The Annals of Probability

2013, Vol. 41, No. 3A, 1191-1217

DOI: 10.1214/11-AOP708

© Institute of Mathematical Statistics, 2013

ON THE LAW OF THE SUPREMUM OF LEVY PROCESSES'

BY L. CHAUMONT?
Université d’Angers

We show that the law of the overall supremum X; = sup; ; X; of a Lévy
process X, before the deterministic time ¢ is equivalent to the average occu-
pation measure u?‘(dx) = fé P(Xs € dx)ds, whenever 0 is regular for both
open halflines (—o0, 0) and (0, co0). In this case, P(X; € dx) is absolutely
continuous for some (and hence for all) r > O if and only if the resolvent
measure of X is absolutely continuous. We also study the cases where 0 is
not regular for both halflines. Then we give absolute continuity criterions
for the laws of (gr, X;) and (gr, X¢, X;), where g; is the time at which the
supremum occurs before ¢. The proofs of these results use an expression of
the joint law P(g; € ds, X; € dx, X, e dy) in terms of the entrance law of the
excursion measure of the reflected process at the supremum and that of the
reflected process at the infimum. As an application, this law is made (partly)
explicit in some particular instances.

1. Introduction. The law of the past supremum X, = sup,_, X; of Lévy pro-
cesses before a deterministic time ¢ > 0 presents some major interest in stochas-
tic modeling, such as queuing and risk theories, as it is related to the law of the
first passage time T, above any positive level x, through the relation P(X; >
x) = P(Ty <t). The importance of knowing features of this law, for some do-
mains of application, mainly explains the abundance of the literature on this topic.
From the works of Lévy on Brownian motion [15] to the recent developments of
Kuznetsov [13] for a very large class of stable Lévy processes, an important num-
ber of papers have appeared. Most of them concern explicit computations for stable
processes and basic features, such as tail behavior of this law, are still unknown in
the general case.

The present work is mainly concerned with the study of the nature of the law
of the overall supremum X, and, more specifically, with the existence of a den-
sity for this distribution. In a recent paper, Bouleau and Denis [5] proved that
the law of X; is absolutely continuous whenever the Lévy measure of X is itself
absolutely continuous and satisfies some additional conditions; see Proposition 3
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in [5]. This result has raised our interest on the subject, and we propose to de-
termine “exploitable” necessary and sufficient conditions, under which the law of
X, is absolutely continuous. Doing so, we also obtained conditions for the abso-
lute continuity of the random vectors (g;, X,) and (g;, X;, X;), where g; is the
time at which the maximum of X occurs on [0, ¢]. The proofs are based on two
main ingredients. The first one is the equivalence between the law of X; in R}
and the entrance law of the excursions of the reflected process at its minimum;
see Lemma 1. The second argument is an expression of the law of (g;, X, X;) in
terms of the entrance laws g, and g;* of the excursions of both reflected processes,
at the maximum and at the minimum, respectively: if O is regular for both half lines
(=00, 0) and (0, c0), then

P(g: eds, Yr €dx, Yz — X, edy) = C]:(dx)fh—s(d)’)ﬂ[o,z](s) ds.

This expression is extended to the nonregular cases in Theorem 6. As another ap-
plication, we may recover the law of the triplet (g;, X;, X;) for Brownian motion
with drift and derive an explicit form of this law, for the symmetric Cauchy pro-
cess. The law of (g;, X;), may also be computed in some instances of spectrally
negative Lévy processes.

The remainder of this paper is organized as follows. In Section 2, we give some
definitions and we recall some basic elements of excursion theory and fluctuation
theory for Lévy processes, which are necessary for the proofs. The main results of
the paper are stated in Sections 3 and 4. In Section 3, we state continuity properties
of the triple (g;, X;, X;), whereas Section 4 is devoted to some representations and
explicit expressions for the law of this triple. Then the proofs of the results are
postponed to Section 5.

2. Preliminaries. We denote by D the space of cadlag paths w : [0, c0) —
R U {oo} with lifetime ¢ (w) = inf{t > 0: w; = wy, Vs > t}, with the usual conven-
tion that inf{@} = 4-o00. The space D is equipped with the Skorokhod topology,
its Borel o-algebra F and the usual completed filtration (Fs, s > 0), generated by
the coordinate process X = (X;, ¢t > 0) on the space D. We write X and X for the
supremum and infimum processes,

X;=sup{X;:0<s<t} and X,=inf{X;:0<s<t}.

For ¢t > 0, the last passage times by X at its supremum and at its infimum before ¢
are, respectively, defined by

gr=sup{s<t:X,=X,or X,;_=X,} and
g;k =sup{s <t: Xy, =X, or X, =X,}.
We also define the first passage time by X in the open halfline (0, co) by

" =inf{r > 0: X, > 0}.
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We denote by PP the law on D of a Lévy process starting from 0. When (X, P) or
(=X, P) is a subordinator, the past supremum at time ¢ corresponds to the value
X, or 0, respectively. So these cases will be excluded in the sequel. Besides, the
technics which are used in this paper are not quite adapted to the case of compound
Poisson processes which will be treated apart, in Theorem 4. So unless explicitly
mentioned, in the sequel, we assume that X is not a compound Poisson process.
Note that under our assumptions, 0 is always regular for (—o0, 0) or/and (0, c0).
It is well known that the reflected processes X — X and X — X are strong Markov
processes. Under PP, the state O is regular for (0, oo) [resp., for (—oo,0)] if and
only if it is regular for {0}, for the reflected process X — X (resp., for X — X). If 0
is regular for (0, c0), then the local time at 0 of the reflected process X — X is the
unique continuous, increasing, additive functional L with Ly = 0, a.s., such that

the support of the measure dL; is the set {¢ : X; = X} and which is normalized by

@2.1) E(/()Ooe_’dL,> =1.

Let G be the set of the left endpoints of the excursions away from 0 of X — X,
and for each s € G, call ¢* the excursion which starts at s. Denote by E the set
of excursions, thatis, E ={w €D :w; > 0,forall 0 <t < {(w)}, and let £ be the
Borel o -algebra which is the trace of F on the subset E of D. The Itd measure n of
the excursions away from 0 of the process X — X is characterized by the so-called
compensation formula,

(2.2) E(Sg; F(s, o, ss)) :E(fooo dL (/ F(s, o, s)n(dg))),

which is valid whenever F is a positive and predictable process, that is, P(Fs) ® £-
measurable, where P (F;) is the predictable o -algebra associated to the filtration
(Fs). We refer to [3], Chapter 1V, [14], Chapter 6 and [8] for more detailed defini-
tions and some constructions of L and n.

If 0 is not regular for (0, c0), then the set {¢ : (X — X); = 0} is discrete, and
following [3] and [14], we define the local time L of X — X at 0 by

R
(2.3) Li=)eb,

k=0
where R, = Card{s € (0, ¢] c X, = X}, and e k=0,1,...isa sequence of
independent and exponentially distributed random variables with parameter

(2.4) y=(1-E( ™))"

In this case, the measure n of the excursions away from 0 is proportional to the
distribution of the process X under the law PP, returned at its first passage time in
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the positive halfline. More formally, let us define efo+ =(—X,,0<s < tg' ), then
for any bounded Borel functional K on &,

2.5) /g K (e)n(de) = yE[K (€0 )].

Define G and ¢° as in the regular case. Then from definitions (2.3), (2.5) and an ap-
plication of the strong Markov property, we may check that the normalization (2.1)
and the compensation formula (2.2) are still valid in this case.

The local time at O of the reflected process at its infimum X — X, and the mea-
sure of its excursions away from 0 are defined in the same way as for X — X.
They are respectively denoted by L* and n*. Then the ladder time processes t and
¥, and the ladder height processes H and H* are the following (possibly killed)
subordinators:

7, =inf{s : Ly > t}, 7 =inf{s: L] > 1},

Hy =X, H = =X, t>0,

where 7, = H; = +oo, fort > ¢(t) = ¢(H) and 1, = H; = 400, for t > ¢ (t*) =
¢ (H™). The characteristic exponent « of the ladder process (t, H) may be defined
by

w J—
E(/ dL,e_q’ exp(—ozt — ,BXI)> = q > 0’ o, ﬁ > 0.
0

k(g +a,p)
From (2.1), we derive that « (1, 0) = «*(1, 0) = 1, so that the Wiener—Hopf factor-
ization in time (which is stated in [3], page 166 and in [14], page 166) is normalized
as follows:

(2.6) K (o, 0k ™(ar, 0) =« for all o« > 0.

Recall also that the drifts d and d* of the subordinators t and t* satisfy d =0
(resp., d* = 0) if and only if 0 is regular for (—oo, 0) [resp., for (0, c0)], and that

t t
2.7) /1{X _x,ds=dL; and /]l{XY:X_}ds:d*L;“.
0 s s 0 STTES

Suppose that 0 is not regular for (0, o), and let e be an independent exponential
time with mean 1, then from (2.1) and (2.7), P((X — X)e = 0) = d*. From the time
reversal property of Lévy processes, P(X — X)e = 0) = P(Xe =0) = IP’(I(;L >
e)=y !, sothat 3* =y~

We will denote by ¢, and ¢g; the entrance laws of the reflected excursions at the
maximum and at the minimum, that is, for ¢ > 0,

gi(dx)=n(X; edx,t <¢) and g;(dx)=n"(X;edx,t<?).
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They will be considered as measures on Ry = [0, o). Recall that the law of the
lifetime of the reflected excursions is related to the Lévy measure of the ladder
time processes, through the equalities

2.8) qgR)=nt<¢)=m({t)+a and
' g R =n*(t <) =7*(1) +a*,

where T (t) = 7 (¢, 00) and T*(¢t) = w* (¢, 00) and a, a™ are the killing rates of the
subordinators t and t*.

In this paper, we will sometimes write © < v, when p is absolutely continuous
with respect to v. We will say that © and v are equivalent if u < v and v < . We
will denote by A the Lebesgue measure on R. A measure which is absolutely con-
tinuous with respect to the Lebesgue measure will sometimes be called absolutely
continuous. A measure which has no atoms will be called continuous.

3. Continuity properties of the law of (g;, X;, X;). In this section, X is
any Lévy process such that | X| is not subordinator, and except in Theorem 4, we
assume that X is not a compound Poisson process.

For > 0 and g > 0, we will denote, respectively by p,(dx) and U, (dx), the
semigroup and the resolvent measure of X, that is, for any positive Borel func-
tion f,

E(f (X)) = /O X F)pedx) and

00 B 00 a
/0 f(x)Uq<dx>_E(/o ’ f(Xl)dt).

Since U, (A) =0 if and only if P(X; € A) =0, for A almost every z, it follows that
for all g and ¢q’, the resolvent measures Uy (dx) and Uy (dx) are equivalent. For
the same reason, each measure U, is equivalent to the potential measure Up(dx) =
[000 P(X, € dx)dt. In what follows, when comparing the law of X, to the measures

Uy, q >0, we will take U (dx) def Ui (dx) as a reference measure. We will say that
a Lévy process X is of:

e type 1 if O is regular for both (—o0, 0) and (0, 00);
e type 2 if O is not regular for (—oo, 0);
e type 3 if 0 is not regular for (0, co).

We emphasize that since X is not a compound Poisson process, types 1, 2 and 3
define three exhaustive cases. Recall that Ry = [0, 00), and let Bg, be the Borel

o-field on R,. For ¢ > 0, let M,JF be the restriction to (R4, Bg, ) of the average
occupation measure of X, on the time interval [0, t), that is,

[, foni @n = B[ rocoas).
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for every nonnegative Borel function f on (R, Bg), such that f =0 on (—o0, 0).
Moreover, we will denote by p;" (dx) the restriction of the semigroup p;(dx) to
(R4, Br, ). In particular, we have u = fé pds. The law of X, will be consid-
ered as a measure on (R4, Bg, ). In all the remainder of this article, we assume
that the time ¢ is deterministic and finite.

THEOREM 1. Fort > 0, the law of the past supremum X; can be compared to
the occupation measure ;" as follows:

(1) If X is of type 1, then for all t > 0O, the law on,_is equivalent to .
(2) If X is of type 2, then for all t > 0, the law of X; is equivalent to p;" (dx) +
+
e (dx). .
() If X is of type 3, then for all t > 0, the law of X, has an atom at 0 and its
restriction to the open halfline (0, 00) is equivalent to the restriction of the
measure M,Jr(dx) to (0, 00).

It appears clearly from this theorem that the law of X, is absolutely continuous
for all + > 0, whenever 0 is regular for (0, o0) and p; is absolutely continuous,
for all + > 0. We will see in Theorem 3 that a stronger result actually holds. Let
U™ (dx) be the restriction to (R, Br ) of the resolvent measure U (dx). Since
w; is absolutely continuous with respect to U for all ¢ > 0, the law of the past
supremum before ¢ can be compared to U™ as follows.

COROLLARY 1. Under the same assumptions as in Theorem 1:

(1) If X is of type 1, then for any t > 0, the law of X, is absolutely continuous
with respect to the resolvent measure U™ (dx).

(2) If X is of type 2, then for any t > 0, the law of X, is absolutely continuous
with respect to the measure ptJr (dx) + U™ (dx).

(3) If X is of type 3, then the same conclusions as in 1. hold for the measures
restricted to (0, 00).

Whenever X is not a compound Poisson process, the resolvent measure U (dx)
is continuous; see Proposition I.15 in [3]. Moreover, the measure p; (dx) is also
continuous for all # > 0; see Theorem 27.4 in Sato [18]. Hence from Corollary 1,
for all # > 0, when X is of type 1 or 2, the law of X, is continuous, and when it
is of type 3, this law has only one atom at 0. This fact has already been observed
in [17], Lemma 1.

It is known that for a Lévy process X, the law of X; may be absolutely con-
tinuous for all ¢ > 9, whereas it is continuous singular for ¢ € (0, fg); see Theo-
rem 27.23 and Remark 27.24 in [18]. The following theorem shows that when X
is of type 1, this phenomenon cannot happen for the law of the supremum, that is,
either absolute continuity of the law of X, holds at any time ¢ or it never holds.
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We denote by V (dt, dx) the potential measure of the ladder process (t, H) and by
V (dx) the potential measure of the ladder height process H, that is,

o0 o
V(dt,dx) =/ P(t; €dt, Hy edx)ds and V(dx) =/ P(H; edx)ds.
0 0
Then let AT be the Lebesgue measure on R, .

THEOREM 2. Suppose that X is of type 1. The following assertions are equiv-
alent:

(1) The law of X; is absolutely continuous with respect to A+, for all t > 0.

(2) The law of X; is absolutely continuous with respect to A+, for some t > 0.
(3) The resolvent measure U™ (dx) is absolutely continuous with respect to A ™.
(4) The resolvent measure U (dx) is absolutely continuous with respect to A.
(5) The potential measure V (dx) is absolutely continuous with respect to A ™.

Moreover assertions 1-5 are equivalent to the same assertions formulated for the
dual process — X . In particular, 1-5 hold if and only if the law of — X, is absolutely
continuous with respect to A%, for all t > 0.

Condition 4 of the above theorem is satisfied whenever the drift coefficient of
the subordinator H is positive; see Theorem I1.16 and Corollary I1.20 in [3]. Let us
also mention that necessary and sufficient conditions for U (dx) to be absolutely
continuous may be found in Theorem 41.15 of [18], and in Proposition 10, Chap-
ter I of [3]. Formally, U < A if and only if for some g > 0 and for all bounded
Borel function f, the function x — E,( fooo f(X;)e 9" dt) is continuous. How-
ever, we do not know any necessary and sufficient conditions bearing directly on
the characteristic exponent ¥ of X. Let us simply recall the following sufficient
condition. From Theorem II.16 in [3], if

3.1) f_o:o 9{(%) dx < 00,

then U (dx) < A, with a bounded density. Therefore, if X is of type 1, then from
Theorem 2, condition (3.1) implies that both the laws of X, and X, are absolutely
continuous for all 7 > 0.

A famous result from [11] asserts that when X is a symmetric process, condition
U « A implies that p; < A, for all # > 0. Then it follows from Theorem 2 that in
this particular case, absolute continuity of the law of X, for some ¢ > 0 (hence for
all # > 0) is equivalent to the absolute continuity of the semigroup p;, for all # > 0.

THEOREM 3. [If 0 is regular for (0, 00), then the following assertions are
equivalent:

(1) The measures p;" are absolutely continuous with respect to At, for all t > 0.
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(2) The measures p; are absolutely continuous with respect to \, for all t > 0.
(3) The potential measure V (dt, dx) is absolutely continuous with respect to the
Lebesgue measure on R%r.

If moreover X is of type 1, then each of the following assertions is equivalent to
1-3:

(4) The law of (g;, X;) is absolutely continuous with respect to the Lebesgue mea-
sure on [0,t] x Ry, forallt > 0.

(5) The law of (g;, X;, X;) is absolutely continuous with respect to the Lebesgue
measure on [0,t] x Ry x R, forall t > 0.

We may wonder if the equivalence between assertions (1) and (2) of Theorem 3
still holds when ¢ is fixed, that is, when O is regular for (0, co), does the condi-
tion p;" <« A, imply that p, <« A? A counterexample in the case where 0 is not
regular for (0, co) may easily be found. Take for instance, X; = Y; — S;, where Y
is a compound Poisson process with absolutely continuous Lévy measure, and S
is a subordinator independent of Y, whose law at time ¢ > 0 is continuous singu-
lar. Then clearly pf <« AT, and there exists a Borel set A C (—o0, 0), such that
A(A) =0and P(—S; € A) > 0, so that p,(A) > P(Y; = 0)P(S; € A) > 0.

Let Y be a cadlag stochastic process such that Yy = 0, a.s. We say that Y is an
elementary process if there is an increasing sequence (7},) of nonnegative random
variables, such that Ty = 0 and lim,,_, o0 7, = +00, a.s. and two sequences of
finite real-valued random variables (a,,n > 0) and (b,,n > 0) such that bg =0
and

(3.2) Yi=ant+b,  ifte[Ty, Tpi1).

We say that Y is a step process if it is an elementary process with a, = 0, for all n
in the above definition.

PROPOSITION 1. Suppose that 0 is regular for (0, 00).

(1) If 0 is regular for (—oo, 0), and if the law of X, is absolutely continuous for
some t > 0, then for any step process Y which is independent of X, the law of
sup, -, (X +Y)y is absolutely continuous for all t > 0.

() If pt < AT, for all t > 0, or if X has unbounded variation, and if at least
one of the ladder height processes H and H* has a positive drift, then for
any elementary stochastic process Y which is independent of X, the law of
sup, -, (X + Y)y is absolutely continuous for all t > 0.

Sufficient conditions for the absolute continuity of the semigroup may be found
in Chapter 5 of [18] and in Section 5 of [12]. In particular if TT(R) = oo and
[T < A, then p; < A for all ¢ > 0. Proposition 20 in Bouleau and Denis [5] asserts
that under a slight reinforcement of this condition, for any independent cadlag
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process Y, the law of sup,_,(X + Y), is absolutely continuous, provided it has no
atom at 0. In the particular case where Y is an elementary process, this result is a
consequence of part 2 of Proposition 1.

In view of Theorems 2 and 3, it is natural to look for instances of Lévy processes
of type 1 such that the law of X, is absolutely continuous, whereas p,(dx) is not,
as well as instances of Lévy processes of type 1 such that the law of X, is not abso-
lutely continuous. The following corollary is inspired from Orey’s example [16];
see also [18], Exercise 29.12 and Example 41.23.

COROLLARY 2. Let X be a Lévy process whose characteristic exponent \r,
that is, E(e!**1) = eV M) s given by

() = A;(l — ™ 4 idx Ty 1)) TT(dx).

Let a € (1, 2) and c be an integer such that c > 2/(2 — «), and set a,, = 2",

(D) IfTI(dx) =72 a,%8—q,(dx), then X is of type 1, and for all t > 0, the law
of X, is absolutely continuous, whereas p;(dx) is continuous singular.

(2) If TI(dx) = > 02 a,; % (8—q,(dx) + 84,(dx)), then X is of type 1, and for all
t > 0, the law X, is not absolutely continuous.

We end this section with the case of compound Poisson processes. Recall that
any such process can be expressed as:

XZ=SN[5 tZOa

where So =0, S, = > j_; Xk, n > 1, (Xg)k>1 are i.i.d. random variables, and
(N:)s>0 1s a Poisson process with any intensity, which is independent from the
sequence (X;)i>1. We keep the same notation for the measures p;", u;” and U™,
which are defined with respect to X, as before. We denote by v™ the restriction to
(R4, Br, ) of the potential measure of the random walk (S,),>0, that is,

o0
vh(A) =) "P(S,€A), AebBg,.
n=0

THEOREM 4. Let X be a compound Poisson process. Then for all t > 0, the
measures

P(X; € dx), pl(dx), w(dx), Ut(dx) and vt (dx)
are equivalent.
As a consequence, when X is a compound Poisson process, for any # > 0 and

t' > 0, the laws of X, and X, are equivalent. This question is still open in the
general case.
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4. An expression for the joint law of (g;, X;, X;). In this section, we as-
sume that | X| is not subordinator and that X is not a compound Poisson process.

The following theorem presents a path decomposition of the Lévy process X,
over the interval [0, 7], at time g;. More specifically, it states that conditionally on
g: = s, the returned pre-g; part and the post-g; part are distributed according to
the laws n*(-|s < ¢) and n(:|t — s < ¢), respectively. Actually, we will essentially
focus on its corollaries which provide some representations of the joint law of g;,
X; and X/, at a fixed time ¢, in terms of the entrance laws (gy) and (g]). Besides
they will be applied in Section 5 for the proofs of the results of Section 3.

For w € D and s > 0, we set Af(a)) = (wg — a)s_)i, where wo_ = wg. Then we
define the (special) shift operator by

O (@) = (05— — W5y + A (@), u = 0).

The killing operator and the return operator are respectively defined as follows:

Wy, O0<u~<s,
ks(w)={ w o 0=

a)S9 MZS,
row)={ @ Cemw- " Ay (), O<u<s,
' wy — wo — A (), > s.

We also denote by w° the path which is identically equal to 0.

THEOREM 5. Fixt > 0, let f be any bounded Borel function and let F and K
be any bounded Borel functionals which are defined on the space D.

(1) If X is of type 1, then

E(f(g:): Forg - K oki—g 00y,)
“4.1)

= /l fsn*(Fokg,s <l)n(K ok;_g,t —s <)ds.
0

(2) If X is of type 2, then
E(f(g,) -Forg -Koki_g, 095,[)

4.2) :/(;tf(s)n*(Foks,s<§)n(K oki_g,t —s <l)ds

+dfOn*(F ok, t < 0)K (0.
(3) If X is of type 3, then
E(f(g:)-Forg - K oki—g 00g,)

4.3) =/(:f(s)n*(Foks,s <{n(Koki—g,t —s <&)ds

+ 38" F(0)F(@)n(K okt <2).
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Simultaneously to our work, a similar path decomposition has been obtained
in [19], when X is of type 1. In the later work, the post-g; part of (X;,0<s <t?)
is expressed in terms of the law of the meander, that is, M® =n(|t < £); see
Theorem 5.1.

By applying Theorem 5 to the joint law of g;, together with the terminal val-
ues of the pre-g; and the post-g; parts of (X;,0 <s <t), we obtain the fol-
lowing representation for the law of the triple: (g;, X;, X;). Moreover, when
limy o0 X; = —00, a.s., we define Xoo = sup, X;, the overall supremum of X
and goo = sup{t : X; = Xoo or X;_ = X}, the location of this supremum. Then
we obtain the same kind of representation for (goo, X o0). We emphasize that in the
next result, as well as in Corollaries 3 and 4, at least one of the drift coefficients d
and d* is zero.

THEOREM 6. The law of (g, X;, X;) fulfills the following representation:
P(g; eds, X; €dx, X, — X, €dy)
4.4) = ¢, (dx)q;—s(dy)Ljo,1)(s) ds + A8} (ds)g; (dx)8(0y(dy)
+ d*810y(ds)d0y(dx)q: (dy).

If moreover lim;_, oo X; = —00, a.s., then
4.5) P(goo €ds, Xoo € dx) = aq; (dx)ds + d*ad,0(ds, dx),

where a is the killing rate of the ladder time process t.

We derive from Theorem 6 that when X is of type 1, the law of the time g;
is equivalent to the Lebesgue measure, with density s — n*(s < On(t — s <
¢)1o.¢1(s). This theorem illustrates the importance of the entrance laws g; and
g, for the computation of some distributions involved in fluctuation theory. We
give below a couple of examples where some explicit forms can be obtained for
qr» q; and the law of (g;, X, X;). When g;(dx) < A7 [resp., ¢/ (dx) < AT], we
will denote by ¢;(x) [resp., g; (x)] the density of g;(dx) [resp., g/ (dx)].

EXAMPLE 1. Suppose that X is a Brownian motion with drift, that is, X, =
B; + ct, where B is the standard Brownian motion and ¢ € R. We derive for in-
stance from Lemma 1 in Section 5 that

_ X =02 * _ Y G+
gi(dx) = ———e" W2 gx and ¢f(dx) = ——e dx.
' V3 ! V3

Then expression (4.4) in Theorem 6 allows us to compute the law of the triple
(&> X1, X1).
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EXAMPLE 2. Recently, the density of the measure g;(dx) for the symmetric
Cauchy process has been computed in [6].
qr(x) = g/ (x)

sin(;r/8 + 3/2 arctan(x/t))
=2 (12 + x2)3/%

1 oo y 1 oo log(y + )
— —/ exp(——/ —ds)dy.
2 Jo (14+y2)(xy+1)3/2 T Jo 1452

As far as we know, this example, together with the case of Brownian motion with
drift (Example 1), are the only instances of Lévy processes where the measures
g:(dx), q; (dx) and the law of the triplet (g;, X;, X;) can be computed explicitly.

EXAMPLE 3. Recall from (2.8) that ¢;(Ry) =n(t < ¢) and ¢/ (R4) =n*(t <
¢), so that we can derive from Theorem 6, all possible marginal laws in the triplet
(g, X, X,).In particular, when X is stable, the ladder time process t also satisfies
the scaling property with index p = P(X; > 0), so we derive from the normaliza-
tion x(1,0) =1 and (2.8) that n(t <¢) =t""/I'(1 — p). Moreover ¢, and g; are
absolutely continuous in this case (it can be derived, e.g., from part 4 of Lemma 1
in the next section). Then a consequence of (4.4) is the following form of the joint
law of (g;, X,):

(t—s)""
' —p)
Note that this computation is implicit in [1]; see Corollary 3 and Theorem 5.
A more explicit form is given in (4.13), after Proposition 2, in the case where

the process has no positive jumps. Note also that when X is stable, the densities g;
and g;* satisfy the scaling properties

(4.6) P(g; eds, X, edx) = L0,11(s)gs (x)ds dx.

q:(y) = [—P—l/aql ([—l/o:y) and qt*(x) _ l'o_l_l/aqik(t_l/ax).

These properties together with Theorem 6 imply that the three r.v.s g/, X,/ gt1 /e

and (X; — X,)/(t — g,)l/ ® are independent and have densities

M) (¢ — )P, Tai) and T = p)ga(y).

respectively. The independence between g;, X, / gt1 /® and X, — X)) /(@ — gt)l/ o
has recently been proved in Proposition 2.39 of [7].

It is clear that an expression for the law of X, follows directly from Theorem 6
by integrating (4.4) over s and y. However, for convenience in the proofs of Sec-
tion 5, we write it here in a proper statement. An equivalent version of Corollary 3
may also be found in [10], Lemma 6.
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COROLLARY 3. The law of X, fulfills the following representation:

t
4.7 P(X, edx)= /(; n(t —s < ¢)qi(dx)ds + dg; (dx) + a*n(t < )80 (dx).

Another remarkable, and later useful, direct consequence of Theorem 6 is the
following representation of the semigroup of X in terms of the entrance laws (g;)
and (g).

COROLLARY 4. Let us denote the measure q;(—dx) by q,(dx). We extend the
measures q,(dx) and g/ (dx) to R by setting q,(A) =q,(ANR_) and q;(A) =
q; (ANR,), for any Borel set A C R. Then we have the following identity between
measures on R:

t
4.38) po= [ 3o ds+ g +ag,

Now we turn to the particular case where X has no positive jumps. Then, O is
always regular for (0, c0). When moreover 0 is regular for (—oo, OL since H; =1,
it follows from Theorem 2 and the remark thereafter that the law of X; is absolutely
continuous. In the next result, we present an explicit form of its density. We set
c = ®(1), where ® is the Laplace exponent of the first passage process T, = inf{r :
X; > x}, which in this case, is related to the ladder time process by Ty = .

PROPOSITION 2. Suppose that the Lévy process X has no positive jumps.

(1) If 0 is regular for (—o0, 0), then for t > 0, the couple (g;, X;) has law
4.9) P(g; eds, X, edx) = cxp;r(dx)n(t —5 < C)s_ljl(oyt](s) ds
4.10) =cn(t —s <)L (s)P(rex €ds)dx.

In particular, the density of the law of X; is given by the function
t
X / cn(t —s < &)P(tex €ds).
0

(2) If 0 is not regular for (—o0, 0), then for all t > 0,

P(g; eds, X, €edx) =cxn(t —s < g“)s_ljl((),,] (s)p;r(dx) ds
4.11)
+ dext ™ pF(dx)8yy (ds).

Moreover, we have the following identity between measures on [0, 00)>:
P(g; eds, X, edx)dt =cn(t —s < )10, ($)P(tex €ds)dx dt

(4.12)
+ dcP(tex € dt)dyy(ds) dx.
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EXAMPLE 4. Using the series development (14.30), page 88 in [18] for
p;r (dx), we derive from (4.9) in Proposition 2, the following reinforcement of
expression (4.6). When X is stable and spectrally negative, the density of (g;, X;)
is given by

c 00 rd+n/a) . 7'[_1’1 —(n+a)/a_.n
nF((oz—l)/a)(t—s)l/“r; nl Sm( p >S e

(4.13)
se€l0,t], x>0,

which completes Proposition 1, page 282 in [4].

We end this section with a remark on the existence of a density with respect
to the Lebesgue measure, for the law of the local time of general Markov pro-
cesses. From (4.12), we derive that P(t, > 1) dr = [ f(o,t]n*(t -5 <OP(z, €
ds)dydt + dP(zy € dt). Actually, this identity may be generalized to any subor-
dinator S with drift b, killing rate k and Lévy measure v. Set v(t) = v(z, o0) + k,
then the characteristic exponent ® of S is given by

o0
®(ax) =ab +oz/ e "' v(t) dt,
0

from which and Fubini theorem, we derive that for all x > 0 and « > O,
E(1 — e %)
D ()

o0 o0 o0 X
/ e~UP(S, > 1) dt = <b + / e_‘”\_)(t)dt> / e~ / P(S, € dt)dy.
0 0 0 0

Inverting the Laplace transforms on both sides of this identity gives for all x > 0,
the following identity between measures:

k)

lIE(] — e %) = <b + /ooe_o”f)(t) dt)
o 0

X X
P(S, >t)dt=f f v(t —5)P(S, ea’s)dydt—l—bf P(S, edt)dy.
0 J(0,1] 0

In particular, if S has no drift coefficient, then the law of L; def inf{u : S, > ¢} has
density

]P)(L[ € d.x) _
dx -

This computation shows that if a € R is a regular state of any real Markov pro-
cess M such that [j Ly,—qds = 0, a.s. for all ¢, then the law of the local time
of M, at level a, is absolutely continuous, for any time ¢ > 0. This last result is
actually a particular case of [9], where it is proved that for any non creeping Lévy
process, the law of the first passage time over x > 0 is always absolutely continu-
ous.

/ v(t — s)P(Sy €ds).
(0,7]
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5. Proofs and further results. We first prove Theorems 5 and 6, since they
will be used in the proofs of the results of Section 3.

PROOF OF THEOREM 5. Let e be an exponential time with parameter g > 0
which is independent of (X, IP). Recall the notations of Section 2, and for w € D,
define dy(w) = inf{u > s : w, = 0}, so that dy(X — X) corresponds to the right
extremity of the excursion of X — X, which straddles the time s. From the inde-
pendence of e and Fubini theorem, we have for all bounded function f on Ry and
for all bounded Borel functionals ' and K on D,

E(f(ge)F org,K oke—g, 06g,)
o
=E(/ ge 1" f(g)F org K oki_g, 00y, dt>
0

d
:E( E ge P f(s)F orS/ e 1=K o ks 06y a’u)
N

seG

o
+ E(/ ge ' f()F orilig= dt)K(a)O).
0
Recall from Section 2 that ¢* denotes the excursion starting at s. Then
E(f(ge)F org.K oke_g, 00g,)

(5.1 =E<Z qe_qsf(s)ForS/O

seG

dg—s

e 1"K (e oky) du)

o
- 0
—I—IE(/O qe qtf(t)For,]l{Xt:Xt}dt>K(a) ).
The process
¢(e)
(s,w, &) r>e T f(s)F ors(a))/ e 1K ok,(g)du
0

is P(Fs) ® E-measurable, so that by applying (2.2) and (2.7) to equality (5.1), we
obtain

1
gE(f(ge)F org K oke—g, 00g,)
00 ¢
(5.2) =E(/ dLge ™ f(s)F ors)n(/ e "K ok, du)
0 0

+ dE(/OOO dLse % f(s)F o rS>K(w0).

From the time reversal property of Lévy processes (see Lemma 2, page 45 in [3])

under P, we have X ok, @ X or,, so that

(5.3) E(f(ge)F org K oke—g, 00g,) =E(f(e—gi)K orgsF oke—gx oGg:).
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Doing the same calculation as in (5.2) for the reflected process at its minimum
X — X, we get

1 *
5IE(f(e — 8K org F okegy o 6g:)

(5.4) :]E(/OOO dLje K ors)n*(/og e " f(u)F ok, du)

+ d*IE(/OOO dLYe ™K o rs>f(0)F(a)O).

Then we derive from (5.2), (5.3) and (5.4), the following equality:

00 ¢
—qs ° —qu o
E(fo dLse T f(s)F rs>n(/0 e 1"K kudu)

+ dE(/OOO dLge 9 f(s)F o rs>K(a)O)

00 ¢
:E(/ dLje K ors)n*(/ e " fu)F ok, du)
0 0

+ d*E(/Ooo dLYe K o rs>f(0)F(a)0).

(5.5)

Then by taking f =1, F =1 and K = 1, we derive from (5.2) that
(5.6) k(g,0)=n(l —e %) +ga.

Now suppose that X is of type 1 or 2, so that d* = 0, from what has been recalled
in Section 2. Hence with K =1 in (5.5) and using (5.6), we have

. ]E(/OOO dLse‘isf(s)Fors>K(q’O)K*(q,0)

- qn*</(;§ e~ F(u)F ok, du>.

But using (2.6) and plugging (5.7) into (5.2) gives

o0
E(/ e 1" f(g)F o rg, K ok; g, 00, dt)
0

¢
:n*(/(; e ™M f(u)F ok, du)n(/(f e K ok, du)

+ dn*(/o; e " fF(u)F ok, du)K(a)O),

so that identities (4.1) and (4.2) follow for A-almost every ¢ > 0, by inverting the
Laplace transforms in this equality. Then we easily check that for all # > 0, the
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functionals g;, rg, and k;_g, o 0, are a.s. continuous, at any time 7. Hence for any
bounded and continuous functions f, F' and K, from Lebesgue’s theorem of dom-
inated convergence, the left-hand sides of (4.1) and (4.2) are continuous in . From
the same arguments, the functions t — n*(F ok;,t <) and t — n(K oky,t <)
are continuous. Hence, from general properties of the convolution product, the
right-hand sides of (4.1) and (4.2) are continuous, so that these identities are valid
for all + > 0. Then we extend this result to any bounded Borel functions f, F
and K through a classical density argument. Finally, (4.3) is obtained in the same
way as parts 1 and 2. [

PROOF OF THEOREM 6. Let g and & be two bounded Borel functions on
Ry, and define the functionals K and F on D by F(w) = g(w;) and K (w) =
h(w¢). Then we may check that for ¢ € £ and t < ¢(¢e), F o k;(e) = g(&;) and
K ok (&) = h(e;). Moreover since the lifetime of the path k;_g, 06, (@) is t — g; (w)
and Af (0) = (wg, — wg, )T = (X; — X;-)(w), we have F org, 0 X = g(X,) and
Koki_g 005 0X = h(X; — X;), so that by applying Theorem 5 to the functionals
F and K, we obtain (4.4).

To prove (4.5), we first note that lim,_, o, (g;, X:) = (800, Xoo), a.5. Then let f
be a bounded and continuous function which is defined on Ri. We have from (4.4),

. t
E(f (g1, X)) = /O Fs.0n( —s < 0)gXdx) ds

+ d/o f @, x)q (dx) + &n(t <) f(0,0).

On the one hand, we see from (2.8) that lim; oo n(t < ¢) =n( =o0) =a > 0.
On the other hand, lim;_, o n*(t < ¢) = 0, and since the term d [;° f(, x)g;* (dx)
is bounded by Cn*(¢t < ¢), where | f (s, x)| < C, for all s, x, it converges to 0 as ¢
tends to co. This allows us to conclude. [

Recall that the definition of the ladder height process (H;) has been given in
Section 2. Then define (£, x > 0) as the right continuous inverse of H, that is,

£, =inf{t : H; > x}.

Note that for types 1 and 2, since H is a strictly increasing subordinator, the pro-
cess (£y, x > 0) is continuous, whereas in type 3, since H is a compound Poisson
process, then £ is a cadlag jump process. Parts 1 and 2 of the following lemma are
reinforcements of Theorems 3 and 5 in [1]. Part 1 is also stated in Proposition 9
of [8]. Recall that V (dt, dx) denotes the potential measure of the ladder process
(t, H).

LEMMA 1. Let X be a Lévy process which is not a compound Poisson process
and such that | X| is not a subordinator.
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. . . 3.

(1) The following identity between measures holds on R :

(5.8) ulP(X; edx,l, €du)dt =tP(v, €dt, H, € dx)du.
. . . 2.

(2) The following identity between measures holds on R7 :

(5.9) a*8(0,0))(dt, dx) + g; (dx)dt = V (dt, dx),

moreover for all t > 0, and for all Borel sets B € Bg,, , we have

(5.10) qF(B) =t "E(L(X)1(x,cB)).

(3) Forallt > 0, the measures q; (dx) and p(dx) are equivalent on R .

PROOF. When 0 is regular for (—o00, 0), part (1) is proved in Theorem 3 of [1]
and when 0 is regular for both (—oo, 0) and (0, 00), part (2) is proved in Theorem 5
of [1]. Although the proofs of parts (1) and (2) in the general case follow about the
same scheme as in [1], it is necessary to check some details.

First recall the so-called Fristedt identity which is established in all the cases
concerned by this lemma, in [14]; see Theorem 6.16. For all > 0 and 8 > 0, the
characteristic exponent of the ladder process (t, H) is given by

5.11)  «(a, B) = exp(/ooo dt (e —e =Py IP(X, e dx)).

[0,00)

Note that the constant k£, which appears in this theorem, is equal to 1, accord-
ing to our normalization; see Section 1. Then recall the definition of «(«, B):
E(e=%—BHu) = o—uk(@.p) This expression is differentiable, in & > 0 and in
u > 0. Differentiating first both sides in «, we obtain

9
(5.12) E(r,e % PHuy = uE(e—“fu—ﬁHu)a—aK(a, B).

Then since

0 o —t —at—Bxy,—1
5/0 dtf[o (e TR € d)
,00

o0
:f dt/ e~ BP(X, € dx)
0 [0,00)

o0
:/() e_atE(e_ﬁXt]l{th()}) dt,

we derive from (5.12) and (5.11) that

o0
E(l—ue_afu_ﬂHu) — _u/

d
A e_o”E(e_‘BX’]l{X,EO}) dtaE(e_““‘_ﬂH“)

9 [o©
= —ME/O E(E(e_at"_ﬂH")e_we_ﬂX’]l{tho}) dt.



SUPREMUM OF LEVY PROCESSES 1209

Let X be a copy of X which is independent of (t,, H,). Then the above expression
may be written as

d 0 ~
E(Tue—a‘[u—ﬁHu) = —M@E(/O eXp(—Ol(t + fu) — ,B(X[ + H“))I]'{XIZO} dl)

For X , we may take, for instance, X= (X¢,4+t — X¢,, t = 0), so that it follows from
a change of variables and the definition of (£, x > 0),

9 00
]E(_L,ue—afu_ﬂHu) = _u£E</o exp(—oz(t + 1) — ﬁXTu"l't)]]‘{Xru-HzHu} dt)

a o0

= —M—E</ exp(—at — BX)1ix,>H, .t <t} dt)
ou 0
8 o0

= —u—/ dte_“’/ e PP(X, edx, b, > u),
ou Jo [0,00)

from which we deduce that

/ X e~ "B (¢, € dt, H, € dx)du
[0,00)

= 26_“’_'3xu]P’(X, edx, b, edu)dt,
[0,00)

and (5.8) follows by inverting the Laplace transforms.
Let e be an exponentially distributed random variable with parameter g, which
is independent of X. From identity (6.18), page 159 in [14], we have

_ 00
(5.13)  E(exp(—BXe)) = k(q, O)f i e—qf—ﬁX/ P(t, € dt, Hy € dx) ds.
[0,00) 0

Suppose that X is of type 1 or 2. By taking the Laplace transforms in x and ¢ of
identity (4.7) in Corollary 3, we obtain

_ ¢
(5.14)  E(exp(—fXe)) = (gd+n(1 — e 9%))n* (/ e 95 Pes ds>,
0

and by comparing (5.6), (5.13) and (5.14), it follows

¢ 00
(5.15 n* </ e8¢ Pes ds) = / e_q’_ﬂx/ P(z; €dt, Hy € dx) ds.

0 [0,00)2 0

Then we derive part 2 from (5.15), (5.8) and uniqueness of the Laplace transform.
If X is of type 3, then taking the Laplace transforms in x and ¢ of identity (4.7),

gives

(5.16)  E(exp(—BXe) =n(l — e %) (d* +n* (foc ¢4 e P dt)),
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so that by comparing (5.6), (5.13) and (5.16), we obtain

a*+n* </§ e e~ Pe dt)
0

o
= . e‘qt—ﬂx/ P(z, € dt, Hy; € dx)ds,
[0,00) 0

and part 2 follows from (5.17) and (5.8) in this case.

Then we show the third assertion. First note that ¢, is absolutely continuous
with respect to p;" for all # > 0, since from (5.10) we have for any Borel set B C
R, such that P(X; € B) =0,

g} (B) =t "E(&(X/)1(x,en)) = 0.

Conversely, take a Borel set B C R, such that P(X; € B) > 0. Then since P(X; =
0) = 0, there exists y > O such that P(X; € B, X; > y) > 0. As the right continuous
inverse of a subordinator, (£,) is nondecreasing and we have for all x > 0, P(£, >
0) = 1. Therefore the result follows from the inequality

0 <E(¢ylix,eB.x,>y) < E(E(X)Lix,eB));
together with identity (5.10). O

(5.17)

Recall from Section 2 that 7 is the Lévy measure of the ladder time process t
and that 7 () = 7 (¢, 00).

LEMMA 2. Under the assumption of Lemma 1, for all t > 0, the following
measures of Ry :

t t
/ 7T(t —s)g;(dx)ds and / qi(dx)ds
0 0

are equivalent.
PROOF. For all Borel set B C R, we have
t t
70 [ qrBrds < [ 7@ - aiB)ds,
0 0

hence fé q¥(dx)ds is absolutely continuous with respect to fé T (t—s)gr(dx)ds.
Moreover, for all g € (0, ¢) and all Borel set B C R, we may write

t t t
/ T(t —s)g; (B)ds < ﬁ(q)/ q;(B)ds +/ 7(t —s)q; (B)ds < o0.
0 0 t—q
Hence if f; ¢*(B)ds =0, then for all ¢ € (0, 1),

/[ﬁ(t —5)q;(B)ds < /l T (t —s)q; (B)ds < oo.
0 t—q
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The finiteness of the right-hand side of the above inequality can be derived from
relation (2.8) and Corollary 3. Hence this term tends to 0 as g tends to 0, so that
the equivalence between the measures fot w(t — s)q;(dx)ds and fé q;(dx)ds is
proved. [

Now we are ready to prove all the results of Section 3.

PROOF OF THEOREM 1. When X is of type 1 or 2, it follows from Corollary 3,
part 3 of Lemma 1, relation (2.8) and Lemma 2. When X is of type 3, the arguments
are the same, except that one has to take account of the fact that the law of X, has
an atom at 0, as it is specified in Corollary 3. [

PROOF OF THEOREM 2. We first prove that part 2 implies part 1. To that aim,
observe that

X0 =max[yt, X;+ sup (Xiqs — X,)} =max{Yt, X+ sup Xf,”},

0<s<t 0<s<t

where XV is an independent copy of X. From this independence and the above
expression, we easily deduce that if the law of X, is absolutely continuous, then
so is this of Xo;. Therefore, from Theorem 1, the measure [/L;; is absolutely con-
tinuous. This clearly implies that for all s € (0, 2¢], the measure ,uj is absolutely
continuous. Applying Theorem 1 again, it follows that the law of X is absolutely
continuous, for all s € (0, 2¢]. Then we show the desired result by reiterating this
argument. So, part 1 is equivalent to part 2.

Let us assume that part 1 holds. Then for all ¢ > 0, the law of X, is absolutely
continuous. Therefore the resolvent measure U (dx) is absolutely continuous. In-
deed, let e be an independent exponentially distributed random time with param-
eter 1, then the law of X admits a density, hence the law of Xe = Xe — Xe + Xe
also admits a density, since the random variables X¢ — X and X, are independent;
see Chapter VI in [3]. Since the law of X is precisely the measure U (dx), we have
proved that part 1 implies part 4. Then part 4 implies part 3 and from Corollary 1,
part 3 implies part 1.

It remains to show that part 5 is equivalent to part 1. To this aim, first ob-
serve that V(dx) is absolutely continuous if and only if fé q;(dx)ds is ab-
solutely continuous, for all # > 0. Indeed, from part 2 of Lemma 1, we have
V(dx) = 0°° q;(dx)ds, and hence if V (dx) is absolutely continuous, then so are
the measures [; ¢ (dx)ds, for all ¢ > 0. Conversely assume that the measures
fé q;(dx)ds are absolutely continuous for all # > 0. Let A be a Borel set of R
such that A (A) = 0. From the assumption, g; (A) = 0, for A-almost every s > 0,
hence V(A) = f0°° q;(A)ds =0, so that V(dx) is absolutely continuous. Then
from Lemma 2 and Corollary 3, for each ¢, the law of X, is equivalent to the
measure fot q{(dx)ds. Therefore part 5 is equivalent to part 1. [J
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PROOF OF THEOREM 3. If p/ « A% for all t > 0, then from part 3 of
Lemma 1, ¢ < AT, for all > 0. Suppose moreover that 0 is regular for (0, c0),
and let A be a Borel subset of R, such that A(A) = 0. Then from Corollary 4 and
Fubini theorem, we have

t
pi(A) = /O dsq’ Gy (A) + dg’ (A),

where g; and ¢;° are extended on R, as in this corollary. But from the assumptions,
forall 0 <s <1, g *g;—s(A) =0 and ¢/ (A) =0, hence p;(A) =0, forall t >0
and p; is absolutely continuous, for all £ > 0. So part 1 implies part 2, and the
converse is obvious.

Then it readily follows from part 3 of Lemma 1 and identity (5.9) that part 1
implies part 3 (recall that d* = 0 in the present case). Now suppose that V (dt, dx)
is absolutely continuous with respect to the Lebesgue measure on Ri. Then we
derive from identity (5.9) that the measures g, (dx) are absolutely continuous for
A-almost every ¢ > 0. From Corollary 4, it means that p; is absolutely continu-
ous for A-almost every ¢ > 0. But if the semigroup p; is absolutely continuous
for some ¢, then py is absolutely continuous for all s > ¢. Hence p; is actually
absolutely continuous, for all # > 0, and part 3 implies part 2.

Then suppose that X is of type 1, and recall that d = d* = 0 in this case. From
Theorem 6 and part 2 of Lemma 1, we have

(5.18) P(g; eds, X; €dx) =n(t —s <)V (ds, dx).

Since n(t —s < ¢) > 0, for all s € [0, ¢], we easily derive from identity (5.18) that
part 3 and part 4 are equivalent.

Let us denote by p;” the restriction of p; to R_. If part 2 is satisfied, then p;” and
p; are absolutely continuous for all # > 0. Then from part 3 of Lemma 1 applied to
X and its dual process —X, it follows that g; and g;* are absolutely continuous for
all £ > 0, so that from Theorem 6, the triple (g;, X, X,) is absolutely continuous
for all ¢ > O; hence part 2 implies part 5. Then part 5 clearly implies part 4. [

PROOF OF PROPOSITION 1. In this proof, it suffices to assume that Y is a de-
terministic process, thatis, (73), (a,) and (b,) in (3.2) are deterministic sequences.
In order to prove part 1, let us first assume that a,, = 0, for all n. Then recall
that from Theorem 2, the law of X, is absolutely continuous, for all # > 0. Fix
t > 0 and let n be such that t € [T}, T,+1). Set Zy = Y7, + SUPT, <5< Tjy X, and
Z =Yr, + supy, <s, X, and then we have
(5.19) sup X + Yy =max{Zy, Z>,...,Z,—1, Z}.

s<t
But we can write

(520) Zy=Yr, + X, + sup X% and Z=Yy +X7 + sup X,

§<Tj+1—Tx s<t—T,
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where X%k =1,..., n are copies of X such that X, X®) k=1, ..., n are inde-
pendent. From Theorem 2, the laws of sup, 7, . _7, x® and SUps<,_7, X" are
absolutely continuous. From the representation (5.20) and the independence hy-
pothesis, we derive that the laws of Z1, Z5, ..., Zx_1 and Z are absolutely contin-
uous. Since the maximum of any finite sequence of absolutely continuous random
variables is itself absolutely continuous, we conclude that the law of sup, ., X+ ¥
is absolutely continuous, and the first part is proved. -

Now we assume that (a;) is any deterministic sequence. Then we have (5.19)
with

Ziy=bi+ X7, + sup Xs(k)—}—aks and

§<Tr+1—Tk
(5.21)
Z=by,+ X1, + sup X 4 ay,s,
s<t—T,
where X® k=1, ..., n are as above. If p;~ « A for all 7, then this property also

holds for the process X with any drift a, that is, X; + at, so from Theorem 1 the
laws of sup, .7, ., _7, X ® 4+ ars and sup,<,_7, X " 4 ays are absolutely continu-
ous, and we conclude that the law of sup,_, X + Y is absolutely continuous, in
the same way as for the first part. -

Finally, if X has unbounded variations, then it is of type 1. If moreover, for
instance, the ladder height process at the supremum H has a positive drift, then
from Theorem 2 and the remark thereafter, the law of X, is absolutely continuous
for all # > 0. Since X has unbounded variations, it follows from (iv) page 64 in [8]
that for any a € R, the ladder height process at the supremum of the drifted Lévy
process X; + at also has a positive drift, and since X; + at is also of type 1, the
law of sup, ., X + as is absolutely continuous. Then from Theorem 2, the laws of

SUps <7, -7 X "4 ags and sup; ., X " 4 a,s are absolutely continuous, and
again we conclude that the law of sup;_, X + ¥; is absolutely continuous, in the
same way as for the first part. [J

PROOF OF PROPOSITION 2. Recall that under the assumption of this proposi-
tion, we have @* = 0. So, we derive from Theorem 6, by integrating identity (4.4)
over y and from part 2 of Lemma 1, that

P(g eds, X; €dx)=s"'n(t —s < OEM(xX)L(x,edx})L0,1(s)ds
+ A8y (ds)t T R(E() L (x, cdn))-

Since X has no positive jumps, then X, continuous. Moreover, it is an increasing
additive functional of the reflected process X; — X;, such that

E(/OOO et dY,) =o()7!,
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where @ is the Laplace exponent of the subordinator 7y = inf{z : X; > x}. Hence
we have L; = cX;, with ¢ = ®(1). Then it follows from the definition of H and ¢,
that

Hu=c_lu, on H, <oo and £, =cx on f, < o0.
Besides, from part 1 of Lemma 1, we have by integrating (5.8) over u € [0, 00),
(5.22) cxp; (dx)dt = ctP(t., € dt)dx,

as measures on [0, c0)2. This ends the proof of the proposition. [J

Note that identity (5.22) may also be derived from Corollary VII.3, page 190
in [3] or from Theorem 3 in [1]. The constant ¢ appearing in our expression is due
to the choice of the normalization of the local time in (2.1).

PROOF OF COROLLARY 2. We may check that f(o’l)xl'l(dx) = 00 in both
cases 1 and 2, so that X has unbounded variation and it is of type 1, from Rogozin’s
criterion; see [3], page 167.

On the one hand, in part 1, since X has no positive jumps, the ladder height
process H is a pure drift, so it follows from Theorem 2 and the remark thereafter
that the law of X, is absolutely continuous for all # > 0. On the other hand, fol-
lowing [16], we see that —log |y (1)| does not tend to 400 as |A| — oo, so that
from the Riemann-Lebesgue theorem, p;(dx) is not absolutely continuous. But
since I1(dx) is discrete with infinite mass, it follows from the Hartman—Wintner
theorem (see Theorem 27.16 in [18]) that p;(dx) is continuous singular.

Then in part 2, since X is symmetric, it follows from the discussion which
comes just before Theorem 3 that the resolvent measure U (dx) of X is not abso-
lutely continuous, so the result follows from Theorem 2. [

In order to prove Theorem 4, we need the following lemma. We say that a se-
quence of random variables Sy, ..., S,, ..., with So =0 is a cyclically exchange-
able chain if for any n > 1, the increments Si, S» — S1,..., S, — Sy—1 are cycli-
cally exchangeable. We emphasize that any random walk satisfies this property.
For x > 0 and n > 1, we define S,, = maxy<, Sx and

Aﬁ:Card{l §k§n:Sk :fk,En—x fgkfgn}.

The random variable A; may be considered as a counting measure of the times at
which the chain reaches its past maximum between the levels S, — x and §,,. Note
that Ay > 1, a.s., whenever P(S] <0, $2 <0,..., S5, <0)=0.

LEMMA 3. Let (Sp)n>0 be any cyclically exchangeable chain such that
P(S1 <0,8 <0,...,8, <0) =0, then for any set A € Br, andn > 1,

_ 1
E((A5") lﬂ{snzgneA}) = ;P(Sn € A).
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PROOF. Fix A € Bg,,n > 1, andlet 1 <k <n be such that P(A,f” =k) > 0.

Then note that conditionally on AS" =k and S, € A, the chain Sp, S1,...,S, is
cyclically exchangeable. Moreover, amongst the n cyclical permutations in the set

of trajectories {So, ..., Sy : A,S,” =k, S, € A}, there are exactly k trajectories which

satisfy the condition S, = S,,. This proves the identity
1 < S, 1 S
%IP)(S,, =S, € AlA) =k) = =P(S, € A|A,)" =k),
n
and the result is obtained by integrating over the law of A ,f". O

Lemma 3 can be compared to Corollary 1 in [2]. The only difference is that
in [2], only strict records of the chain are considered, whereas in our case, the

“local time” A,‘j" counts all the records (i.e., weak records) between the levels
Sy, — 8, and S,,.

PROOF OF THEOREM 4. Fix ¢ > 0. Equivalence between the measures p;",
u;”, Ut and vt simply follows from the following decompositions:

pi(dx) =Y PN, =n)P(S, €dx),
n=0

w(dx) = g(fot P(Ng =n) ds)IP(Sn edx),

o0

o0
Utdx)=Y_ ( / e "P(Ns =n) ds)IP’(Sn € dx)
n=0 0
and the definition of v™.
It remains to prove the equivalence between P(X, € dx) and v™*(dx). To this
aim, note that X, = EN,, so that

(5.23) P(X, €dx) =Y P(N, =n)P(S, €dx).
n=0

Let A € Br, be such that vt (A) =0, then by definition of v™, P(S, € A) =0, for
all n > 0. This implies that

(5.24) P(Sp € A) <)Y P(Sk€ A, Sk=5)=0,
k=0

so that from (5.23), P(X; € A)_: 0. Conversely, assume that P(X, € Al: 0. Then
from (5.23), for any n > 0, P(S,, € A) = 0. For n = 0, we have Sy = So =0, and
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for all n > 1, from Lemma 3, we have

Spv—1 1
E((AS) ™ 5, 5,ea) =  P(Sn € A) =0.

We conclude that vt (A) =0. O

A
prob

cknowledgments. I would like to thank Laurent Denis who has brought the
lem of the absolute continuity of the supremum of Lévy processes to my at-

tention and for fruitful discussions on this subject. I am also very grateful to Victor
Rivero for some valuable comments.

(1]
(2]
(3]
[4]
(5]
(6]
(7]
(8]
191
[10]

[11]

[12]
[13]
(14]
[15]
[16]

(7]

REFERENCES

ALILI, L. and CHAUMONT, L. (2001). A new fluctuation identity for Lévy processes and some
applications. Bernoulli 7 557-569. MR1836746

ALILI, L., CHAUMONT, L. and DONEY, R. A. (2005). On a fluctuation identity for random
walks and Lévy processes. Bull. Lond. Math. Soc. 37 141-148. MR2106729

BERTOIN, J. (1996). Lévy Processes. Cambridge Tracts in Mathematics 121. Cambridge Univ.
Press, Cambridge. MR1406564

BINGHAM, N. H. (1973). Maxima of sums of random variables and suprema of stable pro-
cesses. Z. Wahrsch. Verw. Gebiete 26 273-296. MR0415780

BOULEAU, N. and DENIS, L. (2009). Energy image density property and the lent particle
method for Poisson measures. J. Funct. Anal. 257 1144-1174. MR2535466

CHAUMONT, L. and MALECKI, J. (2012). Density of the supremum and entrance law of the
reflected excursion of Lévy processes. Work in progress.

CORDERO, F. (2010). Sur la théorie des excursions pour des processus de Lévy symétriques
stables d’indice « €]1, 2], et quelques applications. Ph.D. thesis, Univ. Paris 6.

DONEY, R. A. (2007). Fluctuation Theory for Lévy Processes. Lecture Notes in Math. 1897.
Springer, Berlin. MR2320889

DONEY, R. A. and RIVERO, V. (2011). Asymptotic behaviour of first passage time distribu-
tions for Lévy processes. Preprint. Available at arXiv:1107.4415v1.

DONEY, R. A. and SAvov, M. S. (2010). The asymptotic behavior of densities related to the
supremum of a stable process. Ann. Probab. 38 316-326. MR2599201

FUKUSHIMA, M. (1976). Potential theory of symmetric Markov processes and its applications.
In Proceedings of the Third Japan-USSR Symposium on Probability Theory (Tashkent,
1975). Lecture Notes in Math. 550 119-133. Springer, Berlin. MR0494514

KALLENBERG, O. (1981). Splitting at backward times in regenerative sets. Ann. Probab. 9
781-799. MR0628873

KUZNETSOV, A. (2011). On extrema of stable processes. Ann. Probab. 39 1027-1060.
MR2789582

KYPRIANOU, A. E. (2006). Introductory Lectures on Fluctuations of Lévy Processes with Ap-
plications. Springer, Berlin. MR2250061

LEVY, P. (1965). Processus Stochastiques et Mouvement Brownien. Gauthier-Villars & Cie,
Paris. MR0190953

OREY, S. (1968). On continuity properties of infinitely divisible distribution functions. Ann.
Math. Statist. 39 936-937. MR0226701

PECERSKII, E. A. and ROGOZIN, B. A. (1969). The combined distributions of the random
variables connected with the fluctuations of a process with independent increments. Teor
Verojatnost. i Primenen. 14 431-444. MR0260005


http://www.ams.org/mathscinet-getitem?mr=1836746
http://www.ams.org/mathscinet-getitem?mr=2106729
http://www.ams.org/mathscinet-getitem?mr=1406564
http://www.ams.org/mathscinet-getitem?mr=0415780
http://www.ams.org/mathscinet-getitem?mr=2535466
http://www.ams.org/mathscinet-getitem?mr=2320889
http://arxiv.org/abs/1107.4415v1
http://www.ams.org/mathscinet-getitem?mr=2599201
http://www.ams.org/mathscinet-getitem?mr=0494514
http://www.ams.org/mathscinet-getitem?mr=0628873
http://www.ams.org/mathscinet-getitem?mr=2789582
http://www.ams.org/mathscinet-getitem?mr=2250061
http://www.ams.org/mathscinet-getitem?mr=0190953
http://www.ams.org/mathscinet-getitem?mr=0226701
http://www.ams.org/mathscinet-getitem?mr=0260005

SUPREMUM OF LEVY PROCESSES 1217

[18] SATO, K.-1. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies
in Advanced Mathematics 68. Cambridge Univ. Press, Cambridge. MR1739520

[19] YANO, Y. (2010). A remarkable o -finite measure unifying supremum penalisations for a stable
Lévy process. Preprint.

LAREMA—UMR CNRS 6093
FACULTE DES SCIENCES
UNIVERSITE D’ ANGERS

2, BD LAVOISIER 49045
ANGERS CEDEX 01

FRANCE


http://www.ams.org/mathscinet-getitem?mr=1739520

	Introduction
	Preliminaries
	Continuity properties of the law of (gt,Xt,Xt)
	An expression for the joint law of (gt,Xt,Xt)
	Proofs and further results
	Acknowledgments
	References
	Author's Addresses

