as p increases beyond 2. Slower than minimax-optimal rates
are found when endowing the mixing distribution with a Pitman-Yor process having
a strictly positive discount parameter since small Kullback-Leibler type balls do not
seem to be charged enough prior mass. We currently have no proof of the fact that
posterior contraction rates are suboptimal under a Pitman-Yor process with strictly
positive discount parameter, but believe that the rates cannot be substantially improved
in this situation. The results of this article may be of interest for different reasons: they
constitute a first step towards the study of posterior contraction rates for other process
priors, beyond the Dirichlet process, recently proposed in the literature which, in many
contexts, can be better suited than the Dirichlet process for the analysis of data in
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a variety of applied settings, as witnessed by the burst of the use of the Pitman-Yor
process in the machine learning community. Also, they provide an indication on the
performance of Bayesian procedures for adaptive density estimation over function spaces
extensively considered in the frequentist literature on nonparametric curve estimation.

The main challenge when proving adaptation in the infinitely smooth case lies in find-
ing a finite mixing distribution, with a relatively small number of support points, such
that the corresponding Gaussian mixture approximates the sampling density, in the
Kullback-Leibler divergence, with an error of the appropriate order. Such a finitely
supported mixing distribution may be found by matching the moments of an ad hoc
constructed mixing density for which the method used by Kruijer et al. (2010) is not
suited because of the infinite degree of smoothness of the true density. There are limita-
tions implicitly coming from the employed kernel which can be by-passed using superk-
ernels, whose usefulness in density estimation has been pointed out by, among others,
Devroye (1992). The crux and a main contribution of this article is the development
of an approximation result for analytic densities with exponentially decaying Fourier
transforms, cf. Lemma 5. We believe this result can also be of autonomous inter-
est for frequentist methods in adaptive density estimation for clustering with Gaussian
mixtures along the lines of the article by Maugis-Rabusseau and Michel (2013).

When assessing posterior contraction rates, a major difficulty is the evaluation of the
prior concentration rate, estimated by bounding below the probability of Kullback-
Leibler type neighborhoods of the sampling density by the probability of £!-balls of ap-
propriate dimension. For the normalized inverse-Gaussian process, likewise the Dirichlet
process, the explicit expressions of the finite-dimensional distributions can be exploited
to estimate the probability of ¢!-balls. For the Pitman-Yor process, instead, the stick-
breaking representation turns out to be useful to derive lower bounds on the probabilities
of £'-balls of the mixing weights and locations. We expect this technique can be applied
to other stick-breaking process priors.

The present article contributes to the topic by showing that, at least, for densities in
a certain scale of regularity classes, full rate adaptation can be achieved using infinite
Gaussian mixtures without any bandwidth shrinkage, the use of analytic kernels being
intuitively justified by the fact that, in absence of any knowledge of the smoothness level
of fo, only infinitely smooth kernels can capture the “true” regularity of fy. Thus, what-
ever the smoothness of the sampling density, the asymptotic performance, in terms of
posterior contraction rates, of Dirichlet process Gaussian mixture priors is optimal. The
exposition is focussed on density estimation, but other statistical settings are implicitly
covered, for example, fixed design linear regression with unknown error distribution as
described in Ghosal and van der Vaart (2007a), pages 205-206. Extension of these re-
sults to a multivariate setting is imminent along the lines of Shen et al. (2013) and is
not pursued here.

The organization of the article is as follows. In Section 2, we describe the model and re-
view some preliminary definitions. In Section 3, we state results on posterior contraction
rates for general convolution kernel mixtures highlighting the connection with posterior
recovery rates for mixing distributions. The main results are reported in Section 4,
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wherein, after investigating the achievability of the error rate 1/4/n, up to a logarithmic
factor, for supersmooth densities that possess a kernel mixture representation, we focus
on adaptive estimation of densities with analytic or Sobolev smoothness using Gaussian
mixtures. Estimates of the probabilities of ¢!-balls under various priors are given in
Section 5. Sections 6 and 7 report the proofs of the theorems on adaptive estimation
of densities with analytic or Sobolev smoothness, respectively. Auxiliary results are
deferred to the Appendix.

1.1 Notation

Calculus

For real numbers a and b, we denote by aAb their minimum and by aVb their maximum.
We write “<” and “Z” for inequalities valid up to a constant multiple which is universal
or inessential for our purposes. For integrals where no domain of integration is indicated,
integration is performed over the entire domain of variation of the variables in the
integrand. For any real valued function f, we write f* for its non-negative part f Lif>0}-
For real valued functions f and g, the notation f = o(g) means that f/g — 0 in an
asymptotic regime that should be clear from the context, while f = O(g) means that
|f/g| is (eventually) bounded. Also, f ~ g means that f/g — 1. For sequences of real
numbers (an)p>1 and (by)n>1, we write
— a, ~ by, to mean that a, /b, — 1 as n — oo,

— a, < b, to mean that a, /b, — 0 as n — oo.

Probability measures
When a probability measure is clearly specified by the context, it is sometimes denoted
just by P and the associated expectation operator by E[-]. Subscripts in E[-] specify
the probability measure with respect to which the expectation is taken. We use the
same symbol F' to denote a distribution function and the corresponding probability
measure. All density functions are understood to be with respect to Lebesgue measure
A on R or on some subset thereof. The probability density function of a standard normal
distribution is denoted by ¢. For any pair of probability density functions f and g,

— given 1 < p < o0, ||f — g||, stands for the LP-metric ([|f — g|P d\)'/?,

— ||f — glls stands for the supremum norm ||f — g||oo:= sup,|f(z) — g(z)|,

— KL(f; g) stands for the Kullback-Leibler divergence [ flog(f/g)dA.
For any probability density function f, define the positive (possibly infinite) constant
Sy = sup{|t|: |f(t)|# 0}, where f(t) := [ e f(z)dz, t € R, is the Fourier transform of

CIf

g — Sf < 00, then support(|f]) € [—Ss, Stl,

— S; = o0, then |f|> 0 everywhere.
Function spaces

— BC(R) is the space of bounded continuous real-valued functions on R,

— C*°(R) is the space of infinitely differentiable real-valued functions on R,
— CY“(R) is the space of analytic real-valued functions on R.
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2 Model description

The model is a location mixture fr, () := (F*K,)(-) = [0 ' K((-—0)/0) dF (), where
K denotes the kernel density, o the scale parameter and F the mixing distribution.
Kernels herein considered are characterized via an integrated tail bound condition on
their Fourier transforms. For constants 0 < p, r, L < oo, let A?™L(R) be the class of
densities on R with Fourier transforms satisfying

r7(f) = /eQ(P\th(t)th < 2rL?. (1)

In symbols, A?"E(R) := {f : R — Rt| ||f|i= 1, I*"(f) < 2xL?}. Condition (1) im-
plies that the behavior of |f(t)| is described by e~(It)" as |t|— oo. Densities with
Fourier transforms satisfying (1) are infinitely differentiable on R, see, e.g., Theo-
rem 11.6.2. in Kawata (1972), pages 438-439, and “increasingly smooth” as p or r
increases. Also, they are bounded, ||f|loe< (27) Y| f|1< L% 4+ C(p, r)/m < oo, where
Clp, r) = [, e 2" dt = (2p") "/ "T(1+1/r), cf. Lemma 1 in Butucea and Tsybakov
(2008), page 35. Densities in classes A”™L(R) are called supersmooth. They form
a larger collection than that of analytic densities, including important examples like
Gaussian, Cauchy, symmetric stable laws, Student’s-¢, distributions with characteristic
functions vanishing outside a compact set, as well as their mixtures and convolutions.
EXAMPLE 2.1. Symmetric stable laws, which have characteristic functions of the form
e~ t € R, for some 0 < p < 0o and 0 < < 2, are supersmooth. Cauchy laws
Cauchy(0, o) are stable with r = 1 and p = . Normal laws N(0, 02) are stable with
erandp:J/\/i

EXAMPLE 2.2. Student’s-t distribution with v > 0 degrees of freedom has characteristic
function verifying (1) for r = 1:

Fou ()~ VAT (/202070271 (e 2P,

see formula (4.8) in Hurst (1995), page 5.

EXAMPLE 2.3. Densities with characteristic functions vanishing outside a symmetric
convex compact set are supersmooth. Let X, be the class of densities with characteristic
functions equal to 0 outside a symmetric convex compact set A in R*¥, & € N. For
k=1,let A =[-T,T], with 0 < T < oo. For any f € X,, it is f € A*"L(R)
for every 0 < p, 7 < oo and L? > n~1Te>?T)" . The Fejér-de la Vallée-Poussin density
flz) = 2m) "' [(x/2)" ' sin(z/2)]?, z € R, having characteristic function f(¢) = (1—|¢|)*,
t € R, is the typical example of density in ¥_; y).

Classes of densities as in Example 2.3 are such that, even if infinite-dimensional, for every
2 < p < oo, infy, supsex, Ef[[[fn — fll;] < csn~%/2, where f, denotes any estimator
for densities in X5 based on n observations and the expectation is taken over the n-
fold product measure of the probability law with density f. Moreover, for p = s = 2,
the precise asymptotic bound lim, o ninfy, sup ses;, EF[||fn — f113] = meas(A)/(2m)*
holds, see Hasminskii and Ibragimov (1990), page 1008, and the references therein. The
almost parametric rate (logn)/n is achievable for densities with characteristic functions
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decaying exponentially fast, see Watson and Leadbetter (1963). This rate was shown
to be optimal in the minimax sense by Ibragimov and Hasminskii (1983). Starting
from this article, function classes related to A”"L(R) have been considered by many
authors in frequentist nonparametric curve estimation. Just to mention a few, Belitser
and Levit (2001) considered nonparametric minimax estimation of an infinitely smooth
density at a given point under random censorship; Golubev et al. (1996) investigated
nonparametric regression estimation; Guerre and Tsybakov (1998) studied estimation
of the unknown signal in the Gaussian white noise model; Butucea and Tsybakov (2008)
considered adaptive density estimation in deconvolution problems. Adaptive density or
regression function estimation over classes A”"™(R) has so far hardly been studied from
a Bayesian perspective, except for the recent articles of van der Vaart and van Zanten
(2009), who used a Gaussian random field with an inverse-gamma bandwidth, and of de
Jonge and van Zanten (2010), who suggested the use of finite kernel mixture priors with
Gaussian mixing weights for inference. The problem with the use of finite mixtures is
the choice of the number of mixing components, while updating it in a fully Bayesian
way is computationally intensive. Mixture models with priors on the mixing distribution
admitting an infinite discrete representation, like the Dirichlet process or more general
stick-breaking priors, avoid fixing a truncation level. The focus of this article is on the
capability of general kernel mixture priors to adapt posterior contraction rates to the
analytic or Sobolev smoothness of the sampling density, without using any knowledge
of the regularity of fy in the construction of the prior probability measure.

Given the model fr,, a prior probability measure is induced on the space of Lebesgue
univariate densities by putting priors on the mixing distribution F' and the scale param-
eter 0. Let II denote the prior for F'. The scale parameter is assumed to be distributed,
independently of F', according to a prior G on (0, o). The overall prior IT x G on
A () x (0, 00), where, unless otherwise stated, .#(©) stands for the collection of all
probability measures on some set © C R, induces a prior on .% = {fp, : (F,0) €
A (©) x (0, 00)}, which is equipped with an LP-metric, 1 < p < oo. The sequence
of observations (X;);>1 is assumed to be exchangeable. Observations from a kernel
mixture prior can be equivalently described as

XF o) Wy i=1, . n,
(F,o)~II xG.
Assuming that X := (X, ..., X,,) are i.i.d. observations from an unknown density

fo which may or may not be itself a convolution kernel mixture, we analyze contraction
properties of the posterior distribution

(I1 x G)(B|X™) / I[ fro (X)) TI(dF)G(do),  for any Borel set B,
Bi=1

under regularity conditions on the prior II x G and the sampling density fy. Given any
1 < p < o0, a sequence of positive numbers €, ;, such that ¢, , — 0 and n«sfl,p — 00, as
n — 00, is an upper bound on the posterior contraction rate, relative to the LP-metric,
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if, for a constant 0 < M < oo, the posterior probability (Il x G)((F, o) : || fre — follp>
Men’p|X(”)) — 0 in P§-probability, where P§' stands for the joint law of the first n
coordinate projections of the infinite product probability measure P5°, with Py denoting
the probability measure corresponding to fo. In the following section, we present results
on posterior contraction rates for general kernel mixture priors.

3 Posterior contraction rates for kernel mixture priors

In this section, we present sufficient conditions for assessing posterior contraction rates
in LP-metrics, 2 < p < oo, for supersmooth kernel mixture priors. Results for specific
priors on the mixing distribution belonging to the class of species sampling models,
which are useful in concrete applications, are later exposed in Section 4.

Posterior contraction rates in LP-metrics, 1 < p < 0o, have been recently investigated
by Giné and Nickl (2011), who have developed a new approach to testing problems
based on the concentration properties of kernel-type density estimators. This approach
accounts for having sufficient control of the approximation properties of the prior sup-
port. To describe regularity properties of the sampling density, they consider a general
approximation scheme in function spaces based on integrating a fixed kernel-type func-
tion Ko—; (-, ) := 29K (27, 21.) against a density f, that is, [ Ko—;i (-, y)f(y) dy which,
in the convolution kernel case, is [ Ko, (- — y) f(y) dy. The sinc kernel

- L sinz)/(mx), if z#0,
o) = { G2 i 220,

turns out to play a key role in characterizing regular densities in terms of their ap-
proximation properties. This is an unconventional kernel, in the sense that it may take
negative values, it is Riemann integrable with [sinc d\ = 1, but not Lebesgue inte-
grable, sinc ¢ L(R), it has Fourier transform identically equal to 1 on [—1, 1] and
vanishing outside it. The key role of the sinc kernel in density estimation is known since
the work of Davis (1977), who showed that, for the sinc kernel density estimator, the
optimal mean integrated squared error is of the order O(n~!(logn)'/") for estimands
satisfying (1) with characteristic exponent r. Regularity of the overall prior distribu-
tion II x G is expressed through the usual Kullback-Leibler prior support condition,
as discussed in Ghosal et al. (2000), page 504, which involves Kullback-Leibler type
neighborhoods of fj

Bk (fo; €%) == {(F, o) : KL(fo; fro) < &% Eol(log(fo/fr.))?] <&}, (2)

where Eg[] denotes the expectation with respect to the probability measure Py. Em-
ploying a prior distribution for ¢ that is fully supported on (0, co) amounts for regularity
conditions on the tails of GG, the requirement on the decay rate at 0 being expectedly
more restrictive than that at oo, the most important values being those included in a
neighborhood of 0. In fact, as the bandwidth tends to 0, Gaussian mixtures can ap-
proximate any density in LP(R), 1 < p < oo. Therefore, the Kullback-Leibler prior
support condition typically accounts for some assumption on the lower tail of G, like
the following one, which guarantees enough prior mass in every neighborhood of 0.
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(A0) The prior distribution G for o has a continuous and positive density g on (0, co)
such that, for constants 0 < Cy, Ca, D1, Dy < 00,0 < s,t < oo and 0 < v < 00,

Cio % exp (—=D1o""(log(1/0))") < g(o) < Cyo ™ exp (—Dyo " (log(1/0))")
for all o in a neighborhood of 0.

An inverse-gamma distribution IG(v, A), with shape parameter 0 < v < oo and scale
parameter 0 < A < 00, is an eligible prior on o satisfying Assumption (A0) for s = v+1,
t=0and v=1.

We are now in a position to state the main result of the section.

Proposition 1. Let K € A?™E(R), 0 < p, 7, L < co. Let &, be a sequence of positive
numbers such that &, — 0 and né2 — oo, as n — oo. For every 2 < p < oo, let
Enp i= £, (ne2)A=1/P)/2 " Suppose that, for fo € LP(R),

(TIT x G)(Bkw(fo; £2)) 2 exp (—Cné?%)  for some constant 0 < C < oo, (3)

where I1 is any prior probability measure on A (©) and G satisfies Assumption (A0) with
0<s,t<ooandl <~y < oo such that né2 > (logn)'/IrA=1/M1 " Suppose, furthermore,
that ||fo — fo * sincg—u, |[,= O(en,) for 277 = ené2, with (a'/"pE)™' < ¢ < oo and
0 < E < {Ds[ljo,y1)(8) + Bly-1,00)(8)]/(C + 4} 711 00)(7) + L{ao) (7) for some
constants 0 < a, B < 1. Then, for a sufficiently large constant 0 < M < oo,

(I x G)((F, 0) : ||fr.e — follp> Menp|X™) =0 in Py-probability.

The assertion, whose proof is reported in the Appendix, is an in-probability statement
that the posterior mass outside an LP-norm ball of radius a large multiple M of ¢, ,
is approximately 0. Condition (3) is the essential one: the prior concentration rate is
the only determinant of the posterior contraction rate at regular densities fy having
LP-approximation error of the same order against the sinc kernel-type approximant
fo *sincy— s, , with 277 = O(né?). This is the requirement expressed by the assumption
| fo— fo*sinco-s, [|[,= O(gnp). For instance, densities in A”"%(R) meet this condition,
see Lemma 12. For concreteness, the regularity condition on fy has been stated in terms
of the sinc kernel, but any superkernel S € L?(R) N L>(R), with bounded p-variation
for some 1 < p < 0o, can be employed, see the Appendix.

Proposition 1 yields optimal rates, up to a logarithmic factor, when the prior con-
centration rate is nearly parametric. When fy is ordinary smooth, even if the prior
concentration rate is minimax-optimal, up to a logarithmic factor, suboptimal poste-
rior contraction rates are found. Nonetheless, the result has an intrinsic value. When
the kernel has Fourier transform decaying at an exponential power rate and fy is it-
self a kernel mixture, Proposition 1 yields contraction rates, relative to the Wasserstein
metric of order 1 < p < oo, for the posterior measure on the mixing distribution. Be-
fore stating the result, we introduce Wasserstein distances. Let (0, B(0)), © C R,
be a measurable metric space with the Borel o-field. For 1 < p < oo, define the
Wasserstein distance of order p between any two Borel probability measures v and v/
on © with finite pth-moment (i.e., [d?(f, 6y)r(df) < oo for some and hence any 6
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in ©) as Wy(v, V') := (infer(, ) [ dP (6, 0')pu(d6, d6"))'/P, where p runs over the set
(v, V') of all joint probability measures on © x © with marginal distributions v and
v'. When p = 2, we take d to be the Euclidean distance on © x ©. By definition,
W,(v, V') € [0, diam(©)], where diam(©) denotes the diameter of ©. If © is compact,
then diam(0©) < occ.

Corollary 1. Let K be a symmetric (around 0) probability density such that, for some
constants 0 < p < oo and 0 < r < 2,

|K ()|~ e @t g5 [t]— oo. (4)

Suppose that fo = fry,0c, = Fo * Ky, with Fy supported on a bounded set © C R and
0 < o9 < 0o fized. Let the model be fr o, = F * Ky, with F distributed according to a
prior measure I1 on A (0). If, for a sequence of positive numbers &, such that &, — 0,
asn — oo, and né2 > (logn)'/",

(Bxkw(fo; €2)) 2 exp (=Cné2)  for some constant 0 < C' < oo, (5)
then, for every 1 < p < oo, there is a sufficiently large constant 0 < M’ < 0o so that

I(F : W,(F, Fy) > M'(logn)"Y"|X™) =0 in Py-probability.

Inspection of the proof of Corollary 1, which is reported in the Appendix, reveals that
the assumption that © is bounded can be replaced by the following requirement:

Vi<p<oo, Ip<u<oo, 0<B<oo: Eg[|X]"] <oo and Ep[|X[|Y] < B as.[I].

If, for some 1 < r < 2, we have K(t) = e~ )"+ € R, then Ex[|X[*] = 2p*T(1 —
u/r)'(u) sin(mu/2) < oo for every 0 < u < r, so that the previous condition is satisfied
for every p < u < r. In virtue of Proposition 1, condition (4), combined with (5), implies
that the posterior distribution for the mixture density concentrates on LP-norm balls
centered at the “true” density fy, which is in the model, with probability tending to 1.
This assertion translates into a parallel statement on the contraction rate, relative to the
Wasserstein metric of order p, for the posterior on the mixing distribution. The resulting
rate only depends on the characteristic exponent r of the Fourier transform of the kernel
density so that the greater r, the smoother the kernel, the more difficult to recover the
mixing distribution and the slower the rate. The open question remains whether this
rate is optimal. Dedecker and Michel (2013) have shown that, in the deconvolution
problem with supersmooth errors, the rate (log n)_l/ " is minimax-optimal over a larger
class of probability measures than the one herein considered.

Posterior contraction rates for the mixing distribution in Wasserstein metrics have been
recently investigated by Nguyen (2013), who has argued how convergence in Wasserstein
metrics for discrete mixing measures has a natural interpretation in terms of convergence
of the single atoms providing support for the measures. He has stated sufficient entropy
and remaining mass conditions in the spirit of Ghosal et al. (2000), expressed in terms
of the Wasserstein distance on the mixing distributions as opposed to the Hellinger
or the L!'-distance on the mixture densities. Corollary 1 allows to derive posterior
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contraction rates in the Wasserstein metric of any order 1 < p < oo only from the prior
concentration rate, whatever the prior measure and, under this respect, is more general
than Theorem 6 in the above mentioned article, whose scope of applicability is confined
to Dirichlet process kernel mixtures.

4 Posterior rates for specific priors on the mixing distri-
bution

In this section, we derive posterior contraction rates for specific priors on the mixing dis-
tribution, namely, the Pitman-Yor process and the normalized inverse-Gaussian process,
which are hereafter introduced.

Stick-breaking priors and the Pitman-Yor process

Stick-breaking priors form a rich class of random probability measures, which includes
the Dirichlet process, the Pitman-Yor process or two-parameter Poisson-Dirichlet pro-
cess, see Pitman and Yor (1997), and beta two-parameter processes, cf. Ishwaran
and Zarepour (2000), Ishwaran and James (2001). Stick-breaking priors are almost
surely discrete random probability measures F' that can be represented as F(:) =
E;V:l W;dz,(-), with either a finite or an infinite number of terms 1 < N < oo, where
dz;(+) denotes a point mass at Z;. The (Z;);>1 are independent and identically dis-
tributed random elements with common distribution & over a measurable Polish space
(0, B(O)) endowed with its Borel o-field. It is assumed that & is non-atomic (i.e.,
a({0}) = 0 for every 6 € ©) and @ := a/«a(O) for some positive and finite measure «.
The random variables (W;),>1, called random weights, are independent of the (Z;),>1
and such that 0 < W; <1, with Zjvzl W; =1 almost surely. Furthermore,

j—1
W=V, W;=V;i[[a-W), i=23 .., (6)
h=1

where V;~H; independently, H; being a probability measure on [0, 1] which is typically
chosen to be a Beta(a;, b;) distribution with parameters 0 < a;, b; < o0, j=1,2,....

When N < oo, we necessarily set Vy = 1 to ensure that Z;V=1 W; = 1 almost surely
because Wy =1 72;.\[;11 W; = Hif;f(lfvh). When N = oo, a necessary and sufficient
condition for 3372 W; = 1 almost surely is that 72 | Eg, [log(1—V})] = —o0, see, e.g.,
Lemma 1 in Ishwaran and James (2001), pages 162 and 170.

A stick-breaking random probability measure F' where, for 0 < d < 1 and —d < ¢ < 00,
the random variables V; are independently distributed according to a Beta distribution
Beta(l — d, ¢+ dj), j € N, is called the Pitman-Yor process or two-parameter Poisson-
Dirichlet process, with concentration parameter ¢ and discount parameter d, denoted



C. Scricciolo 485

by F ~ PY(c, d), which can be described as

_D“ﬂg

j=1

md

H ].—Vh 5Z a.s.
h=
V; '~ Beta(l —

d,c+dj), je€N, and Zjlr@a, jeN.

The case where d = 0 and ¢ = a(©), so that the (V});>1 are independent and identi-
cally distributed according to a Beta(1l, a(©)), returns the Dirichlet process with base
measure «, denoted by DP(«). There are no known analytic expressions for the finite-
dimensional distributions of the Pitman-Yor process, except when d = 0 and ¢ = a(0)
or when d =1/2 and —1/2 < ¢ < 0.

The Dirichlet process, the Pitman-Yor process with d = 1/2 and the normalized inverse-
Gaussian process, which is hereafter introduced, are the only known processes for which
explicit expressions of the finite-dimensional distributions are available.

Normalized inverse-Gaussian process

Let a be a finite and positive measure on a measurable Polish space (0, B(©)) en-
dowed with its Borel o-field. Following Lijoi et al. (2005), we call a random prob-
ability measure F' a normalized inverse-Gaussian (N-IG) process with parameter «,

denoted by N-IG(«), if, for every finite measurable partition Ay, ..., Ay of ©, the
random vector (F(Ay), ..., F(AN)), 2 < N < oo, has a N-IG distribution with pa-
rameter («(A41), ..., a(An)). A random vector (Z1, ..., Zy) has a N-IG distribution
with parameter (a1, ..., ay), where 0 < a; < oo for every j =1, ..., N, denoted by
N-IG(ay, ..., an), if it has probability density function over the unit (N — 1)-simplex
AN=Li={(2z1, ..., 2n) ERN : 2; > 0,1 < j < N, and Z;.V:lzj = 1} given by
N N
_ €xp (Zj:l ;) Hj:l Qj
f(Zl, ceey ZN—I) = 2N/2—171-N/2
X K_N/g(\/AN(Zl, ey ZN—l))
X [.AN(Zl, ceey 2:]\[_1)]71\/7/4
X [21 X ... X2ZN-1 X (1—21 - ... —ZNfl)]_3/2
4
= hpx Hhr(zla ey ZN-1), (7)

where K_/5(-) denotes the modified Bessel function of the third kind and

-1

N-1 N-1

g

e ‘QQ.\;
Zl\)

.AN(Zl, ceey EN— 1
1~ j=1

BN
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4.1 Estimation of densities with a kernel mixture representation

We begin the analysis from the case where the sampling density fj is itself a convolution
kernel mixture, fo = fr,,0, = Fo * Ko,, where Fj, and o denote the true values of the
mixing distribution and the scale parameter, respectively. Considering this case helps
developing techniques that can be used when f; cannot be represented as a location
mixture of kernel densities. Results are obtained under the following assumptions.

Assumptions

(A1) The kernel probability density K : R — RT is symmetric around 0, monotone
decreasing in |z| and satisfies the tail condition K(x) > e~“*!" as |z|— oo, for
some constants 0 < ¢, kK < 0.

(A2) The true mixing distribution Fj satisfies the tail condition Fo(6 : |0]> t) < e~0t”
as t — oo, for some constants 0 < ¢y < 0o and 0 < w < oo.

(A3) The base measure a has a continuous and positive density o/ on R such that
o/ (0) o e~t191" as |0|— oo, for some constants 0 < b, § < oo.

Assumptions (A1)—(A3) are standard requirements on the kernel density, the true mixing
distribution and the density of the base measure, respectively.

The following theorem, whose proof is deferred to the Appendix, extends results of
Ghosal and van der Vaart (2001) and Scricciolo (2011) on posterior contraction rates,
relative to the Hellinger or the L!'-metric, for Dirichlet process Gaussian mixtures to
Pitman-Yor or normalized inverse-Gaussian kernel mixtures in LP-metrics, 1 < p < oo.

Given numbers 0 < k, r < 00, let w be such that
0 < max{x, [1+ 11, 00)(r)/(r = 1)]} <@ < oo0. (8)
Also, let 7:= 1+ {1/r — [1 — 1(0, o0) (@) /@] }1(0,17(7) /2 and
o(d) =7+ (1 —-1/2)1(0,1)(d), 0<d<1. (9)

Condition (8) requires a matching between the tail decay speed of the true mixing
distribution Fjy and that of the kernel density K.

Theorem 1. Let K € AP™L(R), 0 < p, r, L < 0o, be as in Assumption (A1). Suppose
that the probability density fo = fr, oo = Fo * Ks,, with

(i) Fy satisfying Assumption (A2) for some constants 0 < cg < 0o and w as in (8).

Let F ~ PY(c, d), with 0 < d <1 and —d < ¢ < co. Alternatively, let F ~ N-IG(«).
Assume that

(ii) « satisfies Assumption (A3) for constants 0 < b, 0 < 0o, with § < w when w < 00;

(#i7) G satisfies Assumption (A0) for constants 0 < s,t < 00, 0 < v < o0 if p =1,
max{1, {1 — [2rp(d)]71}71} < v < 00 if 2 < p < o0, where p(d) is as in (9).
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When p = 1, assume furthermore that, for some constant 0 < o < oo, the tail
probability 1 — G(o) S 072 as 0 — oo.

Then, the posterior contraction rate relative to the LP-metric, 1 < p < oo, denoted by
Enp, 18 n_l/Q(log n)*, with a constant 0 < p < oo possibly depending on p.

A caveat applies to Theorem 1: since the normalized inverse-Gaussian process behaves
like the Dirichlet process, results for both these priors are obtained when d = 0. Theo-
rem 1 shows that a nearly parametric rate is achievable, irrespective of the tail behavior
of the kernel density (hence of the sampling density fy), heavy-tailed distributions, like
the Student’s-t, which play a crucial role in modeling certain phenomena, being ad-
mitted. Estimation of heavy-tailed distributions is not covered by Theorem 2 nor by
Theorem 3 on adaptation which, by requiring fo to have (sub-)exponential tails, rule
out these distributions. Furthermore, Theorem 1 has a relevant implication for the con-
traction rate, relative to the Wasserstein metric of order 1 < p < oo, of the posterior
distribution corresponding to a Dirichlet process prior on the mixing distribution: it
yields the recovery rate for the true mixing distribution when the sampling density is a
convolution kernel mixture.

Corollary 2. Under the conditions of Theorem 1, with F' ~ DP(«) and G = d,, a point
mass at g, for every 1 < p < oo there exists a sufficiently large constant 0 < M’ < oo
so that TI(F : W,(F, Fy) > M'(logn)~Y/") — 0 in P} -probability.

4.2 Adaptive estimation of analytic densities

In this section, we consider adaptive estimation of analytic densities whose Fourier
transforms have sub-exponential tails using Gaussian mixtures. We assume that the
sampling density fq satisfies the following conditions.

(a) Smoothness: fo € APo70-Lo(R) for some constants 0 < pg, Lo < co and 1 < rg <
2.

(b) Monotonicity: fy is non-decreasing on (—oo, a), non-increasing on (b, co), for
—oo<a<b<oo,with fo >¢>0o0n [a, b and 0 < fy < ¢ < o0 on [a, b]°.

(¢) Tails: for some constants 0 < ¢y < oo and 1 < wy < oo such that (wy—1)r¢ < w,

fo(z) ~ e™l=I™" g |z|— co.

In order to prove that contraction rates of posterior distributions corresponding to
a Pitman-Yor or a N-IG process mixture of normal densities adapt to the “analytic
smoothness” 7y of fy, the key step is the approximation of fy with a continuous mixture
of normal densities, which is then discretized to have a sufficiently restricted number of
support points, see Lemma 8. We suspect that this step is only possible under Condition
(c) that fy asymptotically has exponential tails, which, for instance, is satisfied for a
Gaussian density with wy = rg = 2. This requirement seems to be necessary to obtain a
nearly parametric rate because, when restricting the support to a compact set, it allows
to take the endpoint of the order O((log(1/¢))!), for some 0 < I < oo, thus entailing
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a finite mixture with a relatively small number of support points. A density with
polynomially decaying tails would instead incur an additional factor of order O(e=%),
for some 0 < k < oo, and a power of n would be lost in the prior as well as in the
posterior contraction rate.

The key step in the proof is the construction of a (not necessarily non-negative) function
that uniformly approximates fo with an exponentially small error in terms of the inverse
of the bandwidth, see Lemma 5. By suitably modifying this function, we obtain a
density with the same approximation error in the Kullback-Leibler divergence. The
general strategy is similar to that adopted by Kruijer et al. (2010), but the iterative
procedure they used to construct the approximant turns out to be inefficient in the
present case because of the infinite degree of smoothness of fy. As far as we are aware,
the approximation result of Lemma 5 involving the sinc kernel is novel. Once a finite
mixture is constructed, we need to show that there exists a whole set of finite Gaussian
mixtures close to it and contained in a Kullback-Leibler type ball around fy that is
charged enough prior mass.

We are now in a position to state the result, to which the proviso applies that the claim
for the normalized inverse-Gaussian process is obtained setting d = 0.

Theorem 2. Suppose that the probability density fo satisfies Conditions (a)—(c). Let the
model be fro = F * ¢,, with F ~PY(c,d), 0 <d <1 and —d < ¢ < co. Alternatively,
let F ~ N-1G(«). Assume that

(1) «a satisfies Assumption (A3) for some constants 0 < b < 0o and 0 < § < (wg A2);

(i) G satisfies Assumption (AO) for some constants 0 < s,t < 00, 0 < v < o0 if
p=1,2<~4<o00if2<p<oo. Whenp =1, assume furthermore that, for some
constant 0 < g9 < 0o, the tail probability 1 — G(o) <072 as o — 00.

Then, the posterior contraction rate relative to the LP-metric, denoted by €y, p, 15

w12 (log n)HVEGH G0l
En,p = n—1/2(10gn)(2—1/p)1/1(7“o,d)’ fO’l‘ 92 < p < oo,

where

P(ro, d) := max{(y/ro +1)/2, {(1/2) + [1/ro + 1/(@wo A 2)][1 + L0, 0)(d)]}}.  (10)

If conditions specific to the cases p = 1 and p = 2 are simultaneously satisfied, then
Enp < (En1 Ven2) for every 1 <p < 2.

Given that the power of n is fixed at —1/2, the most important element in the rate is the
power of the logarithmic term, which adapts to the characteristic exponent o of fy. A
main implication of Theorem 2, whose proof is deferred to Section 6, is that the choice
of the kernel is not an issue in Bayesian density estimation. A well-known problem with
the use of Gaussian convolutions is that the approximation error of a smooth density
can only be of the order O(c?), even if the density has greater smoothness. The approx-
imation can be improved using higher-order kernels, but the resulting convolution is not
guaranteed to be everywhere non-negative which, in a frequentist approach, translates
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into a non-bona fide estimator. This is not an issue in a Bayesian framework because
to get adaptation it suffices that the prior support contains a set of Gaussian mixtures
close to fy receiving enough prior mass, which is the case when the mixing distribution
is endowed with a Pitman-Yor or a N-IG process prior.

4.3 Adaptive estimation over Sobolev spaces

In this section, we study adaptive estimation of densities in Sobolev spaces using Gaus-
sian mixtures. We assume that f; satisfies the following conditions.

(a') Smoothness: for ko € N, the probability density fo € L?(R) has Fourier transform
fo satisfying

Jasepylhord <. (1)
In addition,
£ e Lo(R) - with Boll(£§*)/fo)(X)[?] < oo (12)
and, for kg € {2, 3, ...},
Eol| (£ fo) (X)|* /7] < 00, j=1,..., ko —1. (13)

(t/) Tails: for some constants 0 < ¢y, My < oo and 2 < wy < 00,

folz) < Moe= 21" for large |z|.

Condition (11), which is the essential one, implies that fj is ko-times continuously dif-
ferentiable on R, with derivatives that vanish at oo, i.e., éj)(a:) — 0, as |z|— oo, for
every integer 1 < j < kg. Conditions (12) and (13) are technical requirements. Condi-
tion (') postulates that the sampling density fo has (sub-)Gaussian tails, which when
restricting to a compact set the support of the mixing density of a suitably constructed
Gaussian convolution mixture that uniformly approximates fy allows for keeping the

number of support points relatively small.

The following theorem, whose proof is deferred to Section 7, asserts that, whatever the
“Sobolev smoothness” kg of fy, the posterior distribution corresponding to a Dirichlet
process mixture of normal densities contracts at a rate at least as fast as
n~ko/(Zko+t1)(Jog n)®, with 0 < k < oo, in all LP-metrics, 1 < p < 2, where the rate
n~ko/(Zko+1) is known to be optimal in the minimax sense for the L?-metric, see Theo-
rem 2 in Donoho et al. (1996), page 515.

Theorem 3. Suppose that the probability density fo satisfies Conditions (a’) and (V).
Let the model be frp, = F * ¢, with F ~ DP(a). Assume that

(1) «a satisfies Assumption (A3) for some constants 0 < b < oo and 0 < § < 2;

(i1) G satisfies Assumption (AOQ) for some constants 0 < s, t < co and v = 1. When
p =1, assume furthermore that, for some constant 0 < ¢ < oo, the tail probability
1-G(o) So72aso — 0.
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Then, the posterior contraction rate relative to the LP-metric, denoted by €y, p, 15

n—ko/(2ko+1) (log ) THIHCEO T for =1,
Enp =
P n~ko/(2ko+1) (Jog n)7, for p=2,

with a suitable constant 0 < 7 < oo. If conditions specific to the cases p= 1 and
p = 2 are simultaneously satisfied, then &, , < n~Fo/(Zko+1)(1ogn) 1) for ecyery
1<p<2.

A few comments are in order. Slower rates are found when endowing the mixing dis-
tribution with a Pitman-Yor process having a strictly positive discount parameter since
small Kullback-Leibler type neighborhoods of fy do not seem to be charged enough
prior mass. The open question remains whether posterior contraction rates are indeed
suboptimal for a non-degenerate Pitman-Yor process prior on the mixing distribution.
Also, rates in LP-metrics, 2 < p < 0o, are found to deteriorate by a genuine power of n.

The result of Theorem 3 differs from the one of Theorem 1 in Shen et al. (2013),
page 627, in so far that they obtained adaptation for multivariate Holder densities
using a Dirichlet process mixture of normal densities with a Gaussian base measure and
an inverse-Wishart prior on the covariance matrix, while we treat the univariate case
and allow for a more general base measure. In addition, the smoothness assumption
is expressed through an integrated tail bound on the Fourier transform of f; and the
integrability conditions in (12) and (13) are weaker. Besides, while Shen et al. (2013)
made use of the stick-breaking representation of the Dirichlet process to show that the
remaining mass and entropy conditions are satisfied, we verified the remaining mass
condition using the fact that the tails of almost every sample distribution function from
a Dirichlet process are much smaller than the tails of the base measure. We could thus
exploit the same sieve set employed for estimating analytic densities because, in the
univariate case, the entropy correctly scales to the smoothness level.

5 Estimates of the probabilities of /!-balls

Estimates, under different priors, of the probabilities of £!-balls are essential to evaluate
the prior probability mass of Kullback-Leibler type neighborhoods of the sampling den-
sity fo as in (2). While for the N-IG process, the expressions of the finite-dimensional
distributions can be exploited as in Lemma A.1 of Ghosal et al. (2000), pages 518519,
which deals with the Dirichlet process, for the Pitman-Yor process, the stick-breaking
representation turns out to be useful to obtain lower bounds on the probabilities of
('-balls of the mixing weights and locations.

5.1 Pitman-Yor process

Lemma 1. Let F ~ PY(¢, d), with 0 < d <1 and —d < ¢ < c0. For 0 < e < 1,
let F' = Z;Vﬂ pjde;, 1 < N < oo, be a probability measure on R (possibly depending
one) withp, >ps > ... >2py >0. If N =1, definev; :=1. If2 < N < o0,
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define v1 == p1, v; = p;[[[H_ (1 —v) i =2,...,N—1, and vy := 1. Assume
that 3¢/ N? < mini<j<n—1 v] < maxi<j<n-10; < 1 — 26(1 + é“)/N2 for some constant
0< &< 1. LetU := (Ej 1Zh Vi = op|< 26, mini<j<n V; > €/N?), where the
random variables Vi, ..., Vi are those stemming from the representation in (6). Then,

there exist constants 0 < ¢1, C1 < 0o (depending only on ¢ and d) such that

exp (—(c+ d)log(1/¢)), for N =1,

P(U) = Cy x { exp (—¢1(1VdN)Nlog(N/e)), for 2< N < oo.

Proof. If N =1,thenv; =1, U = (|]V1 —1|< 2e, V; > ¢), with Vi ~ Beta(l —d, c+d),
and

INGE G 2
PU) > I (d)—I’:(c)Jr )] /0 2T dz > exp (—(c + d) log(1/¢)).
If N > 2, then vy = 1. If [V;—v;|< 26 /N2 for j =1, ..., N, then 30| S [Vi—va|<
2¢. Thus, the event U is implied by V := (|V; — vj|< 2¢/N?, V; > ¢/N?, j =
1,...,N). Let l; := [(v; — 2¢/N?) V (¢/N?)] and u; := [(v; +2¢/N?) A 1], j =
, N. We have Iy = 1—2¢/N? and uy = 1. By assumption, the V; are independent
Beta(l —d, ¢+ dj), j € N, thus, using the identity I'(z + 1) = 2I'(z), z > 0,

[C(1 —=d)]""T(c)e™ 2\e+dN / +dj
P(V) > (2e/N*)° —0)TYd
V) 2 Cranre+any %/ H L v
Using the constraints 3e/N? < mini<j<ny—1v; < maxi<j<y-1v; < 1—2e(1+ £)/N?,

with 0 < € < 1,

L — d)]""T(c)c

PV) 2 =i av+ 1)

(2€/N2)C+dN(4E/N2)N71

)c(N—1)+dN(N—1)/2

X (1 —2/N? - max v
1<j<N—1

For d =0, P(V) 2 exp (—c1Nlog(N/e)). For d > 0, if N is fixed or, in the case where
N — o0 as € — 0, using [(c + dN + 1) ~ (27)/2exp (—dN)(dN)N+e+1/2 we have
P(V) Z exp (—c1(1 VdAN)N log(N/e)). Conclude by noting that P(U) > P(V). O
Lemma 2. Let F ~ PY(c, d), with 0 < d < 1, —d < ¢ < 0o and the base measure
« satisfying Assumption (A3) for some constants 0 < b, 6 < co. For 0 < e < 1, let
F = Zjvzl pjdg;, 1 < N < 00, be a probability measure (possibly depending on ¢) with
support(F’) C [—a, a] for sufficiently large 0 < a < co. Then, P(Z;-V:1|Zj —0ij|1<e) 2
exp (—Nlog(Na(R)/(2¢)) + ba’]), where the Z; are the random locations of F.

Proof. It |Z; — 0;|< ¢/N for every j = 1,..., N, then Z;y:ﬁZj — 0;|< e. Since
Zy, ..., Zn are independent and identically distributed according to &,

Z|Z —0j|<e >H/

0j+e/N /(Z

dz 2 exp (~Nllog(Na(R)/(2¢)) + ba’]),
0;—e/N CV(R
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where the second inequality follows from Assumption (A3) and the fact that a is large
enough. O

Remark 1. For d = 0, if N = O((1/¢)?) for some 0 < p < oo, by Lemma 1,
P(U) Z exp (—cNlog(1/e)) which, combined with Lemma 2, yields an estimate of the
probability of an ¢!-ball under the PY(c, 0), for 0 < ¢ < oo, that is consistent with the
one known for the Dirichlet process DP(a) = PY(a(R), 0) from Lemma 6.1 in Ghosal
et al. (2000), pages 518-519, or Lemma A.1 in Ghosal (2001), pages 1278-1279.

For the Pitman-Yor process, the stick-breaking representation has turned out to be
useful to obtain lower bounds on the probabilities of £!-balls of the mixing weights and
locations. However, when d = 1/2 and —1/2 < ¢ < oo, the expressions of the finite-
dimensional distributions of the Pitman-Yor process PY (¢, 1/2) are known and could
be exploited to estimate the probability of an ¢!-ball around a given mixing distribution
as in Lemma 6.1 in Ghosal et al. (2000), pages 518-519, or as in Lemma A.1 in Ghosal
(2001), pages 1278-1279.

Let F ~ PY(c, 1/2), with —1/2 < ¢ < o0, be a random probability measure on a
measurable Polish space (O, B(©)) endowed with its Borel o-field. For every finite
measurable partition Ay, ..., Ay of O, the random vector (F(Ay), ..., F(An)), 2 <
N < o0, has probability density function over the unit (N — 1)-simplex AN ~1

T(c+ N/2) I, (a;/p3")
RODRNe 4 1/2) (T 6 /)

j=1

f(pla---apN) = 1AN*1(p17"'7pN)7 (14)

where &; 1= a(A;) for j =1, ..., N, see Theorem 3.1 in Carlton (2002), pages 768-769.
Lemma 3. Let (P1, ..., Pn), 2 < N < oo, have distribution with density as in (14).
For 0 <e <1, letU := (Z;V:1|Pj — pjol< 2e), with (po, ..., pno) € ANTL such
that €2 < minj<j<ny pjo < maxi<j<ypjo < 1 — g2, Assume that Ae® < a; < 1,
j=1,..., N, for some constants 0 < A, b < oco. If 0 <e <1/N, then

9(N=1)(N/2+c—~1/2)

PO > CN s e—1jav T

eNF2e=3 (AN x exp (—(N — 1)(N + 2¢ — 1) log(1/)),

where C :=T(c+ N/2)/[xN=D/2D(c + 1/2)].

Proof. Note that for 0 <p; <1,7=1,..., N,
N c+N/2 N —(+N/2) /o chN/Z
2 ai/p = | II»s > [T e <[In" ™
=1 j=1 =1 A j=1

because &; < 1 for every j =1, ..., N. Reasoning as in Lemma 6.1 in Ghosal et al.

(2000), pages 518-519, we can assume that pyo > 1/N. For I := [(pjo — ) V 0] and
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u; = [(pjo+e*)All,j=1,..., N—1,

P(U) > P(|P; —pjol<e®, j=1,...,N—1)

EN+2c73(AZ_:b)N

N-1
e, H (U;V/2+c—1/2 N lN/2+c—1/2)
Jj=1

(N2 +e—1/28 1 L G

6N+2c—3(A€b)N N-1

> 7 \N/2+4c—1/2
2O N A e 12N T g(uﬂ h)

9(N=1)(N/2+c~1/2)

> O et A e (<(N = DV + 20 = 1) log(1/2)

because 2P —yP? > (x —y)P for 0 <z, y <1l and 1 < p < co. O

The approach used to estimate the probability of a small ¢!-ball does not impact the
rate: the bound in Lemma 3 agrees with the one in Lemma 1 in showing that, when
d = 1/2, the prior probability of an ¢!-ball around a given mixing distribution is bounded
below by a term of the order O(exp(—cN?1og(1/¢))) which, differently from the one for
the Dirichlet process, involves the squared number N? of support points. This does not
have remarkable consequences on posterior contraction rates in the supersmooth case
because N is of logarithmic order and a possible loss in the rate would only incur an
additional logarithmic factor, but may have serious consequences in the ordinary smooth
case, where N is of polynomial order, thus possibly leading to suboptimal posterior
contraction rates because small Kullback-Leibler type balls around the sampling density
fo are not charged enough prior mass. Admittedly, these are only lower bounds, but we
believe they cannot be substantially improved.

5.2 Normalized inverse-Gaussian process
We prove an analogue of Lemma 6.1 in Ghosal et al. (2000), pages 518-519, or Lemma A.1

in Ghosal (2001), pages 12781279, which provides an estimate of the probability of an
¢-ball in RY under the N-IG distribution.

Lemma 4. Let (Zy, ..., Zy) ~ N-IG(aq, ..., an), 2 < N < co. For 0 < e < 1,

N : 2 . N-1
let U := (Ej:1|Zj — Zj0|§ 2¢, min<;<n Zj > € /2), with (210, ceey ZNO) e A .
Assume that Ac® < a; <1,j=1,..., N, for some constants 0 < A, b < oco. If2/N <

minj<j<n zjo — € and maxi<j<n zjo < 1 — €2, then there exist constants 0 < ¢, C < 00
(depending only on A, b and m := Z;V:l a;) such that, for 0 < e < 1/N and N — oo
as € — 0, we have P(U) > Cexp (—cN log(1/¢)).

Proof. As in the proof of Lemma 6.1 of Ghosal et al. (2000), pages 518-519, we can
assume that zyo > 1/N. If |Z; — zjo|< €? for every j =1, ..., N — 1, then Z;y:1|Zj -
zjo|< 2e and Zy > €% > £2/2. Therefore, the event U is implied by V := (|Z; — z;o|<
2 , 2 . _ e (22 2 e (2

e, Z;>¢e%/2, j=1,..., N=1). Forl; := [(zj0—¢”)V(e?/2)] and u; := [(zjo+e*)Al],
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j=1,..., N—1, the probability P(V) = fl?l co [NV f (2, e, an—1)dey - den g,

IN-1

where f(-) = hy [Ti_y he(-), With hy, ha(-), ..., ha() as in (7). Then,

P(V)> M x (em) N2 min zj—¢ A x (2e2)N-1
- 2N/2_17TN/2 1<j<N J0

2 exp <—cNmaX {1og(1/5), —log (1£r;i<nN Zjo — a) }),

where h; is bounded below using the constraint a; > Asb, while hy(z1, ..., z2nv-1) > 1
because z; < 1 for every j =1, ..., N —1. To bound below hz(-), note that K_y/(-) =
Kny2(-), see 9.6.6 in Abramowitz and Stegun (1964), page 375. Since, for € > 0 small
enough,

~1/2
[An(z1, -y 2v-1)]2 <m!/? (1§}i<HNZj0 - €> < (N/2+1)'2,

we have ho(z1, ..., 2ny_1) ~ 2N27ID(N/2)[An(21, - .., 2y—1)] V% for N — oo as

e — 0, ibidem, formula 9.6.9. By Stirling’s formula,

N/4
—N/2, —N/4 .
ho(z1, ..., z2n_1) 2 € m min z;g — € .
2( 1 s #N I)N 1<j<N 70

—N/2( N/2.

O

Consequently, ho(z1, ..., 2v-1) X h3(z1, ..., 2nv-1) 2, (em) min<;j<n 2jo —¢€)

In principle, one could employ the stick-breaking representation for the N-IG process
discovered by Favaro et al. (2012), which represents the first case of a tractable prior
with explicit stick-breaking representation based on dependent weights. However, the
approach based on bounding below the prior probability mass of a Kullback-Leibler
type ball around the “truth” by the product of the prior masses of ¢!-balls of the
mixing weights and locations (see the events in a) and b) in the proof of Theorem 1),
would yield too small prior estimates using the arguments of Lemma 1. So, in this
case, even if the technique developed in the article to deal with stick-breaking priors
could still be applied to the N-IG process, the approach based on the finite-dimensional
distributions seems to yield a more accurate estimate.

6 Approximation results and proof of Theorem 2

The main difficulty when proving the result on adaptive estimation of analytic densities
using Gaussian convolution mixtures lies in finding a finite mixing distribution with a
number N = O((log(1/¢))*), for some 0 < k < oo, of support points such that the
corresponding Gaussian mixture is within ¢ Kullback-Leibler distance from fy. Such a
finite mixing distribution can be found by matching a certain number of its moments
with those of an ad hoc constructed mixing density. The crux is the approximation of an
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analytic density having sub-exponentially decaying Fourier transform by convoluting the
Gaussian kernel with an operator whose expression is a series with suitably calibrated
coefficients and derivatives convoluted with the sinc kernel or, more generally, with
a superkernel. Inspection of the proof of Lemma 5 below reveals that the operation
of convoluting the above described transformation of fy with the Gaussian density
allows to reproduce the tail behavior of the Fourier transform of fy;. Once this (not
necessarily non-negative) function is modified to be a density with the same tail behavior
as fo and with the same approximation properties in the supremum norm as well as in
the Kullback-Leibler divergence, the re-normalized restriction to a compact set of the
corresponding continuous mixture is discretized.

We begin by presenting the result on the approximation of analytic densities having
Fourier transforms with sub-exponentially decaying tails by convolutions with the Gaus-
sian kernel. For every j € N, let m; := [ y7¢(y) dy be the moment of order j of a stan-
dard normal distribution. Odd moments are null and even moments mq; = (25)! /(275!),
j=1,2,.... We define two collections of numbers (cz;);>1 and (d2;);>1 that only de-
pend on the moments of ¢. Set ¢o := 0 and dy := mgy /2!, let

Mok 2] maj :
.::§ —1)¢ = d  dy =2 ‘ =23 ...
== 2 gy BT gy e IS

k4i=j

For any 0 < 0 < oo and any function f € C*°(R), define the transform

To(f) = [ - Zdzjdzj(f(Qj) * sinc, ).

j=1

The following lemma asserts that any analytic density fo, whose Fourier transform has
sub-exponentially decaying tails, can be uniformly approximated, with exponentially
small error in terms of the inverse of the bandwidth o, by convoluting its transform
T, (fo) with the Gaussian kernel.

Lemma 5. Let fy € APo70Lo(R), with 0 < pg, Lo < o0 and 1 < 1y < co. For o > 0
small enough,

1T (fo) * b0 — follooS €=/ 11 1(S5,) (15)
and
To(fo) = 2fo — fox bs — 3 207 £ + 0™/ 11 (Sp)). (16)
j=1

Proof. For 1 < ryp < oo, the density fo is analytic on R, fy € C¥(R), see, e.g., The-
orem 11.7.1 in Kawata (1972), pages 439-440. For any 0 < o < oo, by definition of
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T-(fo), the fact that fy € C*¥(R) and Taylor’s formula, for every z € R,

[T5(fo) * ¢o — fol(x)

:/ Folw— ) — Zd% (f§2) xsincy ) (z — y) | ¢o (y) dy
=3 [(m SIS @) = oo (5 wsiney 6,) (@)
j=1
:Z[m% 07— J5 s sincy x6,) (@) — ca0% (f57) x siney x65) (x)]

where, in the third line, the order of integration and summation has been interchanged,
which is licit, and, in the last one, the definition of the ds; has been used. For every

JeN,
(fo (27) f(2]) * sinc, *¢q ) ()
= (f(gzj) — féZj) * sinc, ) () + (fézj) * sinc, —féQj) * sinc, *¢y ) ()
1 / PR
= — e T (—it) fo(t) dt
27 Jit1>1/0
1 . L~ .
+ 5o / e (—it) ¥ fo(t) 11, 1) (o) dt — (f§*7) * sinc, *¢, ) (x)

— Ty(2), 0, ) + T(2), 0, 7), zE€R.
By the Cauchy-Schwarz inequality and the assumption that fo satisfies (1), for ¢ > 0
small enough, T1(2j, o, 2) < g2 e~ (Po/o)™° 1{51(Sf,), z € R. Thus,

oo

Z

2]T1 2], o, l‘) <e —(po/e)" 1{00}(Sf0), z eR,

because Y, ma;/(27)! < co. We show that

> [

Jj=1

o2 Ty(24, 0, ¥) — coj0% ( éQj) * sinc, *¢,)(z)| =0, x €R.

Algebra leads to T»(27, o, x) = Z,;“;l[(—l)kmgka%(fé%”k) xsinc, x¢, ) (z)/(2k)!], z €
R. Then, by definition of the cog,

oo

Z

o0
Z )k m% 2(j+k) (fégj”k) * SInc, *¢, ) ()
-1

2'7T2 (24, 0, ) )

Mg ?Mg

2S(fézs) * sinc, *¢,)(z), = €R,

@
I|
)
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which completes the proof of (15).

We now prove (16). We know that, for o > 0 small enough,
T1(2j, 0, 2) S o~ e P/ }(Sfo) for every z € R,

therefore T, (fo) = fo — Z] 1 d2jo 2Jf %) 4 O(e~ pO/U)Tol{OO}(SfO)) = 2fo — fo* ¢s —
Do €250 2Jf( )+ O(e(po/)™ 1o} (Sf,)) by definition of the dy; and the fact that
S lmajo® £5 /(29)!] = fox b0 — fo. O

Let S € L?(R) be a superkernel as defined in the Appendix. For any 0 < ¢ < oo and
any function f € C*(R), let

T,(f):=f - ideUQj(f(Qj) *S5).

j=1
If fo € Aromo:Lo(R), for 0 < pg, Ly < oo and 1 < g < oo, then Lemma 5 holds with

T, (fo) replacing T,(fo). Furthermore, as shown in the next lemma, T, (fo) integrates
to 1 because of the absolute integrability of superkernels.

Lemma 6. Let f, € AromoLo(R), 0 < pg,7r9,Lo < 00. Suppose that f(J) € L'(R),
j € N. Then, for every 0 < o < 0o, we have [ T,(fo)d\ = 1.

Proof. The assumption f, € Aro-mo:Lo(R) implies that, for every j € N U {0}, féj)
BC(R). Also, f(]) € LY(R), j € N, implies that, for every j € N, féj)(x) — 0 as
|2|— oco. Interchanging the order of integration and summation, which is licit,

/i,(fo) dA=1- idzja” /(fézj) 8,)dA = 1.
j=1

In fact, for every j € N, ||f(§2j) % Spll1< ||f(§2j)H ||So|l1< oo and, by Fubini’s theorem,
JUS S dh= [ £§(x — ) So(y) dyl de = [[[ £ (x — y) da]S,(y)dy = 0. O

Suppose that fy satisfies Conditions (a) and (c). Let (a;j);>1 be a sequence of positive
numbers such that

o0
D .= Za2j|d2j|< 0.
=1

Given 0 < 3<1/2,0 < ¢1 < [pg® A (c/27°")], 0 < B, 0 < o0 and 1 < M < oo, let
B, :={z eR: fo(x) > Bo~Meer(1/)
Gy :={z € R: T,(fo)(x) > Bfo(x)},
Uy i={z € R: |/ (@)|< [(1 - 26)/Dlasjo % fo(x). j € N}.

The function T, (fo) is modified to be everywhere non-negative by setting it equal to a
multiple of fo when it is below it. Let

o =T (fo)lg, + Bfolae
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be the modified function.

Lemma 7. Suppose that the probability density fo satisfies Conditions (a) and (c).
Then, for o > 0 small enough, [gyd\ > B and [ g, d\ = 1+ O(e=1/2)"™") for a
suitable constant 0 < c3 < o00.

Proof. By definition, g, > Bfo(1g, + 1ge) = Bfo. Thus, [ 9o dX > B. Rewritten g, as
9o = To(fo) + [Bfo — To(fo)]1ge , by Lemma (6), for & > 0 small enough, [ g, d\ =1+

J1Bfo=To(fo)l1as dX because, for every j € N, [|fg” 1< {Eo[|(f5”/ fo) (X)[2]}"/? < o0,
To show that [[8fo—T,(fo)lae dA = O(e=(1/9)"") e first show that, for o > 0 small
enough, B, NU, C G,. In fact, over B, N U,,

Ty (fo) — f0|<f02|d2g\02]\ I = 187 % 8o/ fo) + fo O _ldajlo® (| £571/ fo)

Jj=1 Jj=1

< fole™ P/ [ fo + (1= 28) Y as;lda;]/ D]

j=1

=[0(c™) +1-28]fo < (1 = B) fo.

because, over By, we have e=(P0/9)™ / fo = O(¢M). Hence, T, (fo) > Bfo and B, NU, C
G,. Furthermore, US has exponentially small probability. By Markov’s inequality, for
some constant 1 < ¢ < oo and, for instance, as; = 27(log27)/2,

0(US) <ZP (827 fo)(X)|> (1 — 2B)azjo~% /D)

< supFofexp(col (/5™/ fo) (X)I"/2/€)]

oo
x Y exp (—col(1 = 28)az; /D)% (1/a)™ /€)
j=1
< e hs(1/0)"0
where the expected value is finite under Condition (¢). In fact, for every j € N,

fol) expleol (15 / fo) @) /% /€) ~ exp (—eola| ™ +eola| =017 /),

with exp (—co|x|P0+co|z|(Fo—10 /¢) = 0 as |z|— oo provided that (wy — 1)y < @p.
Using the bounds Py(US) < e *3(1/9)™  Py(BS) < (0= Me=1(1/9)™)¥ valid for every 0 <
v < 1, and the fact that, by (16), up to O(e=(*0/?)"" 1, (Sy,)), the transform T, (fy) is
a linear combination of fo, fo* ¢, and the f (27) , we prove that [[Bfo— T, Ty(fo)llge dX <

e—c3(1/9)" We begin by showing that fUc fo* bg)dX < e~ (kard™H(A/)™  For random
variables Y ~ fo and Z ~ N(0, 1), [;.(fo * ¢o)dX < P(Y +0Z € US, |Z|< oT0/2) 4
P(|Z|> 07 "0/2) =: T} + Ty, where Ty < e~ (/9)/% and Ty < Py(US) < e *3(1/9)" for
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o > 0 small enough. By the result just shown, ch (fo*xde)dA S chmU (fo * &g)dN+

e~ (kan4™H (/) where, for 1 < & < oo,

/ (foxdo)AN<P(Y +0Z € BENU,, |Z|< o ™/? Y € Bey NU,)
BenU,
+P(Y €US) +P(Y € B.,) + P(|Z]> 0770/2) S e kat/)

Since T, (fo) — fo as ¢ — 0, we have A(GS) = o(1). For ¢3 := min{vey /2, ks/2, k),

/[/J’fo — Ty (fo)llge dX < /|ﬁfo — To(fo)llge dA

< (B+2)[Po(BS) + Po(US)] + /G (fo * 60) dA

c
o

+ ezl /G DA+ O(e= @0/ 1y (54, )AGE)
j=1

c
o

5 [(O_—Me—cl(l/o')7'0)y +e—k3(1/o)7'0}1/2 +e—k4(1/o’)"’0

e (ol ()
< emeall/a)e

)

where, for every j € N, [ [f5™[dX < {Eoll(/5™/fo) (X)P)Po(G5)}'/? and

3 lea o {Eoll(f57 /o) (X) 2} /2 < oc.

j=1

O

Next, a finite mixture of normal densities is constructed from the re-normalized restric-
tion to a compact set of the density derived from g, such that it still approximates fy,
in the Kullback-Leibler divergence, with an error of the order O(e=¢(/?)™) for some
constant 0 < ¢ < oco.

Lemma 8. Suppose that the probability density fo satisfies Conditions (a)—(c). For
o > 0 small enough, there exists a finite Gaussian mizture my, having at most N, =
O((ag/0)?) support points in [—ay, ae], with az = O((1/a)70/(FA2) " such that, for
suitable constants 0 < c¢5, S < o0,

max{KL(fo; mo), Eo[(log(fo/m,))*]} S o~ Fe=s/)"™. (17)

Proof. We present a detailed proof only for the upper bound on the Kullback-Leibler
divergence, which is decomposed into the sum of three integrals, see (18) below. We
bound the first integral. Fix 0 < ¢ < 1 and let C; be the same constant appearing
in Lemma 21. Set C,, := [g,d\, by Lemma 7, for o > 0 small enough, C, =
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1+ Ae=(1/9)" for a suitable constant 0 < A < co. Define the density hy, := g,/C,, .
For 7¢ as in Lemma 21,

B(fo * ¢o) BC
VOo<o S T¢, hg *¢a‘ Z 1+A€_C3(1/J)T0 2 1+Ae_c3(1/0)7-0

Jo

because g, > S fo and, by virtue of Condition (b), Lemma 21 can be invoked. Further-
more, |hy * ¢po — fol < Ci,l|g£f * g — fO“HC;l —1lfo S 190 * 96 — f0|+6703(1/0)rof0~
Then, Lemma 5 implies that
195 % 0 — fol < |To(fo) * $o — fol+[{[Bfo = To (o)l 1az } * o]
S e Py (S5) + HIBfo = To (fo)llag } * o l.

Now, KL(fo; ho*dy) = (meUa +fBgUU§)[f0 log(fo/(he*@s))] dA =: Iy + I5. Recalling
that c3 := min{vey /2, k3/2, kq},

hO’ o - o — —c3(1/0)™0
Il S/ f0| *¢ fOld)\g/ f0|g *¢ f0|+€ fO d\
B,NU, ho * ¢ B,NU, he * ¢o

< e—[03/\(PS°—01)](1/0)"°’

where [[{[8fo — To(fo)llag} * ¢oli< [[1Bfo — To(fo)llae nlloliS e/ By
Lemma 7, [p. ;e fodX S (o= Me=ar(1/0)0)v 4 e=ks(1/0)"™ " Therefore,

I S (o7 MemverVo) 4 =10 ) log((1 4 Ae™(/9)) /(BCL)),
where the logarithmic term is positive because 0 < fC¢ < 1. Thus,
KL(fo; ho * ¢o) S o~ Melean(pe”—en)](1/0)70

Let Cy, = ff; hs dX and define 710 = hr,l[_am %]/C’ha as the re-normalized restriction
of hy to [~a,, as]. By Lemma 17, there exists a discrete distribution F on [—ao, as),
with at most N, = O((a,/c)?) support points, such that [|hg*¢s —F* ¢y oS o te o
Set My := Ch, (F * ¢5), we have |hy * ¢g — Mo |< 0 e ™7 4+ (holi_qg, a,)c) * ¢o. For
o > 0 small enough, (holi_a, a,)c) ¥Po S e~ (po/@)™® 1{00}(Sfo)—4—6’60(“"/2)%A2 by virtue
of Lemma 5 and Condition (c) on fo. Thus, for a constant ¢; < ¢’ < [pg® A (co/2%0"?)]
and ag o (1/0)m0/(@oN2)

”hn * ¢¢7 - ﬁlo“oosj UileiNg + ef(po/a)”) 1{00}(Sfo) + 6760(‘10/2)1?0/\2 ,S 670”(1/0)”) .

Let t, := My + Dotyy, with Dy 1= o~ (F=De=¢1/0)™ for 1 « R < M and ¢ < & < o0.
Define the finite Gaussian mixture m, := ([ t, d\) "', = (My + Do¢5)/(Ch, + D).
Write

he * ¢o lo
KL(fo; moy) = /fologh {k0¢ d)\—i—/folog t*(b d)\—i—/fologm—d)\ (18)

= Ji+ o+ Js,
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where J1 = KL(fo; ho * ¢0).
e Control of Jy. It has been shown that J; < oM e=lean(pg® —en))(1/0)™0

e Control of Jo. Write Jo = ([ + [5.)[folog((hs * ¢5)/ts)| AN =: Jo1 + Joz. Since
0<ep < (d"NE),

o2

Jo1 S/ f07\h0*¢g —to] dA
B, t

o—Re—("A&)(1/0)"0

~ Bo—Meg—ci(l/o)0 _ g—c'(1/o)70

/ fodA < gM-Re-l("AD=eal(1/o)"0
B,

because |hy * ¢ — to|< |ho * po — M|+ Dody S o Re=(¢"A8)(1/0)™ and, over B,,
he * ¢ = fo > BoMe=c1(l/0)® so that t, > My > hy * ¢o — |he * G0 — Me|>
BoMe=c1(1/0)" _ o=<"(1/0)" = Because ||hy % ¢ollea< Co < oo for a constant Cj
(possibly depending on fp) and t, > D¢,

1
T Slog(0/Dy) [ fodr+ — / 22 fo(z) da
Bg 20° Jpg

5 O_—(VM+7”0)6—V01(1/0)"'0 + 0_—(VM+2)6—1/C1(1/¢7)"'0 5 G—[VM+(7"0V2)]e—l/cl(l/a)m.

e Control of J;. Noting that (to/mys) = Ch, + Dy < 1+ D,, we get that J3 <
]Og(l + DU) <D, = g~ (B—1)p—é(1/a)™

Combining partial results, KL(fo; my) < 0~ e=¢(1/9)™ where S > max{R—1, vM +
2} and ¢5 := min{[cs A (p;° — c1)], [(¢" A €) — 1]} are finite constants.

The same reasoning applies to Eq[(log(fo/m))?] and (17) follows. Constants stemming
from the upper bound on this term may possibly be just multiplied by 2. We still denote
the overall constants by S and cs. O

Proof of Theorem 2. As in the proof of Theorem 1, we first prove the result for the
L'-metric. We then deal with LP-metrics, 2 < p < oo. The case of LP-metrics, with
1 < p < 2, is covered by interpolation.

e L'-metric. As in the proof of Theorem 1, for &, = n=/?(logn)¥("0 ¥ with v (ro, d)
as in (10), since 2¢(rg, d) > 1 for every 0 < d < 1, we have e, 1 1= (5, V&) = &, =
nfl/z(logn)%+{%V[2(§+%)¢(ro,d)]}.

e LP-metrics, 2 < p < oo. We appeal to Proposition 1. Let ¢, , 1= &,(né2)1=1/p)/2,
By the assumption that f, € APo70-Lo(R), we have fy € LP(R), 2 < p < oo, and, by
virtue of Lemma 12, for 2/» = cné?, with ¢ as in Proposition 1 (r = 2 and p = 2-1/2
for the Gaussian kernel), || fo — fo * sincy—s, ||, < exp (—(pocné2)™) < nt < g, for
n large enough because 2rgt(rg, d) > 1 for every 0 < d < 1. The requirements of
Proposition 1 that 1 < v < oo and (logn)2¥(0: 4 > (log n)/PO=1/7] are both satisfied

for 2 <y < 0.



502 Adaptive Bayesian Density Estimation Using Mixture Models

e Small ball probability estimate. We show that, for a suitable constant 0 < ¢o < 00,
(I x G)(BkL(fo; 2)) 2 exp(—cané?) for every sufficiently large n. By Lemma 8, for
o > 0 small enough, there exists a finite mixture of Gaussian densities m,, with N, =
O((ay/0)?) support points 61, ..., Oy, in [—as, ay], where a, = O((1/g)70/(Fo/2)),
such that (17) holds. Let py, ..., pn, denote the mixing weights of m,. The inequality
in (17) holds for every mixture of Gaussian densities m,, with o’ € [0, o+ e~ 4 (1/7)),
having support points 6}, ..., ) such that Z;V:"lw; — 0;|< e %(1/9) and mixing
weights pj, ..., ply_ such that Zj\;"l I — pj|< e~41/7)" for suitable constants 0 <
dy, dy, ds < 0o. Let By :={z: fo(z) > (o}, with ¢ := B'o=5 e (1/) where &' :=
2(5—2) and 0 < ¢* < (3¢5 Ac’"), the constants S > 2, ¢5 and ¢” being those appearing in
Lemma 8. For every F' € .#(R) and o’ € [0, 0 + e~ 11/ we have KL(fo; fro) <
o Semes(1/a)0 4 (féo + [ )[folog(mg: / fr,or)] AX. We provide an upper bound on the
second integral. For evergl F such that F([—as, asr]) > 1/2, we have fry/ () 2
(0/) L exp (—(x2 4 a2,)/(c")?) for all z € R. From Lemma 8, [|m, [0S (6/) . For any
0 <w < 1, we have fBg (/0" fo(r)dz < 072(% and fBg fodX < ¢¥. Therefore, for a

suitable constant 0 < ¢/ < we*, we get [, folog(mer/fre) AN S [5. (x/0")? fo(x) dz +
(a01/0")? [, JodA S e/,

As in the proof of Theorem 1, we distinguish the case where the prior for F' is a Dirichlet
or a N-IG process, from the case where the prior for F' is a general Pitman-Yor process
with 0 <d<1and —d < ¢ < .

— Dirichlet or N-IG process. Clearly,

[5, folog(mor/ fre) AN < [ fo(llmer — frollec/ fFor) AX. Using Lemma 5 of Ghosal
and van der Vaart (2007b), page 711,

Imer = frorlloeS 02 maxi<j<n, MU;) +0~ 1 SN | F(U;) — ph|, where Uy, ..., Uy, is
a partition of R, with Uy := (Uj\]:”1 U;)¢ and U; 3 0} for j =1, ..., N,. The support
points of m,/ can be taken to be at least 0—3(5=2)¢=3¢3(1/0)" geparated. If not, m,s can
be projected onto a mixture m/,, with o 3(8-2)=3¢5(1/9)"° _geparated points, such that
Mo —m||eeS =G5 e=3¢(1/0)  There thus exist disjoint intervals Uy, ..., Uy,
such that U; > 0} and o353 (/) < \(U;) < 20357 D e3es(/0)0 5 =
1, ..., N,. Let F be such that

No
Z|F(UJ) _p;_|§ 07(3575)67305(1/0)“). (19)
j=1

Then, |myr — frolleoS o35 D=3/ and, over B,, we have frqr > my —
o~ (384 =3es(1/0)"0 > ¢ Therefore, fBU folog(my:/ fre) dX < o= Se=(Bes=e)(A/a)"0
Note that, for F' satisfying (19), F([—as’, a,7]) > 1/2. Combining partial results,
max{KL(fo; fr.o'); Eo[(log(fo/fr.e))?]} S o e (/o) for 0 < ¢g < min{cs, ¢/, 35—
c*}. To apply Lemma A.2 of Ghosal and van der Vaart (2001), pages 1260-1261, in order
to estimate the prior probability of {F : Zjvz”l |F(U;)—pj|< o= (35753 (1/2)} mnote
that a(U;) > A(U;) infjg<q,, o' (0) 2 03572 e=Bes 01/ hecause 0 < § < (wp A2).
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Also, Nyo—(35-5)¢=3¢5(1/0)"0 < 1 Since 1y > 1,

(IT x G)(BkL(fo; o~ Se~0(1/2)"7))
No
z al 7. Z|F(UJ) 7p;|§ 07(3375)67365(1/0)”) % G([O’, o+ efdl(l/o—)ro))
j=1

> exp (—(c7Ny +dy)(1/0)™ — Dy(1/0) (log(1/a))").

Taking ¢ = ¢, = O((logn)~/7), we have o, Se¢(1/on)"" o n=1(logn)3/70 = &2

provided that (S/rg) = 2¢(ro, 0), and (¢ Ny, +d1)(1/0,)" + D1(1/0,)" (log(1/0,))t <
(logn)?¥(0:0) We need to take S = 2rg1(rg, 0) while having S > max{R —1, vM +2}
as prescribed by Lemma 8. Since 2rgi(rg, 0) > 2, the latter constraint is satisfied by
suitably choosing M and R.

— Pitman-Yor process with 0 < d < 1 and —d < ¢ < oo. It is enough to note that
Mo = frorlloeS 07! Zj]vi“l\Wj —pfl+07? ZjMzal pj|Z; — 0}| and estimate the probabil-
ities in a) and b) of Theorem 1. We have P(Z;Viﬂzj —0|< o—(35-5)¢=3e5(1/0)"0) >
exp (—N,(1/0)™). Thus,

(I x G)(Bxu(fo; o Fe0/2)y)
> exp (—[cs(1V dN4 )Ny, +dq](1/0)™ — D1(1/0)Y(log(1/0))").

Taking o = 0, = O((logn)~1/70), we have o, Se=°(1/7n)" 22 and
[cs(1V dN,, )Ny, +di](1/0,)" + Dl(l/Un)’y(IOg(l/Un))t < (log ”)Qw(rmd)
as long as S = 2rgy(rg, d) and S > max{R — 1, vM + 2}. O

7 Proof of Theorem 3

Some instrumental results are preliminarily presented. For any 0 < ¢ < oo and any
k-times differentiable function f on R, define the transform

1 for k=1,
Toolf) =4 . N
koS f—ZdeJf(J), for k=2,3,...,
j=1
where, abusing the notation introduced in Section 6, ¢; := 0, dy := —my = 0,
my - .
cj = — Z(fl)kﬂ 1 and d; ::(71)7],—!J+cj, i=2,3,...,
ki>1
k+i=j

m; being the moment of order j of a standard normal distribution. The following
approximation result is an adaptation of Lemma 3.4 in de Jonge and van Zanten (2010),
pages 3311 and 3317-3318, which deals with the approximation in the supremum norm
of multivariate Holder functions, see Kruijer et al. (2010) for the univariate case.
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Lemma 9. Suppose that, for k € N, f is a k-times continuously differentiable function
on R with f*) € L>(R). For every z € R,

m
|[Tk,o(f) * po — fl(z)]|~ Q(le)!aﬂf(k)(wﬂ as o — 0.
Proof. For x, y € R, let
Ri(z, y) : ") (z — sy)(1 — ) ds.

Since f*) € BC(R), by the dominated convergence theorem, for every = € R,

/Rk(x, Y)9s(y) dy ~ (-1 )kmk ot f ) (). (20)

The proof is by induction on k. For k = 1, by definition of T3 ,(f), Taylor’s formula
and (20), for every = € R,

[Tho(F) % 6 — fl(a)|= \ [ Rate 01600 dy\ o fO @)= 0

For k = 2, by definition, T5 ,(f) = f —diof(") = f because d; = 0. By Taylor’s formula
and (20), for every z € R,

(T2 00 = = [ ol myon )ty ~ 201 )

For k > 3, assume that, for every 1 < j <k — 1,

Mak*jf(k)(x), z €R,

19 = Ty £9) 5 6,)(0) = Cicy (1)

where, for (k — j) even, Cjy_; := (’;g)_l Then, by Taylor’s formula and (20),

k—1

[Tho0(f) * 6o — f] anU Zd 07 (9 % ) ()

=1 Jj=1

<

+ / Ri(z, )60 () dy

l\D\R‘

(DR M @)
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because

k-1 k-1
Z(fl)j%gjf(j) _ Z Aol f9) % 6,
! =

=1

.

k—1 k—1
— (—l)jifaj(f(j) — 9 % gy) _chgjf(j) % by
=1 J: =
k-1 M . .
= > (V)oY = T o (f9) 5 6]
j=1 I
k-1 P . ‘ k—1 o
+ D () L [T o (f9) % 6 = fO 5 00] = 3 cjo? {95 0,
— J: i=1
J J
k—1

<—1>J‘%aj [fD = T o (FD) % 6]
1 .

k m
(5-1) 0t o,

.
Il

where the term in the fourth line is identically null by definition of the coefficients c¢;. [

Let ko € {2, 3, ... }. Suppose that fy is a ko-times differentiable density. Let 0 < ¢ < 1
and Sy := Zfo:zl|dj| Given 0 < 0 < 00, define

Gy ={z €ER: Tpy o (fo)(x) = Vfo(x)},
Up={zeR: [f{(@)< Q=)o fo(x)/So, j=1,..., ko —1}.

Lemma 10. Suppose that, for some ko € {2, 3, ...}, the probability density fo is ko-
times differentiable, with fé])(x) — 0 as |z|]— o0, j =1, ..., kg — 1, and salisfies the
integrability conditions in (13). Define gr,.o := Thy,o(fo)lc, +Vfolge. Then, foro >0
small enough, ¥ < [ gry.o AN =1+ O(c%).

Proof. By definition, g,,» > Ufo. Hence, [ gr,,o dX > 9. Write gr,,o as Thy,o(fo) +

[0 fo—Tho,o(fo)]1ge . By the assumption that féj)(a:) —0as|z|]=o00,j=1,..., kg—1,
we have [gr,odN = 1+ [[0fo — Thy,o(fo)llge dX.  We now prove that [[Jfy —
Tro,0(fo)lge AN = O(0?%). We begin by showing that U, C G,. Over U,, we have

| Tho o (fo) = fol < fo(1 =) X525 |d;1/So < (1 =) fo. Hence, Thy o (fo) > 9fo. Conse-
quently, U, C G,. The set US has exponentially small probability. In fact, by Markov’s
inequality and the integrability conditions in (13),

ko—1
Po(U2) < 0% N7 Eol|(£87 o) (X)[2Ko/] < ok

j=1

and [[0fo — Tip.o (fo) 1oz AA S Po(UE) S oo, O
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The following lemma can be proved similarly to Proposition 1 in Shen et al. (2013),
pages 629 and 635, invoking Lemma 9 and Lemma 10.

Lemma 11. Suppose that the probability density fo satisfies Conditions (a') and (b').
For o > 0 small enough, there exists a finite Gaussian mizture my, having at most
N, = O(as/0) support points in [—as, ay)|, with ax = O((log(1/0))"/?), such that
max{KL(fo; ms), Eo[(log(fo/mo))?]} < 0.

Proof of Theorem 3. We prove the result for the L'- and L?-metrics. The case of LP-
metrics, 1 < p < 2, is covered by interpolation.

e L'-metric. The entropy condition (2.8) and the small ball probability estimate con-
dition (2.10) of Theorem 2.1 in Ghosal and van der Vaart (2001), page 1239, are shown
to be satisfied for &, = n~ko/(ko+1)(1ogn)™H1H+2) ™" and &, = n—ko/2ko+1)(Jogn)7,
respectively, with an appropriate constant 0 < 7 < oo. The posterior rate is then
en1 = (€, VE&,) = &,. We begin by considering the entropy condition. For 0 <
a,0,0 <occand 0 <n <1, let 4y 05 :=1{fro: F(l—a,a])>1-n, c <o <}
and Fq 0.5 = {fro: F([—a,a]) =1, 0 <o <5}. Combining Lemma A.3 in Ghosal
and van der Vaart (2001), page 1261, with Lemma 3 in Ghosal and van der Vaart
(2007Db), pages 705-707,

log D(n, ya.,n/él,g,tﬁ ||H1) < 1OgN(77/2> ya,g,t_fv ||H1)

20 2 2 2
< log <U> + (a \% 1) (log ) {log (a + 1) + log ] .

na a n na n
Choosing a,, = L(logn)'/?, n, = &,, o, = E(né2)~! and 7, = eFmEL with suitable
constants 0 < E, F, L < oo, for F, := Fy, y./a,0,,5,, We have log D(&n, Fn, [Ill}) S

néfl.

Using results of Doss and Sellke (1982), page 1304, the prior probability of .%¢ can be
bounded above as follows:

(I x G)(FE) < Glay) + [1 — C(0n)] + — EnlF([~an, an])]

S o, exp (—[Daoy,  (log(1/a,))]) + 62

4
+ —exp

n <_ @(*an)UO; @(an)F)

4 1
T P (‘ [ — a(a,)][log(1 — a<an>>]2>

S exp (—(c2 +4)ney),

where 0 < ¢p < 0o is the constant stemming from the small ball probability estimate.

e L2-metric. We appeal to Theorem 3 of Giné and Nickl (2011), page 2892. Choosing
their v, = 1, n € IN, the sequence €, 2 = &, plays the same role as §,,. Condition
(b) that 2 = O(n~'/2) is satisfied for every ko € N. Condition (1) of Theorem 2,
ibidem, page 2891, is now checked. Let g, := E(né2)~(logn)?¥, for 1/2 < ¢ < t
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and a constant 0 < E < oo to be suitably chosen later on, and let 2/» = cné?,
with any 0 < ¢ < co. Define %, := {fro, : F € #(R),0 > g,}. We show that
Fn C{fro: Ifre —sinco-u, (fro)|l2< C(sinc)e, o} for every sufficiently large n. For
every fr, € %, such that Sp < oo, we have || fr, — sincs-s. (fro)|2= 0 because
277 > Sp for all n large enough. For every fr, € %, such that Sp = oo, we have
[fro = sinco-s (fro)ll2S ot exp (—(pa,27")%) S n™' < enpo because (g,27)* o«
(logn)?*¥ 2 (logn) as ¢ > 1/2. Now, (I1xG)(Fy) < 0,,° exp (—[D2a;, ' (log(1/c,,))"]) <
exp (—(c2 + 4)né2) because ¥ < t.

By the assumption that fo has Fourier transform satisfying the integrability condition
in (11), we have fo € L*(R) and || fo — fo *sinca—, ||2= O(e,,2). Concerning Condition
(3), we first apply Theorem 2, ibidem, page 2891, for the supremum norm (Condition
(1) for the supremum norm can be seen to be satisfied as for the L?-norm and || fo — fo *
Sincy- 1, |eo= O(n'/2£2)) and then use the conclusion that the posterior concentrates on
a shrinking supremum norm neighborhood of fy to see that the posterior accumulates
on a fixed supremum norm ball of radius B := 1+ || fo||co with probability tending to 1.

e Small ball probability estimate. By routine computations, see, e.g., Theorem 4 in
Shen et al. (2013), pages 629-630, it can be seen that, for the Dirichlet process, there
exists a constant 0 < ¢y < oo so that (I x G)(Bky(fo; 2)) 2 exp (—coné?) for all n
large enough. O
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Appendix

The Appendix is split into three parts: the first one presents the proofs of the results in
Section 3, preceded by some lemmas; the second one contains the proofs of Theorem 1
and Corollary 2; the third one reports some auxiliary results.

Proofs of the results in Section 3

The following lemma provides, for every 2 < p < oo, an upper bound on the LP-norm
approximation error of a density, whose Fourier transform either vanishes outside a
compact set or decays exponentially fast, by its convolution with the sinc kernel. Recall
that if f € L'(R), then f can be recovered from f using the inversion formula for
Fourier transforms, f(z) = (2r) " fe*imf(t) dt, x € R. Furthermore, f is continuous
and bounded, f € BC(R). In what follows, Sy is as defined in Section 1.1.

Lemma 12. Let f € A»"E(R), 0 < p, r, L < 0o. Let 0 < o < 00 be fized. If Sy < 1/o,
then || f — f *sincy||p,= 0 for every 1 < p < co. If Sy = oo, then ||f — f * sinc,||p<S
o= 1=1)/26=(0/0)" for every 2 < p < co.

Proof. Since f € A?"E(R), we have f € L'(R). Then, f(1 — sm/c\g) € L'(R). By
the inversion formula for Fourier transforms and the fact that sl/n\c(t) = 1y, (),
t € R, we have (f — f * sincy)(x) = (2m)7! f‘t|>1/ae*”xf(t)dt, z e R If S <
1/o, then f‘t|>1/g e~ f(t)dt = 0 identically on R and ||f — f # sinc,||,= 0 for every
1 < p < oo. Now, suppose Sy = oco. For any function g € LP(R), 2 < p < o0,
we have [|gl[b< Cpl|gll¢, where ¢7! := (1 —p~') € [1/2,1) and 0 < C}, < ¢ is a
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constant depending only on p, see, e.g., Theorem 74 in Titchmarsh (1937), page 96.
By the assumption that f € A”"E(R), we have f € LP(R) for every 2 < p < oc.
Then, ||f — f * sincy||,< Hf||p—|—|f|| |Isinc,||,< co. For every 2 < p < oo, we have
[ f — f = sinc, [[F< C I F(1 = 51ncU)H‘1 C, f|t\>1/a|f( )|9dt. By the Cauchy-Schwarz

inequality and the assumption that f € A?"L(R),

/ |f@ﬁdw</ F@)ldt < o0 20/ (21)
[t|>1/0 [t|>1/0

where fl/ 200" dt = r=1(2p") YT (r7Y, 2(p/o)"), with T'(a, 2) = [te e tdt,
for 0 < a, z < oo, the upper incomplete gamma function. It is known that I'(a, z) ~

2%71e™% as 2 — oo. The case where p = oo is treated implicitly in (21). O

When S; = oo, the result of Lemma 12 can be extended to all LP-metrics, 1 < p <
00, replacing the sinc kernel with a superkernel, which, unlike the sinc kernel, is an
absolutely integrable function. A superkernel S is a symmetric (around 0), absolutely
integrable function, with [ .S d\ = 1, that has an absolutely integrable Fourier transform
S (hence S is continuous and bounded) with the properties that S =1 identically on
[~1, 1] and |S|< 1 outside [—1, 1]. The interval [—1, 1] is chosen for convenience only:
S is required to be equal to 1 in a neighborhood of 0. Superkernels necessarily have
infinite support. They can be obtained as iterated convolutions of re-scaled versions of
the sinc kernel, cf. Example 1 in Devroye (1992), page 2039.

Lemma 13. Let f € A”"E(R), 0 < p, 7, L < co. Let S be a superkernel and let
0 <0 < oo be fized. If Sy < 1/a, then ||f — f * Sy|lp= 0 for every 1 < p < co. If
Sy =00, then || f — f * Ss||pS o= (=1)/2e=(0/2)" for every 2 < p < co. If, furthermore,
when Sy = oo, we have 0 < 0 < 1 and [ f*d\ < oo for some 0 < v < 1, then
If = % So|lp< (0= 2e= (/Y= for every 1 < p < 2.

Proof. We have (f — f % S,)(x) = (20) " [0,/ ¢ ([ - S(ot)]dt, @ € R. I
Sy < 1/o, then ||f — f % Sy||p= 0 for every 1 < p < oco. If Sy = o0, since, for every
2 <p<oo, ||[f=f*Sep< (14 [Ss]l1)][fllp< oo for all 0 < ¢ < oo, by repeating
the same reasoning as for the sinc kernel in Lemma 12, we conclude that ||f — f =
Sw<mmu»nqchmmmmw<www<wwwwmmms

~(1=1)/26=(p/9)" hecause |S|< 1 on [—1, 1]¢. The case where p = oo follows from the
bound on f|t|>1/<7 f(®)|dt in (21). Now, let 1 < p < 2. From Lemma 1 in Devroye
(1992), page 2040, and the assumption that f € A”"E(R), we have ||f — f * S, |1 <
2(f f° d)\)(j"‘t‘>1/a|f(t)| dt /)10 < (f frdN) (o~ 2e=(p/a))1=Y for every 0 < v <
1 as in the statement. For any LP-metric, 1 < p < 2, using the inequality || f — f %S5 ||, <
max{||f — f* Soll1, |If — f *Ss|l2} (see, e.g., Athreya and Lahiri (2006), page 104), we
get that [[f — f xSl S (o7 (1 77)/2em 0/ )1, O

Before proving Proposition 1, a remark is in order. If K € L(R), then ||f/p\(,||1§
[1K (ot)| dt < oo for every 0 < o < oo. So, if K € A?"F(R), 0 < p, r, L < oo, then, not
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only is K € LY(R), but fr, € AromL/VT(R). Therefore, the absolute integrability of K
allows to recover any convolution mixture fr, by just inverting its Fourier transform.

Proof of Proposition 1. We appeal to Theorem 2 of Giné and Nickl (2011), page 2891.
Choosing their v, = 1, n € N, the sequence ¢, ) = z—fn(mffi)(l*l/”)/2 plays the same
role as 6, in the cited theorem. For o, := E(né2)~'/7, 0 < E < oo being a constant

as in the statement, let %, = {fp, : F € #(©), 0 > g,}. For every fp, € Z,,
we have IP»7"(fr,) < 2nL2, with p, := po, and L2 := L?/g,. Condition 1(a),

ns
ibidem, page 2890, for the convolution kernel case is satisfied for the sinc kernel. In
fact, sinc € L2(R) N L>(R) because [ sinc® d\ = [[sinc||= (1/7) < oo. Besides, the
sinc kernel is continuous and, as shown in Lemma 14, is of bounded quadratic variation
on R. For every fr, € #, for which Sy, < oo, since 0,2’ o (né2)'=1/7 — oo as
n — oo, we have || fr,, —sincg-s,. (fro)||p= 0 for every 2 < p < co. For every fr, € %,
for which Sy, = oo, taking into account that 2/» = ené?, with (a'/"pE)~! < ¢ < oo,
and using the constraint on v, we have || fp,s —sinco-s. (fr.o)llp< exp (—a(pa, 2/7)") <
exp (—a(pEc)"(né2)r0-1/7) < n=t < g,, for every 2 < p < co. Therefore, for
every sufficiently large n, #, C {fro : |fro — sincy-u. (fro)llp< C(sinc)ey p}, where
0 < C(sinc) < oo is an appropriate constant depending only on the operator sinc
kernel. If 1 < y < o0, for 0 < E < {Da[1jg,,—1](5) + BL(r—1, 00)(5)]/(C + 4)}1/7, where
0 < C < oo is the constant stemming from the small ball probability estimate, by
Lemma 4.9 of van der Vaart and van Zanten (2009), page 2669, and Assumption (A0),

9y

(IT x G)(F5) = /0 g(o)do < g, *" "V (log(1/c,)) " exp (—~Dag, " (log(1/a,))")

< exp (—(C + 4)né?)
and Condition (1), ibidem, page 2891, is fulfilled. O

Proof of Corollary 1. Under the stated conditions, Proposition 1 holds with the prior
distribution G for the scale parameter being a point mass at o¢ and with ¢ play-
ing the role of p. It is verified that K € A?""L(R) for every 0 < p/ < p and a
suitable constant 0 < L < oo. Consequently, fm o, € L'(R), 2 < t < oo, and,
defined e, = &,(né2)11/D/2 we have ||fry.0o — SiNCy—n (fFy.00)|lt= O(ens) for
2 = ené2, with [@/"p(og A 1)]7' < ¢ < oo for any fixed 0 < o < 1. Thus, for
every 2 < t < oo, there exists a sufficiently large constant 0 < M < oo so that
(F : || froo — fFo.o0llt> Men | X™) — 0 in PJ-probability. By Lemma 15, for every
2 <t < ooand any 0 < u < oo such that Ex[|X|%] < oo, we have || fro, — fry.00l1S
(1fFeo — fFo,oo”t)l/[H(Su)_l]a where fro,, fry.oco € L(R) because K € AP'vT»L(R)
and supprc g (0) Efpr, [ X[ < (1V 24 ") {o¥¢ Ex[|X|“]+ [|0]* dF'(#)} < oo since O is
bounded. By modifying Theorem 2 in Nguyen (2013), page 377, for every 2 < p, t < 00,
we get that Wp(Fa FO) S [_ IOg dTV(fF,aov fFo,ao)]il/r S (_ log”fF,Jg - ng,o()”t)il/Ta
where drv (-, -) denotes the total variation distance. Thus, for every pair p, p’ such that
1<p' <2<p< oo, since Wy (-, ) < Wy(-, ), see, e.g., Remark 6.6 in Villani (2008),
page 95, we have {F : ||fro, = frooolltS ene} © {F @ Wy(F, Fy) < (logn)~ 7} C

~

{F: Wy(F, Fy) S (log n)~1/"}. Hence, for every 1 < p < oo, there exists a sufficiently
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large constant 0 < M’ < oo so that TI(F : W,(F, Fy) > M'(logn)~*/"|X™) — 0 in
Pj-probability. O

Proofs of the results in Section 4.1

Recall that, given a metric space (5, d) and a totally bounded subset C' of S, for fixed
0 < € < o0, the e-packing number of C, denoted by D(e, C, d), is defined as the largest
integer m such that there is a set {s1, ..., $;m} C C with d(sk, s;) > ¢ for all pairs of
integers 1 < k # | < m. The e-capacity of (C, d) is defined as log D(e, C, d).

Proof of Theorem 1. We prove the result for the L'-metric invoking Theorem 2.1 of
Ghosal and van der Vaart (2001), page 1239. We deal with LP-metrics, 2 < p < oo,
appealing to Proposition 1. For 1 < p < 2, the result follows from the interpolation
inequality || fr.o — foll,< max{|| fr.o — foll1, |fr.e — foll2} S n1/2(logn)* for a suitable
constant 0 < ¢ < oo.

e L'-metric. We show that conditions (2.8) and (2.9) in Theorem 2.1 of Ghosal and van
der Vaart (2001), page 1239, are satisfied for sequences &, = n~/?(logn)X, with a suit-
able constant 0 < y < 0o, and &, = n~Y2(logn)?@, with (d) = 7+ (7—1/2)1(0, 00)(d)
as defined in (9), the latter sequence stemming from the small ball probability esti-
mate below. Then, the posterior rate is e,1 = (&, V €,). Given 0 < 7, < 1/5,
for constants 0 < F, F, L < oo to be suitably chosen, let a, := L(log(1/n,))**(®/,
a, = E(log(1/n,))"2*D/7 and &, := exp(F(log(1/n,))**¥). For %, = {fr. :
F([—an, an]) > 1 =1, g, <o < d,}, by Lemma A.3 of Ghosal and van der Vaart
(2001), page 1261, and Lemma 20,

& a 10, 17(m) 1 14+1¢0, 1(r) /7
log D(1, Zus |1) < log (Jn) + () y <1og>

On M

{(an>r/(r1) ( 1 >}1<1,oc>(7")
X max — , | log — .
Iy Tin

Taking 7, = &,, we have log D(&,, Z,, ||-|1) < né?

2. Concerning condition (2.9), by
assumptions (4i)—(4i7) and the fact that 27 > 1, for appropriate choices of E, F, L as
functions of the constant co stemming from the small ball probability estimate, the prior
probability of .#; is bounded above by exp (—=D2[B1(0, s4+1)(7) + 1is41,00] (V)] ) +
0,9+ e‘b“fb/nn < exp (—(ca + 4)né2) because, by Markov’s inequality and the inde-
pendence of (Wj)j21 and (Zj)th

c 1 - al|—an, Gn ¢ e_bai
I(F : F([~an, an]°) > ) < —E | > Wili_a, a¢(Z)| < (0 9 < ,
n Min Tin

Jj=1

e [P-metrics, 2 < p < oco. The conditions of Proposition 1 are satisfied. Let €, , =
&,(né2)1-1/P)/2 " By the assumption that fo = fr, 0, = Fo * Koy, we have fy €
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AroomL/VE(RYN LP(R), 2 < p < oo. By Lemma 12, letting 277 = cné?, with ¢ defined
as in Proposition 1, || fo — fo * sincg-s, [|p= O(en p) for n large enough.

e Small ball probability estimate. We show that, for 0 < ¢ < [(1/4) A (0¢/2)], there
exists a constant 0 < cp < 00 so that (I x G)(Bxw(fo; €2)) 2 exp(—cz(log(1/¢))?#(@).
A remark is in order. The case where @ = oo corresponds to Fy having compact support,
ie., Fy([—ao, ap]) = 1 for some 0 < ap < co0. Let a. := aé{“}(w)(callog(l/s))l/w and
let F§ be the re-normalized restriction of Fyy to [—a., ac]. By Lemma A.3 of Ghosal and
van der Vaart (2001), page 1261, and Assumption (A2), || frs o, — fol1 S €. We show

that there exists a discrete probability measure Fjj on [—ac, a.], with at most

27—1
N < <log e) (22)

support points, such that ||fr; o, — fF.0llcS €. The support points of Fy can be
taken to be at least 2e-separated. We distinguish the case where 0 < r < 1 from the
case where r > 1. In the latter case, the assertion follows immediately from Lemma 17:
in fact, a. can be taken to be large enough so that a./(pog) > e~ L. If 0 < r < 1,
Lemma 17 cannot be directly applied because the requirement on a./(pog) may not
be met. Yet, an argument similar to the one used in Lemma 2 of Ghosal and van
der Vaart (2007b), page 705, can be adopted. Consider a partition of [—ae, a.] into
ke = [ag =@ (e @/ 0 N1 (106(1 /6))1/r=1410,)(®)/=] subintervals 14, ..., Ix
0 0 ) ’
of equal length 0 < I < 20¢(log(1/¢))~(1=")/" and, possibly, a final interval I}, of length
0 <lpy1 <. Let J be the total number of intervals in the partition, which can be either

kor k+1. Write Fj = ijl Fy(1;)Fg j, where Fy ; denotes the re-normalized restriction

0,5
* J * J * *
of Fy to I;. Then, fFJJO(') = Zj:l Fy (Ij)fF(,*moo(') = Zj:l Fg (Ij)(Fo,j * Koy ()
For every j =1, ..., J, by Lemma 17 (and Remark 2) applied to every fF; .00, With

ajo = (1/2))o0 x (log(1/e))~U=7)/7 there exists a discrete distribution Fy ;, with at
most N; < log(1/¢) support points, such that ||fr; oo = fF; 00 llecS €. Defined £ :=

J " J "

Ej:l FO (Ij)Fé,j’ we have ||fF5,00 - fFé’Uo HOOS Zj:l FO (Ij)Hng,j,Uo - fF(;,j;UOHOOS &,
where F}, has at most N < Z}]:1 N; Skxlog(1/e) < (log(1/e))/ 1. ) (®)/= support
points. Combining the result on the total number N of support points of F{ in the case
where 0 < r < 1 with the one for the case where r > 1, we obtain the bound in (22).
Let 0 < ¢ < 0o be such that Ex[|X |7 < co. For any v such that (1+¢)~! < v <1, by
Holder’s inequality, [ fp. , dA S (14 []2]7frs o0 (2) d2)” S {(1V 297 Y)[0f Ex[|X]7] +
f|9\§a5|9‘qu5(9)]}U < a9, this implying that ||frs o0 — fry00ll1S el=va¥? by virtue
of Lemma 16.

Next, we distinguish the case where the prior for F' is a Dirichlet process, i.e., a Pitman-
Yor process with d = 0 and ¢ = «(R), from the case where the prior for F' is a general
Pitman-Yor process with 0 < d < 1 and —d < ¢ < oo. The proof for the Dirichlet
process is paradigmatic to deal with other process priors, like the N-IG process, whose
finite-dimensional distributions are known.

— Dirichlet process. Represented F as Zjvzl pjde,, with [0; — 0p|> 2¢ for all 1 < j #
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kE<N,andsetU;:=1[0; —¢,6;+¢],j=1,..., N, for every F' € .#(R) such that

N
Y IFU) —pil<e (23)
=1

and every 0 < o < oo such that |0 —09|< e, we have |fro — fro0l1S 1Ko —
Kg, HlJrs/(a/\cro)Jijy:JF(Uj) — p;|< € by virtue of Lemma 18, Lemma 19 and condi-
tion (23). Thus, || fr.s — fry.0,/l1S € and the squared Hellinger distance ||f;,/02— 01/2||§:
Sy = 6" AN < Wfro = Frpogllit Frgap = Fr ool frg o0 = fol S 1 vate.
In order to appeal to Theorem 5 of Wong and Shen (1995), pages 357-358, we show
that, for densities in the set S := {fp, : Z?:1|F(Uj) —pjl< e, |lo—0p|< e} and a
suitable constant 0 < ¢ < 1, M7 := f{(fo/fF,a)Zel/Q} fo(fo/fro)2dX = O((1/2)%) for
some 0 < & < k/w. For every F satisfying (23), F([—ae, a.]) > 1/2, thus, by sym-
metry and monotonicity of K, fr,(z) > 10]<a. Ky(x — 0)dF(0) > K,(|z|+ae)/2,
z € R. By Assumption (Al), K(a.) 2 exp(—caZ) for a. large enough. Hence,
flz\<as ()1+9(x)KU_9(|x\+a€)dx < exp (oc(da./0g)*) because |0 — 0p|< & < 0¢/2 and
[ folleo < 0. Also,

1+o
o (z) / _

K (alra &S K0 (4] [K oo (12]/2) + Fo (0 10]> |2]/2)] de < oo,
/1|>a5 g(|x|+as) |z|>ae ( ‘ |)[ (| |/) O( | | | ‘/ )]

where the last integral is finite for a suitable choice of ¢ by virtue of Assumption (A2).
Thus, S: € Bkr(fo; c1et~va¥¥(log(1/€))?). To apply Lemma A.2 of Ghosal and van
der Vaart (2001), pages 1260-1261, note that, for each |6;|< a., by Assumption (A3),
a(U;) Z gebat > &% for some constant ¥ > 0 because, when w < oo, we have
0 < 6 < w by hypothesis. Thus, &, = n~"/?(logn)".

— Pitman-Yor process with 0 < d < 1 and —d < ¢ < co. We need to modify the
arguments to control || fro — fr; o,ll1. To the aim, the stick-breaking construction for
the random weights of F' is exploited. Let Fjj = Zjvzl p;dg, be the finite distribution
that approximates F{ in the supremum norm. By relabelling, we can assume that p; >
p2> ...> pny > 0. Let 1 <M < N be the number of strictly positive mixing weights.
For every 0 < o < 0o, by Lemma 18 and the inequality Z;’;MH W; < Zj]\/i1|Wj —pjl,

S 2K -
1fro = fr)olli< 2Z\Wj—Pj|+T > pilZ; — 61, (24)

j=1 j=1
Let vq := p1 and v; := pj 2;11(1 — )]t for j =2, ..., M. Note that 0 < v; < 1 for
every j=1,..., M —1 and vp; = 1 because py; = 1 —Z;\i;lpj = }12/1:_11(1 —wp). We

. ) - 4
have [W;—p;|< [V —v; [}, 21 (1= Vi) +; [T T2 (1= Va) =T [2y (L—vn) [< 2051 [Va—nl,
where the inequality |H?L;11 Yp — Hi;ll zp|< Zi;ﬂyh — zp|, valid for complex numbers
Y1, ..., yj—1 and 21, ..., zj_1 of modulus at most 1, has been used. If, for 0 < e < 0¢/2,
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M j M
a) Zj:l Zi=1|Vh*Uh|§ = b) Zj=1|Zj70j|§ = ¢) |o—ool<e,

then, by Lemma 19 and inequality (24), we have

1w = Frgonlli 1Ko = Koyl 30, S0, 1V = v+ 22, 9,12 — 0,1 & Next,
we show that, for B. = a. (or B: = a. + 1, the latter case being considered if any
support point 6; of F{ is equal to —a. and/or a.), the events in a) and b) together
imply that, for 0 < e < [(1/4) A (00/2)], we have F([—B., B:]) > 1/2. This inequality
is used when checking that, for a suitable constant 0 < ¢ < 1, M2 = O((1/¢)¢), with
0 < ¢ < k/w, so that Theorem 5 of Wong and Shen (1995), pages 357-358, can be
invoked. By the event in b), for ¢ > 0 small enough, all the Z; are in [-B,, B.]. Using
this fact and the inequality Zj\il [W;—p;|< Z]A/il >7 1 |Vh—wvp], the event in a) implies
that F([*st Be}c) < Zglvil Zi:lnfh - Uh|§ €< 1/2'

Concerning the probability in ¢), by Assumption (AO), f;oj; g(o)do Z e, therefore the
prior concentration rate is driven by the probabilities of the events in a) and b). By the
independence of (W;);>1 and (Z;);>1, Lemma 1 and Lemma 2, when 0 < d < 1, for
(38/M2) S minlSjSM_l Vj S maxi<j<m—17j S 1-— (48/M2) (lf the Vj do not Satlbfy
the condition, fr; 5, can be projected into a new density fry -, which is, at most, within
¢ L'-distance from [F}.0 80 that the new v} satisfy the constraints),

M M
P Z|Wj—pj|gf x P Z\Zj—0j|§5 XP(|0’—O’0‘S 6)
j=1

j=1

> exp (—caM?log(1/e)),

because, by (22), 1 < M < N < (log(1/¢))?" 1, where 7 > 1, and, for w < oo, we have
0 < § < @ by assumption, so that a® < log(1/e). Thus, &, = n~/?(logn)?"~/2. For
d = 0, the same lower bound as for the Dirichlet process is obtained. O

Proof of Corollary 2. We appeal to Corollary 1. Since ® may be unbounded, we check
that, given 1 < p < oo, for every p < u < oo, [|0|*dF () < oo with DP(a)-probability
1. For § € R, let a(f) := ffoo[a’(t)/oz(R)] dt. Using results in Doss and Sellke (1982),

page 1304, for any fixed 0 < T < oo large enough, by Assumption (A3),

/|9\“dF(0) < 2uTv ! +/

T

oo

@ o (- o)

o e (‘ O awm?) 10 <o

for almost every sample distribution function F when sampling from DP(«). O

Auxiliary results

This section reports some auxiliary results used throughout the article. Proofs that are
an adaptation of those of results known in the literature are omitted.
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In the following lemma, the sinc kernel is shown to be of bounded quadratic variation
on R. By definition, for 1 < p < oo, a real-valued function h is of bounded p-variation
on R if its p-variation V,(h, R) := sup{>_;_,|h(zk) — h(zk_1)|P: —00 < 29 < ... <
z, < 00, n € N} is finite.

Lemma 14. The function x — sinc(zx) is of bounded quadratic variation on R.

2

Proof. For every n € N, the sum Y ,_, [sinc(zg) — sinc(x_1)]? is maximum at zj =

(2k+ 1)7/2, k=1, ..., n. Split the sum into two terms,
. . 4 42p) 7
[sinc(zy) — sinc(zp_1)]? = — {]
P 7,2 @ w1
and

> [Sinc(xk)—smc(xkfl)f:% > [(MM]

1<k=2j+1<n 1<2j+1<n 4] + 3)(4.7 + 1)

Then, Va(sinc, R) < oo as a consequence of the fact that E?‘;lj_Q < 00. O

The next lemma provides an upper bound on the LP-distance, 1 < p < oo, between
densities on R with finite absolute moment of (some) order 0 < u < oo, in terms of the
product of their L°°-distance and any L?-distance, 1 < ¢ < co. The proof is similar to
that of statement (b) in Lemma 6 of Nguyen (2013), pages 389 and 397-398.

Lemma 15. Let f, g € L>(R) be probability densities with max{Es[|X|"], E¢[|X|"*]} <
oo for some 0 < u < 0o. For every 1 <p < oo and 1 <t < oo,

If = gllb< (s7" +w)
x [s1° (22 fu) L f = gllpi 1S — gl 8D (B[] + Egl| X[/ ]/ 0o,

where s71:=1—¢"1,

Proof. Forany 0 < R < oo, by Holder’s inequality, fmSR|f(:r)—g(x)|p dz < (2R)Y*| f—
ol Also, [i,1_ plf(2) — g(@)Pdo < RVIf — gll%o (B[ X[¥) + Ey|X[¥]). Therefore,

I1f = gllp< ming=o{(2R)"*|If — gllpe+R"IIf — gl (Es[|X[*] + Eg[IX[*])}. The in-
equality in the assertion follows from

rgg(Ax“ +Bx_/3) _ (a+ﬁ)[(A/ﬁ)ﬂ(B/a)a]l/(a+,3)

for every A, o, B, 8 > 0. O

The next lemma provides an upper bound on the L!-distance between densities on R in
terms of their L>°-distance. It is implicit in the proof of Lemma 1 in Devroye (1992),
page 2040.

Lemma 16. Let f, g € L*°(R) be probability densities. For any 0 < v < 1 such that
[ £7 X < o0, we have || — gl < 2]1f — gllis¥ f £ dA.
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Proof. Write || f—gl1=2 [(f—g)* dA <2 [min{f, |[f—gllec} dX < 2[[f =gl [ fVdN.
The assertion follows. O

As noted in Remark 3 by Devroye (1992), page 2042, if
for some 0 < ¢ < 00, Ef[|X|?] < oo, (25)

then [ f¥d\ < oo for every v such that (1+¢)~! < v < 1. For example, condition (25)
is satisfied for a Student’s-t distribution with 0 < v < oo degrees of freedom when
0 < g < v. For the special case of a Cauchy distribution, we have 0 < g < 1.

The following lemma provides an upper bound on the number of mixing components
of a convolution mixture, with kernel density K belonging to some class A”™L(R),
which uniformly approximates a given mixture with the same kernel and a compactly
supported mixing distribution. The definition of Sk is in accordance with that in
Section 1.1.

Lemma 17. Let K € A»"E(R), 0 < p,r, L <o0o. Let0<e <1 and 0 < a, o < 00
be given. For any probability measure F on [—a, al], there exists a discrete probability
measure F' on [—a, a], with at most N support points, such that

[F* K, — F'* Kol S €/ 0,

where
N < max{log(1/e), (a/o)}, if Sk < oo,
and
log(1/e), for 0 <7 <1 and po/a = O((log(1/e))1—")/),
N << log(1/e), for r=1 and a/(po) < e !,

max {log(1/¢), (a/o)"/ "=V} for r>1 and a/(po) > e},

Proof. By Lemma A.1 of Ghosal and van der Vaart (2001), page 1260, there exists a
discrete probability measure F’ on [—a, a], with at most N + 1 support points, N being
suitably chosen later on, such that it matches the moments of F' up to the order N,

67 dF' () = ¢’ dF @), j=1,...,N. (26)

—a —a
By the moment matching condition in (26),

“leN [ |t
N! N +

mwfﬁwg/

—a

o 2} d(F + F')(0), teR, (27)

where the inequality holds because F' and F' have finite absolute moments of any order,
see, e.g., inequality (26.5) in Billingsley (1995), page 343. By the assumption that
K € AP™E(R), we have [|K(ot)|dt < oo for every 0 < o < oo, hence F x K, and
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F'" % K, can be recovered using the inversion formula for Fourier transforms. By (27),
|F*Ky—F'* Kylloo< 2a" /(xN!) [|t|V|K (ot)| dt. Next, we distinguish the case where
Sk < oo from that where Sx = co. If Sx < oo, by the assumption that K € A”"™E(R),

2 N ~ 4 S N €
Fx Ky — F' 5K [l < %/ N [K (ot)|dt < =[L*+C(p, r)/7] (aeNK> S
TN Jit1<sk /o g 7 7

for N = max{log(1/¢), (ae?*Sk/o)}. If Sk = 0o, by the Cauchy-Schwarz inequality,

N /912 1/2 . 1/2
HF*KU — F'x KUHOO < QL]\/" ( 4l ) (/t|2N6—2(pa|t) dt)
wN!

1( G>NWwN+WNW
~ o \2Y"po I'(N+1) '

For N large enough, using I'(az + b) ~ (27)'/2e=%(az)**+*=1/2 (2 — oc0) with a > 0,
N
F Ky — F % Kol LaN" Na-1/r),—N/r N-NO-1/m)+(1/r-3/2) /2
~ o \ po

If 0 <7 < 1and (po/a)”/=" = O(log(1/¢)), for N such that log(1/e) < N <

(o/a)/(=m),
1 11
NO/7=3/2)/2 oy (—N [log poja__ (1 — =+ =log )D
r T

/
|F* Ky — F' % Kylloo < N1 .

S

Ao Q-

If r=1and a/(po) < e !, for N =log(1/e),

1/a\Y _ e
|F* Ky — F' % Kol oS = <> < -
o \ po o
If r > 1 and a/(po) > e~ ', for N = O(max{log(1/¢), (a/o)"/("=D}),

, 1 lel/r 1
|F+ Ky — F' % Kyl|ooS —exp | =N [log——— — =(r—1—-1logr)| | <
o af(po) r

and the proof is complete. O

Qo

Remark 2. Although Lemma 17 is stated for a probability measure F' supported on a
symmetric interval around 0, it holds for every F with support(F’) being any bounded
set in R.

The inequality in the next lemma can be proved similarly to the one for the Gaussian
kernel, see, e.g., the first part of Lemma 1 in Ghosal et al. (1999), pages 156-157.
Lemma 18. Let K be a probability density on R, bounded and symmetric around 0.
For every 0 < o < 0o and every pair 0;, 0, € R,

0; — 04|

g

<

~

0; — 0
1Kol = 0)) ~ o~ 03) 1< 2 K
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In the following lemma, a sufficient condition is provided for the L!-distance between
convolution mixtures with different scales to be bounded above by the distance between
the scales.

Lemma 19. Let K be a probability density on R, bounded, symmetric around 0 and
monotone decreasing in |x|. For every probability measure F on R and every pair
0 <o, 0 <oo, we have ||[Fx Ky — F x Ko/ |1 < || Ky — Ko/ |1< 2|0 — 0’| /(0 Ad’).

Proof. Note that [|F* K, — F % Ko/ |[1< [||Ko(- — 0) — Ko (- — 0)|1 dF(0) = || Ky —
K,||1. The second inequality in the statement can be proved as in Norets and Pelenis
(2014). O

The next lemma provides an upper bound on the L'-metric entropy of a class of con-
volution mixtures with a supersmooth kernel. For 0 < & < oo, the metric entropy of
a set B in a metric space with metric d is defined as log N(e, B, d), where N(e, B, d)
is the minimum number of balls of radius € needed to cover B. The result is based on
Lemma 17, Lemma 18, Lemma 19 and can be proved similarly to Lemma 3 of Ghosal and
van der Vaart (2007b), pages 705707, which deals with mixtures of normal densities.
Lemma 20. Let K € A?"L(R), 0 < p, r, L < 00, be symmetric around 0 and monotone
decreasing in |x|. Let 0 < e <1/5,0<a < oo and 0 < g <& < oo be such that
(a/a) < (log(l/e))” for some constant 0 < v < oo. Define Fy o5 = {F * K, :
F([-a,a]l)=1, o <o <d}. Then,

o 2 1
10g N (2, Fagos 1) < log (“) + N x {log (a + 1) +log ] :
- o€ oe €
where
N < (a/a) x (log(1/e))M/", for 0<r<1,
max{log(1/¢), (a/a)"/"=V}, for r> 1.

The following lemma is a variant of Lemma 6 in Ghosal and van der Vaart (2007b),
page 711.

Lemma 21. Let K be a probability density on R symmetric around 0. Let f be a
bounded probability density on R, non-decreasing on (—oo, a), non-increasing on (b, c0),
for —co<a<b< oo, with f>¢>0o0n]a, b and 0 < f <{ < oo on [a, b]°. For any
0< (<1, let0< 7 <00 be such that fobfa K, (r)dx > (. Then, f+ K; > C¢f for
every 0 < o < 7¢, with C¢ := (¢l/]| flls) € (0, 1).



